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le is to give a 
onstru
tion of exponential attra
tors that are
ontinuous under perturbations of the underlying semi-group. We note that the 
ontinuityis obtained without time shifts as it was the 
ase in previous studies. Moreover, the expli
itestimate for the symmetri
 distan
e between the perturbed and non-perturbed exponentialattra
tors in terms of the perturbation parameter is also obtained. As an appli
ation, we provethe 
ontinuity of exponential attra
tors for a vis
ous Cahn-Hilliard system to an exponentialattra
tor for the limit Cahn-Hilliard system.Introdu
tionThe study of the long time behavior of systems arising from physi
s and me
hani
s isa 
apital issue, as it is important, for pra
ti
al purposes, to understand and predi
t theasymptoti
 behavior of the system.For many paraboli
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an prove the existen
eof the �nite dimensional (in the sense of the Hausdor� or the fra
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ompa
t invariant set whi
h attra
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e. Sin
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for the study of the long time behavior of the system. We refer the reader to [BV℄, [H℄, [L℄,[R℄ and [T℄ for extensive reviews on this subje
t.Now, the global attra
tor may present two major defaults for pra
ti
al purposes. Indeed,the rate of attra
tion of the traje
tories may be small and (
onsequently) it may be sensibleto perturbations.In order to over
ome these diÆ
ulties, Foias, Sell and Temam proposed in [FoST℄ the no-tion of inertial manifold, whi
h is a smooth �nite dimensional hyperboli
 (and thus robust)positively invariant manifold whi
h 
ontains the global attra
tor and attra
ts exponentiallythe traje
tories. Unfortunately, all the known 
onstru
tions of inertial manifolds are basedon a restri
tive 
ondition, the so-
alled spe
tral gap 
ondition. Consequently, the exis-ten
e of inertial manifolds is not known for many physi
ally important equations (e.g. theNavier-Stokes equations, even in two spa
e dimensions). A non-existen
e result has evenbeen obtained by Mallet-Paret and Sell for a rea
tion-di�usion equation in higher-spa
edimensions.Thus, as an intermediate obje
t between the two ideal obje
ts that the global attra
torand an inertial manifold are, Eden, Foias, Ni
olaenko and Temam proposed in [EFNT℄ thenotion of exponential attra
tor, whi
h is a 
ompa
t positively invariant set whi
h 
ontainsthe global attra
tor, has �nite fra
tal dimension and attra
ts exponentially the traje
tories.So, 
ompared with the global attra
tor, an exponential attra
tor is more robust underperturbations and numeri
al approximations (see [EFNT℄, [FGM℄ and [G℄ for dis
ussionson this subje
t). Another motivation for the study of exponential attra
tors 
omes from thefa
t that the global attra
tor may be trivial (say, redu
ed to one point) and may thus failto 
apture important transient behaviors. We note however that, 
ontrarily to the globalattra
tor, an exponential attra
tor is not ne
essarily unique, so that the a
tual/
on
rete
hoi
e of an exponential attra
tor is in a sense arti�
ial.Exponential attra
tors have been 
onstru
ted for a large 
lass of equations (see [BN℄,[EFNT℄, [EFK℄, [EfM℄, [EfMZ1℄, [EfMZ2℄, [FGM℄, [G℄, [M1℄, [M2℄, [MPR℄ and the refer-en
es therein). The known 
onstru
tions of exponential attra
tors (see for instan
e [BN℄,[EFNT℄, [EFK℄ and [M1℄) make an essential use of orthogonal proje
tors with �nite rank(in order to prove the so-
alled squeezing property) and are thus valid in Hilbert spa
esonly. Re
ently, Efendiev, Miranville and Zelik gave in [EfMZ1℄ (see also [EfMZ2℄) a 
on-stru
tion of exponential attra
tors that is no longer based on the squeezing property andthat is thus valid in a Bana
h setting. So, exponential attra
tors are as general as globalattra
tors.Let us 
ome ba
k to the robustness of the global attra
tor. Generally, global attra
torsare only upper semi-
ontinuous with respe
t to perturbations. The property of their lowersemi-
ontinuity is mu
h more deli
ate and 
an be established only for some parti
ular 
ases(see for instan
e [R℄). One of them is the 
ase where a semi-group has a global Liapunovfun
tion and all equilibria are hyperboli
. In this parti
ular 
ase the 
orresponding globalattra
tor (so-
alled regular attra
tor) is exponential and is robust under the perturbation(i.e. it is upper and lower semi-
ontinuous with respe
t to the perturbation, see [BV℄ or[H℄). Moreover, if A" is the regular attra
tor of a perturbed system and A0 
orresponds to2



the unperturbed one, then under the natural assumptions on perturbation one hasdistsymm (A";A0) � C"�where � 2 (0; 1) and " is a perturbation parameter (see [BV℄).As already mentioned, exponential attra
tors are more robust obje
ts. In parti
ular,one 
an prove the 
ontinuity of exponential attra
tors under perturbations in many 
ases(see [EFNT℄ for the 
ontinuity for 
lassi
al Galerkin approximations and [FGM℄ and [G℄for examples of (singular) pertubations of partial di�erential equations), even when thisproperty is violated or is not known for the global attra
tor. However, in all these referen
es,the 
ontinuity is obtained only up to a time shift. In this arti
le, we give (in Se
tion 3),
onditions on the semigroup whi
h ensure the 
ontinuity of exponential attra
tors withoutsu
h time shifts. Moreover, we obtain analogous (to the 
ase of regular attra
tors) estimatefor the symmetri
 distan
e between the perturbed (M") and unperturbed (M0) exponentialattra
tors distsymm (M";M0) � C1"�1without the supposition that the system under the 
onsideration possesses a global Lia-punov fun
tion and all equilibria are hyperboli
. Note also, that in 
ontrast to the 
ase ofregular attra
tors our approa
h allows in appli
ations to 
ompute 
onstants C1 and �1 interms of the 
orresponding physi
al parameters.As an example, we 
onsider a vis
ous Cahn-Hilliard system in R3 . The Cahn-Hilliardequation (see [C℄, [CH℄, [ElZ℄, [Gu℄, [NST℄ and [Gu℄) is very important in materials s
ien
e:it models important qualitative behaviors of two phase systems, namely the transportof atoms between unit 
ells. Several generalizations of the original equation have beenproposed and studied (see for instan
e [BaB℄, [Bo℄, [CaMP℄, [ChD℄, [ElG℄, [ElK℄, [ElS℄,[Ey℄, [Ga℄, [Gu℄, [LiZ℄, [M2℄, [M3℄, [MPR℄ and [No℄) and, among them, the vis
ous Cahn-Hilliard equation (see [ElK℄, [ElS℄ and [No℄).In [ElS℄, the authors proved the existen
e of the global attra
tor for a vis
ous Cahn-Hilliard equation. They also proved the upper semi
ontinuity of the global attra
tor to thatof the limit Cahn-Hilliard equation. However, they proved the lower semi
ontinuity underthe assumption that all the stationary solutions be hyperboli
 only; this assumption wasrelaxed in [ElK℄, but only in one spa
e dimension. We also note that all these results areobtained under growth restri
tions on the potential (i.e. on the nonlinear term); in [EfGZ℄,the authors proved the existen
e of the �nite dimensional global attra
tor without anygrowth 
ondition on the potential for " 6= 0 but the estimates for the dimension obtainedthere was not uniform with respe
t to "! 0; the 
ase " = 0 without growth restri
tions hasbeen 
onsidered in [LyZ℄ where the bondedness of the 
orresponding attra
tor in H4(
)has been obtained.In this arti
le, we prove, in Se
tion 4, the 
ontinuity of exponential attra
tors for thevis
ous Cahn-Hilliard system and derive the 
orresponding estimate for the symmetri
distan
e. This result is obtained without any growth 
ondition on the nonlinearity andthus ne
essitates several te
hni
al estimates that are obtained in Se
tions 1 and 2. Note3



also that the deriving of these estimates is based on a 
ombination of te
hniques developedin [EfGZ℄, [LyZ℄, and [Ze℄. x0 Setting of the problem.We 
onsider the following vis
ous Cahn-Hilliard system:(0.1) 8><>: �tu = ��x(a�xu� "�tu� f(u) + ~g); x 2 
;u���
 = �xu���
 = 0;u��t=0 = u0;where 
 �� R3 is a bounded domain with a suÆ
iently smooth boundary, u = (u1; � � � ; uk)is an unknown ve
tor-valued fun
tion, f and ~g are given fun
tions, a is a given 
onstantk � k matrix with a positive symmetri
 part a+ a� > 0 and " � 0 is a small parameter.It will be more 
onvenient for us to rewrite equation (0.1) in the following form:(0.2) � �t("+ L)u = a�xu� f(u) + g;u���
 = 0; u��t=0 = u0;where L denotes the operator (��x)�1 asso
iated with Diri
hlet boundary 
onditions andthe fun
tions g and ~g satisfy the relation g = ~g � V , where V is solution of the followingproblem:(0.3) �xV = 0; V ���
 = ~g���
:Furthermore, we assume that the nonlinear term f(u) satis�es the following 
onditions:(0.4) 8><>: 1: f 2 C2(Rk ;Rk ); f(0) = 0;2: f(u):u � �C;3: f 0(u) � �KId:Here an below, we denote by u:v the standard inner produ
t in Rk and we assume that theexternal for
e g in (0.2) belongs to the spa
e W 2;2(
) \W 1;20 (
).A solution of problem (0.2) is a fun
tion u(t) whi
h belongs to the spa
e � :=W 2;2(
)\W 1;20 (
), for every �xed t � 0, and satis�es (0.2) in the sense of distributions. Consequently,we assume that the initial value u0 belongs to �.Remark 0.1. We note that, due to a 
lassi
al Sobolev embedding theorem, � � C(
).Consequently, the nonlinear term f(u) in (0.2) is well de�ned. We also note that, for smoothsolutions u(t) (u(t) 2W 4;2(
)), equations (0.1) and (0.2) are equivalent. Indeed, applyingthe invertible operator L to both sides of (0.1), we obtain (0.2). If u(t) only belongs to�, equation (0.2) 
an be treated as a de�nition of solutions for equation (0.1). It is not4



diÆ
ult to verify however that the de�nition of a solution thus obtained is equivalent tothe standard de�nition of the variational solution for equation (0.1) (see e.g. [BV℄).Remark 0.2. We note that we make no growth restri
tion on the potential f in (0.4). Inparti
ular, 
onditions (0.4) are satis�ed for polynomials of arbitrary odd degree with stri
tlypositive leading 
oeÆ
ients (su
h potentials are 
lassi
al in the Cahn-Hilliard theory, see[C℄ and [CH℄). Generally, one has to make restri
tions on the growth of the potential (andalso on the degree of the polynomial for a polynomial potential; see e.g. [ChD℄, [ElG℄,[ElS℄ and [NST℄), in parti
ular, in order to study the regularity of solutions and the �nitedimensionality of attra
tors.x1 Uniform a priori estimates. Existen
e and uniqueness of solutions.In this Se
tion, we derive several a priori estimates for the solutions of (0.1). We thenverify the existen
e and the uniqueness of solutions and obtain some regularity resultswhi
h will be essential for the sequel. We start with the following theorem.Theorem 1.1. Let the above assumptions hold and let u(t) be a solution of problem (0.2).Then, the following estimate is valid:(1.1) ku(t)k� � Q(ku(0)k�)e��t +Q(kgk2;2);where � > 0 and the monotoni
 fun
tion Q are independent of "0 � " � 0 and where k:km;pdenotes the usual norm on Wm;p(
).We give below the formal derivation of estimate (1.1) only (this estimate 
an be easilyjusti�ed by using e.g. Galerkin approximations). To this end, we need the followinglemmata.Lemma 1.1. Let u(t) be a solution of equation (0.1). Then, the following estimate is validuniformly with respe
t to "0 � " � 0:(1.2) "ku(t)k20;2 + ku(t)k2�1;2 + Z t+1t ku(s)k21;2 ds � Cku(0)k20;2e��t + C(1 + kgk22);for appropriate stri
tly positive 
onstants C and �.Proof. Multiplying equation (0.1) by u(t) and integrating over 
, we obtain, integratingby parts and using the assumptions a+ a� > 0 and f(u):u � �C(1.3) 1=2�t("ku(t)k20;2 + ku(t)k2�1;2) + 2�krxu(t)k20;2 � C(1 + j(g; u(t))j);for an appropriate 
onstant � > 0. Applying Holder inequality together with Friedri
hsinequality to relation (1.3), we �nd(1.4) �t("ku(t)k20;2 + ku(t)k2�1;2)++ �1ku(t)k21;2 + �0("ku(t)k20;2 + ku(t)k2�1;2) � C1(1 + kgk20;2);for some stri
tly positive 
onstants C1, �1 and �0 whi
h are independent of " � 0. Applyingnow Gronwall inequality to estimate (1.4), we have (1.2) and Lemma 1.1 is proved.5



Lemma 1.2. Let u(t) be a solution of (0.2). Then, the following estimate is valid uniformlywith respe
t to "0 � " � 0:(1.5) "ku(t)k21;2 + ku(t)k20;2 + Z t+1t ku(s)k22;2 ds �� C("ku(0)k21;2 + ku(0)k20;2)e��t + C(1 + kgk20;2);for appropriate stri
tly positive 
onstants C and �.Proof. Multiplying equation (0.2) by �xu(t), integrating over 
 and using the fa
t thata+ a� > 0 and f 0(u) � �KId, we �nd, after simple transformations(1.6) �t("ku(t)k21;2 + ku(t)k20;2) + �ku(t)k22;2 + �("ku(t)k21;2 + ku(t)k20;2) �� C(1 + kgk20;2 + ku(t)k21;2);(here, we have also used the (W 2;2; L2)-ellipti
 regularity theorem for the Lapla
ian (seee.g. [ADN℄)).Applying Gronwall inequality to relation (1.6) and estimating the t-integral of ku(t)k21;2whi
h then appears in the right-hand side by estimate (1.2), we obtain (1.5) and Lemma1.2 is proved.Lemma 1.3. Let the above assumptions hold and let u(t) be a solution of (0.2). Then,there exists a time T0 = T0(ku0k�), 0 < T0 < 1=2, and a fun
tion Q (whi
h are independentof ") su
h that(1.7) ku(t)k� � Q(ku0k�) + Ckgk2;2; t � T0(ku0k�):Proof. Let us rewrite equation (0.2) (or (0.1)) in the following equivalent form:(1.8) �tu = �(1� "�x)�1�x(a�xu� f(u) + g); u���
 = �xu���
 = 0:Multiplying equation (1.8) by �2xu(t) (formally; these formal 
al
ulations 
an be justi�edby Galerkin approximations), we obtain the following inequality:(1.9) 1=2�tk�xu(t)k20;2 + �k(1� "�x)�1=2�2xu(t)k20;2 �� j�(1� "�x)�1=2�xf(u(t)); (1� "�x)�1=2�2xu(t)� j++ j�(1� "�x)�1=2�xg; (1� "�x)�1=2�2xu(t)� j:Applying Holder inequality to the right-hand side of (1.9) and noting that(1.10) k(1� "�x)�1=2kL2!L2 � C;6



(where C is independent of "), we obtain the estimate(1.11) �t(k�xu(t)k20;2) � C1 �kgk22;2 + kf(u(t))k22;2� ;where C1 is independent of ".We re
all that f 2 C2 and that W 2;2 � C. Consequently, there exists a monotoni
fun
tion Q (depending on f) su
h that(1.12) kf(u(t))k22;2 � Q(ku(t)k22;2) � Q1(k�xu(t)k20;2):Thus, the fun
tion y(t) := k�xu(t)k20;2 satis�es the inequality(1.13) y0(t) � C1(kgk22;2 +Q1(y(t))):Let z(t) be a solution of the following equation:(1.14) z0(t) = C1(kgk22;2 +Q1(z(t))); z(0) = y(0) = k�xu(0)k20;2:Then, due to the 
omparison prin
iple(1.15) y(t) � z(t);for every t � 0 su
h that z(t) is de�ned. The assertion of the lemma is then an immediate
onsequen
e of (1.14) and (1.15).Lemma 1.4. Let the above assumptions hold and let T0 be the same as in Lemma 1.3.Then, the following estimate holds:(1.16) "k�tu(T0)k20;2 + k�tu(T0)k2�1;2 � Q(ku0k�) +Q(kgk2;2);for some monotoni
 fun
tion Q whi
h is independent of ".Proof. Let us multiply equation (0.2) by a�tu(t) and integrate over 
. Then, we have,after simple transformations(1.17) �("k�tu(t)k20;2 + k�tu(t)k2�1;2) + �t(arxu(t); arxu(t))++ 2�t(a�g; u(t)) � 2j(f(u(t)); a�tu(t))j � Ckf(u(t))k21;2 + �=2k�tu(t)k2�1;2;where the 
onstants C and � > 0 are independent of ".Integrating inequality (1.17) over [0; T0℄ and taking into a

ount estimate (1.7) and thefa
t that � � C, we obtain the following estimate:(1.18) Z T00 ("k�tu(s)k20;2 + k�tu(s)k2�1;2) ds � Q(ku0k�) +Q(kgk2;2):7



In order to 
omplete the proof of the lemma, we di�erentiate equation (0.2) with respe
tto t and set �(t) := �tu(t). This fun
tion obviously satis�es the equation:(1.19) � �t("+ L)� = a�x� � f 0(u(t))�;����
 = 0:Multiplying this equation by t�(t), integrating over 
 and using the fa
t that f 0(u) � �KId,we have(1.20) �t[t("k�(t)k20;2 + k�(t)k2�1;2)℄ + �tk�(t)k22;2 �� 2Ktk�(t)k20;2 + 2t(g; �(t)) + ("k�tu(t)k20;2 + k�tu(t)k2�1;2):In order to estimate the right-hand side of (1.20), we use the following interpolation in-equality (see e.g. [LoM℄ and [Tr℄):(1.21) 2Kk�(t)k20;2 � Ck�(t)k1;2k�(t)k�1;2 � �=2k�(t)k21;2 + C2k�(t)k2�1;2:Estimating the right-hand side of (1.20) by Holder inequality and using (1.21), we obtainthe estimate(1.22) �t[t("k�tu(t)k20;2 + k�tu(t)k2�1;2)℄ � C(1 + t)("k�tu(t)k20;2 + k�tu(t)k2�1;2):Integrating (1.22) with respe
t to t 2 [0; T0℄ and using (1.18), we �nally �nd estimate (1.16)and Lemma 1.4 is proved.Lemma 1.5. Let u(t) be a solution of equation (0.2) and let t � T0, where T0 is the sameas in Lemmata 1.3-1.4. Then, the following estimate is valid uniformly with respe
t to"0 � " � 0:(1.23) "k�tu(t)k20;2 + k�tu(t)k2�1;2 + ku(t)k22;2 + Z t+1t k�tu(s)k21;2 ds �� eK1t (Q(ku(0)k2;2) +Q(kgk0;2)) ; t � T0;where K1 is some positive 
onstant and Q is some monotoni
 fun
tion that are independentof ".Proof. We di�erentiate equation (0.2) with respe
t to t and set �(t) := �tu(t). This fun
tionobviously satis�es the equation:(1.24) � �t("+ L)� = a�x� � f 0(u(t))�;����
 = 0; ���t=T0 = �tu(T0):Multiplying equation (1.24) by �(t), integrating over 
 and using the fa
t that f 0(u) ��KId, we �nd(1.25) 1=2�t("k�(t)k20;2 + k�(t)k2�1;2) + �k�(t)k21;2 � Kk�(t)k20;2:8



Estimating the right-hand side of (1.25) by using the interpolation inequality (1.21) (as in(1.20)), we have the estimate(1.26) �t("k�(t)k20;2 + k�(t)k2�1;2) + �0k�(t)k21;2 � K1("k�(t)k20;2 + k�(t)k2�1;2);for appropriate stri
tly positive 
onstants K1 and �0. Applying Gronwall inequality toestimate (1.26), we obtain(1.27) "k�tu(t)k20;2 + k�tu(t)k2�1;2 + Z t+1t k�tu(s)k21;2 ds �� Ce2K2t("k�tu(T0)k20;2 + k�tu(T0)k2�1;2 + kgk20;2);where the 
onstants K2 and C are independent of ".Inserting estimate (1.16) into the right-hand side of (1.27), we �nd(1.28) "k�tu(t)k20;2 + k�tu(t)k2�1;2 + Z t+1t k�tu(s)k21;2 ds �� e2K2t (Q(ku0k�) +Q(kgk2;2)) ;for appropriate positive 
onstant K2 and fun
tion Q whi
h are independent of ".Having the uniform estimate (1.28), one 
an interpret the paraboli
 equation (0.2) as anellipti
 boundary value problem(1.29) a�xu(t)� f(u(t)) = hu(t) := ("+ L)�tu(t)� g; u(t)���
 = 0; t � T0;for every �xed t � 0. Indeed, estimate (1.28) implies that(1.30) khu(t)k20;2 � eK2t (Q(ku(0)k2;2) +Q(kgk2;2)) ;where K2 and Q are independent of "0 � " � 0.Multiplying now equation (1.29) by u(t) (t is �xed!) and integrating over 
, we obtain,as in the proof of Lemma 1.1(1.31) ku(t)k21;2 � C(1 + khu(t)k20;2):Multiplying equation (1.29) by �xu(t) (t is �xed!), integrating over 
 and using the fa
tthat f 0(u) � �KId, we have(1.32) ku(t)k22;2 � Ck�xu(t)k20;2 � C1(ku(t)k21;2 + khu(t)k20;2):Estimate (1.23) is then an immediate 
onsequen
e of estimates (1.28), (1.30), (1.31) and(1.32) and Lemma 1.5 is proved. 9



Corollary 1.1. Let the above assumptions hold and let u(t) be a solution of equation (0.2).Then, the following estimate is valid, for every t � 0:(1.33) ku(t)k� � eKt (Q(ku(0)k�) +Q(kgk2;2)) ;for some positive 
onstant K and monotoni
 fun
tion Q that are independent of ".Indeed, for t � T0(ku0k�), estimate (1.33) has been proved in Lemma 1.3 and, fort � T0(ku0k�), it has been proved in Lemma 1.5.We note that Corollary 1.1 gives an estimate of u(t) in the W 2;2-norm that growsexponentially as t!1. In order to obtain an estimate that does not grow as t!1, weneed the following lemma.Lemma 1.6. Let u(t) be a solution of problem (0.2). Then, the following version of thesmoothing property holds uniformly with respe
t to ":(1.34) ku(1)k2;2 � Q("ku(0)k21;2 + ku(0)k20;2) +Q(kgk2;2);for some monotoni
 fun
tion that is independent of " � 0.Proof. It follows from Lemma 1.2 thatZ 10 ku(s)k22;2 ds � C("ku(0)k21;2 + ku(0)k20;2 + 1 + kgk20;2):Consequently, there exists a time T 2 [0; 1℄ su
h that(1.35) ku(T )k22;2 � C("ku(0)k21;2 + ku(0)k20;2 + 1 + kgk20;2):Applying now estimate (1.33) (starting with the time t = T instead of t = 0) and using(1.35), we obtain estimate (1.34) and Lemma 1.6 is proved.Finally, estimate (1.1) is an immediate 
onsequen
e of estimates (1.5) (1.33) and (1.34).Thus, Theorem 1.1 is proved.Having the a priori estimate (1.1) for the solutions of (0.2), it is not diÆ
ult to verifythe existen
e of solutions and their uniqueness.Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Then, for every u0 2 �, problem(0.2) possesses a unique solution u(t) 2 �, for every t � 0, and, 
onsequently, (0.2) de�nesa semigroup S"t : �! � by the expression(1.36) S"t u0 = u(t); where u(t) is solution of (0.2):Proof. The existen
e of a solution u(t) 2 � 
an be proved in a standard way, using e.g.Galerkin approximations or the Leray-S
hauder �xed point theorem (see [BV℄ and [Z℄).10



We now verify the uniqueness. Let u1(t) and u2(t) be two solutions of equation (0.2).We set v(t) = u1(t)� u2(t). This fun
tion satis�es the equation(1.37) ("+ L)�tv = a�xv � l(t)v; v���
 = 0;where l(t) := R 10 f 0(su1(t) + (1� s)u2(t)) ds. Sin
e f 0(u) � �KId, then, obviously, l(t) ��KId also. Multiplying equation (1.37) by v(t), integrating over 
 and arguing as in theproof of Lemma 1.5, we obtain(1.38) �t("kv(t)k20;2 + kv(t)k2�1;2) + �kv(t)k21;2 � K1("kv(t)k20;2 + kv(t)k2�1;2);whereK1 and � are stri
tly positive 
onstants that are independent of "0 � " � 0. ApplyingGronwall inequality to this relation, we have(1.39) "kv(t)k20;2 + kv(t)k2�1;2 + Z t+1t kv(s)k21;2 ds � CeK1t("kv(0)k20;2 + kv(0)k2�1;2):Moreover, K1 and C are independent of ".Estimate (1.39) implies immediately the uniqueness of a solution for problem (0.2) andTheorem 1.2 is proved.Let us now obtain some additional regularity on the solutions of equation (0.2).Theorem 1.3. Let the assumptions of Theorem 1.1 hold. Then, the solution u(t) of prob-lem (0.2) enjoys the following estimate, for every t � 1:(1.40) k�tu(t)k22;2 + ku(t)k24;2 + Z t+1t k�2t u(s)k21;2 ds � Q(ku0k�)e��t +Q(kgk2;2);where the 
onstant � > 0 and the fun
tion Q are independent of "0 � " � 0.We divide the proof of this theorem into several lemmata.Lemma 1.7. Let the assumptions of Theorem 1.1 hold and let u(t) be a solution of problem(0.2). Then, the following estimate is valid, for every t � 1:(1.41) "k�tu(t)k21;2 + k�tu(t)k20;2 + Z t+1t k�tu(s)k22;2 ds �� Q(ku0k�)e��t +Q(kgk2;2):Moreover, the 
onstants C and � > 0 and the fun
tion Q are independent of ".Proof. Indeed, multiplying equation (1.24) by (t � T0)�x�(t) (where �(t) := �tu(t)) andintegrating over 
, we obtain(1.42) �t[(t� T0)("k�(t)k21;2 + k�(t)k20;2)℄++ �(t� T0)("k�(t)k21;2 + k�(t)k20;2) + �(t� T0)k�(t)k22;2 �� "k�(t)k21;2 + k�(t)k20;2 + C(t� T0)kf 0(u(t))�(t)k20;2 := hu(t):11



It follows from estimates (1.1) and (1.23) and from the fa
t that � � C that(1.43) Z t+1t jhu(s)j ds � Q( sups2[t;t+1℄ku(s)k0;1) Z t+1t k�tu(s)k21;2 ds �� Q1(ku(0)k�)e��t +Q1(kgk2;2);for appropriate fun
tions Q and Q1 whi
h are independent of ".Applying now Gronwall inequality to relation (1.42) and taking into a

ount estimate(1.43) and the fa
t that T0 � 1=2, we �nd (1.41) after simple transformations. Lemma 1.7is proved.Lemma 1.8. Let the assumptions of Theorem 1.3 hold. Then, the following estimate isvalid:(1.44) k�tu(t)k21;2 + Z t+1t ("k�2t u(s)k20;2 + k�2t u(s)k2�1;2) ds �� Q(ku0k�)e��t +Q(kgk2;2);where t � 2 and the exponent � and the fun
tion Q are independent of ".Proof. Indeed, let us multiply equation (1.19) by (t� T )a�t�(t), t � T � 1, and integrateover 
. Then, we obtain, after standard transformations(1.45) "(t� T )(a�t�(t); �t�(t)) + (t� T )(aL1=2�t�(t); L1=2�t�(t))++ 1=2�t[(t� T )(arx�(t); arx�(t))℄ == (arx�(t); arx�(t))� (t� T )(f 0(u(t))�; a�t�) := Hu(t):We then estimate the last term in the right-hand side of (1.45) as follows:(1.46) (t� T )(f 0(u(t))�(t); a�t�(t)) � (t� T )kf 0(u(t))�(t)k1;2k�t�(t)k�1;2 �� C(t� T )(kf 0(u(t))k0;1krx�(t)k20;2 + kf 00(u(t))k0;1k�(t)k40;4)++ 1=2(t� T )(aL1=2�t�(t); L1=2�t�(t)):Estimates (1.1), (1.41) and (1.46), together with the embeddings � � C and W 1;2 � L6 �L4 (n = 3!), yield(1.47) Z T+sT Hu(t) dt � (1 + s) �Q(ku0k�)e��T +Q(kgk2;2)�++ 1=2 Z T+sT (t� T )(aL�1=2�t�(t); L�1=2�t�(t)) dt;for an appropriate fun
tion Q whi
h is independent of " and for s 2 [0; 2℄.12



Integrating (1.45) with respe
t to t 2 [T; T + s℄ and using (1.47), we obtain(1.48) sk�(T + s)k21;2 + Z T+sT (t� T )("k�t�(t)k20;2 + k�t�(t)k2�1;2) dt �� C �Q(ku0k�)e��T +Q(kgk2;2)� ;for T � 1 and s 2 [0; 2℄.Estimate (1.44) follows easily from (1.48). Indeed, setting T := t � 1 � 1 (sin
e t � 2)and s = 1 in (1.48), we obtain an estimate for k�tu(t)k1;2. In order to obtain an estimatefor the integral in the left-hand side of (1.44), we multiply (1.19) by a�t�(t), pro
eed asabove and integrate over [t; t+ 1℄. This �nishes the proof of Lemma 1.8.Lemma 1.9. Let the above assumptions hold. Then, the solution u(t) of problem (0.2)enjoys the following estimate:(1.49) k�tu(t)k22;2 + Z t+1t k�2t u(s)k21;2 ds � Q(ku0k�)e��t +Q(kgk2;2);where t � 3 and the 
onstant � > 0 and the fun
tion Q are independent of "0 � " � 0.Proof. We di�erentiate equation (1.24) with respe
t to t and set w(t) := �t�(t) = �2t u(t).This fun
tion satis�es the equation(1.50) ("+ L)�tw = a�xw � [f 00(u(t))�(t); �(t)℄� f 0(u(t))w; w���
 = 0:Multiplying this equation by (t � 2)w(t) and integrating with respe
t to x 2 
, we havethe inequality(1.51) �t[(t� 2)("kw(t)k20;2 + kw(t)k2�1;2)℄ + �(t� 2)kw(t)k21;2++ �(t� 2)("kw(t)k20;2 + kw(t)k2�1;2) �� ("k�2t u(t)k20;2 + k�2t u(t)k2�1;2)++ C(t� 2)kf 00(u(t))k20;1k�(t)k41;2 + 2K(t� 2)kw(t)k20;2:It follows from Lemma 1.8 that(1.52) Z T+1T ("kw(t)k20;2 + kw(t)k2�1;2) dt � Q(ku0k�)e��T +Q(kgk2;2);for every T � 2 and for appropriate positive 
onstant � and fun
tion Q whi
h are indepen-dent of ". Moreover, estimates (1.1) and (1.44) imply that(1.53) (t� 2)kf 00(u(t))k20;1k�(t)k41;2 � (1 + t)(Q(ku0k�)e��t +Q(kgk2;2));13



for t � 2 and for an appropriate fun
tion Q. Finally, the last term in the right-hand sideof (1.51) 
an be estimated by the interpolation inequality (1.21). Inserting these estimatesinto (1.51) and applying Gronwall inequality, we �nd(1.54) (t� 2)("k�2t u(t)k20;2 + k�2t u(t)k2�1;2) � (1 + t)(Q(ku0k�)e��t +Q(kgk2;2));for appropriate 
onstant � > 0 and fun
tion Q whi
h are independent of ". Integratingnow (1.51) with respe
t to t 2 [T; T + 1℄ and taking into a

ount (1.52)-(1.54), one 
aneasily obtain(1.55) Z T+1T k�2t u(t)k21;2 dt � Q(ku0k�)e��T +Q(kgk2;2);for T � 3.Thus, there only remains to derive an estimate for the W 2;2-norm of �tu(t). To this end(as in the proof of Lemma 1.5), we interpret equation (1.24) as an ellipti
 boundary valueproblem in 
, for every �xed t � 3:(1.56) a�x� = h�(t) := ("+ L)w(t) + f 0(u(t))�(t); ����
 = 0:It follows from estimates (1.1), (1.44) and (1.54) that, for t � 3(1.57) kh�(t)k20;2 � Q(ku0k�)e��t +Q(kgk0;2);for appropriate 
onstant � > 0 and fun
tion Q whi
h are independent of ". Estimates (1.55)and (1.57), together with the ellipti
 regularity theorem, 
omplete the proof of Lemma 1.9.Lemma 1.10. Let the assumptions of Theorem 1.3 hold. Then, the solution u(t) of (0.2)satis�es the following estimate:(1.58) ku(t)k24;2 � Q(ku0k�)e��t +Q(kgk2;2); t � 3;where the 
onstant � > 0 and the fun
tion Q are independent of "0 � " � 0.Proof. We rewrite equation (0.2) in the following form:(1.59) a�xu(t) = ~hu(t) := f(u(t)) + ("+ L)�(t)� g; u���
 = 0:We note that, due to (1.1) and (1.49), we have the estimate(1.60) k~hu(t)k2;2 � Q(ku0k�)e��t +Q(kgk2;2);for t � 3. Applying the (W 4;2;W 2;2)-regularity theorem for the Lapla
ian (see e.g. [ADN℄),we obtain estimate (1.58) and Lemma 1.10 is proved.Thus, Lemmata 1.9 and 1.10 imply estimate (1.40) for t � 3. Res
aling the time variable(t ! �t, � > 0) one 
an now prove that estimate (1.40) holds for every t � ~T > 0, where~T > 0 is arbitrary (of 
ourse, with 
onstant � and fun
tion Q depending on ~T ). Inparti
ular, taking ~T = 1 we �nish the proof of Theorem 1.3.14



x2 Estimates for the differen
e of solutions.In this se
tion, we derive several estimates for the di�eren
e of solutions of (0.2) that willbe essential in Se
tion 4 for the study of the long time behavior of the dynami
al systemgenerated by (0.2). We start with the following estimate.Theorem 2.1. Let the assumptions of Theorem 1.1 hold and let u1(t) and u2(t) be twosolutions of (0.2) su
h that kui(0)k� � R, i = 1; 2. Then, the following estimate is valid:(2.1) ku1(t)� u2(t)k2�1;2 � CRe�Rtku1(0)� u2(0)k2�1;2;where the 
onstants CR and �R > 0 depend on R and are independent of " � 0.Proof. We set v(t) = u1(t)� u2(t). This fun
tion satis�es the equation(2.2) (��x)�1�tv(t) = a�x(1� "�x)�1v(t)� (1� "�x)�1[l(t)v(t)℄; v���
 = 0;where l(t) := R 10 f 0(su1(t) + (1� s)u2(t)) ds. Multiplying equation (2.2) by v(t) and inte-grating over 
, we obtain the inequality(2.3) �tkv(t)k2�1;2 + �k(��x)1=2(1� "�x)�1=2v(t)k20;2 �� Ck(1� "�x)�1=2(��x)�1=2[l(t)v(t)℄k0;2k(��x)1=2(1� "�x)�1=2v(t)k0;2:Estimating then the right-hand side of (2.3) by using Holder inequality and (1.10), we have(2.4) �tkv(t)k2�1;2 + �=2kv(t)k20;2 � C1kl(t)v(t)k2�1;2;where C1 is independent of ".In order to 
omplete the proof of the theorem, we need the following simple lemma.Lemma 2.1. Let the above assumptions hold. Then, the multipli
ation by l(t) is boundedas an operator in W�1;2(
). Moreover(2.5) kl(t)kW�1;2!W�1;2 � QR;where QR only depends on the 
onstant R introdu
ed in the formulation of Theorem 2.1.Proof. Indeed, let w 2W 1;20 (
). Then(2.6) j(l(t)v; w)j = j(v; l�(t)w)j � kvk�1;2kl�(t)wk1;2 �� Ckvk�1;2 (kl(t)k0;1kwk1;2 + krxl(t)k0;4kwk1;2) :Here, we have also used the embedding W 1;2 � L4.15



Estimate (2.6) implies that(2.7) kl(t)kW�1;2!W�1;2 � C (kl(t)k0;1 + kl(t)k1;4) :We re
all that, a

ording to Theorem 1.1, kui(t)k� � Q(R) + Q(kgk2;2). Consequently,kl(t)k0;1 � C(R), for every t � 0. The se
ond term in the right-hand side of (2.7) 
an beestimated as follows:(2.8) kl(t)k1;4 � Q(maxi=1;2 kui(t)k0;1) maxi=1;2 kui(t)k1;4 � ~C(R):(Here, we have used the embeddings � � C and � �W 1;4.) Lemma 2.1 is proved.Estimating the right-hand side of (2.4) by (2.5), we obtain the following inequality:(2.9) �tkv(t)k2�1;2 + �=2kv(t)k20;2 � C 0(R)kv(t)k2�1;2;where C 0(R) is independent of ". Applying Gronwall inequality to (2.9), we �nish the proofof the theorem.The next theorem gives theW�1;2 !W 2;2-smoothing for the di�eren
e of two solutions.Theorem 2.2. Let the assumptions of Theorem 1.1 hold and let u1(t) and u2(t) be twosolutions of (0.2) su
h that kui(0)k� � R. Then, the following estimate is valid:(2.10) ku1(1)� u2(1)k2� � CRku1(0)� u2(0)k2�1;2;where the 
onstant CR depends on R and is independent of "0 � " � 0.We divide the proof of this theorem into several lemmata.Lemma 2.2. Let the above assumptions hold. Then(2.11) "kv(t)k20;2 + kv(t)k2�1;2 + Z t+1t kv(s)k21;2 ds � CRe�Rtkv(0)k2�1;2;where t � 1 and the 
onstants CR and �R > 0 are independent of ".Proof. Integrating relation (2.9) over [t; t + 1℄ and using estimate (2.1), we obtain theestimate(2.12) Z t+1t kv(s)k20;2 ds � CRe�Rtkv(0)k2�1;2:We rewrite the equation for v(t) in the equivalent form (1.37), multiply by tv(t) and in-tegrate over 
. Then, we obtain, after simple transformations (as in the proof of Lemma1.5)(2.13) �t[t("kv(t)k20;2 + kv(t)k2�1;2)℄ + �tkv(t)k21;2 �� Ct("kv(t)k20;2 + kv(t)k2�1;2) + Ckv(t)k20;2:Applying Gronwall inequality to this relation and using (2.12), we obtain estimate (2.11)and Lemma 2.2 is proved. 16



Lemma 2.3. Let the above assumptions hold. Then, the following estimate is valid:(2.14) kv(t)k21;2 + Z t+1t ("k�tv(s)k20;2 + k�tv(s)k2�1;2) ds � CRe�Rtkv(0)k2�1;2;where t � 2 and the 
onstants CR and �R are independent of ".Proof. The proof of this lemma is similar to that of Lemma 1.8: multiplying equation (1.37)by (t� T )a�tv(t), t � T � 1, and integrating over 
, we �nd, as in Lemma 1.8(2.15) �(t� T )("k�tv(t)k20;2 + k�tv(t)k2�1;2)++ �t[(t� T )(arxv(t); arxv(t))℄ � C �kv(t)k21;2 + (t� T )kl(t)v(t)k21;2� :We re
all that, due to (2.8) and to the fa
t that kl(t)k0;1 � C1(R) and kl(t)k1;4 � C1(R),we have the estimate(2.16) kl(t)v(t)k1;2 � CRkv(t)k1;2:Integrating (2.15) over t and using estimates (2.11) and (2.16), we obtain inequality (2.14)(as in the proof of Lemma 1.8) and Lemma 2.3 is proved.Lemma 2.4. Let the above assumptions hold. Then, the following estimate is valid:(2.17) "k�tv(t)k20;2 + k�tv(t)k2�1;2 + kv(t)k22;2 � CRe�Rtkv(0)k2�1;2;where t � 3 and the 
onstants CR and �R are independent of ".Proof. We di�erentiate equation (1.37) with respe
t to t and set �(t) = �tv(t). Thisfun
tion satis�es the equation(2.18) ("+ L)�t� = a�x� � l(t)� � l0(t)v(t); ����
 = 0:Multiplying this equation by (t� 2)�(t), integrating over 
 and noting that(2.19) kl0(t)v(t)k0;2 � C(R)kv(t)k1;2;we have the estimate(2.20) �t[(t� 2)("k�(t)k20;2 + k�(t)k2�1;2)℄ + �(t� 2)k�(t)k21;2 �� ("k�tv(t)k20;2 + k�tv(t)k2�1;2) + CR(t� 2)kv(t)k21;2:Applying Gronwall inequality (with initial value t = 2) to (2.20) and using estimate (2.14),we prove (in a standard way) that(2.21) "k�tv(t)k20;2 + k�tv(t)k2�1;2 � CRe�Rtkv(0)k2�1;2;where t � 3 and CR and �R are independent of ".Having estimate (2.21) and interpreting equation (1.37) as an ellipti
 equation (seeLemmata 1.5 and 1.10), one 
an easily obtain an appropriate estimate for kv(t)k2;2 and�nish the proof of Lemma 2.4.Thus, we have proved estimate (2.10), for every t � 3. Res
aling the time (t! �t), wededu
e that this estimate is valid for every t � T0, T0 > 0 being arbitrary. In parti
ular, itis valid for t � 1 and Theorem 2.2 is proved.17



Corollary 2.1. Let the above assumptions hold. Then, the semigroup S"t de�ned in The-orem 1.2 is uniformly Holder 
ontinuous on [0; T ℄ � KR in the topology of W�1;2, whereKR = fu 2 �; kuk� � Rg, i.e.(2.22) kS"t1u10 � S"t2u20k�1;2 � CR;T �ku10 � u20k�1;2 + jt1 � t2j1=2� ;for ui0 2 KR and ti � T . Moreover, the 
onstant CR;T is independent of ".Proof. The Lips
hitz 
ontinuity with respe
t to the initial 
onditions is an immediate 
orol-lary of Theorem 2.1. In order to verify the Lips
hitz 
ontinuity with respe
t to t, we notethat, arguing as in the proof of Lemma 1.4 and using the estimate (1.1) (multiplying (0.2)by a�tu(t) and so on), one �nds the estimate(2.23) Z T+1T k�tu(t)k2�1;2 dt � Q(ku(0)k2;2)e��T +Q(kgk2;2) � C(R)if u(0) 2 KR. Consequentlyku(t1)� u(t2)k�1;2 = 

 Z t2t1 �tu(s) ds

�1;2 � Z t2t1 k�tu(s)k�1;2 ds �� jt1 � t2j1=2�Z t2t1 k�tu(s)k2�1;2 ds�1=2 � CR;T jt1 � t2j1=2;and Corollary 2.1 is proved.The rest of this se
tion is devoted to the study of the di�eren
e of two solutions of (0.2)for " = 0 and " > 0 small. We start with the following theorem.Theorem 2.3. Let the assumptions of Theorem 1.1 hold and let u0(t) and u"(t) be twosolutions of (0.2) with zero and nonzero parameters respe
tively. We also assume thatku0(0)k� and ku"(0)k� � R. Then, the following estimate is valid:(2.24) ku0(t)� u"(t)k2�1;2 � CRe�Rt �ku0(0)� u"(0)k2�1;2 + "2� ;where t � 0 and CR and �R are independent of ".Proof. Let v"(t) = u"(t)� u0(t). Then, this fun
tion obviously satis�es the equation(2.25) L�tv"(t) = a�xv"(t)� l"(t)v"(t) + "h(t); v"���
 = 0;where h(t) := �tu0(t) and l"(t) := R 10 f 0(su"(t) + (1� s)u0(t)) ds.Arguing as in the proof of Lemma 1.4 and using estimate (1.1) (multiplying (0.2) bya�tu0(t) and so on), one �nds the estimate(2.26) Z t+1t k�tu0(s)k2�1;2 ds � Q(ku0(0)k2;2)e��t +Q(kgk2;2);18



and, 
onsequently(2.27) Z t+1t k�tu0(s)k2�1;2 ds � CR; t � 0:Multiplying now equation (2.25) by v"(t) and integrating over 
, we obtain, taking intoa

ount the estimate l"(t) � �KId(2.28) �tkv"(t)k2�1;2 + �kv"(t)k21;2 � 2Kkv"(t)k20;2 + C"2kh(t)k2�1;2:Applying the interpolation inequality (1.21), we then have(2.29) �tkv"(t)k2�1;2 + �0kv"(t)k21;2 � Ckv"(t)k2�1;2 + C"2kh(t)k2�1;2:Applying Gronwall inequality together with estimate (2.27) to (2.29), we �nally �nd(2.30) kv"(t)k2�1;2 + Z t+1t kv"(s)k21;2 ds � CRe�Rt �kv"(0)k2�1;2 + "2� ;and Theorem 2.3 is proved.Theorem 2.4. Let the assumptions of Theorem 2.3 hold and let u"(t) and u0(t) be thesame as in Theorem 2.3. Then, the following estimate is valid:(2.31) ku"(1)� u0(1)k22;2 � CR �ku"(0)� u0(0)k2�1;2 + "2� ;where the 
onstant CR is independent of ".Proof. The proof of this theorem is similar to that of Theorem 2.2. Indeed, a

ording toTheorem 1.3(2.32) kh(t)k22;2 + Z t+1t k�th(s)k21;2 ds � C(R);for t � 1 and, 
onsequently, the additional term "h(t) in the right-hand side of (2.25) doesnot yield additional diÆ
ulties. That is the reason why we shall only give the statementsof the next two Lemmata, whi
h are the analogues of Lemmata 2.3-2.4.Lemma 2.5. Let the above assumptions hold. Then, the following estimate is valid:(2.33) kv"(t)k21;2 + Z t+1t ("k�tv"(s)k20;2 + kv"(s)k2�1;2) ds �� CRe�Rt �kv"(0)k2�1;2 + "2� ;where t � 1 and the 
onstants CR and �R are independent of ".The proof of this lemma is analogous to that of Lemma 2.3 (multiplying equation (2.25)by (t� T )a�tv"(t) and so on). 19



Lemma 2.6. Let the above assumptions hold. Then, the following estimate is valid:(2.34) "k�tv"(t)k20;2 + k�tv"(t)k2�1;2 + kv"(t)k22;2 � CRe�Rt �kv"(0)k2�1;2 + "2� ;where t � 3 and the 
onstants CR and �R are independent of ".The proof of this lemma is similar to that of Lemma 2.4 (di�erentiating equation (2.25)by t, multiplying the resulting equation by (t� 2)�"(t) := (t� 2)�tv"(t) and so on).Thus, we have proved estimate (2.31), for t � 3. Res
aling the time (t ! �t), one 
aneasily establish that (2.31) holds for t = 1 as well and Theorem 2.4 is proved.x3 Perturbations of exponential attra
tors: the abstra
t setting.In this se
tion, we formulate and prove an abstra
t theorem for the behavior of expo-nential attra
tors under perturbations. The appli
ation of this result to the Cahn-Hilliardsystem will be given in the next se
tion. We start with brie
y re
alling the de�nition ofexponential attra
tors (see [EFNT℄ for a detailed exposition).De�nition 3.1. Let B be a metri
 spa
e and let L : B ! B be a map. We de�ne adis
rete semigroup fSn; n 2 Z+g by Snx := Lnx, x 2 B. A set M � B is an exponentialattra
tor for the map L if the following properties hold:1. The set M is 
ompa
t in B and has �nite fra
tal dimension.2. The set M is semi-invariant under the map L: L(M) �M.3. The set M is an exponentially attra
ting set for the semi-group Sn, i.e. there existsa 
onstant � > 0 su
h that, for every bounded subset B0 � B, there exists a 
onstantC = C(B) su
h that distB(SnB0;M) � C(B)e��n;where dist denotes the non-symmetri
 Hausdor� distan
e between sets.Remark 3.1. We have given the de�nition of exponential attra
tors for dis
rete times(n 2 Z+). The extension of this de�nition to the 
ontinuous 
ase (t 2 R+) is straightforward(see e.g. [EFNT℄).Remark 3.2. We note that the existen
e of an exponential attra
tor M for the map Lautomati
ally implies the existen
e of the global attra
tor A and the embedding A � M.We note however that, in 
ontrast with the global attra
tor, an exponential attra
tor isnot uniquely de�ned.We will study in this se
tion the behavior of exponential attra
tors under perturbationsand, 
onsequently, we will 
onsider below a family of maps L" : B ! B, " 2 [0; "0℄, the
orresponding family of semi-groups S"n : B ! B and a 
orresponding family of exponentialattra
tors M". The main result of this se
tion is the following theorem.20



Theorem 3.1. Let H1 and H be two Bana
h spa
es su
h that the in
lusion H1 � H is
ompa
t and let B be a bounded set of H. We assume that there exists a family of operatorsL" : B ! B, " 2 [0; "0℄, whi
h satis�es the following assumptions:1. For every x1; x2 2 B, the following estimate is valid:(3.1) kL"x1 � L"x2kH1 � Lkx1 � x2kH ;where the 
onstant L is independent of ".2. For every " 2 [0; "0℄, for every i 2 N and for every x 2 B, we have the estimate(3.2) kLi"x� Li0xkH � Ki":Then, for every " 2 [0; "0℄, there exists an exponential attra
tor M" for the map L" in B.Moreover, the exponential attra
tors M" 
an be 
hosen su
h that the following estimate isvalid:(3.3) distsym(M";M0) � C1"�;where the 
onstant C1 and the exponent 0 < � < 1 
an be 
al
ulated expli
itly and distsymdenotes the symmetri
 Hausdor� distan
e between sets in H. Finally, the fra
tal dimensionof the exponential attra
tors 
onsidered above is uniformly bounded with respe
t to " 2[0; "0℄:(3.4) dimF (M"; H) � C = C(L);where the 
onstant C is independent of " and 
an be also 
al
ulated expli
itly.Proof. We �rst 
onstru
t an exponential attra
tor M0 for L0. To this end (following[EfMZ1℄ and [EfMZ2℄), we 
onstru
t the R=2i 
overings of the sets (L0)iB by the followingindu
tive pro
edure:1. Sin
e the set B is bounded in H, there exists a ball B(x0; R;H) of radius R 
enteredat x0 2 H for the H-norm su
h that B � B(x0; R;H). We set V 00 = E00 := fx0g. Thus,we have 
onstru
ted the initial R-
overing of the set B.2. We now assume that the R=2i-
overing of the set Li0B by the balls 
entered at thepoints of the set V i0 � Li0B is already 
onstru
ted. Then, a

ording to (3.1), the system ofLR=2i-balls B(xj ; LR=2i; H1) for the H1-metri
 
entered at the points of L0V i0 (xj 2 L0V i0 )
overs the set Li+10 B. We note that, a

ording to our assumptions, everyH1-ball is 
ompa
tfor the H-metri
. Consequently, we 
an 
over ea
h LR=2i-ball for the H1-metri
 from theabove 
overing by a �nite number P of R=(4 � 2i)-balls for the H-metri
. Moreover, thenumber P 
an be 
omputed as follows:(3.5) P = NR=2i+2(B(xj; LR=2i; H1); H) == NR=2i+2(0; LR=2i; H1); H) = N1=(4L)(B(0; 1; H1); H):21



(Here, we denote by N�(V;H) the minimal number of �-balls for the H-norm whi
h isne
essary to 
over the 
ompa
t set V � H.) We note that relation (3.5) shows that thenumber of R=2i+2-balls whi
h is ne
essary to 
over one LR=2i-ball in H1 is independentof i. Thus, we have 
onstru
ted the R=2i+2-
overing U i+10 of the set Li+10 by a number ofballs that is not greater than(3.6) #U i+10 � P#V i0 :Moreover, in
reasing the radiuses of the balls twi
e if ne
essary, we may 
onstru
t theR=2i+1-
overing with 
enters belonging to Li+10 B. We denote by V i+10 � Li+10 B the set ofthe 
enters of this 
overing. Thus, having the set V i0 , we have 
onstru
ted the set V i+10su
h that(3.7) #V i+10 � P#V i0 ;and(3.8) distH(Li+10 B; V i+10 ) � R=2i+1; V i+10 � Li+10 B:Finally, we set Ei+10 := L0Ei0 [ V i+10 . Then, due to the indu
tion pro
edure, the sets Ei0,i 2 N , enjoy the following properties:(3.9) � 1: Ei0 � Li0B; 2: L0Ei0 � Ei+10 ; 3: #Ei0 � P i+1;4: distH(Li0B;Ei0) � R=2i:We now de�ne the exponential attra
tor M0 as follows:(3.10) M00 = [1i=1Ei0; M0 = �M00�H :It is easy to verify, using (3.9), that the set (3.10) is indeed an exponential attra
tor forthe map L0 : B ! B.Let us now 
onstru
t exponential attra
tors M" for the maps L" su
h that (3.3) issatis�ed. To this end, we will essentially use the sets Ei0 
onstru
ted above.We re
all that Ei0 � Li0B. Consequently, there exist sets ~Ei0 � B su
h that(3.11) 1: # ~Ei0 = #Ei0; 2: Li0 ~Ei = Ei0:Let us now �x " 2 (0; 1℄ and de�ne the sets(3.12) bEi" := Li" ~Ei0:Then, a

ording to (3.2)(3.13) distsym(Li"B;Li0B) � "Ki;22



and, 
onsequently(3.14) dist(Li"B; bEi") � 2"Ki + R=2i:We note that, usually, K > 1. Therefore, the right-hand side of (3.14) tends to1 as i!1and, 
onsequently, we 
annot 
onstru
t an exponential attra
tor M" using only the setsbEi". Now, if i is not too large, estimate (3.14) gives us a reasonable 
overing of the set Li"B.Indeed, if(3.15) i � I(") := � lnR=(2")ln 2K �;then 2"Ki � R=2i and estimate (3.14) implies that(3.16) dist(Li"B; bEi") � R=2i�1:Moreover, if i satis�es (3.15), estimate (3.2) implies that(3.17) distsym( bEi"; Ei0) � C(R)"�; � := ln 2ln 2 + lnK :We now de�ne the sequen
e Ei" as follows:1. If i � I("), then Ei" := bEi".2. If i > I("), we forget the sets bEi" and we 
onstru
t the sets Ei" by an indu
tivepro
edure, using estimate (3.1) (pro
eeding as in the 
onstru
tion of the sets Ei0, butstarting with the initial 
overing generated by bEI" ). Then, the sets Ei" so 
onstru
tedobviously satisfy the following assumptions:(3.18) � 1: Ei" � Li"B; 2: L"Ei" � Ei+1" ; 3: #Ei" � P i+2;4: distH(Li"B;Ei") � R=2i�1:It follows from (3.18) that the set(3.19) M" := [M0"℄H ; M0" := [1i=1Ei";is an exponential attra
tor for the map L" : B ! B (see [EfMZ1℄). Moreover, the attra
tionproperty for M" is obviously uniform with respe
t to " 2 [0; 1℄, i.e.(3.20) distH(Li"B;M") � R=2i�1:We also re
all that, due to (3.17)(3.21) distsym(Ei"; Ei0) � C"�; i � I("):23



Let us then show that inequalities (3.2), (3.20) and (3.21) imply (3.3). Indeed, let us �rstverify that(3.22) dist(M0";M0) � C"�:Let x0 belong to M0". Then, by de�nition, x0 2 Ej" for some j 2 N . If j � I("), theneverything is proved due to estimate (3.21). Let us now assume that j > I("). Then,x0 2 Lj"B � LI"B, whi
h implies that there exists a point ~x0 2 B su
h that x0 = LI"~x0.We now 
onsider the point x�0 := LI0~x0. From the one hand (due to (3.2))(3.23) kx0 � x�0kH � "KI � C1(R)"�;where 0 < � < 1 is the same as in (3.17) and C is independent of " and, from the otherhand (due to (3.20))(3.24) distH(x�0;M0) = distH(LI0~x0;M0) � R=2I�1 � C2(R)"�:Combining (3.23) and (3.24), we obtain(3.25) dist(x0;M0) � (C1 + C2)"�:Sin
e x0 2 M0" is arbitrary, then (3.25) proves (3.22). Sin
e M" is a 
losure of M0", then(3.22) implies that(3.26) dist(M";M0) � C"�:The opposite estimate(3.27) dist(M0;M") � C"�;
an be veri�ed similarly. Finally, the uniform estimate (3.4) for the fra
tal dimension isa simple 
orollary of the third inequality in (3.18) (see e.g. [EfMZ1℄) and Theorem 3.1 isproved.Remark 3.1. We note that the 
onstru
tion and results presented in this se
tion are validin a Bana
h setting (see [EfMZ1℄ and [EfMZ1℄).x4 Exponential attra
tors for the Cahn-Hilliard System.In this se
tion, we apply the abstra
t Theorem 3.1 to the study of the long time behaviorof the solutions of (0.2). Using the results of Se
tion 2, we shall 
onstru
t exponentialattra
tors for these equations and shall study their dependen
e on ". The main result ofthis se
tion is the following theorem. 24



Theorem 4.1. Let the assumptions of Theorem 1.1 hold. Then, for every " 2 [0; "0℄, thesemi-group S"t generated by equation (0.2) possesses an exponential attra
tor M" in �.Moreover, these exponential attra
tors 
an be 
hosen su
h thatdimF (M";�) � C; " 2 [0; "0℄;(4.1) distsym(M";M0) � C 0"�; " 2 [0; "0℄;(4.2)where the 
onstants C;C 0 > 0 and 0 < � < 1 are independent of " and 
an be 
al
ulatedexpli
itly (distsym denotes the symmetri
 distan
e in �) and where the rate of 
onvergen
eto these attra
tors are also uniform with respe
t to ", i.e. there exists a 
onstant � > 0su
h that, for every bounded subset B0 of �, there exists a 
onstant C 00 = C 00(B0) su
h that(4.3) dist�(S"tB0;M") � C 00e��t;where C 00 and � are also independent of ".Proof. We re
all that, due to Theorem 1.1, the set(4.4) B = fu0 2 �; ku0k� � Rg;where R is large enough (e.g. R � 2Q(kgk2;2), Q being de�ned in (1.1)) is an absorbingset for the semi-group S"t , " 2 [0; "0℄. Moreover, Theorem 1.1 implies that the set (4.4) isa uniformly (with respe
t to ") absorbing set for S"t , i.e. for every bounded set B0 � �,there exists a 
onstant T whi
h is independent of " su
h that(4.5) S"tB0 � B; for t � T :Therefore, it is suÆ
ient to 
onstru
t exponential attra
tors M" on B only. We notehowever that the set B may not be semi-invariant under S"t . Nevertheless, it follows fromTheorem 1.1 that there exists a time T0 (T0 := 1=� ln Q(R)R ) whi
h is independent of " su
hthat(4.6) S"tB � B; if t � T0; " 2 [0; "0℄:Let us now de�ne a family of maps L" := S"T0 : B ! B, for " 2 [0; "0℄, and let us �rst
onstru
t exponential attra
torsMd" for the dis
rete semi-groups generated by these maps(then, using the results of Theorems 2.1-2.4, we 
onstru
t exponential attra
tors M
" forthe 
ontinuous dynami
s). Moreover, it will be 
onvenient to 
onstru
t these attra
tors onB endowed with the metri
 of the spa
e W�1;2(
) �rst. To this end, we apply Theorem3.1. We set H := W�1;2(
) and H1 := W 2;2(
). Then, the uniform (with respe
t to ")estimate (3.1) is an immediate 
orollary of Theorems 2.1 and 2.2 and estimate (3.2) is an25



immediate 
orollary of Theorem 2.3. Thus, all the assumptions of Theorem 3.1 are satis�edand, 
onsequently, we have exponential attra
tors Md" for the maps L" su
h thatdimF (Md"; H) � C;(4.7) distsym;H(M";M0) � C 0"�;(4.8) distH(Ln"B;Md") � C 00e��n;(4.9)for appropriate 
onstants C;C 0; C 00; � and � whi
h are independent of ".We now 
onstru
t the exponential attra
tors M
" by the standard formula (see e.g.[EFNT℄):(4.10) M
" := [t2[0;T0℄S"tMd":Indeed, sin
e, thanks to Corollary 2.1, the semi-group S"t is uniformly Holder 
ontinuouswith respe
t to (t; u0) 2 [0; T0℄�B (with the Holder exponent 1=2), then M
" is indeed anexponential attra
tor for S"t and dimF (M
"; H) � C + 2;(4.11) distH(S"tB;Md") � ~Ce��t=T0 ;(4.12)(see e.g. [EFNT℄). Moreover, due to Theorem 2.3, the symmetri
 distan
e for the attra
torsM
" enjoys the same type of estimate as in the dis
rete 
ase Md":(4.13) distsym;H(M
";M
0) � C �distsym;H(Md";Md") + "� � C1"�:Thus, we have 
onstru
ted exponential attra
tors M
" for the metri
 of H = W�1;2(
).We now note that it follows from its de�nition that the set S"1M
" is also an exponentialattra
tor. We �nally set(4.14) M" := S"1M
":Then, estimates (4.1)-(4.3) are immediate 
onsequen
es of (4.11)-(4.13) and of the resultsof Theorems 2.2 and 2.4. Theorem 4.1 is thus proved.Remark 4.1. As a 
onsequen
e of Theorem 4.1, we obtain the existen
e of the �nitedimensional global attra
tor, both for the vis
ous Cahn-Hilliard and the limit Cahn-Hilliardsystems, without growth restri
tions on the potential (this result was proved dire
tly in[EfGZ℄, where the authors 
ould also 
onsider the 
ase of Neumann boundary 
onditions;the main diÆ
ulty in [EfGZ℄ 
omes from the fa
t that the 
orresponding semigroups arenot di�erentiable without growth restri
tions).26
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