
EXPONENTIAL ATTRACTORS FOR THE CAHN-HILLIARDEQUATION WITH DYNAMIC BOUNDARY CONDITIONSA. Miranville1 and S. Zelik21 Universit�e de PoitiersLaboratoire de Math�ematiques et Appli
ationsUMR 6086 - CNRSSP2MIBoulevard Marie et Pierre Curie86962 Chasseneuil Futuros
ope Cedex, Fran
e2 Universit�at StuttgartInstitut f�ur Analysis, Dynamik und ModelierungPfa�enwaldring 5770569 Stuttgart, GermanyAbstra
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� = � � 1 in what follows) and f is the derivative of a double-well potential (alogarithmi
 potential; however, su
h a logarithmi
 potential is usually approximatedby a polynomial of degree four, see [CH℄).This equation has been mu
h studied and one has now satisfa
tory existen
e anduniqueness results, as well as results on the long time behavior of the solutions. Werefer the reader to the review arti
les [El℄, [M℄, [NC2℄ and the referen
es therein.In all these studies, the Cahn-Hilliard equation is endowed with Neumann orperiodi
 boundary 
onditions. Now, physi
ists have re
ently 
onsidered the studyof phase separation in 
on�ned systems (see [FiMD1℄, [FiMD2℄ and [KEMRSBD℄).In that 
ase, one has to a

ount for the intera
tions with the walls, whi
h leadsto additional terms in the free energy and then to the so-
alled dynami
 boundary
onditions (in the sense that the quantity �t� appears in the boundary 
onditions).The Cahn-Hilliard equation, endowed with dynami
 boundary 
onditions, hasbeen studied in [PRZ℄, [RZ℄ and [WZ℄. In parti
ular, for a polynomial potential ofdegree four, the existen
e and uniqueness of solutions is proven in [RZ℄. In orderto over
ome the new mathemati
al diÆ
ulties due to the boundary 
onditions, theauthors introdu
e an approximate problem and use results on ellipti
 operatorswith highest-order derivatives in the boundary 
onditions (whi
h still form ellipti
boundary value problems in the sense of H�ormander). We 
an note that it is not
lear, in [RZ℄, whether the solutions de�ne a 
ontinuous semigroup in the phase spa
e
onsidered. This problem is over
ome in [PRZ℄, where, based on the maximal Lp-regularity of the solutions, the authors prove that the solutions de�ne a 
ontinuoussemigroup in 
ertain Sobolev spa
es and then obtain the existen
e of the globalattra
tor.In this arti
le, we 
onsider a third approa
h in order to handle the problem.More pre
isely, we propose to treat the dynami
 boundary 
onditions as a separateparaboli
 equation on the boundary. We then prove the existen
e and uniqueness ofsolutions by the Leray-S
hauder prin
iple. A
tually, following [MZ℄, we regularizethe problem by 
onsidering the vis
ous Cahn-Hilliard equation (see [NC1℄), i.e.,we add the term ���t�x�; � � 0; to the equation. Compared with the resultsof [PRZ℄ and [RZ℄, this approa
h allows us to 
onsider potentials with arbitrarygrowths. Furthermore, we are also able to 
onsider a nonlinear term in the dynami
boundary 
onditions. Finally, we are able to 
onstru
t a robust (as � ! 0) familyof exponential attra
tors M� for the problem. As a 
onsequen
e, we obtain theexisten
e of the global attra
tors A� with �nite fra
tal dimension (we note that the�nite dimensionality of the global attra
tor was not studied in [PRZ℄).We now introdu
e the problem and give the main assumptions for our study.We 
onsider in this arti
le the following Cahn-Hilliard problem in a boundedsmooth domain 
 � R3 :(0.1) �t� = �x�; �n����
 = 0; � = ��x�+ "�t�+ f(�); ���t=0 = �0;where � and � are unknown fun
tions (� is the 
hemi
al potential), �x is theLapla
ian, " � 0 is a small parameter and f is a given nonlinear intera
tion fun
tion.2



Equation (0.1) is equipped with the following dynami
 boundary 
onditions:(0.2) �t� = �k�� ��� g(�)� �n�; x 2 �
;where �k is the Lapla
e-Beltrami operator on the boundary �
, g is another givennonlinear fun
tion and � is some given positive 
onstant.We assume that the nonlinearities f and g belong to C2(R;R) and satisfy thefollowing standard dissipativity assumptions:(0.3) lim infjvj!1 f 0(v) > 0; lim infjvj!1 g0(v) > 0:We also re
all that system (0.1)-(0.2) possesses a natural 
onservation law:(0.4) h�(t)i � h�0i =M0;where h:i denotes the average over 
. Moreover, if the value of �(t) is known forsome t = T , then the value of �(T ) 
an be found by solving the following linearellipti
 problem:(0.40) �(T )� "�x�(T ) = ��x�(T ) + f(�(T )); �n�(T )���
 = 0:Thus, we only need to �nd the fun
tion �(t). It is however more 
onvenient tointrodu
e one more unknown fun
tion, namely,  (t) := �(t)���
, de�ned on theboundary �
, and to rewrite the above system as follows:(0.5) 8>>>><>>>>: �t� = �x�; �n����
 = 0;� = ��x�+ "�t�+ f(�); ���t=0 = �0;�t = �k � � � g( )� �n�; x 2 �
;  ��t=0 =  0;����
 =  ;where the boundary 
ondition (0.2) is now interpreted as an additional se
ond-orderparaboli
 equation on the boundary �
.Following [MZ℄, we introdu
e the following \natural" phase spa
e for problem(0.5):(0.6) D " := f(�;  ) 2 H2(
)�H2(�
); � 2 H1(
);"1=2� 2 H2(
); ����
 =  ; �n����
 = 0g(where � is 
omputed from � via (0.40)), with the obvious norm(0.7) k(�;  )k2D" := k�k2H2(
) + k�k2H1(
) + "k�k2H2(
) + k k2H2(�
):3



A solution of problem (0.5) is a pair of fun
tions (�(t);  (t)) belonging to thespa
e L1([0; T ℄; D ") with �t� 2 L2([0; T ℄; H1(
)) and �t 2 L2([0; T ℄; H1(�
)) andwhi
h satis�es the equations in the sense of equalities in the spa
es L2([0; T ℄; L2(
))and L2([0; T ℄; L2(�
)).Remark 0.1. We re
all that, due to the embedding H2 � C, we have f(�) 2C([0; T ℄� 
) and g( ) 2 C([0; T ℄; L2(�
)) and the nonlinearities in (0.5) are well-de�ned. Moreover, sin
e �t� 2 L2([0; T ℄; H1(
)), then � 2 L2([0; T ℄; H3(
)) andthus the boundary 
onditions are also well-de�ned.We also need to introdu
e the weak energy spa
es L" for problem (0.5) de�nedby the following norms:(0.8) k(�;  )k2L" := "k�k2L2(
) + k�k2H�1(
) + k k2L2(�
);where H�1(
) := [H1(
)℄0 endowed with the normkvk2H�1(
) = k(��x)�1=2N (v � hvi)k2L2(
) + hvi2;(��x)�1N : L20(
) ! L20(
) being the inverse Lapla
ian with Neumann boundary
onditions de�ned on the subspa
e of fun
tions with null average. We note that,for " 6= 0, the spa
e L" 
oin
ides with L2(
) � L2(�
) and, for " = 0, we haveL0 = H�1(
)� L2(�
). x1 A priori estimates.The main task of this se
tion is to derive uniform (with respe
t to "! 0) a prioriestimates for the solutions of (0.5) in the phase spa
e D " . The existen
e of a solutionwill be veri�ed in the next se
tion.We derive the required estimates in three steps. In a �rst step, we obtain adivergent estimate in D " . In a se
ond step, we derive dissipative estimates in theweak energy spa
e L" and, in a third step, we prove some kind of a smoothingproperty whi
h allows to eliminate this divergen
e and obtain dissipative estimatesin D " .Theorem 1.1. Let the nonlinearities f and g satisfy assumptions (0.3) and let apair of fun
tions (�(t);  (t)) be a solution of problem (0.5). Then, the followingestimates hold:(1.1)k(�(t);  (t))k2D" +Z t0 (k�t�(s)k2H1(
)+k�t (s)k2H1(�
)) ds � Q(k(�(0);  (0))k2D" eKt);where the positive 
onstant K and the monotoni
 fun
tion Q depend on M0 (intro-du
ed in (0.4)), but are independent of ".4



Proof. We di�erentiate (0.5) in t and set (u(t); v(t); w(t)) := �t(�(t); �(t);  (t)).Then, we have(1.2) 8><>: �tu = �xv; �nv���
 = 0;v + "�tu = ��xu+ f 0(�)u; u���
 = w;�tw = �kw � �w � g0( )w � �nu:We then note that, due to (0.4), we have hui = 0. Consequently, multiplying the�rst equation of (1.2) s
alarly by (��x)�1N u, the se
ond equation by u and the thirdone by  and taking the sum of the equations that we obtain, we have the followingidentity:(1.3) 1=2�t(ku(t)k2H�1(
) + "ku(t)k2L2(
) + kw(t)k2L2(�
))++ �kw(t)k2L2(�
) + krxu(t)k2L2(
) + krkw(t)k2L2(�
) == (f 0(�(t))u(t); u(t)) + (g0( (t))w(t); w(t))�
;where (�; �) and (�; �)�
 denote the inner produ
ts in L2(
) and L2(�
) respe
tivelyand rk is the 
ovariant gradient at �
. We now note that, due to assumptions(0.3), f 0(�) � �K and g0( ) � �K for some 
onstant K. Consequently, applyingGronwall's inequality to (1.3) and using the interpolation inequality kuk2L2(
) �CkukH�1(
)krxukL2(
), we have(1.4) ku(t)k2H�1(
) + "ku(t)k2L2(
) + kw(t)k2L2(�
)++ Z t0 (krxu(s)k2L2(
) + krkw(s)k2L2(�
)) ds �� CeK1t(ku(0)k2H�1(
) + "ku(0)k2L2(
) + kw(0)k2L2(�
));where the positive 
onstants C and K1 are independent of ". We now re
all thatu = �t� = �x�. Consequently, (1.4) 
an be rewritten as follows:(1.5) krx�(t)k2L2(
) + "k�x�(t)k2L2(
) + k�t (t)k2L2(�
) �� CeK1t(krx�(0)k2L2(
) + "k�x�(0)k2L2(
) + k�t (0)k2L2(�
)):So, in order to obtain the �-part of estimate (1.1), we only need to estimate theaverage of �(t). To this end, averaging the expression for � from the se
ond equationof (0.5), we have(1.6) h�(t)i = �h�x�(t)i+ hf(�(t))i = �h�n�(t)i�
 + hf(�(t))i == h� (t) + g( (t))i�
 � h�t (t)i�
 + hf(�(t))i ;where we denote by h�i�
 the average value on the boundary and have used the thirdequation of (0.5) in order to �nd the average of �n�. Thus, sin
e the average of �t 5



is already estimated in (1.5), we only need to estimate the averages of  , f(�) andg( ). In order to do so, we introdu
e the fun
tions ��(t) := �(t)�h�(t)i = �(t)�M0and � (t) :=  (t) �M0. Then, multiplying the expression for � by ��(t), we have,after standard transformations,(1.7) krx�(t)k2L2(
) + krk (t)k2L2(�
) + (f(�(t)); ��(t)) + (g( (t)); � (t))�
++ �( (t);  (t)�M0)�
 == (�(t); ��(t))� ("�t�(t); ��(t))� (�t (t); � (t))L2(�
):We note that the �rst term in the right-hand side of (1.7) 
an be estimated by1=2krx�k2L2 + Ckrx�(t)k2L2 (sin
e 
��� = 0). Consequently, estimates (1.4), (1.5)and (1.7) give(1.8) krx�(t)k2L2(
) + krk (t)k2L2(�
)++ 2(f(�(t)); ��(t)) + 2(g( (t)); � (t))�
 � C(k(�(0);  (0))k2D" + 1)eK1t:It remains to note that assumptions (0.3) imply that(1.9) 1=2jf(v)j(1 + jvj) � f(v)(v �M0) + Cf;M0 ;1=2jg(v)j(1 + jvj) � g(v)(v �M0) + Cg;M0 ; 8v 2 R;and, 
onsequently, (1.8) yields(1.10) k (t)kL1(�
) + kf(�(t))kL1(
) + kg( (t))kL1(�
) �� C(1 + k(�(0);  (0))k2D" )eK1t:Thus, the required average estimates for the terms  , f(�) and g( ) are obtainedand (1.6) now implies that(1.11) j h�(t)i j � C(1 + k(�(0);  (0))k2D" )eK1t:Consequently (taking into a

ount (1.5) and (1.11)), the �-part of estimate (1.1) isveri�ed. In order to obtain the required estimates for the H2-norms of � and  andthus 
omplete the proof of Theorem 1.1, we rewrite (for every �xed t) problem (0.5)as a se
ond-order nonlinear ellipti
 boundary value problem:(1.12) � �x�� f(�) = h1(t) := ��(t) + "�t�(t); ����
 =  ;�k � � � g( )� �n� = h2(t) := �t (t):Indeed, a

ording to (1.5), (1.8) and (1.11), we have(1.13) kh1(t)k2L2(
) + kh2(t)k2L2(�
) � C(1 + k(�(0);  (0))k2D" )eK1t:6



Applying now the maximum prin
iple (see Appendix, Lemma A.2) to this problem,we dedu
e that(1.14) k�(t)k2L1(
) + k (t)k2L1(�
) � C1(1 + k(�(0);  (0))k2D" )eK1t:Finally, having the L1-estimates (1.14), we 
an interpret the nonlinearities f(�) andg( ) as external for
es as well and apply the H2-regularity theorem (see Appendix,Lemma A.1) to the linear ellipti
 system that we obtain. This yields that(1.15) k�(t)k2H2(
) + k (t)k2H2(�
) � Q(k(�(0);  (0))k2D" eK1t);for some monotoni
 fun
tion Q whi
h depends on f , g and M0, but is independentof ", and Theorem 1.1 is proven.In a next step, we dedu
e dissipative estimates for the solutions of (0.5) in theweak energy spa
e introdu
ed in (0.8).Proposition 1.1. Let the assumptions of Theorem 1.1 hold. Then, every solution(�(t);  (t)) of (0.5) satis�es the following estimates:(1.16) "k�(t)k2L2(
) + k�(t)k2H�1(
) + k (t)k2L2(�
)++ Z t+1t (k�(s)k2H1(
) + k (s)k2H1(�
) + kF (�(s))kL1(
) + kG( (s))kL1(�
)) ds �� C("k�(0)k2L2(
) + k�(0)k2H�1(
) + k (0)k2L2(�
))e��t + C1;where F (v) := R v0 f(u)du, G(v) := R v0 g(u)du and the positive 
onstants C, C1 and� are independent of " and t.Proof. Let ��(t) := �(t)�M0 and � (t) :=  (t)�M0 be the same as in the proof ofTheorem 1.1. Then, re
alling that � = h�i � (��x)�1N �t� and using the fa
t that
��� = 0, we derive from (1.7) that(1.17) 1=2�t(k��(t)k2H�1(
) + "k��(t)k2L2(
) + k � (t)k2L2(�
))++ krx�(t)k2L2(
) + krk (t)k2L2(�
)++ (f(�(t)); ��(t)) + (g( (t)); � (t))�
 + �( (t);  (t)�M0)�
 = 0:Moreover, due to estimates (1.9), we obtain(1.18) �t(k��(t)k2H�1(
) + "k��(t)k2L2(
) + k � (t)k2L2(�
))++ 2�(k��(t)k2H1(
) + k � (t)k2H1(�
)) + krx�(t)k2L2(
) + krk (t)k2L2(�
)++ (jf(�(t))j; 1+ j�(t)j) + (jg( (t))j; 1+ j (t)j)�
 � C;7



for some positive 
onstants C and � whi
h are independent of " (here, we haveimpli
itly used the fa
t that k�kH1(
) � C(krx�kL2(
) + k kH1(�
))). ApplyingGronwall's inequality to (1.18), we have(1.19) "k�(t)k2L2(
) + k�(t)k2H�1(
) + k (t)k2L2(�
)++ Z t+1t (k�(s)k2H1(
) + k (s)k2H1(�
)) ds++ Z t+1t ((jf(�(s))j; 1+ j�(s)j) + (jg( (s))j; 1+ j (s)j)�
) ds �� C("k�(0)k2L2(
) + k�(0)k2H�1(
) + k (0)k2L2(�
))e��t + C1:In order to dedu
e (1.16) from (1.19), it remains to note that assumptions (0.3)imply that(1.20) jF (v)j � jf(v)j(1 + jvj)� C; jG(v)j � jg(v)j(1 + jvj)� C;for some positive C and for every v 2 R (indeed, a

ording to (0.3), the fun
tions fand g are monotoni
 if jvj is large enough). Proposition 1.1 is proven.In a third step, we establish a smoothing-type property for the solutions of (0.5)as follows.Theorem 1.2. Let the assumptions of Theorem 1.1 hold and let (�;  ) be a solutionof problem (0.5). Then, for every T 2 (0; 1), the following estimate holds:(1.21)k(�(t);  (t))k2D" � QT �"k�(0)k2L2(
) + k�(0)k2H�1(
) + k (0)k2L2(�
)� ; t 2 [T; 1℄;where the monotoni
 fun
tion QT depends obviously on T > 0, but is independentof t and ".Proof. We �rst note that, in order to verify (1.21), it is suÆ
ient to verify onlythat there exists at least one time T0 2 [T=2; T ℄ (whi
h 
an depend on the solution(�(t);  (t))) su
h that(1.22) k�t�(T0)k2H�1(
) + "k�t�(T0)k2L2(
) + k�t (T0)k2L2(�
) �� CT�1(1 + "k�(0)k2L2(
) + k�(0)k2H�1(
) + k (0)k2L2(�
));for some 
onstant C whi
h is independent of " and (�(t);  (t)). Indeed, if (1.22)is known, then, di�erentiating equation (0.5) with respe
t to t and arguing exa
tlyas in the derivation of (1.4), we verify that the analogue of (1.22) holds for everyt 2 [T0; 1℄. Having this estimate, we 
an obtain the analogue of estimate (1.11)for h�(t)i (exa
tly as in (1.6){(1.11)) and then derive the required H2-estimates byapplying the ellipti
 regularity theorem to problem (1.12) (see (1.13){(1.15)). Thus,8



it only remains to verify (1.22). To this end, multiplying the �rst equation of (0.5)s
alarly by (��x)�1N �t�(t), using the fa
t that h�t�(t)i = 0 and the expression for� and integrating by parts, we have(1.23) k�t�(t)k2H�1(
) = �(�(t); �t�(t)) = (�x�(t); �t�(t))� "k�t�(t)k2L2(
)�(f(�(t)); �t�(t)) == �1=2�t(krx�(t)k2L2(
) + 2(F (�(t)); 1))� "k�t�(t)k2L2(
) + (�n�(t); �t�(t))�
:Expressing �n� from the third equation of (0.5), inserting this expression into thelast term of formula (1.23) and integrating by parts again, we �nd(1.24) �t(krx�(t)k2L2(
) + 2(F (�(t)); 1) + krk (t)k2L2(�
)++ 2( �G( (t)); 1)�
) + 2k�t�(t)k2H�1(
) + 2"k�t�(t)k2L2(
) + 2k�t (t)k2L2(�
) = 0;where �G(v) := G(v) + �2 v2. Multiplying now (1.24) by t and integrating over [0; t℄,t 2 [0; 1℄, we have(1.25) t(krx�(t)k2L2(
) + 2(F (�(t)); 1) + krk (t)k2L2(�
) + 2( �G( (t)); 1)�
)++ 2 Z t0 s(k�t�(s)k2H�1(
) + "k�t�(s)k2L2(
) + k�t (s)k2L2(�
)) ds == Z t0 (krx�(s)k2L2(
) + 2(F (�(s)); 1) + krk (s)k2L2(�
) + 2( �G( (s)); 1)�
) ds:Using �nally inequality (1.16) in order to estimate the right-hand side of (1.25), wededu
e that(1.26) Z t0 s(k�t�(s)k2H�1(
) + "k�t�(s)k2L2(
) + k�t (s)k2L2(�
)) ds �� C("k�(0)k2L2(
) + k�(0)k2H�1(
) + k (0)k2L2(�
));where C is independent of " and (�(t);  (t)). Estimates (1.22) follow immediatelyfrom (1.26) and Theorem 1.2 is proven.We are now ready to obtain a dissipative estimate for the D " -norm of the solution(�(t);  (t)).Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, every solution(�(t);  (t)) of problem (0.5) satis�es the following estimate:(1.27) k(�(t);  (t))kD" � Q(k(�(0);  (0))kD" )e��t + C�;where the positive 
onstants C� and � and the monotoni
 fun
tion Q are independentof t, u(t) and ".Indeed, in order to dedu
e (1.27), it is suÆ
ient to use (1.1) for t � 1 and (1.16)and (1.21) for t � 1.In the sequel, we shall also need the uniform bounds on the solutions in H3(
)�H3(�
) whi
h are formulated in the next theorem.9



Theorem 1.3. Let the assumptions of Theorem 1.1 hold and let (�(t);  (t)) be asolution of problem (0.5). Then, (�(t);  (t)) 2 H3(
)�H3(�
) for every t > 0 andthe following estimates hold:(1.28) k�(t)kH3(
) + k (t)kH3(�
) � t�1=2Q (k(�(0);  (0))kD" ) ; t 2 (0; 1℄;where the monotoni
 fun
tion Q is independent of t and ".Proof. We only give a formal derivation of (1.28), whi
h 
an be easily justi�ed ina standard way (using, e.g., t-regularizations of the solutions of (0.5) via ~�(t) :=R10 K�(t� s)�(s) ds, where the kernel K� is smooth and satis�es suppK� � [0; �℄,R10 K�(z) dz = 1, and then passing to the limit �! 0). As in the proof of Theorem1.1, we di�erentiate equations (0.5) with respe
t to t and set (u(t); v(t); w(t)) :=�t(�(t); �(t);  (t)). These fun
tions satisfy equations (1.2). We multiply s
alarlythe �rst, se
ond and third equations of (1.2) by t(��x)�1�tu(t), t�tu(t) and t�tw(t)respe
tively and take the sum of the equations that we obtain. Then, after standardtransformations, we have(1.29) 1=2�t(tkrxu(t)k2L2(
) + tkrkw(t)k2L2(�
) + �tkw(t)k2L2(�
))++ tk�tu(t)k2H�1(
) + "tk�tu(t)k2L2(
) + tk�tw(t)k2L2(�
) == 1=2(krxu(t)k2L2(
) + krkw(t)k2L2(�
) + �kw(t)k2L2(�
))++ (f 0(�(t))u(t); t�tu(t)) + (g0( (t))w(t); t�tw(t))�
:We estimate the (most 
ompli
ated) se
ond term in the right-hand side of (1.29) asfollows:(1.30) j(f 0(�(t))u(t); t�tu(t))j �� Ctkf 0(�(t))u(t)kH1(
)k�tu(t)kH�1(
) �� tk�tu(t)k2H�1(
) +Q(k�(t)kH2)k�t�(t)k2H1(
);and the last term in the right-hand side of (1.29) 
an be estimated analogously (theproof is however simpler, sin
e the negative norms are not ne
essary). Integratingnow (1.29) in t and using estimate (1.1), we dedu
e(1.31) t(k�t�(t)k2H1(
) + k�t (t)k2H1(�
)) � Q1(k(�(0);  (0))kD" ); t 2 [0; 1℄;for some monotoni
 fun
tion Q1 whi
h is independent of " and t. Having obtainedestimate (1.31), we 
an rewrite problem (0.5) as a linear ellipti
 boundary valueproblem:(1.32) � ��x�(t) = h1(t) := �(t) + "�t�(t)� f(�(t)); �(t)���
 =  (t);��k (t) + � (t) + �n�(t) = h2(t) := ��t (t)� g( (t)):10



Moreover, a

ording to (1.1) and (1.31), we have(1.33) kh1(t)kH1(
) + kh2(t)kH1(�
) � t�1=2Q2(k(�(0);  (0))kD" ); t 2 (0; 1℄;for some monotoni
 fun
tion Q2. Applying now the H1-H3 regularity theorem tothe linear ellipti
 problem (1.32) (see (A.80)), we obtain (1.28) and �nish the proofof Theorem 1.3.We 
on
lude this se
tion by verifying the uniqueness of a solution of (0.5) andthe Lips
hitz 
ontinuity with respe
t to the initial data.Proposition 1.2. Let the assumptions of Theorem 1.1 hold and let the fun
tions(�1(t);  1(t)) and (�2(t);  2(t)) be two solutions of (0.5) su
h that(1.34) h�1(0)i = h�2(0)i :Then, the following estimates hold:(1.35) "k�1(t)� �2(t)k2L2(
) + k�1(t)� �2(t)k2H�1(
) + k 1(t)�  2(t)k2L2(�
) �� CeKt("k�1(0)��2(0)k2L2(
)+k�1(0)��2(0)k2H�1(
)+k 1(0)� 2(0)k2L2(�
));where the positive 
onstants C and K are independent of ", t and the initial datafor the solutions 
onsidered.Proof. We set (~�; ~�; ~ ) := (�1 � �2; �1 � �2;  1 �  2). These fun
tions satisfy thefollowing problem:(1.36) 8>>>><>>>>: �t ~� = �x~�; �n~����
 = 0;~� = ��x ~�+ "�t ~�+ [f(�1)� f(�2)℄;�t ~ = �k ~ � � ~ � [g( 1)� g( 2)℄� �n ~�; x 2 �
;~����
 = ~ :We also note that D~�(t)E = 0 (thanks to assumption (1.34)). Consequently, mul-tiplying the �rst equation of (1.36) by (��x)�1N ~� and arguing as in the proof ofTheorem 1.2, we have(1.37) 1=2�t(k~�(t)k2H�1(
) + "k~�(t)k2L2(
) + k ~ (t)k2L2(�
)) + krx ~�(t)k2L2(
)++ �k ~ (t)k2L2(�
)++krk ~ (t)k2L2(�
) = �([f(�1(t))�f(�2(t))℄; ~�(t))�([g( 1(t))�g( 2(t))℄; ~ (t))�
:It remains to note that, due to assumptions (0.3), f 0(v) � �K and g0(v) � �K forsome positive 
onstant K. Consequently, (1.37) implies(1.38) �t(k~�(t)k2H�1(
) + "k~�(t)k2L2(
) + k ~ (t)k2L2(�
))++ 2krx ~�(t)k2L2(
) � 2K(k~�(t)k2L2(
) + k ~ (t)k2L2(�
)):Using now the interpolation inequality k � k2L2(
) � Ck � kH1(
) � k � kH�1(
) in orderto estimate the �rst term in the right-hand side of (1.38) and applying Gronwall'sinequality, we �nd (1.35) and �nish the proof of Proposition 1.2.11



x2 Existen
e of solutions.In this se
tion, we establish the existen
e of a solution for problem (0.5). To thisend, we �rst need to study the following linear nonhomogeneous problem, whi
h
orresponds to (0.5) with null boundary 
onditions:(2.1) �t� = �x�; �n����
 = 0; � = ��x�+ "�t�� h(t);equipped with the null Diri
hlet boundary 
ondition ����
 = 0 (here, h(t) 
orre-sponds to given external for
es and satis�es hh(t)i � 0). It is however more 
onve-nient to rewrite this problem as a single equation for �, using the operator (��x)�1N ,as follows:(2.2) ("+ (��x)�1N )�t� = �x�� h�n�i�
 + h(t); ����
 = 0; ���t=0 = �0:As usual, it is 
onvenient to study equation (2.2) by using the anisotropi
 Sobolevspa
es W (1;2)p (
T ), 1 < p < 1, 
T := [0; T ℄ � 
 (whi
h are, by de�nition, thespa
es of fun
tions whose t-derivative and x-derivatives up to the order 2 belong toLp(
T )) asso
iated with se
ond-order paraboli
 operators. The next lemma givesthe standard Lp-regularity estimate for equation (2.2).Lemma 2.1. We assume that " > 0, h 2 Lp(
T ), with hh(t)i � 0, and the initialdatum �0 2 W 2(1�1=p)p (
) for some 2 � p < 1. Then, problem (2.2) has a uniquesolution u(t) 2W (1;2)p (
T ) and the following estimate holds:(2.3) k�kW (1;2)p (
T ) � C(k�0kW 2(1�1=p)p (
) + khkLp(
T ));where the 
onstant C depends on T and ", but is independent of �.Proof. We �rst apply the operator (" + (��x)�1N )�1 to both sides of (2.2) andtransform this equation as follows:(2.4) "�t� = �x�� K � + "("+ (��x)�1N )�1h(t); ����
 = 0;where(2.5) K v := h�nvi�
 + ("+ (��x)�1N )�1(��x)�1N (�xv � h�nvi�
) :We then re
all that, a

ording to the 
lassi
al Lp-regularity theory for the Lapla
ian(see, e.g., [LU℄ or [Tri℄), we have(2.6) kK vkLp (
) � Cs;pkvkW 1+1=p+sp (
); k("+(��x)�1N )�1vkLp(
) � Cs;pkvkLp(
);for all 1 < p < 1 and s > 0. Thus, the linear equation (2.4) is a 
ompa
t per-turbation of a heat equation and, 
onsequently, the existen
e and uniqueness of a12



solution 
an be veri�ed in a standard way (using, e.g., the Leray-S
hauder �xedpoint theorem, see [Z℄). So, we restri
t ourselves to verifying estimate (2.3) only. Tothis end, we �rst multiply equation (2.4) s
alarly by �x�(t) and use the followingestimate:(2.7) j(K�;�x�)j � CkK �k2L2 (
) + 1=4k�x�k2L2(
) �� C1k�k2H2�Æ(
) + 1=4k�x�k2L2(
) � C1k�k2H1(
) + 1=2k�x�k2L2(
);for some 0 < Æ < 1=2 (here, we have used (2.6) with p = 2 and s = �Æ). Then, wehave "=2�tkrx�(t)k2L2(
) � Ckrx�(t)k2L2(
) + Ckh(t)k2L2(
)and, applying Gronwall's inequality to this relation, we infer(2.8) k�(t)k2H1(
) � CeKt(k�0k2H1(
) + khk2L2(
t)):We are now ready to �nish the derivation of estimate (2.3). To this end, we applythe 
lassi
al Lp-regularity theorem for heat equations to (2.4), interpreting the termK v as external for
es. Then, using the se
ond estimate of (2.6) with s = 0, we have(2.9) k�kW (1;2)p (
T ) � C(kK �kLp (
T ) + khkLp(
T ) + k�0kW 2(1�1=p)p (
)):We then estimate the �rst term in the right-hand side of (2.9) by using the �rstestimate of (2.6) with s = �Æ, a proper interpolation inequality and estimate (2.8):(2.10) kK�(t)kLp(
) � Ck�(t)kW 2�Æp (
) � C�k�(t)kH1(
) + �k�(t)kW 2p (
):Fixing � > 0 small enough and inserting (2.10) into the right-hand side of (2.9), weinfer (2.3) and �nish the proof of Lemma 2.1.The next 
orollary gives the analogue of estimate (2.3) for nonhomogeneousboundary 
onditions.Corollary 2.1. We assume that " > 0 and that the fun
tion  (t) belongs to theanisotropi
 Sobolev spa
e W (1�1=(2p);2�1=p)p (�
T ) for some 2 � p < 1 (here andbelow, �
T := [0; T ℄� �
). Then, the problem(2.11) ("+ (��x)�1N )�t� = �x�� h�n�i�
 ; ����
 =  ; ���t=0 = 0;possesses a unique solution � 2W (1;p)p (
T ) and the following estimate holds:(2.12) k�kW (1;2)p (
T ) � Ck kW (1�1=(2p);2�1=p)p (�
T );13



where the 
onstant C depends on " and T , but is independent of  . Moreover,(2.13) Z t0 (�n�(s);  (s))�
 ds == 1=2k�(t)k2H�1(
) + "=2k�(t)k2L2(
) + Z t0 krx�(s)k2L2(
) ds � 0:Proof. There exists a 
ontinuous linear extension operator(2.14) Tp :W (1�1=(2p);2�1=p)p (�
T )!W (1;2)p (
T ) su
h that (Tp )���
T =  (see, e.g., [LSU℄). Moreover, without loss of generality, we 
an also assume that(2.15) h(Tp )(t)i � 0; 8t � 0; 8 2W (1�1=(2p);2�1=p)p (�
T ):We now set v := Tp . Then, this fun
tion satis�es equation (2.2) with h(t) :=("+(��x)�1N )�tv(t)��xv(t)+h�nv(t)i�
. Applying the Lp-regularity estimate (2.3)to this equation and using (2.14) and (2.15), we obtain estimate (2.12). In order todedu
e (2.13), it remains to multiply equation (2.11) by �(t) and to integrate in xand t. Corollary 2.1 is proven.We are now ready to study the linear analogue of the 
omplete system (0.5),whi
h we rewrite, analogously to (2.3), in the following form:(2.16) 8><>: ("+ (��x)�1N )�t� = �x�� h�n�i�
 + h1(t); ���t=0 = �0;�t = �k � � � �n�+ h2(t);  ��t=0 =  0;����
 =  :The following lemma is the analogue of Lemma 2.1 for this problem.Lemma 2.2. We assume that " > 0, that the external for
es h1 and h2 belong toLp(
T ) and Lp(�
T ) respe
tively for some 2 � p <1 and that hh1(t)i � 0. We alsoassume that the initial data �0 and  0 belong to W 2(1�1=p)p (
) and W 2(1�1=p)p (�
)respe
tively. Then, problem (2.16) possesses a unique solution (�(t);  (t)) and thefollowing estimates hold:(2.17) k�kW (1;2)p (
T ) + k kW (1;2)p (�
T ) � C(k�0kW 2(1�1=p)p (
)++ k 0kW 2(1�1=p)p (�
) + kh1kLp(
T ) + kh2kLp(�
T ));where the 
onstant C depends on " and T , but is independent of (�;  ) and (h1; h2).Proof. We introdu
e the operator T : W (1�1=(2p);2�1=p)p (�
T ) ! W (1;2)p (
T ) as theunique solution of problem (2.11) and set v(t) := (T )(t) and �(t) := �(t) � v(t).Then, system (2.16) reads, in the new variables (�;  ),(2.18) 8><>: ("+ (��x)�1N )�t� = �x� � h�n�i�
 + h1(t); ���t=0 = �0; ����
 = 0;�t = �k � � � �nv(t) + h2(t)� �n�(t); ��t=0 =  0: 14



Thus, the �rst equation of (2.18) is now independent of  and 
an be solved sepa-rately thanks to Lemma 2.1, whi
h gives the existen
e and uniqueness of � and thefollowing estimate:(2.19) k�kW (1;2)p (
T ) � C(k�0kW 2(1�1=p)p (
) + kh1kLp(
T )):So, it only remains to solve the se
ond equation of (2.18), whi
h has the followingform:(2.20) �t = �k � � � �n(T ) + ~h(t);  ��t=0 =  0; ~h(t) := h2(t)� �n�(t):We note that, due to (2.19), ~h 2 Lp(�
T ). Moreover, a

ording to (2.12) and to aproper tra
e theorem, we have(2.21) k�n(T )kLp(�
T ) � Ck kW (1�1=(2p);2�1=p)p (�
T ):Consequently, equation (2.20) is again a 
ompa
t perturbation of the heat equation(but now on the boundary �
) and, therefore, the existen
e and uniqueness of asolution 
an be veri�ed in a standard way (using, e.g., the Leray-S
hauder prin
i-ple). For the reader's 
onvenien
e, we give below the derivation of the Lp-regularityestimate for the solutions of (2.20). Applying the 
lassi
al Lp-regularity estimate forheat equations to (2.20) in whi
h the nonlo
al term is interpreted as external for
esand using (2.21), we have(2.22) k kW (1;2)p (�
T ) �� C(k 0kW 2(1�1=p)p (�
) + k kW (1�1=(2p);2�1=p)p (�
T ) + k~hkLp(�
T )):Using now the obvious interpolation inequality(2.23) k kW (1�1=(2p);2�1=p)p (�
T ) � C�k kL2(�
T ) + �k kW (1;2)p (�
T );and �xing � > 0 small enough, we �nd(2.24) k kW (1;2)p (�
T ) � C1(k 0kW 2(1�1=p)p (�
) + k kL2(�
T ) + k~hkLp(�
T )):So, we only need to estimate the L2-norm of the solution  (t). To this end, wemultiply equation (2.20) s
alarly in L2(�
) by  (t), integrate in t and use thepositivity of the form (2.13). Then, we have(2.25) 1=2k (t)k2L2(�
) � 1=2k 0k2L2(�
) � Z t0 (~h(s);  (s))�
 ds:Applying Gronwall's inequality to this relation, we dedu
e the required estimate forthe L2-norm of  and �nish the proof of Lemma 2.2.We are now ready to verify the existen
e of a solution for the nonlinear problem(0.5). 15



Theorem 2.1. Let the assumptions of Theorem 1.1 hold. Then, for every " > 0and every initial datum belonging to D " , problem (0.5) has a solution (�(t);  (t))whi
h satis�es all the estimates of Se
tion 1.Proof. We verify the existen
e of a solution by interpreting problem (0.5) as a nonlin-ear 
ompa
t perturbation of (2.16) and by using Lemma 2.2 and the Leray-S
hauderprin
iple. To this end, we 
onsider the following homotopy of equation (0.5) to thelinear one:(2.26) 8><>: ("+ (��x)�1N )�t� = �x�� h�n�i�
 � s[f(�)� hf(�)i℄; ���t=0 = �0;�t = �k � � � �n�� sg( );  ��t=0 =  0;����
 =  :Using now Lemma 2.2, we 
an rewrite (2.26) as follows:(2.27) � � � = M 0 � �0 0�+ sM h � hf(�)i � f(�)g( ) � ;where M 0 : (�0;  0) 7! (�;  ) is the solving operator for problem (2.16) with zeroexternal for
es and M h : (h1; h2) 7! (�;  ) is the solving operator of the sameproblem, but with null initial data.We solve equation (2.27) in the phase spa
e(2.28) � :=W (1;2)p (
T )�W (1;2)p (�
T ); 3 < p < 10=3(the assumption p > 3 is ne
essary in order to have the embedding � � C(
T ) �C(�
T ) and the 
ondition p < 10=3 is 
hosen in order to have the embeddingH2(
) � W 2(1�1=p)p (
), whi
h guarantees that the operator M 0 is well-de�ned forevery initial datum belonging to D ").We now apply the Leray-S
hauder �xed point theorem to equation (2.27). Tothis end, we �rst note that, due to the 
ompa
t embedding � � C(
T ) � C(�
T )and estimate (2.17), the operator (�;  ) 7! M h(hf(�)i � f(�); g( )) is a 
ompa
tand 
ontinuous operator in �. Thus, the Leray-S
hauder theory is indeed appli
ableand we only need to have uniform with respe
t to s 2 [0; 1℄ a priori estimatesfor the solutions of (2.27). Indeed, let (�s;  s) be a solution of equation (2.27).Then, obviously, (�s;  s) also solves system (2.26) and the triple (�s; �s;  s), where�s = �s(t) 
an be found as a solution of(2.29) �s(t)� "�x�s(t) = ��x�s(t) + f(�s(t)); �n�s(t)���
 = 0;solves the initial system (0.5) (in whi
h the nonlinearities f and g are repla
ed bysf and sg respe
tively). Moreover, it is not diÆ
ult to verify, arguing as in theproof of Theorem 1.1, that the a priori estimates (1.1) hold uniformly with respe
tto s 2 [0; 1℄. In parti
ular, these estimates give(2.30) k�skL1(
T ) + k skL1(�
T ) � CT ;16



where CT is independent of s. Thus, we also have uniform L1-estimates on theterms f(�s) and g( s) and, 
onsequently, interpreting these terms as external for
esin (2.26) and applying the Lp-regularity estimates (2.17), we obtain a uniform withrespe
t to s estimate on (�s;  s) in �. Therefore, a

ording to the Leray-S
hauderprin
iple, equation (2.26) has a solution for every s 2 [0; 1℄. It remains to note that,for s = 1, system (2.26) is equivalent to (0.5). Theorem 2.1 is proven.It is not diÆ
ult to extend the existen
e result of Theorem 2.1 to the 
ase " = 0.Corollary 2.1. We assume that the assumptions of Theorem 1.1 hold and that" = 0. Then, for every initial datum belonging to D 0 , problem (0.5) has a solution(in the sense de�ned in the introdu
tion).Proof. Let the initial datum (�0;  0) 2 D 0 . We re
all that, in the 
ase " = 0, wehave �0 = ��x�0 + f(�0) and, a

ording to the de�nition of D 0 , this expressionbelongs to H1(
). Using now this fa
t and equation (2.29) for � in the 
ase " > 0,we 
an easily verify that the initial datum 
onsidered belongs to D " for every " > 0and the following uniform estimate holds:(2.31) k(�0;  0)kD" � Q(k(�0;  0)kD0 ); " 2 [0; 1℄;where the fun
tion Q is independent of ". Let (�"(t);  "(t)), " > 0, be solutionsof (0.5) whose existen
e is veri�ed in Theorem 2.1. Then, a

ording to (2.31) andCorollary 1.1, these solutions satisfy(2.32) k(�"(t);  "(t))kD" � Q(k(�0;  0)kD0 )e��t + C�;uniformly with respe
t to "! 0. Passing now in a standard way to the limit "! 0in equations (0.5), we see that the limit triple (�(t); �(t);  (t)) satis�es equations(0.5) with " = 0. Passing �nally to the limit "! 0 in estimate (2.32), we verify thatthe solution (�;  ) satis�es (2.32) with " = 0 and Corollary 2.1 is proven.Thus, the existen
e of a solution of problem (0.5) with an initial datum belongingto D " is 
ompletely veri�ed. We also re
all that the uniqueness of this solution hasbeen proven in Proposition 1.2. Thus, for every " 2 [0; 1℄, problem (0.5) generates adissipative semigroup St(") on the phase spa
e D " :(2.33) St(") : D " ! D " ; St(")(�0;  0) := (�(t);  (t));where (�(t);  (t)) is the unique solution of (0.5) with initial datum (�0;  0). The restof this se
tion is devoted to the extension of this result to the weak energy spa
esintrodu
ed in (0.8). Indeed, a

ording to Proposition 1.2, we have the followinguniform Lips
hitz 
ontinuity in the L" -norm:(2.34) kSt(")(�1;  1)� St(")(�2;  2)kL" � CeKtk(�1 � �2;  1 �  2)kL"17



for all (�i;  i) 2 D " , i = 1; 2, where the 
onstants C and K are independent of theinitial data. Consequently, the semigroup (2.33) 
an be extended in a unique wayby 
ontinuity to a Lips
hitz 
ontinuous semigroup a
ting on the whole spa
e L" bythe following standard expression:(2.35) St(")(�0;  0) := L" � limn!1St(")(�n;  n);where (�0;  0) 2 L" , (�n;  n) 2 D " and (�n;  n) ! (�0;  0) in the norm of L"(here, we have impli
itly used the obvious fa
t that D " is dense in L"). Moreover,sin
e the solutions (�n(t);  n(t)) belong obviously to the spa
e C([0; T ℄; L"), thenthe limit fun
tion (�(t);  (t)) := St(")(�0;  0) is also 
ontinuous with values inL" . Furthermore, passing to the limit n ! 1 in estimate (1.21) for the solutions(�n(t);  n(t)), we obtain the same estimate for the limit fun
tion (�(t);  (t)). Thus,for every t > 0, the extended semigroup St(") maps L" into D " :(2.36) St(") : L" ! D " ; t > 0:Finally, passing to the limit n ! 1 in equations (0.5) and using (1.21), we 
aneasily establish that, for every t > 0, the fun
tion (�(t);  (t)) also satis�es equations(0.5). Thus, we have proven the following result.Theorem 2.2. Let the assumptions of Theorem 1.1 hold. Then, for every initialdatum (�0;  0) belonging to L" , problem (0.5) has a unique solution (�(t);  (t)) inthe 
lass C([0; T ℄; L") \ L1lo
((0; T ℄; D ").Indeed, this solution is given by the formula (�(t);  (t)) := St(")(�0;  0), wherethe extension of St(") to L" is de�ned by (2.35).x3 Robust exponential attra
tors.In this se
tion, we 
onstru
t a robust (as "! 0) family of exponential attra
torsfor the semigroups (2.35) asso
iated with problems (0.5). In order to do so, we �rstre
all that system (0.5) possesses the 
onservation law (0.4) and, 
onsequently, we
annot expe
t to have a dissipation in the whole phase spa
e L" or D " (the 
onstantC and the fun
tion Q in the dissipative estimate (1.27) depend on M0) and we needto restri
t ourselves to the hyperplanes (0.4), with a pres
ribed value of the averageh�(t)i. We note however that all the 
onstants in the estimates obtained in Se
tion 1are uniform with respe
t toM0 belonging to some bounded set. So, instead of �xingthe pres
ribed value M0 of the average (0.4), we will 
onsider below the semigroups(2.35) in the phase spa
es(3.1) L"(M) := L" \ fj h�i j �Mg and D "(M) := D " \ fj h�i j �Mg;for everyM > 0. The following theorem gives a robust family of exponential attra
-tors for the semigroups (2.35) restri
ted to the spa
es (3.1).18



Theorem 3.1. Let the assumptions of Theorem 1.1 hold and letM > 0 be arbitrary.Then, there exists a family of 
ompa
t sets M" �� D " , " 2 [0; 1℄, whi
h satisfy thefollowing properties:1) Finite-dimensionality: the fra
tal dimension of M" (say, in H2(
)�H2(�
))is �nite and uniformly bounded with respe
t to "! 0:(3.2) dimF (M"; H2(
)�H2(�
)) � C;where the 
onstant C depends on M , but is independent of ".2) Invarian
e: St(")M" �M", t � 0.3) Uniform exponential attra
tion: there exist a positive 
onstant � and a mono-toni
 fun
tion Q (whi
h are independent of ") su
h that, for every bounded subsetB � L"(M), we have(3.3) distH2(
)�H2(�
)(St(")B;M") � Q(kBkL")e��t; t � 0;where distV denotes the nonsymmetri
 Hausdor� semidistan
e between sets in thespa
e V .4) The sets M" tend to the limit set M0 as "! 0 in the following sense:(3.4) distsymmH2(
)�H2(�
)(M";M0) � C"� ;where distsymmV denotes the symmetri
 Hausdor� distan
e and the positive 
onstantsC and � 2 (0; 1) depend on M , but are independent of ".Remark 3.1. Due to the paraboli
 nature of problem (0.5), we have a standardsmoothing property for its solutions (see, e.g., (1.21) and (1.28)) and, 
onsequently,the 
on
rete 
hoi
e of the spa
e H2(
)�H2(�
) is not essential and 
an be repla
ed,e.g., by D " , or even by H3(
)�H3(�
).Proof of the theorem. As usual (see [EFNT℄, [EfMZ1℄, [EfMZ2℄ and [FGMZ℄), we �rst
onstru
t the required exponential attra
tors for the semigroups (2.35) with dis
retetimes and then extend the result to 
ontinuous times. To this end, we �rst introdu
ethe following ball B with suÆ
iently large radius R in the spa
e H3(
)�H3(�
):(3.5) BR = BR(M) := f(�;  ) 2 H3(
)�H3(�
);k(�;  )kH3(
)�H3(�
) � R; j h�i j �Mg:Then, obviously, BR � D "(M) for all " 2 [0; 1℄ and(3.6) kBRkD" � CR;M ;where the 
onstant CR;M depends on R and M , but is independent of ". Moreover,due to the dissipative estimate (1.27) and the smoothing properties (1.21) and (1.28),there exist suÆ
iently large �R = �R(M) and T = T (M) whi
h are independent of19



" su
h that the set B := B �R is an absorbing set for the semigroup St(") a
ting onL"(M) (uniformly for all " � 0) and(3.7) St(")B � B ; " 2 [0; 1℄; t � T:So, it only remains to 
onstru
t the required exponential attra
tors in the phasespa
e B . To this end, we �rst introdu
e the dis
rete semigroups Sn(") := SnT ("),n 2 N (whi
h, a

ording to (3.7), a
t on the phase spa
e B ) and 
onstru
t the\dis
rete" exponential attra
tors Md" by using the following exponential attra
tor'sexisten
e theorem proven in [EfMZ2℄.Proposition 3.1. Let the dis
rete semigroups fSn("); n 2 Ng a
ting on the spa
eB (for every " 2 [0; 1℄) satisfy the following properties:1) Uniform smoothing property for the di�eren
e of two solutions:(3.8) kS1(")(�1;  1)� S1(")(�2;  2)kH1(
)�H1(�
) �Kk(�1 � �2;  1 �  2)kL2(
)�L2(�
); (�i;  i) 2 B ; i = 1; 2;where the 
onstant K is independent of ".2) Convergen
e as "! 0:(3.9) kSn(")(�;  )� Sn(0)(�;  )kH1(
)�H1(�
) � C"eLn; (�;  ) 2 B ;where the 
onstants C and L are also independent of ".Then, there exists a robust family of exponential attra
tors Md", " 2 [0; 1℄, whi
hsatisfy the analogues of properties 1)-4) of Theorem 3.1, namely:1) Finite-dimensionality: the fra
tal dimension of Md" (in H1(
) � H1(�
)) is�nite and uniformly bounded with respe
t to "! 0:(3.10) dimF (M"; H1(
)�H1(�
)) � C;where the 
onstant C is independent of ".2) Invarian
e: Sn(")Md" �Md", n 2 N.3) Uniform exponential attra
tion: there exist positive 
onstants � and C (whi
hare independent of ") su
h that(3.11) distH1(
)�H1(�
)(Sn(")B ;Md" ) � Ce��n; n 2 N :4) The sets Md" tend to the limit set Md0 as "! 0 in the following sense:(3.12) distsymmH1(
)�H1(�
)(Md";Md0) � C1"� ;where the positive 
onstants C1 and � 2 (0; 1) are independent of ".Thus, in order to 
onstru
t the family Md" of dis
rete exponential attra
tors, weonly need to verify estimates (3.8) and (3.9). We will do so in the next two lemmata.20



Lemma 3.1. Let the above assumptions hold. Then, for every (�1(0);  1(0)) and(�2(0);  2(0)) belonging to B , the 
orresponding solutions of problem (0.5) satisfythe following estimates:(3.13) k�1(T )� �2(T )k2H1(
) + k 1(T )�  2(T )k2H1(�
) �� T�1CT k(�1(0)� �2(0);  1(0)�  2(0))k2L"; T > 0;where the 
onstant CT depends on T , but is independent of ".Proof. We �rst note that, due to estimates (1.27) and (3.6), we have(3.14) k�i(t)kH2(
) + k i(t)kH2(�
) � C; i = 1; 2; t � 0;where the 
onstant C is independent of t and ". Moreover, due to the embeddingH2 � C, we have analogous estimates for the L1-norms, whi
h are ne
essary inorder to handle the nonlinear terms in (0.5). In order to dedu
e (3.13), we �rstneed to generalize (using the uniform estimates (3.14)) Proposition 1.2 to the 
asewhere 
ondition (1.34) is not satis�ed. Indeed, let (~�; ~�; ~ ) := (�1��2; �1��2;  1� 2). Then, these fun
tions satisfy equations (1.36), but, in 
ontrast to the proof ofProposition 1.2, we now have(3.15) D~�(t)E = h�1(0)i � h�2(0)i :=M1;2 6= 0:Nevertheless, introdu
ing the new fun
tions (��(t); � (t)) := (~�(t)�M1;2; ~ (t)�M1;2),multiplying the �rst equation of (1.36) by (��x)�1N ��(t) and arguing as in the proofof Propositions 1.1 and 1.2, we derive the following analogue of (1.37):(3.16) 1=2�t(k��(t)k2H�1(
) + "k��(t)k2L2(
) + k � (t)k2L2(�
)) + krx ��(t)k2L2(
)++ �k � (t)k2L2(�
) + �M1;2 
 � (t)��
++krk � (t)k2L2(�
) = �([f(�1(t))�f(�2(t))℄; ��(t))�([g( 1(t))�g( 2(t))℄; � (t))�
:In 
ontrast to the proof of Proposition 1.2, we 
annot estimate the nonlinear termsin (3.16) by using the fa
ts that f 0(v) � �K and g0(v) � �K. Instead, we now havethe uniform estimates (3.14) (and analogous estimates for the L1-norms). So, we
an estimate these terms as follows:(3.17) � ([f(�1(t))� f(�2(t))℄; ��(t))� ([g( 1(t))� g( 2(t))℄; � (t))�
 �� C(M21;2 + k��(t)k2L2(
) + k � (t)k2L2(�
)):Inserting this estimate into the right-hand side of (3.16) and using Gronwall's in-equality, we infer(3.18) k(��(t); � (t))k2L" + Z T0 (krx ~�(t)k2L2(
) + krk ~ (t)k2L2(�
)) dt �� CT (k(��(0); � (0))k2L" + jM1;2j2) � C 0T k(~�(0); ~ (0))k2L";21



where the 
onstants CT and C 0T are independent of ". We are now ready to verify esti-mate (3.13). To this end, we multiply the �rst equation of (1.36) by t(��x)�1N �t ~�(t)and, arguing as in the derivation of (1.29), we have(3.19) 1=2�t(tkrx ~�(t)k2L2(
) + tkrk ~ (t)k2L2(�
) + �tk ~ (t)k2L2(�
))++ tk�t ~�(t)k2H�1(
) + "tk�t ~�(t)k2L2(
) + tk�t ~ (t)k2L2(�
) == 1=2(krx ~�(t)k2L2(
) + krk ~ (t)k2L2(�
) + �k ~ (t)k2L2(�
))++ ([f(�1(t))� f(�2(t))℄; t�t ~�(t)) + ([g( 1(t))� g( 2(t))℄; t�t ~ (t))�
:Estimating the last two terms in the right-hand side of (3.19) as follows:(3.20) ([f(�1(t))� f(�2(t))℄; t�t ~�(t)) + ([g( 1(t))� g( 2(t))℄; t�t ~ (t))�
 �� Ct(k~�(t)k2H1(
) + k ~ (t)k2L2(�
)) + 1=2(tk�t ~�(t)k2H�1(
) + tk�t ~ (t)k2L2(�
))(where we have again used estimates (3.14)), integrating in t and using (3.18), weinfer(3.21) T (k~�(T )k2H1(
) + k ~ (T )k2H1(�
)) � CT k(~�(0); ~ (0))k2L";whi
h �nishes the proof of the lemma.Sin
e, obviously, k(~�; ~ )kL" � Ck(~�; ~ )kL2(
)�L2(�
), where C is independent of", then assumption (3.8) of Proposition 3.1 is veri�ed.Lemma 3.2. Let (�"(t);  "(t)) and (�0(t);  0(t)) be two solutions of equations (0.5)with positive " and with " = 0 respe
tively. We also assume that these solutions havethe same initial datum, belonging to the set B . Then, the following estimates hold:(3.22) k�"(t)� �0(t)k2H1(
) + k "(t)�  0(t)k2H1(�
) � C"2eKt;where the 
onstants C and K are independent of " and t.Proof. We set (��; ��; � ) := (�" � �0; �" � �0;  " �  0). Then, these fun
tions satisfythe following system of equations:(3.23) 8>>><>>>: �t �� = �x��; �n�����
 = 0;�� = ��x ��+ "�t ��+ [f(�")� f(�0)℄ + "�t�0;�t � = �k � � � � � [g( ")� g( 0)℄� �n ��; x 2 �
;�����
 = � :Multiplying now the �rst equation of (3.23) by (��x)�1N �t �� and arguing exa
tly asin the derivation of (3.19), we obtain(3.24) 1=2�t(krx ��(t)k2L2(
) + krk � (t)k2L2(�
) + �k � (t)k2L2(�
))++ k�t ��(t)k2H�1(
) + "k�t ��(t)k2L2(
) + k�t � (t)k2L2(�
) == ([f(�"(t))� f(�0(t))℄; �t ��(t)) + ([g( "(t))� g( 0(t))℄; �t � (t))�
++ "(�t�0(t); �t ��(t)):22



We now re
all that, a

ording to (1.1) and (1.27), we have(3.25) Z T0 k�t�0(t)k2H1(
) dt � C(T + 1);where C is independent of ". Estimating the nonlinear terms in the right-hand sideof (3.24) by using (3.20), applying Gronwall's inequality and estimating the lastterm in the right-hand side of (3.24) by (3.25), we obtain estimate (3.22) and �nishthe proof of Lemma 3.2.Thus, all the assumptions of Proposition 3.1 are veri�ed and, 
onsequently, thedis
rete semigroups fSn("); n 2 Ng possess a robust family of exponential attra
torsM" on B whi
h satisfy properties 1){4) of Proposition 3.1. Moreover, sin
e B givesuniform absorbing sets for these semigroups in L"(M), then these attra
tors attra
texponentially all the bounded subsets of L"(M). So, the required family of expo-nential attra
tors is 
onstru
ted for dis
rete times. In order to extend this result to
ontinuous times, we use the standard formula(3.26) M" := [t2[T;2T ℄St(")Md"(see, e.g., [EFNT℄ and [EfMZ1℄). Then, sin
e the semigroups St(") are uniformly Lip-s
hitz 
ontinuous on [T; 2T ℄� B in the norm of L" (the Lips
hitz 
ontinuity with re-spe
t to the initial data was in fa
t veri�ed in Proposition 1.2 and Lemma 3.1 and theLips
hitz 
ontinuity with respe
t to t follows from the fa
t that (�t�(t); �t (t)) 2 L"if (�(t);  (t)) 2 D "), arguing in a standard way (see, e.g., [EfMZ2℄), we dedu
e thatthe family (3.26) of exponential attra
tors satis�es assumptions 1){4) of Theorem3.1, but with the H2(
)�H2(�
)-norm repla
ed by the L" -norm.In order to extend the results obtained to the required H2(
) � H2(�
)-norm,it remains to re
all that, a

ording to Theorems 1.2 and 1.3, the semigroups St(")possess a uniform smoothing property from L" into H3(
)�H3(�
) and to use theobvious interpolation inequality:(3.27) k(v; w)kH2(
)�H2(�
) � Ck(v; w)k1=4L" � k(v; w)k3=4H3(
)�H3(�
);where the 
onstant C is also independent of ". Thus, Theorem 3.1 is proven.Appendix. The maximum prin
iple and L1-bounds onthe solutions for an auxiliary ellipti
 problem.In this se
tion, we formulate and prove several estimates whi
h play a fundamentalrole for obtaining L1-bounds on the solutions of the initial Cahn-Hilliard problem.Sin
e the existen
e of a solution has been veri�ed in a more 
ompli
ated situation inSe
tion 2, we restri
t ourselves only to the derivation of the 
orresponding a prioriestimates. 23



We start with the study of the following linear problem:(A.1) � ��xu = h1(x); x 2 
; u���
 = �;��k�+ ��+ �nu = h2(x); x 2 �
;where � is some positive 
onstant. We start with the 
lassi
al ellipti
 L2-regularityestimates for this problem.Lemma A.1. Let the fun
tions h1 and h2 belong to the spa
es L2(
) and L2(�
)respe
tively. Then, the following estimates hold:(A.2) kukH2(
) + k�kH2(�
) � C(kh1kL2(
) + kh2kL2(�
));for some positive 
onstant C.Proof. We �rst multiply the �rst equation of (A.1) s
alarly in L2(
) by u, integrateby parts and �nd the expression for the term (�nu; u)�
 = (�nu; �)�
 from these
ond equation of (A.1). Then, after obvious transformations, we have(A.3) krxuk2L2(
) + krk�k2L2(�
) + �k�k2L2(�
) = (h1; u) + (h2; �)�
and, 
onsequently, using the fa
t that kukH1(
) � C(krxukL2(
) + k�kH1(�
)), wehave(A.4) kukH1(
) + k�kH1(�
) � C(kh1kL2(
) + kh2kL2(�
));for some positive 
onstant C.Applying now theH2-regularity theorem to the �rst equation of (A.1) with Diri
h-let boundary 
onditions, we have(A.5) kukH2(
) � C(kh1kL2(
) + k�kH3=2(�
)):Analogously, applying this theorem to the se
ond equation of (A.1), we dedu
e(A.6) k�kH2(�
) � C(kh2kL2(�
) + k�nukL2(�
)):Moreover, due to a proper interpolation inequality, we obtain, for every 0 < s < 1=2,(A.7) k�nukHs(�
) � CskukH3=2+s(
) � C�kukH1(
) + �kukH2(
);where the positive 
onstant � 
an be arbitrarily small. Combining estimates (A.5){(A.7), we have(A.8) kukH2(
) � C1(kh1kL2(
) + kh2kL2(�
)) + C 0�kukH2(
) + C 0�kukH1(
);whi
h, together with (A.4), gives the required estimate for the H2-norm of u. TheH2-norm of � 
an then be found from estimates (A.6) and (A.7). Lemma A.1 isproven. 24



Corollary A.1. Let the assumptions of Lemma A.1 hold and let, in addition, theexternal for
es h1 and h2 belong to Hs(
) and Hs(�
) respe
tively, where s � 0 issu
h that s + 1=2 does not belong to N. Then, the solution (u; �) of problem (A.1)belongs to the spa
e Hs+2(
)�Hs+2(�
) and the following estimates hold:(A.80) kukHs+2(
) + k�kHs+2(�
) � C(kh1kHs(
) + kh2kHs(�
)):Indeed, estimate (A.80) 
an be derived exa
tly as for (A.5{A.8), ex
ept that,instead of using the L2-H2 regularity estimate for linear ellipti
 equations, one needsto use its analogue for Hs-spa
es.We are now ready to formulate the main result of this se
tion on L1-bounds onthe solutions of the following nonlinear se
ond-order ellipti
 problem:(A.9) � ��xu+ f(u) = h1(x); u��t=0 = u0; u���
 = �;��k�+ ��+ �nu+ g(�) = h2(x):Lemma A.2. Let the fun
tions h1 and h2 be as in Lemma A.1 and the fun
tionsf and g satisfy assumptions (0.3). Then, every solution of problem (A.9) satis�esthe following estimates:(A.10) kukL1(
) + k�kL1(�
) � Cf;g + C(kh1kL2(
) + kh2kL2(�
));where the 
onstants Cf;g and C are independent of the solution (u; �).Proof. As usual, the L1-estimates (A.10) are based on the maximum prin
iple.However, we 
annot apply it dire
tly to problem (A.9), sin
e the external for
es donot belong to L1. In order to over
ome this diÆ
ulty, we introdu
e the fun
tion(�u; ��) solution of the simpli�ed problem (A.9) with f1 = f2 = 0. Then, due toestimate (A.2) and the embedding H2 � C,(A.11) k�ukL1(
) + k��kL1(�
) � C(kh1kL2(
) + kh2kL2(�
)) := �K:We also introdu
e the fun
tion (~u; ~�) := (u � �u; � � ��) whi
h obviously solves thefollowing problem:(A.12) ( ��x~u+ f(~u+ �u) = 0; ~u���
 = ~�;��k ~�+ �~�+ �n~u+ g(~�+ ��) = 0:In 
ontrast to (A.9), all the terms in equations (A.12) belong to L1 and we 
anapply the maximum prin
iple. To this end, we �x the 
onstant Cf;g > 0 su
h that(A.13) � sgn v � f(v) � 0; f 0(v) � 0;sgn v � g(v) � 0; g0(v) � 0;25



for all v =2 [�Cf;g; Cf;g℄ (Cf;g exists thanks to 
onditions (0.3)), and 
onsider thefollowing test fun
tion whi
h is independent of x:(A.14) U = � := Cf;g + �K;where the 
onstant �K is the same as in (A.11). Then, (A.13) and (A.11) implythat (U;�) is a supersolution of (A.12) and, 
onsequently, the fun
tion ( �U; ��) :=(~u� U; ~�� �) satis�es the following di�erential inequalities:(A.15) ( ��x �U + [f(~u+ �u)� f(U + �u)℄ � 0; �U ���
 = ��;��k �� + ��� + �n �U + [g(~�+ ��)� g(� + ��)℄ � 0:We also re
all that, due to (A.13),(A.16) [f(w + �u)� f(U + �u)℄ � 0; [g(w + �u)� g(�� + ��)℄ � 0;for all w � U = �. Multiplying now the �rst inequality of (A.15) s
alarly in L2(
)by �U+ := maxf �U; 0g, integrating by parts and using (A.16), we have(A.17) krx �U+k2L2(
) + krk ��+k2L2(�
) + �k��+k2L2(�
) � 0;whi
h immediately implies that �U+ = ��+ � 0 and, 
onsequently,(A.18) (u(x); �(x)) � (U + �u(x);�+ ��(x));whi
h, together with (A.11) and (A.14), gives the required upper bound on thesolution (u; �). The lower bound 
an be obtained analogously by using the testfun
tion (�U;��). Lemma A.2 is proven.Referen
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