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ABSTRACT. We consider in this article the Cahn-Hilliard equation endowed with dy-
namic boundary conditions. By interpreting these boundary conditions as a parabolic
equation on the boundary and by considering a regularized problem, we obtain, by
the Leray-Schauder principle, the existence and uniqueness of solutions. We then
construct a robust family of exponential attractors.

INTRODUCTION.

The Cahn-Hilliard equation

Orp + arA2¢p — kAL f(P) =0, a,k >0,

is very important in materials science. This equation describes important qualitative
features of two-phase systems, in particular, the spinodal decomposition, i.e., a
rapid separation of phases when the material is cooled down sufficiently. We refer
the reader to [C] and [CH] for more details. Here, ¢ is the order parameter, «
is related to the surface tension at the interface, x is the mobility (we shall take
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a = k = 1 in what follows) and f is the derivative of a double-well potential (a
logarithmic potential; however, such a logarithmic potential is usually approximated
by a polynomial of degree four, see [CH]).

This equation has been much studied and one has now satisfactory existence and
uniqueness results, as well as results on the long time behavior of the solutions. We
refer the reader to the review articles [El], [M], [NC2] and the references therein.

In all these studies, the Cahn-Hilliard equation is endowed with Neumann or
periodic boundary conditions. Now, physicists have recently considered the study
of phase separation in confined systems (see [FiMD1], [FiMD2] and [KEMRSBD]).
In that case, one has to account for the interactions with the walls, which leads
to additional terms in the free energy and then to the so-called dynamic boundary
conditions (in the sense that the quantity d;¢ appears in the boundary conditions).

The Cahn-Hilliard equation, endowed with dynamic boundary conditions, has
been studied in [PRZ], [RZ] and [WZ]. In particular, for a polynomial potential of
degree four, the existence and uniqueness of solutions is proven in [RZ]. In order
to overcome the new mathematical difficulties due to the boundary conditions, the
authors introduce an approximate problem and use results on elliptic operators
with highest-order derivatives in the boundary conditions (which still form elliptic
boundary value problems in the sense of Hérmander). We can note that it is not
clear, in [RZ], whether the solutions define a continuous semigroup in the phase space
considered. This problem is overcome in [PRZ], where, based on the maximal LP-
regularity of the solutions, the authors prove that the solutions define a continuous
semigroup in certain Sobolev spaces and then obtain the existence of the global
attractor.

In this article, we consider a third approach in order to handle the problem.
More precisely, we propose to treat the dynamic boundary conditions as a separate
parabolic equation on the boundary. We then prove the existence and uniqueness of
solutions by the Leray-Schauder principle. Actually, following [MZ], we regularize
the problem by considering the viscous Cahn-Hilliard equation (see [NC1]), i.e.,
we add the term —ed;A,¢p, € > 0, to the equation. Compared with the results
of [PRZ] and [RZ], this approach allows us to consider potentials with arbitrary
growths. Furthermore, we are also able to consider a nonlinear term in the dynamic
boundary conditions. Finally, we are able to construct a robust (as e — 0) family
of exponential attractors M, for the problem. As a consequence, we obtain the
existence of the global attractors A, with finite fractal dimension (we note that the
finite dimensionality of the global attractor was not studied in [PRZ]).

We now introduce the problem and give the main assumptions for our study.

We consider in this article the following Cahn-Hilliard problem in a bounded
smooth domain Q C R3:

(0.1) Orp = Daft, Onpilyg =0, 1= —Dgdp+eddp+ f(d), ¢|,_, = o,

where ¢ and p are unknown functions (p is the chemical potential), A, is the
Laplacian, ¢ > 0 is a small parameter and f is a given nonlinear interaction function.
2



Equation (0.1) is equipped with the following dynamic boundary conditions:

(0.2) Op = A= Ap —g(¢) — Ong, = €09,

where A is the Laplace-Beltrami operator on the boundary 02, g is another given
nonlinear function and X is some given positive constant.

We assume that the nonlinearities f and g belong to C?(R,R) and satisfy the
following standard dissipativity assumptions:

(0.3) liminf f'(v) > 0, liminfg'(v) > 0.

|v|—o00 |v|—o00
We also recall that system (0.1)-(0.2) possesses a natural conservation law:

(0.4) (p(t)) = (¢o) = Mo,

where (.) denotes the average over Q. Moreover, if the value of ¢(t) is known for
some t = T, then the value of u(T) can be found by solving the following linear
elliptic problem:

(0'4/) M(T) - gAw,u’(T) = _ACEQS(T) + f(é(T)), 8nN(T)‘3Q = 0.

Thus, we only need to find the function ¢(¢). It is however more convenient to
introduce one more unknown function, namely, ¥(t) := qS(t)‘ 50 defined on the
boundary 02, and to rewrite the above system as follows:

0 = Dapty Onpt] 5 =0,

p=—0zd+eod+ f(p), ¢‘t:0 = o,

op = A”?,b — M) —g(¢) — Ondp, € 09, w‘t:O = %o,
Bl o0 =,

(0.5)

where the boundary condition (0.2) is now interpreted as an additional second-order
parabolic equation on the boundary 0f2.
Following [MZ], we introduce the following “natural” phase space for problem

(0.5):
(0.6) D, := {(¢,) € H*(Q) x H?(0Q), pc HY(Q),
ePue HA(Q), ¢lpq =19, dunlyg =0}

(where 1 is computed from ¢ via (0.4")), with the obvious norm

(0.7) 16, B, = 81172y + el En @) + el Fz o) + 19112 00)-
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A solution of problem (0.5) is a pair of functions (¢(t),1(¢)) belonging to the
space L>([0,T],D.) with 0;¢ € L?([0,T], H(Q)) and dyvp € L?([0,T], H(0€2)) and
which satisfies the equations in the sense of equalities in the spaces L2([0,T], L?(£2))
and L2([0,T], L*(09)).

Remark 0.1. We recall that, due to the embedding H? C C, we have f(¢) €
C([0,T] x Q) and g(v) € C([0,T], L?(092)) and the nonlinearities in (0.5) are well-
defined. Moreover, since dy¢p € L?([0,T], H(Q)), then pu € L3([0,T], H3(2)) and
thus the boundary conditions are also well-defined.

We also need to introduce the weak energy spaces L. for problem (0.5) defined
by the following norms:

(0.8) 16, )7, = ellgllZz () + 181171 @) + 1112 00

where H=1(Q) := [H'(Q)]" endowed with the norm

101210 = 1(=80) (0 = (W) [22 () + ()7,

(—Az) N : L2(Q) — L2(Q) being the inverse Laplacian with Neumann boundary
conditions defined on the subspace of functions with null average. We note that,
for € # 0, the space L. coincides with L?(Q) x L?*(99) and, for ¢ = 0, we have
Lo = H1(Q) x L%(09).

61 A PRIORI ESTIMATES.

The main task of this section is to derive uniform (with respect to e — 0) a priori
estimates for the solutions of (0.5) in the phase space D.. The existence of a solution
will be verified in the next section.

We derive the required estimates in three steps. In a first step, we obtain a
divergent estimate in D.. In a second step, we derive dissipative estimates in the
weak energy space L. and, in a third step, we prove some kind of a smoothing
property which allows to eliminate this divergence and obtain dissipative estimates
in D..

Theorem 1.1. Let the nonlinearities f and g satisfy assumptions (0.3) and let a
pair of functions (¢(t),1¥(t)) be a solution of problem (0.5). Then, the following
estimates hold:

(1.1)

1((8), ()15, +/0 (10d () 111 (@) + 1106 () [ 1 00)) ds < QUII(6(0),%(0))

5.e""),

where the positive constant K and the monotonic function @ depend on My (intro-
duced in (0.4)), but are independent of e.
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Proof. We differentiate (0.5) in ¢ and set (u(t),v(t),w(t)) := 0s(o(t), u(t), ¥ (1)).
Then, we have

oru = Agzv, 0 ’U‘aQ 0,
(1.2) v+ediu=—-Agu+ f'(P)u, u‘aa = w,

opw = Ajw — Aw — g'(¢)w — Opu.
We then note that, due to (0.4), we have (u) = 0. Consequently, multiplying the
first equation of (1.2) scalarly by (—A,)y u, the second equation by u and the third

one by 1 and taking the sum of the equations that we obtain, we have the following
identity:

(1.3)  1/20:(lu(t) [ Fr-1 () + ellu®)lIZ2(a) + 1w ®)1Z200))+

+ Mw®)|Z200) + IVau®)I72@) + IVjwt)]7200) =
= (f(e@)u(t), u(t)) + (¢ (@) w(t), w(t)) oe,

where (-,-) and (-, -)apq denote the inner products in L2(2) and L?(0) respectively
and V| is the covariant gradient at 0€2. We now note that, due to assumptions
(0.3), f'(¢) > —K and ¢'(v)) > —K for some constant K. Consequently, applying
Gronwall’s inequality to (1.3) and using the interpolation inequality ||u||%2m) <
CH’U,“H—l(Q)||V$’LL||L2(Q), we have

(1) I 0 + ellu®)2agqy + 002 om+
t
T / (I90(5) ey + 1V ()220 s <

< Ce™ ([Ju(0)IFr-1 (@ + elluO)1Z2 () + 1w (O)lIZ2 (a0

where the positive constants C' and K; are independent of e. We now recall that
u = 0yp = Agp. Consequently, (1.4) can be rewritten as follows:

(1.5)  [[Vap(t)1720) + ellAan®)|F2 0y + 1068 (D] F2(a0) <
< Ce" ([ Van(0) 1220y + el Anp(0) 720y + 1049 (0) 172 (00))-
So, in order to obtain the p-part of estimate (1.1), we only need to estimate the

average of p(t). To this end, averaging the expression for p from the second equation
of (0.5), we have

(1.6)  (u(t)) = = (Bag(t)) + (f(&(1)) = = (Ond(t)) g + (f(¢(1))) =
= M (8) + 9(D()))aq — (D (1)) g + (f((1)))

where we denote by (:),, the average value on the boundary and have used the third
equation of (0.5) in order to find the average of 9,,¢. Thus, since the average of 0y
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is already estimated in (1.5), we only need to estimate the averages of ¥, f(¢) and
g(¢). In order to do so, we introduce the functions @(t) := ¢(t) — (p(t)) = ¢(t) — My
and ¢(t) := (t) — My. Then, multiplying the expression for p by ¢(t), we have,
after standard transformations,

(L7) Ve ®Z2) + VD072 00) + (f(6(1), ot
+ AW (1), ¥(t) — Mo)ag
= (u(t), (t)) — (e0e(t), B(t)) — (D (t), (1)) 2 (0)-

We note that the first term in the right-hand side of (1.7) can be estimated by

1/2||Va||22 + C||Vap(t)||2. (since (¢) = 0). Consequently, estimates (1.4), (1.5)
and (1.7) give

(1) + (9(4 (1)), (1)) o+

(18)  [Vad(®)Z20) + IV (0172 00)
+2(f(8(1)), 6(1) +2(g (1 (1)), (1)) o < C([[(#(0), 9 (0))[[3, + 1)e’".

It remains to note that assumptions (0.3) imply that

1/2[f()|(1 + o) < f(v)(v = Mo) + Cr,m,,

(1.9) 1/20g(0)|(1+ lol) < 9(0) (0 — Mo) + Cyays Vo € R,

and, consequently, (1.8) yields

(1.10) [l llzr o0 + [1F (@E)ILr@) + lg@ )L oe) <
< C(1+[1(6(0), ()13, ).

Thus, the required average estimates for the terms 1, f(¢) and g(¢)) are obtained
and (1.6) now implies that

(1.11) [{u(®)] < CL+[(6(0), p(0) 17, )e".

Consequently (taking into account (1.5) and (1.11)), the p-part of estimate (1.1) is
verified. In order to obtain the required estimates for the H?-norms of ¢ and 1 and
thus complete the proof of Theorem 1.1, we rewrite (for every fixed ¢) problem (0.5)
as a second-order nonlinear elliptic boundary value problem:

{Am¢—f(¢)=h1(t): w(t) +edrd(t), ¢, =¥,
Ayt = Mp = g(9) = Onp = ha(t) := Byt (t).

Indeed, according to (1.5), (1.8) and (1.11), we have

(1.12)

(1.13) 1h ()72 + 1R (B)[[7200) < C(+[1(6(0), (0)[13, )e".
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Applying now the maximum principle (see Appendix, Lemma A.2) to this problem,
we deduce that

(1.14) )7~ () + 9O E~(00) < CLL+ [[(£(0), % (0))]I3, )e™".

Finally, having the L>°-estimates (1.14), we can interpret the nonlinearities f(¢) and
g(¢)) as external forces as well and apply the H?2-regularity theorem (see Appendix,
Lemma A.1) to the linear elliptic system that we obtain. This yields that

(1.15) (I () + 19 )| Fr2(00) < QUIG(0), % (0))[|E e ),
for some monotonic function () which depends on f, g and My, but is independent

of €, and Theorem 1.1 is proven.

In a next step, we deduce dissipative estimates for the solutions of (0.5) in the
weak energy space introduced in (0.8).

Proposition 1.1. Let the assumptions of Theorem 1.1 hold. Then, every solution
(p(t),9(t)) of (0.5) satisfies the following estimates:

(1.16)  ellg()I72(0) + 1O Iz-10) + 1D OIZ200)+
t+1
+/t (1o(s) 17 ) + 19 ()IFr a0y + IF(¢()) |21 @) + G (4 (5)) |21 (a0)) ds <

< Clelld(O)Iz2(@) + 1905710 + 1 O)llz20m)e™" + C1,

where F (v fo w)du, G(v fo u)du and the positive constants C, Cy and
«a are mdependent ofe and t.

Proof. Let ¢(t) := ¢(t) — My and p(t) := 9 (t) — MO be the same as in the proof of
Theorem 1.1. Then, recalling that u = (u) — (—Az) 5 0:¢ and using the fact that
(¢) =0, we derive from (1.7) that

(117) 1/20(|()lI7r-1 () + el O IZ2 () + 1)1 7200+
+IVad(t) 72 + IV ()72 00)
+ (f(¢(1), d(1) + (9(¥(1)), ¥(t))ae + A(1h(£), P (t) — Mo)ag = 0.

Moreover, due to estimates (1.9), we obtain

(1.18) 9 ([l6() Izr-1 0y + el @) T2y + 10 (1)]|22(00))+
+20([ 60171 0y + 10| Fr00)) + V2 (D220 + IV 19017200y +
+ ([f(e) 1+ o)) + (lg(b ()] 1+ [¢() o < C,
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for some positive constants C' and « which are independent of £ (here, we have

implicitly used the fact that ||¢]|z1) < C([|Vadllz2@) + |¥|la100))). Applying
Gronwall’s inequality to (1.18), we have

(1.19)  ellg(®)I72(0) + 1O Iz-10) + 1O 72 00)+

t+1
+L D211 + 18005) 2 o) s+

t+1
[ UFGEL L+ 86)) + (a1 + [0 )on) ds <
< OOz o) + 16O 1) + 14 O)l[z2(0m))e™" + Cr.

In order to deduce (1.16) from (1.19), it remains to note that assumptions (0.3)
imply that

(1.20) [E ()] < [f)(1+]o]) = C, [G(u)] < lg(0)|(1 + |v]) = C,

for some positive C' and for every v € R (indeed, according to (0.3), the functions f
and g are monotonic if |v| is large enough). Proposition 1.1 is proven.

In a third step, we establish a smoothing-type property for the solutions of (0.5)
as follows.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold and let (¢,1) be a solution
of problem (0.5). Then, for every T € (0,1), the following estimate holds:
(1.21)

I(¢(8), w5, < Qr (€II¢(0)II%2(Q) + 1O -1 () + ||1/)(0)||%2(asz)> , te [T 1],

where the monotonic function Qr depends obviously on T > 0, but is independent
of t and ¢.

Proof. We first note that, in order to verify (1.21), it is sufficient to verify only
that there exists at least one time T, € [T//2,T] (which can depend on the solution

(¢(t), (t))) such that

(1.22) ||at¢(T0)||%I*1(Q) +el|0:p(To) 172 0y + 1069 (To) 1200y <
< CT7H1 +el|p(0) 720y + 1¢O0) 1 F-1 0y + 1901 Z2(a0)):

for some constant C' which is independent of ¢ and (¢(t),1(¢)). Indeed, if (1.22)

is known, then, differentiating equation (0.5) with respect to ¢ and arguing exactly

as in the derivation of (1.4), we verify that the analogue of (1.22) holds for every

t € [Ty, 1]. Having this estimate, we can obtain the analogue of estimate (1.11)

for (1u(t)) (exactly as in (1.6)—(1.11)) and then derive the required H?-estimates by

applying the elliptic regularity theorem to problem (1.12) (see (1.13)—(1.15)). Thus,
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it only remains to verify (1.22). To this end, multiplying the first equation of (0.5)
scalarly by (—A,) ' 0:¢(t), using the fact that (9:$(t)) = 0 and the expression for
it and integrating by parts, we have

(1.23)  [10:(t)lIFr-1 () = —(1(1), (1)) = (Dap(t), eh(t)) — ell P ()L ()~
(f((1)), 0e(t)) =
= —1/20(IV2¢(t) 72 () + 2(F (6(1)), 1)) = elldeb(t) 720y + (Bnb(t), eb(1)) 202

Expressing 0,¢ from the third equation of (0.5), inserting this expression into the
last term of formula (1.23) and integrating by parts again, we find

(1.24) 0 (IV2b(B)l172(q) + 2(F(0(1), 1) + [V 90 ()12 (00 +
+2(G((1)), Dag) + 2010:¢(t) | F-1 (o) + 2el10:b() |72 () + 2[00 () |72 (50) = O

where G(v) := G(v) + 3v2. Multiplying now (1.24) by ¢ and integrating over [0, ],
t € [0,1], we have

(1.25) (Vo (t)l|720) + 2(F(¢(1)), 1) + IV ()72 (a0) + 2(G (9 (1)), 1)oa)+

t
+2/0 s(10eb(9) 1771 0 + €llOed(5)|72(0) + 10 ()72 (02)) s =

= /0 (IVa(5)1Z2 () + 2(F(6(s)), 1) + IV () |72 (00) + 2(G(1(5)), 1)ae) ds.

Using finally inequality (1.16) in order to estimate the right-hand side of (1.25), we
deduce that

t
(1.26) /08(||3t¢>(8)||12q1(9)+€||3t¢(8)||%2(9)+||3t¢(8)||%2(am)d8§

< Clellg(O)IZ2 ) + 6071 (0 + 1P (0)]|Z2(00))-

where C' is independent of € and (¢(t),1(¢)). Estimates (1.22) follow immediately
from (1.26) and Theorem 1.2 is proven.

We are now ready to obtain a dissipative estimate for the D.-norm of the solution
(6(t), ¥ (1))

Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, every solution
(p(t),9(t)) of problem (0.5) satisfies the following estimate:

(1.27) 16 (t), % (0)lln. < QUI((0),%(0))[In. Je ™" + C.,

where the positive constants Cy and v and the monotonic function () are independent
of t, u(t) and e.

Indeed, in order to deduce (1.27), it is sufficient to use (1.1) for ¢ <1 and (1.16)
and (1.21) for ¢ > 1.
In the sequel, we shall also need the uniform bounds on the solutions in H3(£2) x
H3(09Q) which are formulated in the next theorem.
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Theorem 1.3. Let the assumptions of Theorem 1.1 hold and let (¢(t),(t)) be a

solution of problem (0.5). Then, (p(t),(t)) € H3(Q) x H3(9Q) for everyt > 0 and
the following estimates hold:

(1.28) el () + 1 (0| 3 a) < £ 2Q (1(6(0), 4(0))||. ) , ¢ € (0,1],

where the monotonic function () is independent of t and €.

Proof. We only give a formal derivation of (1.28), which can be easily justified in
a standard way (using, e.g., t-regularizations of the solutions of (0.5) via G(t) :=
Jo° Ku(t — s)p(s) ds, where the kernel K, is smooth and satisfies supp K, C [0, ],
Iy Ku(2)dz = 1, and then passing to the limit 4 — 0). As in the proof of Theorem
1.1, we differentiate equations (0.5) with respect to ¢t and set (u(t),v(t),w(t)) :=
O(d(t), p(t),1(t)). These functions satisfy equations (1.2). We multiply scalarly
the first, second and third equations of (1.2) by t(—A,) ™ duu(t), tdyu(t) and tdyw(t)
respectively and take the sum of the equations that we obtain. Then, after standard
transformations, we have

(1.29)  1/20(t|Vou(®) 220y + IV jw(t)l|7200) + Mlw®)IZ2o0)+
+ |0t 1710 + et Fpu)z (o) + tlOw () I72o0) =
= 1/2([|Vau(t)ll72() + Vw1 Z200) + Mw )12 00)+
+ (f'(@())u(t), topu(t)) + (g' (1)) w(t), 0w (t)) o

We estimate the (most complicated) second term in the right-hand side of (1.29) as
follows:

(1.30)  [(f'(d(t))u(t), topu(t))| <
< CHIF (@) u)l o) 10eut) | -1 (0) <
< tlopu(t)lzr-1 () + QUISM ) 10:¢(1) 171 (0

and the last term in the right-hand side of (1.29) can be estimated analogously (the
proof is however simpler, since the negative norms are not necessary). Integrating
now (1.29) in ¢ and using estimate (1.1), we deduce

(1.31)  t([10:(t)|[7 () + 11068 (D) 71 (902)) < Qu(II(6(0),(0)) I, ), ¢ € [0,1],

for some monotonic function ); which is independent of € and ¢. Having obtained
estimate (1.31), we can rewrite problem (0.5) as a linear elliptic boundary value
problem:

{ ~u(t) = ha(t) = lt) + €0ub(t) — F((1)), $(1)] o = ().
S A(E) + M) + Bug(t) = ha(t) = —Db(1) — g(b(1)).

10
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Moreover, according to (1.1) and (1.31), we have
(1:33) (B lar @) + NP2 a1 00y < t2Qa((I(6(0), 9(0)[ln.), ¢ € (0,1,

for some monotonic function Qs. Applying now the H'-H? regularity theorem to
the linear elliptic problem (1.32) (see (A.8')), we obtain (1.28) and finish the proof
of Theorem 1.3.

We conclude this section by verifying the uniqueness of a solution of (0.5) and
the Lipschitz continuity with respect to the initial data.

Proposition 1.2. Let the assumptions of Theorem 1.1 hold and let the functions
(P1(t),11(t)) and (p2(t), 2(t)) be two solutions of (0.5) such that

(1.34) (¢1(0)) = ($2(0)) .

Then, the following estimates hold:

(1.35)  elld1(t) — ¢2(t) |70y + 161 (8) — b2 (D)l Fr-1q) + 191 () — b2 (B)]|72(a0) <
< Cef(e]|¢1(0) = ¢2(0) 1720y + 161 (0) = B2(0) | F-1 0y + 1491.(0) =92 (0)[[72 (50

where the positive constants C and K are independent of €, t and the initial data
for the solutions considered.

Proof. We set ((5,;1, 7,5) := (¢p1 — ¢2, 1 — p2,%1 — 2). These functions satisfy the
following problem:

09 = Dafi, Onfi]yg =0,

i =—Dpp+ i+ [f(d1) — f(2)],

O = A”w M —[9(¥1) = g(42)] = Ond, = €092,

(p‘aa

We also note that <q5(t)> = 0 (thanks to assumption (1.34)). Consequently, mul-

(1.36)

tiplying the first equation of (1.36) by (—Ax)l_v% and arguing as in the proof of
Theorem 1.2, we have

(1.37)  1/20, (6 () 13-+ () + ell o172 () + 198 72(00)) + IVad ()1 Z2(0)+
+ A9() 72000+

IV (0122 00y = —([F ($1(8)) = f(d2(0)]. (£)) = ([g (1(£)) =g (2(1)], b (t) o

It remains to note that, due to assumptions (0.3), f'(v) > —K and ¢'(v) > —K for
some positive constant K. Consequently, (1.37) implies

(1.38)  Bu(ll()|Fr-1 (0 + elld®)72() + 19|72 (00))+
+ 2| Vo (t)l|220) < 2K (16ONL2 () + [ OIL2 00)-
Using now the interpolation inequality || - ||%2(Q) <Cll- Nl - I - lz-1(@) in order

to estimate the first term in the right-hand side of (1.38) and applying Gronwall’s
inequality, we find (1.35) and finish the proof of Proposition 1.2.

11



62 EXISTENCE OF SOLUTIONS.

In this section, we establish the existence of a solution for problem (0.5). To this
end, we first need to study the following linear nonhomogeneous problem, which
corresponds to (0.5) with null boundary conditions:

(2.1) O = A, 8n,u‘89 =0, p=—-Ayp+edip— h(t),

equipped with the null Dirichlet boundary condition (M 5o = 0 (here, h(t) corre-

sponds to given external forces and satisfies (h(¢)) = 0). It is however more conve-

nient to rewrite this problem as a single equation for ¢, using the operator (—Az) ",

as follows:

(22) (5 + (_Ax)&l)at(ls = A$¢ - <8n¢>852 + h(t)7 ¢‘3Q - 07 ¢‘t=0 = ¢0'

As usual, it is convenient to study equation (2.2) by using the anisotropic Sobolev
spaces WISI’Q)(QT), 1 < p < oo, Qp :=1[0,T] x Q (which are, by definition, the
spaces of functions whose t-derivative and z-derivatives up to the order 2 belong to
L?(Q7)) associated with second-order parabolic operators. The next lemma gives
the standard LP-regularity estimate for equation (2.2).

Lemma 2.1. We assume that € > 0, h € LP(Qr), with (h(t)) = 0, and the initial
datum ¢o € sz(l_l/p)(Q) for some 2 < p < co. Then, problem (2.2) has a unique
solution u(t) € WISI’Q)(QT) and the following estimate holds:

(2.3) 16l 02 0 < Clllolly20-1m o) + 1Bl r@r));

where the constant C' depends on T and e, but is independent of ¢.

Proof. We first apply the operator (¢ + (—Ax)]_\,l)_1 to both sides of (2.2) and
transform this equation as follows:

(2.4) €0 = Agp —Kp + e(e + (—Az) 3 ) T h(), ¢, =0,
where
(2.5) Kv := (0nv) 50 + (¢ + (—Aw)ﬁl)_l(—Aw)El (Azv = (Onv) 5q) -

We then recall that, according to the classical LP-regularity theory for the Laplacian
(see, e.g., [LU] or [Tri]), we have

(2.6) [Kvl|zo (@) < Capllvllyieimis gy, e+ (=A2)5) " vllLr(@) < Copllvllzne,

for all 1 < p < oo and s > 0. Thus, the linear equation (2.4) is a compact per-

turbation of a heat equation and, consequently, the existence and uniqueness of a
12



solution can be verified in a standard way (using, e.g., the Leray-Schauder fixed
point theorem, see [Z]). So, we restrict ourselves to verifying estimate (2.3) only. To
this end, we first multiply equation (2.4) scalarly by A, ¢(t) and use the following
estimate:

(2.7) (K, Ay )| < CIKl|72 ) + 1/41A20172 (0 <
< Cillpll3r2-s 0y + 1/41A20172 0y < CilldllFn ) + 1/211A2¢172 (0,

for some 0 < 6 < 1/2 (here, we have used (2.6) with p = 2 and s = —§). Then, we
have

e/204|V 2 (1) |72 < ClIVab(t)]I72) + ClIAE) 720

and, applying Gronwall’s inequality to this relation, we infer
(2.8) (I3 @) < Ce™*(lbollz ) + 171172 (0,))-

We are now ready to finish the derivation of estimate (2.3). To this end, we apply
the classical LP-regularity theorem for heat equations to (2.4), interpreting the term
Kv as external forces. Then, using the second estimate of (2.6) with s = 0, we have

(2.9) 1Dl 2 g < CUIKS e (r) + [RllLr sy + ol y2a-1/) )
P ( T) P ( )

We then estimate the first term in the right-hand side of (2.9) by using the first
estimate of (2.6) with s = —4, a proper interpolation inequality and estimate (2.8):

(210) Ko1)oy < CUOz-s (0 < Coll SOz (e + V160w o).

Fixing v > 0 small enough and inserting (2.10) into the right-hand side of (2.9), we
infer (2.3) and finish the proof of Lemma 2.1.

The next corollary gives the analogue of estimate (2.3) for nonhomogeneous
boundary conditions.

Corollary 2.1. We assume that € > 0 and that the function 1(t) belongs to the
anisotropic Sobolev space W,Sl_l/(zp)’z_l/p)(aQT) for some 2 < p < oo (here and
below, OQp := [0, T] x 02). Then, the problem

(2.11) (e+ (—A2) N = Apd — (0nd) e (b‘ag =, ¢‘t=0 =0,

possesses a unique solution ¢ € Wzgl’p)(QT) and the following estimate holds:

(2.12) ||¢||W1§1’2)(QT) < C||¢||W151—1/(2p),2—1/p)(aQT):
13



where the constant C' depends on € and T, but is independent of 1. Moreover,

(2.13) A@mawmmw:

t
= 112060 B sy + /21000y + [ IVo0() ey ds 20,

Proof. There exists a continuous linear extension operator

(2.14) T, : WV ED2UD (9Qp) — WD (Qr) such that (Ty9)],, =9
(see, e.g., [LSU]). Moreover, without loss of generality, we can also assume that
(2.15) (Ty$) () =0, VE>0, Vi € WH/E2=1D) (9Q0).

We now set v := Tp1p. Then, this function satisfies equation (2.2) with h(t) :=
(e+(—An) N0 () —Apv(t)+(0nv(t)) 5. Applying the LP-regularity estimate (2.3)
to this equation and using (2.14) and (2.15), we obtain estimate (2.12). In order to
deduce (2.13), it remains to multiply equation (2.11) by ¢(¢) and to integrate in x
and t. Corollary 2.1 is proven.

We are now ready to study the linear analogue of the complete system (0.5),
which we rewrite, analogously to (2.3), in the following form:

(e + (—Ax)]_vl)aﬂﬁ = Azp — (Ond) 5o + ha(t), (Mt:o = o,
(2.16) Op = Aytp = M = O + ha(t), ¥|,_o = o,

bloq = V-
The following lemma is the analogue of Lemma 2.1 for this problem.

Lemma 2.2. We assume that € > 0, that the external forces hy and hy belong to
LP(Qr) and LP(0Qr) respectively for some 2 < p < 0o and that (hi(t)) = 0. We also

assume that the initial data ¢y and o belong to Wj(l‘l/p)((z) and Wg(l_l/p)(()(l)
respectively. Then, problem (2.16) possesses a unique solution (¢(t),1(t)) and the
following estimates hold:

217) 19llyp02 g, T 1Pl 60,y < Clldolly20-1m o)+
+Yollyza-1/m g0y + hlle@ry + 1h2llzr(007)),
where the constant C' depends on e and T, but is independent of (¢, ) and (hy, hs).

Proof. We introduce the operator T : ng‘l/@p)’z‘l/p)(aQT) — Wzgl’z)(QT) as the
unique solution of problem (2.11) and set v(t) := (Ty)(t) and 0(¢) := ¢(t) — v(¢t).
Then, system (2.16) reads, in the new variables (6, ),

(6 + (—Ax)]_vl)ate = Axe — <8n9>89 + hl(t), 0‘15:0 = ¢07 0‘89 = 0,
(2.18) o) = A”i/) — A\ — 8n’0(t) + ho (t) — 8n9(t),

¥,y = o

14



Thus, the first equation of (2.18) is now independent of ¢ and can be solved sepa-
rately thanks to Lemma 2.1, which gives the existence and uniqueness of # and the
following estimate:

(2.19) 10llyy:0-2) 0.0y < Cllldolly20-17m ) + [[PallLr@r))-

So, it only remains to solve the second equation of (2.18), which has the following
form:

(2.20)  Op = Ayt — Mp — 0 (Top) + h(t), |,_, = o, h(t) := ha(t) — 9,0(t).

We note that, due to (2.19), h € LP(dQr). Moreover, according to (2.12) and to a
proper trace theorem, we have

(2.21) ||3n(T’¢)||Lp(aQT) < C||¢||W15171/(2p),271/p) (091)"

Consequently, equation (2.20) is again a compact perturbation of the heat equation
(but now on the boundary 9€) and, therefore, the existence and uniqueness of a
solution can be verified in a standard way (using, e.g., the Leray-Schauder princi-
ple). For the reader’s convenience, we give below the derivation of the LP-regularity
estimate for the solutions of (2.20). Applying the classical LP-regularity estimate for
heat equations to (2.20) in which the nonlocal term is interpreted as external forces
and using (2.21), we have

(2'22) ||¢||W£1’2)(39T)§

< Cl[bolly20-170 90y + 1Pl 0-1700 22170 90,y + 1Bl Lr2027))-
Using now the obvious interpolation inequality
(2.23) [Pl i-17em2=1/m 90,y < Culldllzz0ar) + VI9lly02 a0,

and fixing v > 0 small enough, we find
(2.24) ([l 90, < Crlltollyza-1rm ooy + 19122 (007) + 12l v (02))-

So, we only need to estimate the L?-norm of the solution ¢(¢). To this end, we
multiply equation (2.20) scalarly in L2(9Q2) by w(t), integrate in ¢ and use the
positivity of the form (2.13). Then, we have

(2.25) 1/29(0)lI7200) — /21140l 22 o0) S/O (h(s),9(s))a0 ds.

Applying Gronwall’s inequality to this relation, we deduce the required estimate for
the L2-norm of 1 and finish the proof of Lemma 2.2.

We are now ready to verify the existence of a solution for the nonlinear problem
(0.5).
15



Theorem 2.1. Let the assumptions of Theorem 1.1 hold. Then, for every e > 0
and every initial datum belonging to D, problem (0.5) has a solution (p(t),1(t))
which satisfies all the estimates of Section 1.

Proof. We verify the existence of a solution by interpreting problem (0.5) as a nonlin-
ear compact perturbation of (2.16) and by using Lemma 2.2 and the Leray-Schauder
principle. To this end, we consider the following homotopy of equation (0.5) to the
linear one:

(6 + (—A2) N = Dud — (Ond) oo — sLf (D) — (F (D)), ¢,y = o,
(2.26) Op = Ayp — M — Onp — sg (), |,_, = tho,
qS\m =9

Using now Lemma 2.2, we can rewrite (2.26) as follows:

o (4) = () (VO 09)).

where My : (o, %0) — (¢,1) is the solving operator for problem (2.16) with zero
external forces and My, : (hi,ha) — (¢,1) is the solving operator of the same
problem, but with null initial data.

We solve equation (2.27) in the phase space

(2.28) O .= WD (Qr) x W2 (0Qr), 3<p<10/3

(the assumption p > 3 is necessary in order to have the embedding ® C C(Qr) x
C(09Qr) and the condition p < 10/3 is chosen in order to have the embedding

H2(Q) ¢ W2'Y/P)(Q), which guarantees that the operator My is well-defined for
every initial datum belonging to D).

We now apply the Leray-Schauder fixed point theorem to equation (2.27). To
this end, we first note that, due to the compact embedding ® C C(Qr) x C(9€r)
and estimate (2.17), the operator (¢, 1) — My, ((f(¢)) — f(¢), g(¢)) is a compact
and continuous operator in ®. Thus, the Leray-Schauder theory is indeed applicable
and we only need to have uniform with respect to s € [0,1] a priori estimates
for the solutions of (2.27). Indeed, let (¢s,1s) be a solution of equation (2.27).
Then, obviously, (¢s,%s) also solves system (2.26) and the triple (¢s, is,1s), where
ps = ps(t) can be found as a solution of

(2.29) ps(t) = Qs (t) = =Dags(t) + f(¢s(), Fnps(t)] 5 =0,

solves the initial system (0.5) (in which the nonlinearities f and g are replaced by
sf and sg respectively). Moreover, it is not difficult to verify, arguing as in the
proof of Theorem 1.1, that the a priori estimates (1.1) hold uniformly with respect
to s € [0,1]. In particular, these estimates give

(2.30) 1bsllL @r) + 19sllL>(90r) < Cr,
16



where C' is independent of s. Thus, we also have uniform L*°-estimates on the
terms f(¢s) and g(1s) and, consequently, interpreting these terms as external forces
in (2.26) and applying the LP-regularity estimates (2.17), we obtain a uniform with
respect to s estimate on (¢s, 1s) in ®. Therefore, according to the Leray-Schauder
principle, equation (2.26) has a solution for every s € [0, 1]. It remains to note that,
for s = 1, system (2.26) is equivalent to (0.5). Theorem 2.1 is proven.

It is not difficult to extend the existence result of Theorem 2.1 to the case € = 0.

Corollary 2.1. We assume that the assumptions of Theorem 1.1 hold and that
e = 0. Then, for every initial datum belonging to Dy, problem (0.5) has a solution
(in the sense defined in the introduction).

Proof. Let the initial datum (¢g, 1) € Dy. We recall that, in the case ¢ = 0, we
have pog = —Agzpo + f(¢o) and, according to the definition of Dy, this expression
belongs to H'(Q). Using now this fact and equation (2.29) for 4 in the case ¢ > 0,
we can easily verify that the initial datum considered belongs to D, for every ¢ > 0
and the following uniform estimate holds:

(2.31) [(¢0, %0)llp. < Q([[(¢0,0)llmy), € € [0,1],

where the function @ is independent of . Let (¢.(t),v<(t)), € > 0, be solutions
of (0.5) whose existence is verified in Theorem 2.1. Then, according to (2.31) and
Corollary 1.1, these solutions satisfy

(2.32) 1(¢=(8), e (0l < QUII(¢0s Po)llmy Je ™ + C,

uniformly with respect to ¢ — 0. Passing now in a standard way to the limit ¢ — 0
in equations (0.5), we see that the limit triple (¢(¢), pu(t),1(t)) satisfies equations
(0.5) with e = 0. Passing finally to the limit € — 0 in estimate (2.32), we verify that
the solution (¢, ) satisfies (2.32) with ¢ = 0 and Corollary 2.1 is proven.

Thus, the existence of a solution of problem (0.5) with an initial datum belonging
to D, is completely verified. We also recall that the uniqueness of this solution has
been proven in Proposition 1.2. Thus, for every ¢ € [0, 1], problem (0.5) generates a
dissipative semigroup S(e) on the phase space D;:

(2.33) St(e) :De = De,  Si(e) (o, %0) = (d(1), ¥ (¢)),

where (¢(t),1(t)) is the unique solution of (0.5) with initial datum (¢g, 10p). The rest
of this section is devoted to the extension of this result to the weak energy spaces
introduced in (0.8). Indeed, according to Proposition 1.2, we have the following
uniform Lipschitz continuity in the L.-norm:

(2.34) 1S¢(e) (b1, 901) = Se(e) (b2, P2)lle. < Ce™[[(d1 = 2,91 — 92) I,
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for all (¢;,v;) € D., i = 1,2, where the constants C and K are independent of the
initial data. Consequently, the semigroup (2.33) can be extended in a unique way
by continuity to a Lipschitz continuous semigroup acting on the whole space L. by
the following standard expression:

(2.35) St(€) (o, o) = Le — nli_)rgo St()(Pny ),

where (¢o,%0) € Lo, (¢dn,¥n) € Do and (¢n,¥n) — (do,%0) in the norm of L.
(here, we have implicitly used the obvious fact that D. is dense in L.). Moreover,
since the solutions (¢, (t), 1, (t)) belong obviously to the space C(]0,T],L.), then
the limit function (¢(t),9(t)) := Si(e)(Po, o) is also continuous with values in
L.. Furthermore, passing to the limit n — oo in estimate (1.21) for the solutions
(pn(t), ¥n(t)), we obtain the same estimate for the limit function (¢(¢),¢(¢)). Thus,
for every ¢t > 0, the extended semigroup S(e) maps L. into D:

(2.36) Sy(e): Lo — D, ¢ > 0.

Finally, passing to the limit n — oo in equations (0.5) and using (1.21), we can
easily establish that, for every ¢t > 0, the function (¢(t), 1 (t)) also satisfies equations
(0.5). Thus, we have proven the following result.

Theorem 2.2. Let the assumptions of Theorem 1.1 hold. Then, for every initial
datum (po, o) belonging to L, problem (0.5) has a unique solution (p(t),1(t)) in
the class C([0,T],Le) N LSS, ((0,T],D,).

loc

Indeed, this solution is given by the formula (¢(t), v (t)) := St(e)(¢o, ¢o), where
the extension of Si(¢) to L. is defined by (2.35).

§3 ROBUST EXPONENTIAL ATTRACTORS.

In this section, we construct a robust (as € — 0) family of exponential attractors
for the semigroups (2.35) associated with problems (0.5). In order to do so, we first
recall that system (0.5) possesses the conservation law (0.4) and, consequently, we
cannot expect to have a dissipation in the whole phase space L. or D, (the constant
C and the function @ in the dissipative estimate (1.27) depend on M) and we need
to restrict ourselves to the hyperplanes (0.4), with a prescribed value of the average
(p(t)). We note however that all the constants in the estimates obtained in Section 1
are uniform with respect to M, belonging to some bounded set. So, instead of fixing
the prescribed value My of the average (0.4), we will consider below the semigroups
(2.35) in the phase spaces

(3.1) Le (M) :=Le n{[{¢)| <M} and D.(M):=D:N{[{$)|< M},

for every M > 0. The following theorem gives a robust family of exponential attrac-
tors for the semigroups (2.35) restricted to the spaces (3.1).
18



Theorem 3.1. Let the assumptions of Theorem 1.1 hold and let M > 0 be arbitrary.
Then, there exists a family of compact sets M. CC D, € € [0, 1], which satisfy the
following properties:

1) Finite-dimensionality: the fractal dimension of M. (say, in H?(Q) x H?(09))
18 finite and uniformly bounded with respect to € — 0:

(3.2) dimp (M., H?(Q) x H?(0Q)) < C,

where the constant C' depends on M, but is independent of €.

2) Invariance: Si(e)Me C M, t > 0.

3) Uniform exponential attraction: there exist a positive constant « and a mono-
tonic function @ (which are independent of €) such that, for every bounded subset
B C L.(M), we have

(3.3) dist g2 () x 12 (992) (St (€) B, M) < Q(||Bll..)e™**, & >0,

where disty denotes the nonsymmetric Hausdorff semidistance between sets in the
space V.
4) The sets M. tend to the limit set Mg as e — 0 in the following sense:

(3.4) At s oy (Me, Mo) < CeT,

where disty?™"™ denotes the symmetric Hausdor{f distance and the positive constants
C and T € (0,1) depend on M, but are independent of €.

Remark 3.1. Due to the parabolic nature of problem (0.5), we have a standard
smoothing property for its solutions (see, e.g., (1.21) and (1.28)) and, consequently,
the concrete choice of the space H2(2) x H?(01) is not essential and can be replaced,
e.g., by D., or even by H3(Q) x H3(9Q).

Proof of the theorem. As usual (see [EFNT], [EfMZ1], [EfMZ2] and [FGMZ]), we first
construct the required exponential attractors for the semigroups (2.35) with discrete
times and then extend the result to continuous times. To this end, we first introduce
the following ball B with sufficiently large radius R in the space H3(Q2) x H3(99Q):

(3.5) Br =Br(M):={(¢,¢) € H*(Q) x H*(8%),
(D, V) |2y o2 (00) < R, [ (9) ]| < M},

Then, obviously, B C D. (M) for all ¢ € [0,1] and

(3.6) IBrln. < Cr,u,

where the constant Cr ps depends on R and M, but is independent of €. Moreover,
due to the dissipative estimate (1.27) and the smoothing properties (1.21) and (1.28),

there exist sufficiently large R = R(M) and T = T(M) which are independent of
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e such that the set B := By is an absorbing set for the semigroup S;(e) acting on
L. (M) (uniformly for all ¢ > 0) and

(3.7) Si(e)BC B, e€|0,1], t>T.

So, it only remains to construct the required exponential attractors in the phase
space B. To this end, we first introduce the discrete semigroups S, (¢) := S,r(e),
n € N (which, according to (3.7), act on the phase space B) and construct the
“discrete” exponential attractors M by using the following exponential attractor’s
existence theorem proven in [EfMZ2].

Proposition 3.1. Let the discrete semigroups {S,(¢),n € N} acting on the space
B (for every e € [0, 1]) satisfy the following properties:
1) Uniform smoothing property for the difference of two solutions:

(3.8)  [IS1(e)(¢1,¥1) — Si(e) (b2, ¥2) |1 (@) x 1 (002) <
K||(¢1 — b2, 1 — V)2 ()xL2(09), (i, i) €B, i=1,2,

where the constant K is independent of ¢.
2) Convergence as e — 0:

(3.9) 185.(8) (6, 4) — Sn(0) (8, ) | 1) x 11 (902) < Cee™, (,9) € B,

where the constants C' and L are also independent of €.

Then, there exists a robust family of exponential attractors M2, e € [0,1], which
satisfy the analogues of properties 1)-4) of Theorem 3.1, namely:

1) Finite-dimensionality: the fractal dimension of M2 (in H'(Q) x H*(0Q)) is
finite and uniformly bounded with respect to e — 0:

(3.10) dimp (M., HY(Q) x HY(9Q)) < C,

where the constant C' is independent of €.

2) Invariance: S, ()M C M2, n € N.

3) Uniform exponential attraction: there exist positive constants o and C' (which
are independent of €) such that

(3.11) diStHl(Q)XHl(aﬂ) (Sn(e)B, Mg) <Ce ™™, neN
4) The sets M? tend to the limit set Mg as e — 0 in the following sense:
(3.12) dist 17 ey i1 (92) (ME, M) < ChreT,

where the positive constants Cy and T € (0,1) are independent of €.

Thus, in order to construct the family M% of discrete exponential attractors, we
only need to verify estimates (3.8) and (3.9). We will do so in the next two lemmata.
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Lemma 3.1. Let the above assumptions hold. Then, for every (¢1(0),1(0)) and
(92(0),2(0)) belonging to B, the corresponding solutions of problem (0.5) satisfy
the following estimates:

(3.13)  [|$2(T) = 2T () + 191(T) = 2(T) 311 (90 <
< T7'Cr||(¢1(0) — $2(0), 91(0) — 92(0)) [, T > 0,

where the constant Cp depends on T, but is independent of .

Proof. We first note that, due to estimates (1.27) and (3.6), we have
(3.14) 16 (0| 72 () + 10i() |2 00) < C, i=1,2, £20,

where the constant C' is independent of ¢t and €. Moreover, due to the embedding
H? C C, we have analogous estimates for the L>-norms, which are necessary in
order to handle the nonlinear terms in (0.5). In order to deduce (3.13), we first
need to generalize (using the uniform estimates (3.14)) Proposition 1.2 to the case
where condition (1.34) is not satisfied. Indeed, let (¢, fi, ¥) := (¢1 — P, p1 — pia, Y1 —
th2). Then, these functions satisfy equations (1.36), but, in contrast to the proof of
Proposition 1.2, we now have

(3.15) (9(1)) = (61(0)) = ($2(0)) = Maz # 0.

Nevertheless, introducing the new functions (¢(t), (1)) := (¢p(t) — My 2, () — M 2),
multiplying the first equation of (1.36) by (—Am)ﬁlq_ﬁ(t) and arguing as in the proof
of Propositions 1.1 and 1.2, we derive the following analogue of (1.37):
(3.16)  1/20,(lp(t)|17r-1 () + eldB)Z20) + I D) Z2(00) + Vb (BIL2 () +

+ >‘||1/_)(t)||%2(89) + AM; 2 <1/_)(t)>39 +
IV (O)ll7200) = — ([ (¢1(8) = F(82()], 6(t)) — (9 ($1(8) — g (2(1))], (1) ) oc2-

In contrast to the proof of Proposition 1.2, we cannot estimate the nonlinear terms
in (3.16) by using the facts that f'(v) > —K and ¢'(v) > —K. Instead, we now have
the uniform estimates (3.14) (and analogous estimates for the L°°-norms). So, we
can estimate these terms as follows:

(3.17) = ([f(d1(1)) = F(P2(1))], B()) — ([9(¥1(£)) — g(ha2(1))], (%)) o0 <
< C(M7 o+ 19072 ) + [ OZ2 00)-

Inserting this estimate into the right-hand side of (3.16) and using Gronwall’s in-
equality, we infer

(3.18) ||(¢_>(t),1/7(t))|lie+/0 (Vb (0)72(0) + IV (D172 00)) dt <
< Cr(1($(0), p(0)) 2. + |M12]) < C7[|($(0),9(0))
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where the constants Cr and C7. are independent of . We are now ready to verify esti-
mate (3.13). To this end, we multiply the first equation of (1.36) by t(—Az) v 0:H(t)
and, arguing as in the derivation of (1.29), we have
(3.19) 1/23t(t||vx<5(t)||%2(9) + t||V||15(t)||%2(39) + )\t||15(t)||%2(39))+
+ 0 p ()71 () + et Oeb(B) 172 () + IO (D2 00y =

=1/2(IVo¢ (1) |22 () + IV ()72 00) + M (B)lI7200))+

+ ([ (D1(1)) = f(D2 ()]s 10:b () + (lg(41(8)) = g(¥2(8))], 103 (2)) o2
Estimating the last two terms in the right-hand side of (3.19) as follows:

(3:20)  ([f(1(8)) = f(d2()], 10 (1)) + ([9($1(2)) — g(¥2(1))], t08h(1)) 02 <
< Gt @) + 19()72(00)) + 1/2(tN0eb ()31 ) + 111 Z2(a0)

(where we have again used estimates (3.14)), integrating in ¢ and using (3.18), we
infer

(3.21) T(16(T) 13 ) + 19D agy) < Crll(#(0), % (0))[I2_,
which finishes the proof of the lemma.

Since, obviously, ||(¢, ¥)||r. < C||(¢~),/(/)~)||L2(Q)XL2(3Q), where C' is independent of
g, then assumption (3.8) of Proposition 3.1 is verified.

Lemma 3.2. Let (¢e(t),1:(t)) and (¢o(t), o(t)) be two solutions of equations (0.5)
with positive € and with ¢ = 0 respectively. We also assume that these solutions have
the same initial datum, belonging to the set B. Then, the following estimates hold:

(3.22) = (t) = o (D)lI7r1 () + 19 () — Yo ()| 71 (o) < O,
where the constants C' and K are independent of € and t.

Proof. We set. (¢, fi, V) := (¢e — b0, pte — o, Ve — o). Then, these functions satisfy
the following system of equations:

Orp = Agfi, Onfi|yg =0,

= —Dpp+ 0+ [f(¢e) — fbo)] + €drbo,

) = Ay — M — [g(¥c) — g(tho)] — Ondh,  x € 0Q,

¢‘asz =

Multiplying now the first equation of (3.23) by (—Ax);\,lath and arguing exactly as
in the derivation of (3.19), we obtain

(3:24)  1/20,(|[Vad(V)[|72 () + V90122 (00) + AlD(O)]|7200))+
F10:p ()1 F-1 0y + €NOrd) 72y + 10550 () 17200y =
= ([f(#=(t)) = f(do(1))], 0:8(t)) + ([9(ve(t)) — g(0(t))], Detp (1)) o+
+e(Deo(t), Dep(t)).

(3.23)
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We now recall that, according to (1.1) and (1.27), we have

T
(3.25) /0 ||8t¢o(t)||%pm) dt < C(T + 1),

where C' is independent of . Estimating the nonlinear terms in the right-hand side
of (3.24) by using (3.20), applying Gronwall’s inequality and estimating the last
term in the right-hand side of (3.24) by (3.25), we obtain estimate (3.22) and finish
the proof of Lemma 3.2.

Thus, all the assumptions of Proposition 3.1 are verified and, consequently, the
discrete semigroups {S,, (¢),n € N} possess a robust family of exponential attractors
M. on B which satisfy properties 1)-4) of Proposition 3.1. Moreover, since B gives
uniform absorbing sets for these semigroups in L. (M), then these attractors attract
exponentially all the bounded subsets of L. (M). So, the required family of expo-
nential attractors is constructed for discrete times. In order to extend this result to
continuous times, we use the standard formula

(3.26) M. = Uer2m St (€) MY

(see, e.g., [EFNT] and [EfMZ1]). Then, since the semigroups S () are uniformly Lip-
schitz continuous on [T, 27] x B in the norm of L. (the Lipschitz continuity with re-
spect to the initial data was in fact verified in Proposition 1.2 and Lemma 3.1 and the
Lipschitz continuity with respect to ¢ follows from the fact that (9;4(t), 91 (t)) € Le
if (¢(t),9(t)) € De), arguing in a standard way (see, e.g., [EfMZ2]), we deduce that
the family (3.26) of exponential attractors satisfies assumptions 1)-4) of Theorem
3.1, but with the H?(Q) x H?(9Q)-norm replaced by the L.-norm.

In order to extend the results obtained to the required H2(Q) x H?(9€)-norm,
it remains to recall that, according to Theorems 1.2 and 1.3, the semigroups S(¢)
possess a uniform smoothing property from L. into H3(Q) x H3(92) and to use the
obvious interpolation inequality:

1/4 3/4
(3.27) (v, w)|| 52 (@) x 52 (892) < C||(va)||mi . ||(U7w)||h{3(9)><H3(BQ)’

where the constant C' is also independent of €. Thus, Theorem 3.1 is proven.

APPENDIX. THE MAXIMUM PRINCIPLE AND L°°-BOUNDS ON
THE SOLUTIONS FOR AN AUXILIARY ELLIPTIC PROBLEM.

In this section, we formulate and prove several estimates which play a fundamental
role for obtaining L°°-bounds on the solutions of the initial Cahn-Hilliard problem.
Since the existence of a solution has been verified in a more complicated situation in
Section 2, we restrict ourselves only to the derivation of the corresponding a priori
estimates.
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We start with the study of the following linear problem:

{—Amu:hl(x), x € Q, u‘aﬂz(b,

(A.1)
—Ad+ AP + Opu = ha(z), © € 09,

where )\ is some positive constant. We start with the classical elliptic L2-regularity
estimates for this problem.

Lemma A.1. Let the functions hy and hs belong to the spaces L?(Q) and L?(0)
respectively. Then, the following estimates hold:

(A.2) 1wl 2 (@) + 1Bl 22 00) < CIR1llL2@) + [h2llz2(09));
for some positive constant C'.

Proof. We first multiply the first equation of (A.1) scalarly in L2(€2) by u, integrate
by parts and find the expression for the term (J,u,u)sq = (Onu,d)aq from the
second equation of (A.1). Then, after obvious transformations, we have

(A.3) IVaullZz ) + IV 8l17200) + AT 00) = (h1,u) + (h2, d)og

and, consequently, using the fact that ||ul|z (o) < C(||Vaullz2) + |9l a1 (80)), we
have

(A.4) 1wl @) + |18l zr 00y < ClR1llL2@) + [h2llz2(09));

for some positive constant C.
Applying now the H2-regularity theorem to the first equation of (A.1) with Dirich-
let boundary conditions, we have

(A.5) lull 2 (@) < Cl|P1llz2 (@) + 18l g2r2(00))-

Analogously, applying this theorem to the second equation of (A.1), we deduce
(A.6) 9l 200y < C(llhallL2(00) + |00l L2(00))-

Moreover, due to a proper interpolation inequality, we obtain, for every 0 < s < 1/2,
(A.7) [0nullm 00) < Csllullgrarers (@) < Cullullmr @) + vlullr2().,

where the positive constant v can be arbitrarily small. Combining estimates (A.5)—
(A.7), we have

(A.8)  ullaz) < CilllhllLz () + [1hallz2oa)) + C'vlulla2 @) + CLllull a1 (),

which, together with (A.4), gives the required estimate for the H2-norm of u. The
H?%-norm of ¢ can then be found from estimates (A.6) and (A.7). Lemma A.1 is
proven.
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Corollary A.1. Let the assumptions of Lemma A.1 hold and let, in addition, the
external forces hy and hy belong to H*(Q2) and H*(0R2) respectively, where s > 0 is
such that s + 1/2 does not belong to N. Then, the solution (u, @) of problem (A.1)
belongs to the space H12(Q) x H5T2(0Q) and the following estimates hold:

(A.8') |l rs+2 () + |6l mer200) < CIhallm= () + |h2ll = (89))-

Indeed, estimate (A.8") can be derived exactly as for (A.5-A.8), except that,
instead of using the L2-H? regularity estimate for linear elliptic equations, one needs
to use its analogue for H?*-spaces.

We are now ready to formulate the main result of this section on L°°-bounds on
the solutions of the following nonlinear second-order elliptic problem:

(A.9) { —Dgpu At f(u) = (), u|,_y=muo, uly, =9,

—A||¢ + Ap + Opu + g(P) = ha(x).
Lemma A.2. Let the functions hy and ho be as in Lemma A.1 and the functions

f and g satisfy assumptions (0.3). Then, every solution of problem (A.9) satisfies
the following estimates:

(A.10) || Lo @) + |9l L= 00) < Crg + C([|h1llL2(0) + [h2llz200))>

where the constants Cy 4 and C' are independent of the solution (u, ¢).

Proof. As usual, the L*-estimates (A.10) are based on the maximum principle.
However, we cannot apply it directly to problem (A.9), since the external forces do
not belong to L°°. In order to overcome this difficulty, we introduce the function
(, ¢) solution of the simplified problem (A.9) with f; = f» = 0. Then, due to
estimate (A.2) and the embedding H? C C,

(A.11) [l @) + 8l L= (00) < Cl1hllrz@) + [[hallr2(00)) == K.

We also introduce the function (i, ¢) := (u — @, ¢ — @) which obviously solves the
following problem:

(A.12) { —Agii+ f(i+1a) =0, |, , = ¢,

—A”(;-l-)\(;;—l—anﬂ—i—g((lg-l-qg) = 0.

In contrast to (A.9), all the terms in equations (A.12) belong to L* and we can
apply the maximum principle. To this end, we fix the constant C'r ;, > 0 such that

(A.13) {



for all v ¢ [—Cy4,Cf 4] (Cf 4 exists thanks to conditions (0.3)), and consider the
following test function which is independent of x:

(A.14) U=9o:= nyg-l-K,

where the constant K is the same as in (A.11). Then, (A.13) and (A.11) imply

that (U, ®) is a supersolution of (A.12) and, consequently, the function (U, P) =
(u — U, ¢ — @) satisfies the following differential inequalities:

(A.15) {—Aﬂuﬂﬂ&+m—fw+aﬂsm loq = @

A P+ AP + 0,0 + [9(d + ¢) — g(® + $)] < 0.
We also recall that, due to (A.13),
(A.16) [fw+u) = FU+uw)] 20, [g(w+u)=g(P+¢)] >0,

for all w > U = ®. Multiplying now the first inequality of (A.15) scalarly in L*(12)
by U, := max{U, 0}, integrating by parts and using (A.16), we have

(A.17) VUi 12200y + IV P4 I7200) + AP 4l172(50) <0,
which immediately implies that Uy = ®, = 0 and, consequently,
(A.18) (u(x), ¢(2)) < (U +a(z), @ + d()),

which, together with (A.11) and (A.14), gives the required upper bound on the
solution (u,®). The lower bound can be obtained analogously by using the test
function (—U, —®). Lemma A.2 is proven.
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