THE ATTRACTOR FOR A NONLINEAR REACTION-DIFFUSION
SYSTEM IN AN UNBOUNDED DOMAIN
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ABSTRACT. In this paper the quasilinear second order parabolic systems of a reaction-
diffusion type in an unbounded domain are considered. Our aim in this article is to study
the long-time behaviour of parabolic systems for which the nonlinearity depends explicitely
on the gradient of the unknown functions. To this end we give a systematic study of given
parabolic systems and their attractors in weighted Sobolev spaces. Dependence of the
Hausdorff dimension of attractors from weight of the Sobolev spaces are considered.
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INTRODUCTION

In this paper the quasilinear second order parabolic equations and systems of a
reaction-diffusion type

0.1) {8tu—Awu+f(u,V$u)+)\ouzg; T €}

“‘t:o = Yo, “‘asz =0

are considered.

Here Q C R3 is an unbounded domain in R® with a sufficiently smooth boundary
(see §1), u = (ul,---,uF) is an unknown vector-valued function, A, is the Laplacian
with respect to x = (z1,x2,23), f and g are given functions and )y is a fixed positive
constant.
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It is assumed also that the nonlinear term f(u, V,u) satisfies the conditions

1. f € C(RF x R3* RF)
(0.2) 2. f(u,Vzyu)u >0
3.1f(u, Vau)| < Clul(1+ |Vau|") (1 + |ul?), p— is arbitrary, 0 < r < 2

Here and below we denote by u.v the inner product in the space RF.

It is well known that in many cases the long-time behaviour of dynamical systems
generated by evolutionary equations of mathematical physics can be naturally described
in terms of attractors of the corresponding semigroups (see [2], [20], [33] and references
therein). In bounded domains the existence of the attractor is established for a large
class of equations such as reaction-diffusion equations, nonlinear wave equations, 2D
Navier—Stokes system, etc. Under some natural assumptions it is proved that for all
equations mentioned above the attractor has a finite Hausdorff and fractal dimension
(see [2], [20], [33]).

For unbounded domains Q the behaviour of solutions for (0.1) becomes much more
complicated mainly due to the noncompactness of the embedding W2(Q) c L?(Q).
Nevertheless some progress in studying these equations in unbounded domains has been
obtained by using appropriate weighted Sobolev spaces. (see [1], [2], [7], [18], [27], [28],
29))

Indeed, for the case where f(u,Vzu) = f(u) the problems of the type (0.1) were
studied (using the scale W&’f; of weighted Sobolev spaces with power weights ¢, () =

(14 |#|2)*/2, & € R) in [2]. Under some natural conditions on the nonlinear term f
the existence of the attractor A, for a € R, but for a < 0 only in a weak topology of
the space L%a>, was obtained. Moreover, they proved that in the case where a > 0 the
attractor A, has a finite Hausdorff dimension. An example of an infinite dimensional
attractor in the case a < —3/2 was also constructed.

The compact attractor in a strong topology of the space L%a> for a < —3/2 was

considered in [27].

The case with the explicit dependence of the nonlinear term on V, u (f = f(u, V,u))
under essentially more restrictive conditions on the nonlinear term and o > 0 was
considered in [17].

The Kolmogorov’s e-entropy of the attractor of (0.1) for the case where it has infinite
fractal and Hausdorff dimension was studied in [39], [14].

In this paper we give a systematic study of the equations of type (0.1) and their
attractors in weighted Sobolev spaces W;’p . We restrict ourselves by considering only
weight functions ¢(x) which satisfy the condition

(0.3) Cre~cl*l < d(x) < Coelol

where ¢ is a sufficiently small positive number which depends on the equation, and
consequently we consider only solutions of (0.1) whose rate of growth with respect to
2| — 0o does not exceed the exponent el?!.

In fact, most of our analytic results (such as a priori estimates, existence of solutions,
smoothness, uniqueness, etc.) will be obtained first with the scale W{S;I}’ of weighted

Sobolev spaces with exponential weights ¢y () = e—c1#l with a sufficiently small pos-

itive . After that, using the technique developed in Section 1 we extend straightfor-
wardly these results to the weighted Sobolev spaces ij; with power weights, which
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are traditional in the attractor industry (see [1], [2], [27]). Notice that our approach is
applicable to a more general classes of weights, for instance for the anisotropic weights
d(x) = (1 4 |z1|P* + |22]P2 + |23]P*)*, @ € R

It is worthwhile to emphasize that the explicit dependence of the nonlinear term on
the gradient (f = f(u, V,u)) leads to the new difficulties especially in the case a < 0.
In this case for instance we are faced with the problem of proving the uniqueness of
solutions of the problem (0.1) ( see §5 for an explanation). To avoid these problems we
use the concept of the trajectory attractor developed in [8-11], [35], [38].

For the convenience of the reader we recall some basic results from the theory of
attractors using equation (0.1) as a model example. Indeed, assume first that the
problem (0.1) has a unique solution for every ug from a certain phase space ®yy. (It
is proved in §5 that is true under natural assumptions when g € L?a>(Q) with o > 0).

Then equation (0.1) generates a semigroup in the phase space @,
(0.4) Sy : (I)(a> — (I)(a>, Siu(0) = u(t)

The attractor A of the semigroup (0.4) is called the (global) atractor of the equation
(0.1). This means that

1. AC @,y is a compact subset of @ .

2. The set A is strictly invariant with respect to S, i.e. Sy A = A.

3. The set A is an attracting set for the semigroup S;, i.e. for any bounded subset
B C @, and any neighbourhood O(A) there is a number T'= T'(O, B) such that

(0.5) S¢B C O(A) for every t > T

There exists however a number of important examples of partial differential equations,
such as 3D Navier-Stokes system, nonlinear wave equations with a strong nonlinearity,
elliptic equations, etc., for which we do not have uniqueness or at least it is not yet
proved. At present there are several approaches which can handle these equations from
the dynamical point of view.

The first approach is based on the concept of multivalued semigroups and their
attractors (see [3], [5],[6]).

The alternative approach which we will use below involves the concept of trajec-
tory attractor. The applications of this concept to evolutionary equations (such as 3D
Navier-Stokes system and nonlinear wave equations) in bounded domains and for el-
liptic boundary value problems in unbounded domains can be found in [8-11] and [19],
[32], [35], [38] respectively.

We explain now the main idea of the trajectory attractor approach using our equation
as a model example. Indeed let us consider the case when we do not have uniqueness
(g € L?a>(Q) with @ < 0). Denote by K(tv) the set of all solutions of the problem (0.1)

for all initial values ug € @4y such that u(t) € @,y for every ¢t > 0 (it is proved in
Section 5 that this set is not empty for the appropriate 'phase space’ ®,y). Since our
equation does not depend explicitly on ¢ then the semigroup {T,,h > 0} of positive

shifts along the t-axis acts on K (t!):

(0.6) WKy C Ky h >0, (Thu)(t) = ul(t + h)

We endow the space K (J;> with the appropriate topology (roughly speaking, this topol-

ogy is induced by the embedding K(tv) C C"*(Ry,Pqy)). By definition the attractor
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A" of the semigroup T}, acting in the space K <"('x> is called the trajectory attractor of the

equation (0.1). Note that the choice of the topology of local convergence with respect
tot € Ry in K (J;) guarantees the equivalence of the trajectory attractor (A!") and the

global one (A9') in the case of uniqueness. Indeed, let o > 0 then as proved below the
trace operator Iy (Ilou = u(0)) realizes a Cl-diffeomorphism between the spaces K(";Y>

and ®,y. Thus, the semigroup S, defined by (0.4) and the semigroup T}, defined by
(0.6) are conjugated by this diffeomorphism

T; = (M) 1S, I0y, t>0

Notice that although we formulate our main results about the attractors (see Section 5)
in power weighted spaces ch’f; (following tradition), it can be easily extended to other
weighted spaces as well.

The rest of our paper is devoted to the study of the Hausdorf dimension of the
attractor A. This problem is essentially different for the case o > 0 and for the case
a < 0.

In the case when o > 0, we prove that under natural additional assumptions on the
nonlinear term f the attractor A has finite dimension. It is worthwile to emphasize that
we obtain finite dimensionality of the attractor in the ordinary (unweighted) Sobolev
spaces W*P(Q) also. To the best of our knowledge, this result has not been proved
before.

Studying the attractor in the case when a < 0, we restrict ourselves to the gradient
independent case f(u,Vyu) = f(u) and Q = R3. In this case we prove that for every
nonlinear term f from our class such that the function f(u)+ Agu is nonmonotonic there
exists the right-hand side g € L%a> such that the dimension of the attractor is infinite.
This Theorem is based on our construction of the infinite dimensional unstable manifold
associated with the equilibrium point zg of the equation (0.1) (see Section 7). Notice
that in contrast to the case of bounded domains, in our situation the equilibrium point
Zp is not hyperbolic in general, hence the usual theorems on the unstable manifolds do
not work.

Acknowledgements: This work was finished while the second author was enjoying
the hospitality of the WIAS Berlin. He wishes to thank H. Gajewski and J. Fuhrmann
for useful discussions. Both authors have greatly benefitted from helpful comments both
from colleagues mentioned above and B. Fiedler, M. Otani, H. Matano, M.I. Vishik.

Part 1. The existence of solutions, uniqueness, differentiability.

This part is devoted to study the analytical properties of solutions (such as a priori
estimates, existence, uniqueness, etc.) of (0.1) in unbounded domains.

In Section 1 we introduce a wide class of weights and the corresponding weighted
Sobolev spaces and formulate a number of auxiliary results which will be essentially
used throughout the paper.

The linear equation ( with f(u, V,u) = 0) in weighted Sobolev spaces is considered
in Section 2.

The a priori estimates for the solutions of the nonlinear equation (0.1) are obtained
in Section 3.

Using these estimates we prove in Section 4 the existence of solutions for (3.1).

Section 5 is devoted to study the problems connected with the uniqueness of solutions
and its differentiability with respect to the initial value wug.
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§1 WEIGHT FUNCTIONS AND WEIGHTED SPACES.

In this Section we introduce and study the family of weight functions and the corre-
sponding weighted Sobolev spaces which will be used throughout of the paper.

Definition 1.1. A function ¢ € LjS.(R™) is called a weight function with the rate of
growth > 0 if the condition

(1.1) ¢z +y) < Coe!™lg(y), d(z) >0

15 satisfied for every x,y € R™.
Remark 1.1. [t is not difficult to deduce from (1.1) that

(1.2) dlz+y) > Cyle ol (y)

are also satisfied for every x,y € R™.

Proposition 1.1. Let ¢1 and ¢ be weight functions with the rates of growth py and
lo respectively. Then,

1. apy + Boa, max{p1, P2}, and min{py, p2} are weight functions with the rate of
growth max{uy, pu2} for every a, 8 > 0.

2. 1 ¢ and ¢y - (Pp2)~ 1 are weight functions with the rate of growth uy + pa.

3. (¢p1)™ is weight function with the rate of growth |a|uy.

The assertions of this proposition are immediate corollaries of (1.1) and (1.2).
The following two examples of weight functions are of fundamental significance for
our purposes:

L day(x) = (1+]2)? 2. ¢ppoy(z) =e ) a,c e R

(Evidently the second weight has the rate of growth |¢| and the first one satisfies (1.1)
for any pu > 0).

Definition 1.2. Let Q C R™ be some (unbounded) domain in R™ and let ¢ be a weight
function with the rate of growth p. Define the space

2@ = {ue D@+ 0.9 lonp = [ )lulo)P do < oo}

Analogously we define the weighted Sobolev space qu;p(Q), [ € N as the space of distri-
butions whose derivatives up to the order | inclusively belong to Li(Q) For the simlicity
of notations we will right troughout of the paper W(sj)’ instead of W(s’p and W%

T+ laf?)e /2 )
instead of W*P

e—clz|*

We define also the Sobolev spaces of functions bounded with respect to |x| — oo

Wy?(Q) = {u € D'(Q) : [Ju, Qo = sup lu, 20 By, [l1p < 00}
ToER™M

Here and below we denote by BE the ball in R™ of radius R, centred in g, and |Ju, V)i,
means ||ullwio vy -



Theorem 1.1. Let u € Li(Q) where ¢ is a weight function with the rate of growth .
Then for any 1 < q < oo the following estimate is valid

([ ot ([ e—a'x—mowu(:c)wdx)qdxo)l/qsc [ s@ut)ras

for every € > p, where the constant C' depends only on e, pn and Cy from (1.1) (and is
independent of Q)

Proof. Let ¢ = 1. Then due to (1.1)

/ / b (20)e =170l [u () |P da dizy <
QJQ

< C¢/ etlr=molg=elz=2ol () [oy(2)|P da day <
02

<oy ([ ey ([ swlutairas) <o [ slutaeds

Let now ¢ = oo then applying (1.1) again we obtain

supgoen {o(o0) [ et luaras) <
TeEQ
<y [ suppyea (e le ) plo)ata) o <
TeEQ

<c, [ (o) e

Thus we proved the inequality (1.3) for ¢ = 1 and ¢ = co. For 1 < ¢ < oo it follows
then from the interpolation inequality (see [34])

-0
- llze <INl - 1225 0 =1/q

Theorem 1.1 is proved. [

Corollary 1.1. Let ¢ be a weight function with the rate of growth p < 7, u € LZ(Q)
and R € Ry. Then

(14 (/Qm{lmo|>R} Plro)® </Q e uta) dx>q dxo) : =

<c / b (@) |u()|? do+
Qn{|z|>R/2}

+ Ke PR /Q o) u(z) P da

for some >0, C >0, K > 0 which depends only on €, u and Cy from (1.1) (and are
independent of R).
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Proof. Indeed

q
(1.5) / ¢(xo)? </ eEle=ol |y (g) [P d:v) dxg <
QN{|zo|>R} Q
q
< Cq/ P(z0)? / e~clr=mol|y(z) P da | dzo+
Qn{|zo|>R/2} Qn{|z|>R/2}

q
i ([ )
Qn{|zo|>R} on{|z|<R/2}

The first integral in the right-hand side of (1.5) can be estimated by using (1.3) with
QN {|z] > R/2} instead of Q. So it remains to estimate the second one. If |zo| > R
and |z| < R/2 then

|z — x| > 1/4|x — 20| + 3/4|x — 0| > 1/4(|20| — R/2) + 3R/8 > 1/4(|z0| + R)

and due to (1.2) ¢q(x) > C’;le_“R/qu(O). Hence

q
/ $(0)" / e~ u(@) P da | dao <
QN{|zo|>R} Qn{|z|<R/2}
q
< C'e_qERM/ ¢ (o) e~V A dg </ |u(z)[? d$> <
Qn{|zo|>R} on{|z|<R/2}

q
< Cle~9eR/4g—anR/2 </ e—(e/4—p)|zo| d:c0> / o(x)|u(z)|Pde | <
" Qn{lz|<Rr/2}
q
< o ([ ptolutards
Q

Corollary 1.1 is proved.

Remark 1.2. The assertion of Corollary 1.1 can be extended to the case p < e (instead
of 4 < €) by replacing R/2 in the estimate (1.4) by R/N for a sufficiently large N =
N(p/e).

Corollary 1.2. Let the assumption of the previous Corollary hold. Then the following
analogues of estimates (1.3) and (1.4) are valid;

(1.6) sup {¢(x0) Sup{e_e'”_m°'IU(x)lp}} < cigg{(p(x)w(x)v’}

ToEQ e

and
10 sw folen suple o) | <
2o €QN{|zo| >R} TEQ
< Csup,eongiz)>ry2y{0(0)|u(z) [} +
Ce™ M sup,co{d(x)[u(z) P}
The proof of this Corollary is the same as the proof of Theorem 1.1 for ¢ = oo and

Corollary 1.1.
7



For a more detailed study of the weighted Sobolev spaces defined above we need
some regularity assumptions on the domain 2 C R™ which are assumed to be valid
throughout the paper.

We suppose that there exists a positive number Ry > 0 such that for every point
xp € Q there exists a smooth domain V,, C €2 such that

R Ro+1
(1.8) B NQCVyy CBT NAQ

where we denote by Bg) the ball of radius R, centred in x.
Moreover it is assumed also that there exists a diffeomorphism 6, : Bj — Vj, such
that 05, (z) = xo + pa, (z) and

(1.9) Ipaolloy + llpzy lov < K

uniformly with respect to xp € Q for sufficiently large N. (For simplicity we suppose
below that (1.8) and (1.9) hold for Ry = 2.) Notice that in the case when €2 is bounded
the conditions (1.8) and (1.9) are equivalent to the condition: the boundary 0 is a
smooth manifold, but for unbounded domains the smoothness of the boundary is not
sufficient to obtain the regular structure of 2 when |z| — oo since some conditions on
uniformity with respect to € {2 smoothness are required. It is most convenient for us
to formulate these conditions in the form (1.8) and (1.9).

Theorem 1.2. Let the domain Q satisfy the conditions (1.8) and (1.9), the weight
function — the condition (1.1) and let R be some positive number. Then the following
estimates are valid

(1.10) Cz/ﬂ(b(x)|u(x)|pdx§ /Qqﬁ(xo)/QmBR ()P da day <

<G [ gl ds

Proof. Let us change the order of integration in (1.10);

(1.11) /Q #(z0) / IRUCIRTES

= [ 1) ([ xansp(on)oteo) dra) da

Here xonpr is the characteristic function of the set N BE.
It follows from the inequalities (1.1) and (1.2) that

(1.12) Cig(z) < infy epr ¢(z0) < sup,, cpr ¢(z0) < Cod()
and the assumptions (1.8) and (1.9) imply that
(1.13) 0<Cr <plzeQnBE)<Cy

uniformly with respect to zo € 2.
Estimate (1.10) is an immediate corollary of the estimates (1.11)—(1.13). Theorem
1.2 is proved. [



Corollary 1.3. Let (1.8) and (1.9) be valid. Then an equivalent norm in the weighted
Sobolev space H(lz)’p(Q) s given by the following expression:

1/p
(114) . @oay = ([ #a)ln @ BEIE, dro)

Here and below [|u, V|1, means ||ul|w.pvy. In particular we obtain also that the norms
(1.14) are equivalent for different R € Ry .

To study the equation (0.1) we need also the weighted Sobolev spaces with fractional
derivatives s € Ry (not only s € Z). For the first we recall (see [34] for details) that if
V is a bounded domain the norm in the space W*P(V), s = [s]+1,0 <l < 1, [s] € Z
can be given by the following expression

P = u, V|, + Z/ / [D%u(z) = Du(y)l” ,
S,D ) [s],p vev Jyev |$_y|n+lp

e =[s]

(1.15) u, V

It is not difficult to prove, arguing as in Theorem 1.2 and using this representation, that
for any bounded domain V' with a sufficiently smooth boundary

(1.16) Ju, VIS, < Cl/ , lu, VABE|?, deo < Collu, V12,
To€

This justifies the following definition.
Definition 1.3. Let us define the space W;’p for any s € Ry by the norm (1.14).

It is not difficult to check that these norms are equivalent for different R > 0.
In the sequel we will use the W;’p -valued functions. To this end we formulate below
the continuity criteria for such functions.

Theorem 1.3. Let u:[0,T] — W;’p(ﬂ) — be some W;’p—valued function, 1 < p < oco.
Then u € C([0,T], W(Z’p) if and only if

(1.17) wlgngr € C([0,T],W*P(QN BE))

and uniformly with respect to t € [0, T]
(1.18) limp oo [lu(t), 20 {[z] > R}[¢,sp =0

Proof. Indeed let (1.17) and (1.18) be valid. Then

Ju(ts) = ultz), Qgusp < Clluts) — u(ta), 20 {la] < B} p+
+C sup [u(0), 20 {Jal > Bl
t€[0,T]
The second term in the right—hand of this inequality can be choosen arbitrary small by
taking R large enough (due to condition (1.18)) and for the fixed R the first one can be
choosen arbitrary small by taking |t; — ¢2| small enough (due to the condition (1.17)).
Thus, u € C([0,T], W5 ().

Let us suppose now that u € C([0,T], W, "(2)). Then (1.17) is evidently holds. It
remains only to verify (1.18). Indeed since u is continious then the set {u(t),t € [0,T]}
is compact in W;’p . The estimate (1.18) is an immediate corollary of this compactness.
Theorem 1.3 is proved.



Remark 1.3. Note that if p = oo then Theorem 1.3 gives only a suf ficient condition
for the continuity which evidently not necessary.
Note also, that as a rule we will check the condition (1.18) by using the estimate

(1.4).

We consider now the other class of weighted functional spaces which we significantly
use to obtain adequate a priori estimates of solutions of the equation (0.1). Note that
they are of independent interest.

Definition 1.4. Let Q C R"™ satisfy the conditions (1.8) and (1.9) and let ¢ be the
weight function with the rate of growth p. For every 1 < p < oo, and R > 0 we define
the following spaces

LPQ) =ueD'Q): |u,Qlf, = [ ¢@)|u, Q0 BE|} dr < 0o
¢ ¢:(p,00) zEQ h

For the simplicity of notation we will write below Lgi’)oo) and Lg’}oo) instead of

Lg’frzmam and Lezi’f‘?‘ correspondingly
It can be shown that in fact these spaces are independent of the choice of R > 0.
Proposition 1.2. Let the conditions of the previous definition be valid. Then

LP)(Q) € L, (9), i.e.

(1.19) sup{¢(z)|u(z)["} < C/ ¢(x)[lu, 2N B od
e rEQ

Proof. Let us estimate the left-hand side of (1.19) using the estimates (1.12) and the
inequality sup z1, -, 2g, - -+ < Z?; z; for nonnegative z;;

:telg{¢>(fv)IU(w)|”} =sup{ sup §()|u(@)["} <C Y d()]u, 2N Bff

<G00 [ w0 BEE do <

leznr zE€B;

<0 / b(2) u, 20 B2 da < Cy / o(o)|u, 20 BEdu
rEN TEQ

Here we assumed, evidently, that R > n'/2. Proposition 1.2 is proved.

Let us note that the weight function
(120) d)wo,s — 6_6|w_$0|

satisfy the conditions (1.1) uniformly with respect to zo € R™. Consequently all
estimates obtained above for the arbitrary weights will be valid for the family (1.20) with
the constants, independent of xy € R™ as well. Since these estimates are of fundamental
significance for us we write it explicitly by a number of corollaries formulated below.

Corollary 1.4. Let Q) be the same as in Proposition 1.2. Then for any € > 0 the
following estimate is valid uniformly with respect xo € R™

(1.21) sup{e 7ol |y () [P} < C/ e~clz=ol||y, QN BE|P _ dx
=19 €S ,

10



Corollary 1.5. Let u € LI{)(S}(Q) for 0 < 6 < €. Then the following estimate holds
uniformly with respect to y € R™

(1.22) < /Q e~ dlmoy ( /Q 6_5|m_x°||u(:c)|pd:c>qda70> "

< C’Qq/ el =Yl |y (z)|P dx
Q

Moreover if u € LC{";}(Q), d < € then

(1.23) sup {e_5|”0_y| sup{e_€|”_$°||u(:c)|}} < Ce s sup{e 1o ¥lyu(z)[}
o EN €N e

and if 46 < e the appropriate analogues of the estimates (1.4), and (1.7) are also valid
uniformly with respect to y € R™.

Corollary 1.6. Let u € LY(Q) and e > 0. Then

(1.24) sup {/ 6_5|$—w0||u(l.)|p da:} < C’||u,Q||Ib’707p
o EN rEQ

Indeed,

sup {/ e~Ele ol |y (z) [P d.r} < C sup {/ e_5|x_m°|||u,QﬁB;||gpdx} <
o EQ zEQ o€ e '

< Csup {||u, QN B[} ,} sup {/ e el=mol d.r} < Chllu, QY o,
rEQ ToEQ TER™

62 THE LINEAR EQUATION

This Section is devoted to the study of the linear problem of the type (0.1)

o (2= den =50

ulyg = to 5 ufyg =0
in an unbounded domain Q which is assumed to satisfy the conditions (1.8) and (1.9)

formulated in the previous Section. To this end we will use weighted Sobolev spaces
introduced in Section 1.

Theorem 2.1. Let g € L*([0,T], L}, () for some e1 > 0 and let ug € L}, ().

}
Then there exists the unique solution of the problem such that

(2.2) u € Ly([0,T], W2, (@) nWH2([0, T), W ()
and for any € > €1, the following estimate is valid uniformly with respect to xo € R3:

T

(2.3) ||u(T),QﬂB;O||3,2-I-/T_1||u(t),QﬂB;0||iz-l-||8tu(t),QﬂBéo||2_1,2dt§
2 _—elz—xzo|\,—(Ao—e2)T g (Ao—e2)(t=T) 2 _—elz—mo]|
< C(|wol, e e e (lg@), e °)dt
0

11



Here and below f;_l means fOT if T < 1.

Proof. We restrict ourselves to obtain only the a priori estimate (2.3) for the solutions
of the problem (2.1). The existence of solutions can be obtained from this estimate in
a standard way.

Let us multiply the equation (2.1) by u(t)e~¢l*=%0l and integrate over z € Q

Oy ([u(t)]?, =170l 22 (Ju(®) 2, e 1777 ]) 4 2(|Vpu(t)[?, e =17 =70l) =
= 2(g, ue~17720l) — 9(V u, uV eclo—0l)
Applying Holder’s inequality to the right-hand side of the last formula and using the
obvious estimate |V, e~¢1#=%0l| < ge=cl#=20l we obtain

(2.4)  O(Ju(t)[?, el 4+ (Ao — %) (Ju(t)|?, e~ c17~"ol) 4+
+ (|qu(t)|2, 6—e|w—:1:o|) < C(|g|2, 6—e|w—:1:0|)

Applying Gronwall’s inequality to the estimate (2.4) we obtain the estimate

T

(2.5) (IU(T)Iz,e_E'””_"”O')+/T_l(IVxU(t)Iz,e_a'””—‘”O')dtS

T
< (|U(0)|2,6_6|w_$0|)e_()‘0_52)T + C/O e()\o—ez)(t—T)(|g(t)|27e—e|w—:1:0|) dt

Taking into account that e =l#=%l > C' if - € B;O uniformly with respect to 2y € R?
we obtain from (2.5)

T
(2.6) |[u(T), 2N BL P, + /T IVoult), 20 BL |2, dt <
-1

T
< C(|’U,(0)|27e_€|w—$0|)e_()\o—e2)T _I_C/O e()\o—e2)(t—T)(|g(t)|27e—e|w—:1;0|)dt

The estimate of dyu follows now from (2.6) and from the equation (2.1).The estimate
(2.3) is proved. It remains to prove (2.2). Let us take in (2.3) € > e, multiply it by
e~=1l#ol and integrate over zo € Q. Then after using the estimates (1.3) and (1.10) we
obtain that

T
1u(T), QI 10,2 +/T ) lu(®), Qfey 1,2 + 100u(t), QI y 1 2 dt <
T
< Nu(0), Q. y 026 P 7T +/ P00 D19 (1), Q. 0,0 dt

0

Theorem 2.1 is proved. [

Theorem 2.2. Let u be a solution of (2.1) satisfying (2.2). Lete > e1 > 0 be the same
as in previous theorem, and let ug € W{la’f}(Q) and g be the same as in the previous
Theorem. Then

(2.7) we L2([0,T], W2 () nWH2([0, T), L7, ()
12



and the following estimate is valid uniformly with respect to xy € R3;

T
(2.8) lu(T), 20 B, 17 +/T (), 90 Bl |35+ 10su(t), 2N BL |12y dt <
<C (IIVmU(O), QN B2 |12+ (Juol?, e—e|m_m0|)> 1Ty

T
e / D (g(0) P, el gy
0

for some positive y = y(e) > 0.

Proof. Recall firstly that we assume that the domain Q satisfies the conditions (1.8)
and (1.9) and the constant Ry = 2.

Let us consider the cut-off function 1., (z) € C§°(R?) such that 1, = 1 if 2 € By
and 95, = 0if ¢ B2 and let vy, = thzu. It follows from the equation (2.1) and from
the condition (1.8) that v,, is the solution of the following equation

(2 9) { 8t’U:vo - Amvmo + )\Ovmo - wxog - 2Vm¢x0 vxvxo - Axwmovxo = hmo (t)

(P ‘8V$0 =0 y Uz ‘t:O = meU(O)

where the domains V,,, were defined in (1.8) and (1.9).

Multiplying the equality (2.9) by A,v,, and integrating over = € V,,, we obtain after
simple computation involving integration by parts and Gronwall’s inequality that the
following estimate holds uniformly with respect to xy € €Q:

T
(2.10) [[vmy (T), Vi |25 + / 1Ay (1), Vi

T—1

|(2J,2 + || 0¢vz, (t), Vwo||(2),2 dt <
T
< Culoas (00, V2207 O [ 0 g (0, Ve Ryt <
" T
< Cylu(0), 2N B |17 5e T + 02/0 e[y, (1), 2N B |15 5 dt

Taking into the account the assumptions (1.8) and (1.9) for the domains V,,, we obtain
from the elliptic regularity theorem (see [34]) that

lu(t), 2N By ll2,2 < Cllva, (t), Vi,

|2,2 S C11 ||Axvxo (t), on

lo,2

Estimating
(2.11) lhao (£), 2N BZ 15 2 < C(llg(t), 2N BZ 6 2 + llu(t), 20 BZ |11 )

and using the estimate (2.3) we obtain now the estimate (2.8). The assertion (2.7) can
be deduced from (2.8) in the same way as (2.2) from (2.3). Theorem 2.2 is proved. [

Corollary 2.1. Let u — be a solution of the problem (2.1) satisfying (2.2). Let us
suppose also that g € L*([0,T], L3(Q2)) and ug € W;’Z(Q) for a some weight ¢ satisfying
(1.1) with a sufficiently small rate of growth p (u < €) and € was introduced in Theorem
2.2). Then

(2.12) u € WH2([0, T, L3 () N L2([0, T], W, %(92)) N C([0, T], W, *(Q))
13



and the following estimate is valid
T
(2.13) ||U(T)7Q||3§,1,2+/T 1||7~t(15),9||3>,2,2+ 10su(t), 30,2 dt <

T
s<nhwo»su@J2e-VT-+C{[;eﬂ“-Twnnw,Qnamzdt

for some positive .

Proof. Indeed let us multiply the estimate (2.8) by ¢(xg) and integrate over 2. Then
using the estimates (1.3) and (1.10) we obtain (2.13). Thus, we have proved that
u € L*([0,T], W; ?(Q)) and it remains to prove continuity. To this end we use Theorem
1.3. Multiplying (2.8) by ¢(zo) and integrating over Q N {|zo| > R} we obtain using
(1.4) that

(), 20 {la] > B}, — 0

when R — oo uniformly with respect to ¢ € [0,7]. So we should prove only that
U‘Qm{|$|<R} € C([0, T, Wh2(2n {]z| < R})). But it follows from a well known inter-

polation theorem for unweighted Sobolev spaces (see [26]) that
C(0,T),w"?) c L*([0,T],W*?) nW'2([0,T), L?)

Corollary 2.1 is proved. [

Theorem 2.3. Let u be a solution of the problem (2.1) which satisfies (2.2),e >¢e1 >0
such as in Theorem 2.2, ug € W2€_1(;’2(Q) and g € C([0,T], L%El}(ﬂ)) for some0 < 0 < 1.
Then

(2.14) ue C([0,T], W P2(2)) n C*=2([0,T], L., ()

and the following estimate is valid uniformly with respect to o € R3:
(215) [|u(T), 20 B, 3+ 2o/ 101 55(00m ) <

< (Iu(0), 20 B, 35 + (u(), 71770 ) e
T
-|-/ eV(t—T)|t _ T|_1+6/2(|g(t)|2,6_€|w_$0|)dt
0

for some positive constant -y

The proof of this Theorem is based on the following result for the auxiliary problem
(2.9)

Lemma 2.1. Let v,, be the solution of the problem (2.9) and let vy, (0) € W2=%2 N
Wo'? (Vi) and gy € C([0,T], L*(Va,)). Then

(2.16) vay € C([0,T), W222(Vy)) N CH72((0, T], L2 (Vi)
and the following estimate is valid uniformly with respect to xy € Q)
(217) (2 (D). Vao 3o + 0202 gy vy <

T
< Clltay (0), Vi [§gpe ™7+ G [ X0t T H4902 g, Vi [
0

14



Proof. Let A = A, = —A; + Ao. Then from the variation of constants formula we
obtain that

T
(2.18) vgy (T) = e~ ATy, 4 / AT (1)
0

Let us derive the estimate of W?2~%2 norm. The Holder continuity for v,, can be
obtained analogously.

It is well known that the operator A generates a holomorphic semigroup in L?(Vy, ).
Then, for 8 > 0, s > 0 the following estimates are valid, (see [34], [12], [21])

(2.19) ||6_As||W2—6,2_)W2—5,2 < Ce=20s ; ||AB6_AS||L2_>L2 < C’ls_ﬁe_)‘os

and due to the regularity conditions (1.9), the constants C' and C; do not depend on
To € €.
Thus, [le=AT0,, (0), Vi, lla—s2 < CeT|[ugy (0), Vaylla—s> and using Holder's in-

equality we obtain after simple transformations
T T
| [ A D 0ty < [ 142D gl (0. Vi oz de <
0 0

T T 1/2
C/ eko(t—T)|t _ T|_1+5/2||h$0 (t)anOHO,Z dt < C </ eko(t—T)|t _ T|—1+5/2 dt)
0 0

T 1/2
X(/o 6A°(t_T)|t—TI_”‘S/QIIhmo(t),Vmollﬁ,zdt) <

T 1/2
< Cy (/ U |t — T[T hg (£), Vi[5 2 dt)
0

Lemma 2.1 is proved.

The proof of Theorem 2.3. It follows from Lemma 2.1 that
(2.20) ||u||201*5/2([T—1,T],L2(Qr1B;0)) +[[u(T), 2N BY3_5 <

< C (oo (T), Vi B2 + oo B -srr 1 11,2000, ) <

T
<G <||v$0(0)7V$0||§—5,26_)‘0T +/0 AU Dt — T[7H+0/2 by, (t)an0||3,2}>

We used here the notations of Theorem 2.2.

Estimating the last integral in (2.20) by the estimates (2.11) and (2.8) we obtain the
inequality (2.15) after some evident calculations. Hence it remains to obtain only that
u e C([0,T], W{QE_}‘S’Q(Q)). This continuity can be proved using the ’tail estimates’ (1.4)
and Theorem 1.3 as in Theorem 2.2 and Corollary 2.1. Theorem 2.3 is proved. [
Corollary 2.2. Let u — be a solution of the problem (2.1) satisfying (2.2). Let us
suppose also that g € C([O,T],Lé(Q)) and uy € W;_‘S’Q(Q), 0 <d <1 and ¢ is the
same as in Corollary 2.1. Then

(2.21) u e C([0,T), W, "%(Q)) N C'=°/2([0, T, L(Q))
15



and the following estimate is valid
(2:22)  [Ju(T), QI3 252 + ||u||2c1—5/2([T—l,T],Li(Q)) < Cllu(0), Q|3 2526 +

+C sup {QV(t_T)||g(t)79||3s,o,2}
te[0,T]

The proof of this Corollary is the same as Corollary 2.1, only instead of the estimate
(2.8) we should use the estimate (2.15).

Corollary 2.3. Let the condition of the previous Theorem be valid, § < 1/2 and uy = 0.
Assume also that dimQ =n < 3. Then
(2.23) [u(t, 20)|* < supepo e~ (lg(t)%, e o177 )}

for some positive

Indeed, the estimate (2.23) follows immediately from (2.15), Sobolev’s embedding
theorem W2=%2 C C for § < 1/2 and the following simple inequality

T
220) [ Dl T g0 et an <
0
< CSUPte[o,T]{eAY(t_T)ﬂ(|g(t)|27 e clrmmolyy

Theorem 2.4. Let the conditions of Theorem 2.3 be valid, § < 1/2 and dimQ =n < 3.
Then

(2.25)  |u(T, 2)|? < sup,cq, {6_6|”_‘”°||u(0,$)|2} e Ty
+ supyero m{e” ) (lg(1)]?, el ool)}

for some v > 0

Proof. Due to Corollary 2.3 it is sufficient to prove (2.25) only for g = 0.
Let us consider the function ¢ (z) € C*°(R?) such that

{ Vatp(2)| < Cerp(x) ;1 |Agth(2)] < Cep(x)

It is not difficult to prove that such a function exists.
Let us consider also the function wg, (t,2) = ¥ (x — zo)u(t,x). It follows from (2.1)
that this function satisfies the equation

(2.27) OpWay — ApWyy + AoWg, — K1(2)wy, — Ko(2)Viw,, =0

and due to the condition (2.26) sup,cps |K;(z)| < Ce, i = 1,2. Hence for sufficiently
small ¢ > 0 the maximum principle is valid for the equation (2.27) (see, [24]). Thus

(2.28) [we, (¢, 7)] < sup |wg, (0, z)|e”7"

€S
for some v > 0. Taking x = z( in (2.28) we obtain (2.25) for ¢ = 0. Theorem 2.4 is
proved. [J

We finish this Section with a version of the comparison principle for parabolic equa-
tions in weighted Sobolev spaces.
16



Theorem 2.5. Let a function u satisfy (2.7) for a certain ey > 0, u(0) = 0 and let the
following inequality be valid almost everywhere in [0, T] x Q:

(2.29) O — Agzu + Aou > 0

Then almost everywhere in [0,T] x Q  u(t,z) > 0.

Proof. Let us consider the functions w4 (t, z) = max{0, u(t, =)},
u_(t,z) = uy(t,r) — u(t,z). By using the technique of [3] it is not difficult to prove
that

1,2
(230) U—, Uy € W1,2([07 T]v L%a}(Q)) n Lz([oa T]v W{g} (Q))
for € > 1 and the following equalities are valid almost everywhere

(2.31) (Opuy (), u— (1)) {ey = (Opu—(t), us(t)) (e} = (Vauq(t), Vau—(t)) ey =0
Let us multiply (2.29) by u_ and integrate over Q. Then due to (2.31) we obtain
(2.32) —1/20|lu—(1), Q|71 0.2 = Yollu— (), ey 0.0 + 2 [lu—(1), 7y 0,2 > 0

Applying Gronwall’s inequality to the estimate (2.32) and taking into account that
u_(0) = 0 we obtain that ||u_(t),2|[{s},0,2 = 0 almost everywhere, i.e. u > 0 almost
everywhere. Theorem 2.5 is proved.

§3 THE NONLINEAR EQUATION. A PRIORI ESTIMATES.

In this Section we consider the parabolic boundary problem:

{ Oru — Agu + f(u, Vyu) + Mou = g(z)

(3.1)
“‘tzo = Uo; “‘39 =0

in the unbounded domain Q which is assumed to be 3-dimensional (2 C R?) and to
satisfy the conditions (1.8) and (1.9) formulated in Section 1.

Recall that v = (ul,---,u”), Ao > 0 — is some positive number, f = (f%,---, fF),
g= (g% -+ ,g") and the nonlinear term f satisfies the following conditions

1. f(u, Vyu)u >0
(3.2) 2. |f(u, Vau)| < Clul(1 4 |Vzul™)(1 + |u|P), p > 0 — is arbitrary
3. feCRF xR¥*;RF)and r <2

We suppose in this Section that the right-hand side ¢ = g(x) is from the space

ﬂa>0L%E}(Q) and that the initial date wuy is from the space ﬂE>OW{2€_}6’2(Q) (where

the exponent 0 < 0 = §(r) < 1/2 will be defined below) and UO‘BQ = 0.
A solution of the equation (3.1) is defined to be a function u from the space

Ne>0C([0, T1, W{ze_}‘s’z(Q)) which satisfies the equation (3.1) in a distribution sense.

The main aim of this Section is to prove a number of a priori estimates for the
solutions of (3.1) which will be used below in order to prove the existence of solutions,
their uniqueness, etc.

Note that all results formulated below remain valid for g € L%E}(Q), uy € W{QE_}‘S’Q(Q)

and u € C([0,T], W{2€_}6’2(Q)) with a sufficiently small positive ¢ which depends on the
equation (3.1).

17



Theorem 3.1. Let u be the solution of (3.1). Then the following estimate is valid
uniformly with respect to xqg € Q)

T
(3:3) lu(T), 20 By |13, + /T 1 Ju(t), 20 By, |17 5 + |0su(t), 2N By |12 »dt <
< C(|U0|2, e—e|m—x0|)e—7T + C(|g|2, e—e|m—x0|)

for some positive v > 0 and sufficiently small € > 0.

The proof of this Theorem is the same as the proof of Theorem 2.1 (the nonlinear
term disappears in the estimates due to the first condition of (3.2)).

Theorem 3.2. Let u be the solution of (3.2). Then the following estimate is valid
uniformly with respect to xo € )

(34)  |u(T,z0)* < Csupyeqfe™ "= |u(0,2)[* e + C(|g|?, el

for some positive v > 0 and sufficiently small € > 0.

Proof. Let us consider the function w(t,z) = u(t,z).u(t,z). Then due to the equation
(3.1)

(3.5) Orw — Agw + 2w = =2V ,u.Vu — 2f (u, Veu).u + 2g.u < 2g.u = hy,(t)

We consider also the auxiliary linear problem

0 — Agv + 2Xgv = hy (t
(3.6) { ¢ 0 (t)
R e R
Due to the comparison principle (Theorem 2.5),
(3.7) w(t,z) <wv(t,z), (t,z)€[0,T]x Q

Applying Theorem 2.4 to the linear equation (3.6) and using (1.23) we obtain
(3.8)  supgeqfe 7! [w(T,2) P} < sup,eqfe™ " ljo(T,2)?} <
< Csupyeafe™ = lug(@)] 1T+

+ Csupgego e (|ha (1), e 217770}

Denote Zy, (T) = sup,eqie 22=l|w (T, )|?} and estimate the last term in the right—
hand side of (3.8)

(3.9) (hu(®)2,e2120l) < C(Ju(t) g2, e >le1) <

< C sup {0l u(t, ) } (g1, €7 < uZ, (6) + Cullg 2, e=e1==201)2
o €N

and the estimate (3.9) is valid for every p > 0.
It follows from the inequalities (3.8) and (3.9) that

(8.10)  Zay(T) < Csupyeqfe ™ ug(2)|*}e ™" 4 Cp(|gl?, 7177701+
+ psup,cro.r{e® ) Zy, (1)}

To complete the proof of Theorem 3.2 we need the following Lemma
18



Lemma 3.1. Let the function Z,, (t) be a solution of the following inequality

(3.11) Z4o (T) < Cre™PT + Cy + sE%pT]{eB(t_T)ZxO (1)}
te b)

and let 4 <1/2 and > 0. Then

(3.12) Zwo (T) < 2C1e7PT 120,

Proof. Multiplying the inequality (3.11) by T and taking the supremum SUPre(o,s] Of
the both sides of the inequality we get after simple calculations

suppeio 16”7 Zao(T)} < C1 + CaeP® + psuprery g{e?” Zao (T)}
Taking into account that p < 1/2 we get
supte[O’T]{eBtho (1)} <2C, + 2C5ePT

Replacing the last term in (3.11) by this estimate we obtain (3.12).
The end of the proof of Theorem 3.2. Applying the result of Lemma 3.1 to the estimate
(3.10) we will get for sufficiently small g > 0

Z1o(T) < Csupyeqie™ V=" ug(z)| e + O (lg[?, o177 70l)?

Taking the square root of the both sides of the last inequality and taking x = x( in the
left side of it we obtain the inequality (3.4). Theorem 3.2 is proved. [

Corollary 3.1. Under the assumptions of the previous Theorem the following estimate
is valid uniformly with respect to xo € 2

(3.13) fuTa0)P <0 [ e (), 20 BB o do + Cllgf e )
e
Indeed the estimate (3.13) is an immediate corollary of (3.4) and (1.21).

Theorem 3.3. Let u be the solution of the problem (3.1) and let 0 < § < 2 —r. Then
the following estimate is valid uniformly with respect to xy € Q)

(3.14) |[u(T), QN By [I5_50 < Ce™ ™" (/ e 170 lug, 2 N B35 da +
e

K
+/ e~ 170l lug, @ N Byff o da + {/ e‘a'””“’”O'IIuO,QﬂBillgoodx} +
rEQ ’ TEQ ,

K
i C/ lg(z)Peclr=m0ldg 4 C (/ Ig(x)|2e—6|m—x°'>
TEQ P

Where K = K (r,p,0) = % and v > 0, € > 0 are sufficiently small.

Proof. Let us multiply the equation (3.1) by ¢, (), the same as in the proof of Theorem
2.2 and denote vy, = Yy, u

(3.15) Opvgy — Agvgy + AoVzy = =Wy [ (U, Vi) — 2V 3100 Vot — Agthp i+ g = hyy (1)
19



Then due to the estimate (2.17)
(3.16) Nu(T), 2N By [13-52 < Cllvsy, Vo l3-52 <
T
< C1([[zg (0), Vi [13 52677 + Cz/o DL — T2 gy (1), Vg 15 2

Let us estimate the right—hand side of (3.16). It follows from the definition of h,, that
(3.17) 1haqs Vao 5,2 < CIIF (w1, Vare), Vag 15,2 + Cllu, Vi1 2 + [l Vi 15,2
Due to the second condition of (3.2)

2(p+1 r
(3818)  I1f(, Vo), Vo3 2 < C (It Vil oo + It Vi [55) (s, Vi 137, +1)
Using the interpolation inequality (see [34]) we obtain that
(3.19) ltts Vaoll1.2r < Cllu, Vag

|1—9
0

, OO

s, Vg 1555
where 6 = 2715 € (0,1). It follows from the condition § < 2 — r that 2rf < 2. Hence
(3.20) |If (u, Vau), Vao[l5 2 <

1
2r(1—0)\ T-ré
o) Tl Vi 3o <

<Cu (““’ Vcl:o||(2J,oo + [, Vi (2J,I§o) + pllu, Vwo”%—&,Q

0,00

2(p+1
< Cullt, Vaoll oo + Co (Il Vg 6% 1, Ve,

Here 1 > 0 is an arbitrary positive number. Indeed

2p+1+r(1-190)) _ 2r(p+1+r(1-10)) < 9K
1—rf 2—r—90

Using the estimates (3.17)—(3.20) we obtain from (3.16) that
(3.21) [[u(T), 2N By, 3-5.2 < C1llvag (0), Vi [[3_5.0¢ 77" +

T
4Gy [ Dl T (), Vi o+ (0, VB it
0

T
+u / 1Tt — T =140/ |y (t), Vo [|2_ s 5 dt
0

Applying the estimate (3.13) to the right-hand side of the inequality (3.21) and using
the evident inequality

T
/ ev(t—T)|t — T|—1+5/2e—71t dt < Ce T 5 <
0

we will have

I(T), 20 BL |3y 5 < Cpe=nT (||u<o>, VaolBs ot
K
/ e—ﬁ'x—mo'nuw),mB;n%oodﬂ{ / e—al'm—x°'||u<0),smB;||3oodx}
rEQN ’ rEQ ’

K
+Cy (/ el + { [ emollato s >+
e TES2

T
o / Y | — T 71H/2 (1), Vi |[2 5. dt
0
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for 41 < v and e; small enough. Multiplying this estimate by e~ Kel#o—vl with Ke <
€1, integrating over zg €  and using the inequalities (1.22) we obtain after simple
calculations that

(3.22) / e~ Kelw=o|u(T), Q0 BY[2_y 5 dr <
rEQN

< e T ( / oK1 1(0), V|35 dat
Q

K
/ e—elm—y'nu(o),mB;H%oodm{/ e—s'm—y'num),ﬂrwB;H%mdw}
zEQ ’ reEQ ,

K
e ( [ etgpan { [ ey )+
e TES2

T
[ Dl g [ () Vi dods
0 rEQ 7

Let us estimate the last integral into the right—hand side of inequality (3.22). Tt follows
from the inequality (1.16) that uniformly with respect to 2 € ,

(3.29 0. Vel 2 < C [ Ju@n By dz
2EV,

Multiplying the estimate (3.23) by e~ X¢l¥=2l and integrating over 2 € Q we obtain due
to Theorem 1.2 (with u(2) := ||u, 2N Bl{|2_s2, p = 2 and ¢ = e~ Kel#=vl) that

(3.24) / e~ Kelu=al||y, V|2 . dy < c/ e~Kel=al||y, 0 A B2, . da
rEQN ’ rEQ ’

Replacing the last integral in the right-hand side of (3.22) by the estimates (3.24) and
(2.24) and using Lemma 3.1 with

2,1) = [ e F A u(r), 20 By do
rEQ
we obtain that for sufficiently small 4 > 0, >0 and v > 0

3:25) [ KD Au(D), Q0B g do <
Q

< CyeT ( / e KE U 14(0), Va |35 drt
Q

K
[ e an Bl de { [ et u,00 B de
zEQ ’ reQ ,

+ Cy (/EQ e~el2=vl|g () [2dx + {/weg e~clz—yl |g(a7)|2dx}K>

uniformly with respect to y € €.
It is not difficult to prove using (3.23) that

(3.26) lu(T), 2N Byll3_52 < C/ e~ W= |u(T), N By|l3_s 5 da
Q

uniformly with respect to y € Q. The estimate (3.14) follows from the estimates (3.25)
and (3.26). Theorem 3.3 is proved. [

21



Corollary 3.2. Let u be the solution of (3.1) and let the assumptions of previous The-
orem be valid. Then

(3.27) |If(u(T), Vou(T)), 2N By [l 2 <

sce (/ e~ 0l lug, 2 N By 352 da+
T€EQ 7

K
/ e=cle=wol||y(0), QN B2 . do + {/ e‘s'm‘”O'llu(O),QﬂBill?)oodw}
zEQ ’ T€EQ 7

K
+@</ fW*Wme+{/ fm*%mWw})
TEQ TEQ

Indeed (3.27) follows from the estimates (3.20), (3.14) and (3.13).

Corollary 3.3. Let u be the solution of (3.1) and let the assumptions of previous The-

orem be valid. Then u € C*9/2(R, L?4(Q)) and

(3:28) Nlullen-s2(qrrsn).22@ny, ) <

<o </ e lug, 2N By |55, dart
e 7

K
/ e~cle=ool |l (0), QN B2 dx + {/ e‘s'm‘”O'llu(O),QﬂBéll?)oodw}
zEQ ’ TESL 7

K
+@</ fW*Wme+{/ fm*%mWw})
TEQ TEQ

Indeed, let us rewrite the equation (3.1) in the form
(3.29) O — Agu + Aou = —f(u, Vyu) + g

The equation (3.29) has the view (2.1) with the right-hand side f(u,V,u) + g Thus,
applying Theorem 2.3 (the assertion(2.14) and the estimate (2.15)) to the equation
(3.29) and taking into account the estimate (3.27) we easily obtain all of the assertions
of Corollary 3.3. O

Corollary 3.4. Let u be a solution of (3.1) and suppose that the assumptions of The-
orem 3.3 hold. Then for every fixed 0 < §; < 0, € > 0 and arbitrary T > 1

(3.30) we (T, T+ 1), W5 *(Q) n C = 2(IT, T + 1], 13,(Q))

and the following estimate is valid
2 2
(3.31) ||u||C([T,T+1],W2*51’2(QHB;O)) + ||“||cl—51/2([T,T+1],L2(QHB;O)) <

< Cye T (/ ef|$—”0|||u0,ﬂOB;H%_Md:c-I-
T€EQ ,

K
[ .00 Bl e+ { [ el 00 BB o)
CEEQ ’ wEQ 7

K
+ Cy </ 6_5|m_“’°||g(.r)|2dx + {/ 6_5|m_x°||g(x)|2dx} )
e e
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where the constants Cy = C1(61) and C2(61) are independent of xg and T > 1.
Indeed, introduce the function w(t) = (¢t — T + 1)u(t). Then

(3.32) { Oyw — Agw + Aow = (t =T +1)g — (t =T + 1) f(u, Vyu) + u = h(?)

wl,_p_y = 05wy =0

Note, that the equation (3.32) has the form of (2.1) and due to (3.14) and (3.27) the
right-hand side h € C([T'—1,T+1], L, (€)). Applying Theorem 2.3 (with § = 4;) and
using the estimates (3.14) and (3.27) we obtain the estimate (3.31) and the assertion
(3.30). O

§4 THE NONLINEAR EQUATION. EXISTENCE OF SOLUTIONS.

In this Section we prove the existence of solutions for the problem (3.1). To this
end we prove first the existence of solutions for the problem (3.1) in a smooth bounded
domain €2 and after that by approximating the initial unbounded domain by bounded
ones, we extend this result to every domain which satisfies (1.8) and (1.9).

Theorem 4.1. Let Q be a smooth bounded domain in R® and let ug € W2=%2(Q) N
{UO‘E)Q =0}, 6 < min{1/2,2 — r}, where r was defined by (0.2). Then for any T > 0
there exists at least one solution

(4.1) we W = C=%/2([0,T], LA(Q) N C([0, T], W2=52(Q) n Wh2(Q))

of the problem (3.1)

Proof. Let P be the inverse operator of the parabolic operator

(4.2) Lu = 0u — Azu + Au; ul,_o =0; ujyq, =0
Then, due to Lemma 2.1,
(4.2) P=L""':C(0,T],L*(Q)) — W for every § > 0

Let us introduce the function w(t) = e*(®= =)y as the solution of linear homogeneous

parabolic problem. Then Lemma 2.1 implies that w € W and

sup [lw(t), Qll2—s2 + [[wllg1-s/2(j0,17,22(02)) < Clluo, Q26,2
te[0,T]

We rewrite the equation (3.1) with respect to a new variable v(t) = u(t) —w(¢) and apply

the operator P to both sides of the obtained equation. After these transformations we
get the following equation in the space W

(4.3) v+ F(v)=h,veW
Here h = Pg € W and the nonlinear operator F' is given by the following expression

(4.4) Flv)=-Pf(v+w, Vv + V,w): W — W.
23



We are going to apply the Leray-Schauder fixed-point principle (see [30], [37]) to the
equation (4.3). First we check that the operator F' is compact. Indeed, let & € W be
some bounded sequence in W. Then due to the compactness of embedding

(4.5) W cc C([0,T], W2=2=*2(Q)) for every a > 0

and due to the Sobolev embedding theorem W2 C C if u > 3/2 and W?2—0~*2 C
W2 for sufficiently small & > 0 (here r the same as in the condition (3.2)), we can
suppose without loss of generality that the sequence (&, V&) — (€, V&) in the space
C([0,T],C(Q) x L?>"(£2)). But due to the conditions (3.2) the Nemitskij operator

f(u,0) : C([0, T, C(Q) x L*(Q)) — C([0,T], L*(%))
is continuous (see [23]). Hence the sequence
f(fk + w, vx&k + vxw) — f(g + w, me + Vmw)

in the space C([0,T], L?(Q2)). Thus F (&) — F(€) in W and consequently F is compact.
Due to the Leray—Schauder principle it is sufficient to prove now that for a sufficiently
large ball B in the space W

(4.6) v+ sF(v) # h for s € [0,1], v € IB.

Let us prove (4.6). Indeed let us suppose that (4.6) is not valid for some s = so € [0, 1].
Then denoting v = v + w we obtain that

(47 { Opu — Agu + Aou + sof(u, Vyu) =g

“‘t:o = Yo, U‘E)Q =0

The equation (4.7) has the form of (3.1). Then due to Theorem 3.3 and Corollary 3.3,
||u|lw < C(up) uniformly with respect to so € [0,1]. Hence for a sufficiently large ball
in W the inequality (4.6) is valid.

Thus due to the Leray—Schauder fixed—point principle, the equation (4.3) has at least
one solution v € W. Theorem 4.1 is proved. [

Theorem 4.2. Let Q satisfy the conditions (1.8)— (1.9) and the nonlinear term
f(u,Vyu) — conditions (3.2). Let us suppose also that uy € Neso € W{QE_}‘S’Q(Q) for
some 6 < min{1/2,2—r}, uo‘aQ =0andg € ﬂE>OL%€}(Q). Then the problem (3.1) has

at least one solution

(4.8) w € Neso { C0, TL WIS (@) N C=772([0, 70, 13.,(€) |

Proof. Let Qn, N =1,2,--- be a sequence of smooth bounded domains which satisfies
the conditions (1.8) and (1.9) uniformly with respect to N € N and such that

QNCQN_H CQ; Q:U?VoleN
(4.9) N N+1
QN By C Oy CONB,

It is not difficult to check that such a sequence exists.
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Let us introduce the sequence of cut—off functions 1y (z) € C5°(R?) such that
Yn(z) =1ifz € BY ' and ¢n(z) =0 if 2 ¢ BY and ||¢n]|c> < C

Let uny be a solution of the following problem

(4.10) { diun — Agzun + Moun + f(un, Viun) =g

UN |0, = 05 un|,_y = Yo

Since the conditions (1.8) and (1.9) holds for Qx wuniformly with respect to N € N
then (due to Theorem 3.3 and Corollary 3.3) the estimates (3.14) and (3.28) with u
replaced by un are also valid uniformly with respect to N € N. Thus, for every M € N
the sequence uN‘QmBé‘/f’ N > M is bounded in the space

(4.11) C1=9/2([0, T], L*(Qn BM)) n C([0, T), W2~%2(Q n BYM))

Let us extract from the sequence uy a subsequence (which we denote by ux also for
simplicity) converging *-weakly to u in L>°([0,T], W2=%2(Q2 N BM)) for every M € N
(it is possible to do using the Cantor diagonal procedure). Hence due to the embedding
(4.5) we obtain as in the previous Theorem that

(4.12) { un — u strongly in C([0,T] x QN BM)n C([0, T], W+2(Qn BM))
. f(uNa VCEU’N) - f(ua VCEU’) StI‘OIlgly n C([O, T]7 Lz(Q N Béw))
The assertions (4.12) imply immediately that the function u satisfies the equation (3.1).

So it remains to prove that (4.8) holds. To this end we prove that uny — u strongly in
the space (4.11). Indeed

(4.13) Oc(Ymun) — Az(Ymun) = hy(un) = —Ym f(un, Ayun)—
=2V hm Voun — Agharun — Xohmun +Yumg, Pamun|yg =0

It follows from (4.12) that has(un) — has(u) in C([0,T], L*(Qar)) consequently due to
the regularity theorem, applied to the linear problem (4.13), uy — u strongly in the
space (4.11).

Passing to the limit N — oo in the estimates (3.14) and (3.28) (with u replaced by
un) we obtain that the limit function w also satisfies these estimates. Moreover we
obtain also that u belongs to the space (4.11) for every M > 0. Let us fix a sufficiently
small ¢ > 0, multiply the estimates (3.14) and (3.28) by e #|?ol and integrate over
xo € Q. Then using our assumptions on uy and g and the estimate (1.3) we obtain as
in the proof of Corollaries 2.1 and 2.2 that

w € L=((0,T), WZ,%(Q) n C*°7%((0, T), 13,4 ())

The continuity of u (u € C([0,T], W{zﬂ-}a,z)) can be proved using the 'tail estimates’ (1.4)

and Theorem 1.3. Thus, (4.8) holds and consequently u is a solution of the problem
(3.1). Theorem 4.2 is proved. [
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§5 THE NONLINEAR EQUATION. UNIQUENESS OF
SOLUTIONS. DIFFERENTIABILITY WITH RESPECT TO .

In this Section we study the uniqueness problem for equation (0.1). We require the
nonlinear term to satisfy (3.2) and the assumptions

1.  feCOYRF x R3*; RF)
(5.1) 2. |fo(u, Vau)| < C1 4+ |u|P)(1+ |Vau|"), where r < 2
3. fe,u(u Vau)| < C(L+ [uffFH(1 + [Voul ™)

Note that under these assumptions we can prove the uniqueness only in the case where
the right-hand side g and the initial value uo are bounded with respect to || — co (see
Remark 5.1).

Theorem 5.1. Let the nonlinear term satisfy the assumptions (3.2) and (5.1) and let
the initial data vy € sz—(s,z( ) for some § < min{ — 3,1} (see Definition 1.2) and
“0‘39 = 0. Suppose also that the right-hand side g € LZ(Q2). Then the problem (3.1)

has a unique solution in the class N{.503C(Ry, {2}52(9)).

Proof. Let ui,us be two solutions of (3.1). Then applying sup, cq to both sides of
(3.14) and using the boundedness of the initial condition ug and the right—hand side ¢
and the estimate (1.24) we obtain that

(5.2)  lus(T),

< C(HUO’Q“bQ 52T ||UO’Q||b2 52)€_aT‘|‘
+C(llg,

QlI55.2)

for i=1,2. Thus, under our assumptions, all solutions are also bounded with respect to
|z| — oc.
Let v(t) = ua(t) — uy(t). Then

(5.3) { 0rv — Agv + Agv = — L1 (t, 2)v — Lo(t, 2) Vv
0],y = u2(0) = ur(0); 0], =0

Here

(5.4) {il » T _folf/ uy + 60v, Vyuy + 0V,0) do
Ly(t,2) = [y Foo,u(ur + 00, Vyus + 0V ,0) d6

It follows from the condition (5.1) that
(5.5) L ()] < C(L+ [w®)]P + [Vou(®)]" + [u(t) P[Vou(t)]")
Lo (t)] < C(L+ [u(@) P + [Vau(®)["~F + |u(®) PV ou() [

We denote here by |u(t)[P = |ui(¢)|P + |uz(t)|P, |Veu(t)|” = |Vaur (8)|" + |[Vaua(t)|".
After multiplying the equation (5.3) by v in the space L? (c }(Q)k for sufficiently small
¢ > 0 we obtain after simple transformations

(5.6) Fllv®Ifey 02 + oy 1.2 + Aollv(®){ey 0,2+

+ <E1v,v>{6} + <E2va,v>{6} <0
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Let’s estimate the two nonlinear terms in (5.6) separately.
It follows from the estimate (5.2) and Sobolev’s embedding theorem that
lui(t,z)] < C for all t € [0,T], z € Q. Hence

(5.7) L) = [{L1v,0) | < C(v,v) oy + (|ulv,0) o +
+ ([Vaul"v,v) oy + ([uf[Vaoul"v,v) ) <
< Ci(llo(t), ey 0.2 + (I Vaulv,0) )

Let us estimate the last integral at the right-hand side of (5.7). To this end we use a
trick based on (1.10), Holder inequality and embedding Theorem W12 C L8. Indeed,

(5:8) ([Vaul"v,v), < 0/ ey . v+ |Vyul", Vi [lo.1 dao <
Q

< Cilw, QL1 5 / e
Q

sy Yo y Y Xo

< Cullu, Q51 5 / eIl |lv, Vi |2, dag+
Q

bl Q0 | € o, Vi [ dio <
Q

< Cpllu, Q1 50 v(2), Q||{2:e},0,2 + poflu, Q2

g,l,SrHU(t)’ Q“%E},l,z

Taking into account the condition § < % — % and using the Sobolev embedding theorem
and inequality (5.2) we obtain that

(5.9) |u(t), Qp,1,3» < Cmax{||u;(t), i=1,2} <Cpfort € Ry
Hence

(5.10) 1(t) < Cullo(®), 2y 02 + 1l (O 2y 1
Analogously

(5.11) Ix(t) = <E2va,v>{e} < C((v, Vav) oy + <|U|P+1va,v>{e} +
+ <|V$u|’"—1vwv, v>{a} + <|u|p+1|V$u|’"_1V$v, v>{a}) <
< Cullv ey p + 0, DUy 1+ C (V000 0)
Arguing as in (5.8) and using the interpolation inequality (see [34])

(5.12) 9, Vaollo,s < Cllo, Viegll1 /2,2 < Cllo, Q1e/5 1o, Q11

we obtain using that 6(r — 1) < 3r
(5.13) <|un|r_lv,vw”>{a} < C/Qe_dwo'H o] - [V o] - [Vaul" ", Vigllo,1 dag <
< Culus sy [ 70Vl lls Vel i <
< Cullu A5 h, [ el o Va2 o, Va1 doo <

<c, / eIl o, Vi 12 » dvo + 1 / el o, Vi |2 » dro <
Q Q

< Cullv(®), Qllfey 0,2 + Hllv (@), 2fey 1 2
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Hence

(5.14) Iy(t) < Cullv(®), Qlley 0.2 + Hllv(®), ATy 1.

Replace the integrals I and I in (5.6) by their estimates (5.10) and (5.14).
(5.15) Oellv(t), Al{ey 0,2 + Bllv(t), ATy 1,2 < Cllo(®), Qlfey 0.2

Applying the Gronwall inequality to (5.15) we obtain that v(¢) = 0. Theorem 5.1 is
proved. [J

Corollary 5.1. Let the conditions of Theorem 5.1 be valid and let uy(0),u2(0) €
Wb2_5’2(ﬂ). Then the following estimate is valid uniformly with respect to xy € €2

T
(5.16) Jluy(T) — ua(T), 2N By, II6 2 +/0 lus(T) = ua(T), 20 By |I7 2 <
< CeOT (el 770l Juy (0) — u2(0)[%)

Here the constants C' and Cy depend on ||u;(0), 2

b,2—6,2

The proof of the estimate is the same as the prove of Theorem 5.1 but instead of
multiplying by ve™¢1*l we should multiply the equation (5.3) by ve=¢l*=%ol,

Our main task now (after proving the uniqueness) is to establish some regularity
properties for the corresponding semigroup. They are formulated in the following propo-
sitions.

Proposition 5.1. Under the assumptions of previous Theorem the following estimate
15 valid:

T
17) (M) = ua(T). 20 B+ [ us(t) = wa(0). 20 B3t <
<CeOT [ el s (0)  ua(0), 20 By da
T€EQ

Here the constants C and Cy depends on ||u;(0), Qs 2-52 and e > 0 is sufficiently small.
Proof. Applying the estimate (2.8) to the equation (5.3) we get

T
(5.18) maQOB;mg+ﬁ;mwxamBgﬁgﬁs

<o [ et 0n By et
rEQ

+ C/O (IL1(8)v(t) 2+ |La(t) Vo (t) |2, e~cle=o0l) gt

It can be shown analogously with (5.8) and (5.13) using the Sobolev embedding theorems
W?3/22 ¢ W3 and W22 C C for §; < 1/2 and the appropriate Holder inequality
that there exists 1/2 > d; > 0 such that

(5.19)  (JZ1(t)v(t)]* + |La(t) Vv (t)?, eclo=m0l) <

< Cllu(t), QHg,rz—(s,z/ e~clz=mol||u (1), QN B;O ||g—51,2 dx
€
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Indeed, let us estimate only the most complicated term in the left-hand side of the
inequality (5.19). The rest of the terms can be esimated analogously

/e—s|:1:—w0||un|2(r—1)|v$v|2 dr <
Q
= C/ 6_6|w—:1:0||| |un|2(r—1) ’ |V$1}|2,Vw||0,1d$ <
Q
—elx—2 2(r—1
e / e~ |u, V[ PCD, - o, Vil 5 dor <

2(r—1 _ _
s02||u,ﬂ||bf;“_5,é/ge ol Vel o de

According to the interpolation inequality

|- [l2=s,.2 < CI| -

|(1J,_29 < Cu” )

521l 16,2+ wll - 13,2

we obtain that
G20 [ el Vil pde <
re

<C, / e~cle=ol|ly, QN BL||2 5 dz + p / e~cle=wol|jy, @ N BL|2, dx
€ z€eQ

Replacing the last integral on the right—hand side of the estimate (5.18) by the estimates
(5.19) and (5.20) and using (5.2) and (5.16) we obtain after some calculations that

T
(5.21) |[o(T), QN BL |2, + / lo(8), 21 BL |2, dt <

< 00T / e=elr=o0l(0), 2 1 B2 , dar+
rEQ

T
o / / o=l |(t), 2 1 BL|2., da dt
0o JzeQ ’

Multiplying the estimate (5.21) by e~ct7o=¥l ¢, < ¢, integrating over the zy € Q and
arguing in the following as at the end of the proof of Theorem 3.3 we get the inequality
(5.17). Proposition 5.1 is proved.

Proposition 5.2. Under the assumptions of the previous theorem the following esti-
mate is valid

(5:22)  [Jua(T) —u2(T), 2N Béolli_a,z + [Jur — U’2||?31*5/2([0,T]7L2(QQB;0)) <

< C’eClT/ e_€|w_$°|||u1(0) —u2(0),2N Béng—&z dx
zEeS

The proof of Proposition 5.2 is analogous to the prove of Proposition 5.1 only instead
of the estimate (2.8) we use the estimate (2.15) and the interpolation inequality

v, 2N Bgll3_s, 2 < Cullo, N B3 + pllv, N By 13_5 2

on the right hand side of the inequality (5.19).
We will need the smoothing property below for the equation (3.1) in the following
form.
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Proposition 5.3. Under the assumptions of the previous theorem the following esti-
mate is valid:

(5:23)  [Jua(T) —ua(T), 2N Bal;()”%—&,z + Jur — U2||é1—5/2([o,T],L2(QmB;O)) <

1

< =3 CeclT/ e~elm=mol) 0y (0) — u2(0), 2N Bé”%,z dx
rEQ

forT > 0.
Proof. Let us denote w(t) = tv(t) = t(uq1(t) — ua(t)) then

(5.24) Ow — Ayw — Ly(t)w = Ly () Vaw + Aow = v(t); wl,_y =0

The equation (5.24) has the form of (5.3) with the right-hand side v € C([0,T], L?)
hence arguing as in the prove of Proposition 5.2 we obtain the estimate

(5.25) [Jw(T), 2N By, |55 + [wller-s/2¢7,7417,22 (0081, ) <

T
<C [ XDl T o) el
0

Estimating the last term in (5.25) by the inequality (5.16) we obtain the assertion of
the Proposition.

Remark 5.1. Note that we cannot guarantee the uniqueness in the class of solutions
growing when |z| — oo. Indeed, let us consider the linear parabolic equation in R® in
the simplest form

(5.26) O = Ay, 0

U‘tzo -
It is known (see for instance [24]), that the problem (5.26) has a nontrivial solution
v(t, z) with the rate of growth when || — oo not exceeding el2l” . Making the change of
variables 0 = e~ 17"y we obtain the equation

(5.27) 0,0 = Ayl + K1 (2)0 + Ko(2)V,0, 0(0) =0

where the coefficients K1 and Ko have a polynomial rate of growth as |z| — oo.

This example shows that the uniqueness can be lost (even in the class of bounded
solutions) when the coefficients growth polynomially at |x| — oo. It remains to note
that the equation (5.27) is very similar to the class of equations of variation which we
obtain from our nonlinear equation when solutions u with polynomial growth as |z| — oo
are admitted.

We mention now that if the nonlinear function does not depend on V,u and satisfies
the following condition

(5.28) { L. f(u,Vou) = f(u) € C'(RF,RF)

2. f'(u) > —C Yu € R*

we have uniqueness without the requirement ||g,
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Proposition 5.4. Let the conditions (5.28) be valid. Then the problem (3.1) has a
unique solution in class (4.8) and the estimate (5.16) is valid for the solutions u; from
the class (4.8). Moreover, the constants C,C4 in it are independent of u;.

The proof of this PI‘OpOSlthIl is analogous to the prove of Theorem 5.1 but simpler
because in our case Lg = 0 and the term with L1 possesses the following estimate

(Zav,v) 2 =Cllv. Qe o

Hence the inequality (5.15) follows immediately from this inequality and inequality (5.6)
and C does not depend on u;. Proposition 5.4 is proved. [
We conclude this Section by considering the problem of differentiability with respect
to the initial data for the solutions of (3.1) under the assumptions of Theorem 5.1.
Let us consider first the (formal) equation of variation for the problem.

(5.29) { dyw — Agw + Mow + fr,(u1, Veour)w + fg o, (U1, Veur) Vew =0

w‘t:o = Wo; w‘asz =0

Here u;(t) is a solution of the problem (3.1).

Lemma 5.1. Let u1(0) € sz_(s’2 and wqy € ﬂ€>0L%E} (Q). Then there exists the unique

solution of the problem (5.29) which satisfies (2.2) for any e1 > 0 and the following
estimate s valid:

T+1
(aw)nwaQOB;mfgé lw(T), 2N BL |12, <

< C«eC’lT(e—zs|fz;—a:0|7 |w0|2)

where the constants C' and Cy depend only on ||u1(0), Q2||2—52.-

Indeed the equation (5.29) has the form of (5.3), so the estimate (5.30) can be proved
in the same way as the estimate (5.16). The existence of the solution can be deduced
from the a priori estimates (5.30) in a standard way.

Theorem 5.2. Let the nonlinear term f(u, Vzu) satisfy the following additional con-
ditions:
(5.31) |fu(p1sq1) = fr(p2; q2)| <

< Q(pr| + Ip2l) (1 + qal” + la2l") (Ipr = pal” + |1 — 2|”)

(5.32) |fe,u(P1,01) — fo,u(P2: q2)| <
< QUpil + Ip2]) (T + |aa|" ™" + la2|"™Y) (Ipx = p2I” + a1 — ¢2|”)

for any pi,ps € R¥, q1,q2 € R3*, some fized 0 < < 1 and for a certain monotonic
function Q. Let us suppose also that us(t) and uyi(t) are two solutions of the problem
(3.1) which satisfy the conditions of Theorem 5.1 and let w(t) be the solution of the
problem (5.29) with the initial condition wy = uz(0)—wu1(0). Then the following estimate
is valid uniformly with respect to ro € R:

(5.33) Nux(T) — ur(T) — w(T), 2N By 55 <

148
< CeOT (Jur (0) = ua(0) 2, eI
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for sufficiently small € > 0 and Cy, Cy depending only on ||u;(0),2||2-s.2, -
Proof. Let us denote by L1(t) = fu(u1(t), Viui(t)), L2(t) = fo,u(u1(t), Veur(t)) and
0(t) = ug(t) — uq(t) — w(t). Then the function O satisfies the following equation

(5.34) 940 — Ayl + Ao + L1(£)0 + La(t) V40 =
— (L1(t) — Li(8))v + (La(t) — La(t))Vav ; 0(0) =0

where Ly and Ly are defined by (5.4).

It can be easily obtained using the conditions (5.31) and (5.32) and inequalities (5.2)
that

(5.35) { L () = Ta(8)] < CO+ Vo (D] + [Vauz ()] (o]? +Va0]?)
Ly (t) — La(t)| < C(1 + [Vaur (8|71 + [Vaua ()7 1) (lv]? + |V,0]?)

where the constant C' depends only on ||u, ||2—s2 -

Let us multiply the equation (5.34) by e~¢1#=%0l§ and integrate over = € . Then we
get

< (ILl(t)| 16(8) [, e—elHol) + (|L2(t)| IVL0(t)| - 10(2)], e—flw—mol) +

(ILl(t) - E1(vf)||v(t)||9(t)|,e‘E'HO') + (|L2(t) — La(8)||V,0(8)]10(2)], e—elHol)

(5:36) 3,81~ 0l) 4 (IVa0(0), e=elm0l) 4 2o (|6, e=elom0l) <

Arguing as in the proof of Theorem 5.1 we obtain the following estimates for the first
two terms of the right—hand side of (5.36)

(6370 (1L 100 =) & (1Lo()1V,0) 6(2)] =)

<y (02501 (w0 )
for an arbitrary positive p. Let us estimate the other two terms. Due to the inequality
(5.35) we get
(5:38)  (1Za(t) = Lol Var(0)10(8)], e=o—1) <

< C/ e~ le=2ol(\W ul"t + 1) (Jo]? + |V,0|?)|V4v||0] d
xeQ

Let us estimate the most complicated term in the right-hand side of (5.38) using Holder

inequality with the exponents 6, 2/(1+ ) and [ (1/l =1/3 — 3/2), the estimate (5.9),

the fact that I(r — 1) < 6(r — 1) < 3r if 8 < 1 and Sobolev embedding W12 C L°.
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Indeed,
T

(5.39) / (IVau®) "1 Vo (&) 17, () e~ ) at <
0

T
<c [ el [T 0l 00 Valloa dede <
zE 0

< (i SuptE[O,T]{HU’7 Q||£,_1,1l(r—1)}><
(1+8)/2

. 1/2 T
/ e—E|CE—l'O| </ ||9(t),vm||%,2 dt) </ ||U(t),Vm||iz dt) dx S
xeQ 0 :
. 148
< CH/ e—s|:1:—900| (/ ||v(t),V:n||%,2 dt) de+
€2 0

T
+ u/ / e~clz=ol||9, V,||2 , dz dt
0 reEQ ’

Using the estimate (5.16) and the estimate (1.3) we get

T (1+8)
/ o—cla—o] / o(t), Vil|2, dt d <
rEQ 0 ’

148
< €T (|us(0) — ua(0)]?, o=t~

where €1 = 1—6%‘ Thus,

T
/ (IVau(®) "1 Vo), ()|l ) dt <
0
1+8 T
< Cue®T (Jun(0) = ua @)= i [ (Va0 el )
0
Estimating the rest of the terms in the expression (5.38) in the same way we will get
T A~
a0 [ (1al0) = LaIIT o000 ) e <
0
148 T
< e (Jur (0) = un(0) 2, e =110 ) —I—u/ (12002, el ) at
0
The third term in the right—hand side of (5.36) can be estimated analogously
T ~
G [ (1240 - @@ o) el b <
0
148 T
< CueT (s (0) = O e ) b [ (07
0

Integrating the inequality (5.36) over ¢t € [0,T] and replacing the right-hand side of
it by the estimates (5.37),(5.40) and (5.41) for sufficiently small 4 > 0 we obtain the
estimate (5.33). Theorem 5.2 is proved.
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Proposition 5.5. Under the assumptions of the previous theorem the following esti-
mate is valid

(5:42) a(T) = ua(T) = w(T) sz <
146
<o ([ el 0) - ua(0), BB )
TEQ

Where the constants C' and Cy depends only on ||u;(0), Q||2—52.-

The proof of this Proposition is analogous to the proof of Propositions 5.1 and 5.2
only instead of the estimate (5.16) we should use the estimate (5.33).

Part 2. The attractors.

This part of the paper is devoted to a study of the long-time behaviour of solutions
of (0.1) in weighted Sobolev spaces.

The attractors A,y of the problem (0.1) in the scale of weighted Sobolev spaces W(sc’f)’
are constructed in Section 6.

In Section 7 we present a new construction of the infinite dimensional unstable man-
ifold which does not require hyperbolicity of the corresponding equilibrium point.

This construction allows us to construct in Section 8 a large number of equations of
the form (0.1) which possess the infinite dimensional attractors.

The finite dimensionality of the attractors in the case where o > 0 will be proved in
Section 9.

§6 ATTRACTORS OF THE NONLINEAR EQUATION IN WEIGHTED SOBOLEV SPACES.

In this Section we obtain the existence of the attractor for the equation (3.1) in
weighted Sobolev spaces. Following the tradition we restrict ourselves by considering
only the case of power weighted Sobolev spaces W(SC;I)’ and consequently we suppose that

(6.1) g€ L%a>(Q) for a some o € R

Definition 6.1. Let us define the phase space for the problem (3.1) by the following
expression

(6.2) o) (Q) = W) N {ug| 5, = 0} if > 0
and
(6.3) 0y () = Clayay () NLETN Q) VW S2(92) 0 {uo| 5, = 0} if < 0

Here the constant § > 0 and K > 1 were defined in Theorem 3.3.

Note that all results of this Section can be straightforwardly extended to the case
g € LZ(Q) for any weight function ¢ with the rate of growth p if p is small enough.
The phase space @4 in this case is given by

g (Q) = Cpya(@) N LE (@) NWE(Q) 1 {ug] 5 = 0}

with (}S\(x) = min{¢(z), #(x)K}. But for simplicity we consider below only the case
where ¢ () = ¢y (2) = (1+ |2z|2)2/2.
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Theorem 6.1. Let the conditions of Theorem 3.3 hold, (6.1) be valid and ug € ®(4y(£2)
for some a € R. Then any solution u of the problem (3.1) satisfied (4.8) belongs to the
space Cp(Ry, @4y (2)) and the following estimate is valid for some v > 0
(6.4) Nlu(T), 23 < C([[u(0), Q|3 + [lu(0), 2/IFF)e™" +

+C(llg, Q”%a),O,Z + g, QH%f),O,Q)

Moreover the following estimate holds uniformly with respect to R — oo for some 3,y >
0

(6.5) Nu(T),2n{lz| > R}|G < C([|u(0), Q)13 + |u(0), QIIFT)e™ T+
+C(lu(0), 20 {lz| > R/2}F + [|u(0), 20 {|z] > R/2}|F")e "+
+ C1i(llg, QH%Q),o,z + g, QH%é{),o,z)e_BRWL
+Callg. @0 {lz] > R/2}[{ay 0.2 + ll9: 20 {lz] > R/2}H73 0.2)

Proof. Let us suppose first that o < 0. Then multiplying the estimate (3.4) by ¢(ay(z0)
and taking supg, of both sides of the obtained inequality we will have

sup,, co{d(ay (To)|u(T, x0)*} <
< CSuprEQ {d)(a>(a70) Sug{€_6|‘”_w°||u(0, ZC)|2}} e T4+
re

+ C'sup,, co{ (o (z0)(|g]% e 17770}

Applying the estimates (1.6) and (1.3) with ¢ = oo to the obtained inequality we will
have

||U(T)||%J<a/2>(9) < C||U(0)||%:(a/2>(sz)€_7T + C“g”%?a)(m
which coincides with the part of (6.4) for the C, /2y—norm.
Analogously, multiplying the estimate (3.13) by ¢4y (o) integrating over {2 and using
the estimate (1.3) we obtain the part of (6.4) for the LEZ’;’OLnorm.
Multiplying the estimate (3.14) by ¢(a(z0)¥, integrating over Q and using the evi-
dent inequality ¢y > ¢fg ) (since a < 0) we will have

/ be) (20) “|u(T), 2N By, [l dvo <
2o €S
< Ce T </ ¢(Ka)(ﬂ70)/ 6_6|w_$0|||U0,Q N B;HE_M da dao+
CB()EQ

e

+ / by (T0) / e_€|”_$°|||u0, an B;Hg,oo dx dxo+
o EN rEQN
K
+ / b (ay (@0) ™ {/ e~ 1m0l ug, 2 N BR[f dﬂf} dxo | e” 7T+
roEQ €
+C ¢<a>($0)/ lg(z)|%e 1o =0l da dag+
ToEQN e

K
+C ¢(a)($0)K </ |g($)|26_5|x_m°|dx> dzxo
o ER zEQ
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Applying the estimate (1.3) to this inequality we obtain

[u(T), Uik ay2—s2 <
< Ce T (IIU(U),QH?Ka),z_(s,z + [1u(0), Ql70y 2,00 + ||U(0),Q||?5,(2,oo)> +

+ 1 (Ilg, Q02+ 9 QU 0.)

which coincides with the ngg’f—part of the estimate (6.4). Thus, the estimate (6.4) is
proved when a < 0.

Let us suppose now that o > 0. In this case ¢ < ¢fg> = (ko) hence we could
multiply the inequality (3.14) by ¢(4)(70) and integrate over €2. Then after using the

estimates (1.3) and Sobolev embedding theorem W2~%2 C C we obtain the inequality
(6.4) for oo > 0.

The estimate (6.5) could be proved analogously, only instead of integrating over €2
we should integrate over QN {|z| > R} and use the estimates (1.4) and (1.7) instead of
(1.3) and (1.6).

Thus we proved that u € L>(Ry, @,y (€2)).

The continuity of u follows immediately from the continuity of U‘Qﬂ BE for every

R > 0, the estimate (6.5) and the result of Theorem 1.3. Theorem 6.1 is proved. O

Proposition 6.1. Let the conditions of the previous Theorem be valid. Then
u € CT92(R,, L(Pa)(Q)) where P =1 for « > 0 and P = K for « < 0 and the

following estimate is valid:

(6:6) Nullesr2grrsny 2, @) < CUI0), Q13 + [[u(0), 2f[F)e ™" +
+ C(Hga Q”(a) 0,2 + ||gv QH(a),O,Z)

Moreover the following estimate is valid uniformly as R — oo for some 3,~v > 0

67) Nl srnqrasn oo, @ngesryy < C(0), 23+
+ u(0), Q3K )e TR
C(u(0), 20 {l] > R/2}I3 + [1(0), 2.0 {Jo] > R/2H[3)e T+
+ Culllg, 2y 0.0+ llg, U o)+
+ Calg: 20 {lal > R/ 02+ 1920 (o] > R/2}IS 0.)-

The proof of this Proposition is analogous to the proof of Theorem 6.1, only instead
of the estimate (3.14) we should use its analogue for the C1=%/2([T, T + 1], L?)-norm,
obtained in Corollary 3.3.

Now we are in position to study the long-time behaviour for the solutions of the
problem (3.1). As we mentioned in the previous Section we do not have uniqueness

when o < 0, in general. Therefore we will use the concept of a trajectory attractor
developed in [10], [11], [35].

Definition 6.2. Let us define the space @Ta) by the following expression

—9
(68)  Of, = Oh, (R, Q) = Cloc(Ry, Doy () N e 2 (R, Ly ()
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where the constant P is the same as in previous Proposition.
Evidently the space (6.8) is a metrizable F'—space and the system of seminorms in it
1s given by the following expression

(69) ||U, [T7T+ 1],9“9"‘ = ||u‘[T,T+1]||®?‘a>([T,T—|—1],Q)’ T e R—f—
Here
(6.10) O, (IT,T +1],9Q) = O(IT, T + 1], D(ay) N C' ([T, T + 1], Lipay ()

The following assertion is an immediate corollary of Theorem 6.1 and Proposition
6.1

Corollary 6.1. Let u be a solution and let the assumptions of Theorem 6.1 be valid.
Then u € @Z"a) and

(6.11) |, [T, T + 1], 213+ < C([[u(0), QI + [[u(0), Q5" )e ™"+
+C(llg, AlTay,02 + g, QAlTa 0.2)-
Moreover the following estimate is valid uniformly with respect to R — oo for some
B,y >0
(6.12) [|u, [T, T +1],20 {|z| > R} <
< C(J|u(0), QIIF + [lu(0), YIFF)e T R
C(llu(0), 20 {Jz| > R/2}[|3 + u(0), 2N {|z| > R/2}H|F¥)e "+
+C1(ll9: QTay,0,2 + 9, QTS 0,207+
+Ca(llg, 20 {lz| > R/2}[7ay02 + lg, 20 {lz] > R/2}ITS) 0.2)
Indeed the estimates (6.11) and (6.12) follow immediately from the estimates (6.4)—

(6.7)
Let us denote by K (‘"> the set of all solutions of the problem (3.1) with an arbitrary

initial condition ug € ®(y(€2). We endow the set K<J;> by the topology induced by the
embedding

Since the equation (3.1) is translation invariant with respect to ¢ then the semigroup
{Ts,s > 0} of positive shifts along the ¢ axis acts in the space K(";O, ie.

(6.14) TK( o) C K} §>0, (Tsu)(t) = u(t + s)

(@)
Definition 6.3. The attractor A of the semigroup Ts acting in the metric space K< )

15 called the trajectory attractor of the equation (3.1), i.e. the set A(a> C K(a) 1s the

trajectory attractor for the problem (3.1) if
1. The set At’"> is compact in K{';¥>

2. The set At’“> 15 strictly invariant under the Ts—action, i.e. T, A<a> <a> for
every s > 0.
3. The set Afg) 1s an attracting set for the semigroup Ts, i.e. for every bounded

subset of solutions B C K(‘;) and for every neighborhood O(Af’&)) of the set A@) there
exists the number S = S(B, O) such that

(6.15) T:B C (9( wy) for every s > S
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Theorem 6.2. Let the conditions of Theorem 6.1 be valid. Then the equation (3.1)
possesses the trajectory attractor in the space @TOO which could be represented in the
following form

(6.16) Alny = T K o)
where Koy means the set of all bounded solutions u € Cy(R, ®(4y(2)) and I — the

restriction operator to the semiaxis R, .

Proof. The proof of this Theorem is based on the theorem from [2], [20], [33] which
gives sufficient conditions for the existence of an attractor for abstract semigroups. To
apply this theorem to our semigroup Ts we should check the following conditions:

1. The semigroup T : K&) — K("C'X) is continuous for every fixed s > 0.

2. The semigroup T5 : K<J;> — K<J;> possesses a compact attracting set P in the
space @Z" )
3. The set K(Jr) is closed in @zra).

The continuity of T and closeness of K (J;> are evident. Thus it remains to verify only
the existence of the compact attracting set. To this end we need the following Lemma.

Lemma 6.1. Let the above assumptions be valid. Then

u € C(IT, T +1], Wip /() N C' /YT, T + 1], Lpay () = Wi ()

for any T > 1. Here P is the same as in Proposition 6.1. Moreover, the following
estimate is valid

(6.17)  [ullfyy(@) < Ca([[u(0), QI3 + [[u(0), QUIF)e T+
+Ca(llg, lay0,2 + 19 QU7 0,2)
The proof of this Lemma is the same as the proof of Theorem 6.1 only instead of the
estimate (3.14) one should use the estimate (3.31).
The end of the proof of Theorem 6.2. Let us define the set

(6.18) Pr={uecOf, : |lu,[T.T+1,20 {|z] > R}|g+ <
< 2M C1(llg, Qlay,0.2 + g, QTS 0,20 P+
+2M2C(|lg, QN {Jz| > R/2}[{ay 0,2+

+lg. 20 {lz] > R/2}7302), YT €Ry; RERy}
Here the constants Cy, Cy and (8 are the same as in the estimate (6.12) and M > 0 is
a sufficiently large positive number which will be defined below. Let us introduce also
the set
(6.19) Pr={uecOf, : |lullyy, ) < 2M>Cu(llg. Qs 0.2

+ g, QH%f),o,z) , T €Ry }

where the constant Cy is the same as in (6.17).
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We claim that the set P = PLN Py C @Ta) with a sufficiently large M is the compact
+

(e
Wr(Qn BE) cc of

()
for every T'> 0 and R > 0 then due to (6.19) the restriction P‘ermBR of the set P
0

Moreover, since g € L%a>(Q) then (6.18)

attracting set for the semigroup Ts on K ) Indeed, since

(T, T +1],2 N BE)

to any ball B{ is compact in 622)‘11:6903(;%'

implies that
(6.20) |\P, [T, T +1],2N {|z| > R}||le+ — 0 when R — oco.

Thus, the set P is compact in @zra>(Q). So, it remains to check that P is the attracting
set for T on K <‘;>. To this end we introduce the family of cut-off functions gr(x) €
CS°(R?), 0 <4 <1, R > 1 such that

(6.21) Yr(x)=1if |z| < R -1, Yr(z) = 0if |z| > R and |[¢|lc: < C

with C' independent of R and the corresponding family of cut-off operators IIgv = ¢ pv.
Then since C' in (6.21) is independent of R then there exists a constant M such that
the following estimates are valid uniformly with respect to R > 1 and T > 0

(6.22) e llwr@)—wr@) <M, ||HR||®(+Q>([T,T+1],Q)—>®zra>([T,T—H],Q) <M

Let us consider now the arbitrary bounded subset B C K (J;). It means particulary that

the set By = {u(0) : u € B} is bounded in the phase space ®,y. Moreover, it follows
from the estimates (6.12), (6.17) and (6.22) and from our choice of the set P that for
every R > 1 there exists S = S(R, B) such that

Mg(TsB) C P for s > S
and consequently for s > S and any 7' € R,
(628) @HT.B, Ploy (i) < (1~ TR)(TLB)IT,T + 11,0 <
< M||TSB7 [T7T+ 1]7Qﬂ {|.I‘| > R— 1}”@7L =
=M|B,[T+s,T+s+1],Qn{|z] > R—1}|le+
Here we denote by dist{X, Y}y the Hausdorff distance between the sets X, Y C H, i.e.
(6.24) dist{X,Y } gy = sup,c x infyey ||z — yl|a

Note, that the estimate (6.12) together with the boundedness of By imply that the right-
hand side of (6.23) could be taken arbitrary small by choosing R and s large enough.
Thus, P is a compact attracting set for the semigroup {Ts,s > 0} on K ;EY). This proves

Theorem 6.2. [

One might naturally ask the relationship between the trajectory attractor and a
global attractor in the case of uniqueness.

Consider now the case @ > 0 and suppose that the conditions of Theorem 5.1 are
valid. Then the problem (3.1) has the unique solution u € C(Ry,®y). Hence one
could define the semigroup S : ®(,y — P,y by the formula

(6.25) Siu(0) = u(t) , u is the solution of the problem (3.1)
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Corollary 6.2. Let « > 0 and the conditions of Theorem 5.1 be valid. Then the
semigroup (6.25) possesses a (global) attractor Ay = A‘Z’CIX) in the space ®oy. Moreover

(6.26) A9L = Al

(a) () lt=0

Indeed, multiplying the estimate (5.22) by ¢(4)(70) and integrating over zo € Q we
obtain after simple calculations that

lur = ua, [T, T +1], Q[+ < Ce™[lur(0) — u2(0)l3,,

for every two solutions u; and uy and for certain positive constants C' and K (which de-
pend in general on the @,y norms of the initial values u;(0) and u2(0)). This estimate
implies that the trace operator Il : @2-0&) — @4y defined by the formula Ilgu = u(0) re-

alizes a Lipshitz continuous homeomorphism between the spaces K", and ®,,. More-
(o) (a)

over under the conditions of Theorem 5.2 this homeomorphism will be in fact a C*-
diffeomorphism (it can be derived analogously, using the estimate (5.42)). Thus, the
semigroups Sy, and T}, defined by (6.25) and (6.14) correspondingly, are conjugate by
homeomorphism and consequently the assertion of Corollary 6.2 follows immediately
from Theorem 6.2.

Remark 6.1. In the case when we do not have the uniqueness theorem for the equa-

tion (3.1). The set A%)’ defined by (6.26), could be interpreted as the attractor of a

multivalued semigroup, defined by (6.25) (see [3], [5]).

Let us consider now the dependency on « for the attractors A’zg).
Theorem 6.3. Let the assumptions of Theorem 3.3 be valid and let
(6.27) g € Ly().

Then any solution u € NesoCh(R, T/V{i__}‘s’2 (Q)) belongs to the space

(6.28) u € Cp(R, @4y (2))

Moreover the following estimates are valid uniformly with respect tot € R and o € R:

(6.29) { (), 20 BL 355 < C (g% e=ele=m0l) + (g2, e=sle=m0l)K)
[u(t, zo)|* < C(|g]?, e~ >l7=ol)

Here K 1is the same as in Theorem 3.3.

Proof. The estimates (6.29) follow from (3.14) and (3.4) by passing to the limit T — oo.
The assertion (6.28) follows from the estimates (6.29) as in the proof of Theorem 6.1.

Corollary 6.3. Let the assumptions of Theorem 3.3 be valid and let
(6.30) g€ Li(Q).

Then any solution u € NesoCh(R, T/V{ZE_}‘S’2 (Q)) belongs to the space

(6.31) we LR, W2 "(Q)).
Moreover the following estimate is valid uniformly with respect to t € R and xy € R:

(6.29) lu(), 20 Bz, [3-52 < C (g, QI3 26 + g 205 55,0) -

Here K is the same as in Theorem 3.3.

Corollary 6.3 is evident and we leave its proof to the pedant reader.
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Corollary 6.4. Let the conditions of Theorem 6.3 be valid and let g € L%m)(Q) N
L7, (Q). Then
tr _ ptr gl _ 44!
(6.32) 0y = Alayy and A(m) = A<a2>
Indeed the equalities (6.32) follow immediately from the representation (6.16) and
from the assertion of the previous Theorem.
Remark 6.2. The equalities (6.32) mean that the attractors A?’;) are independent of

«. Thus we sometimes omit below the index (o) and write A instead of ‘AZX)'

§7 THE UNSTABLE SETS.

In this Section we study the unstable sets of the equilibrium points for the equation
(3.1). For simplicity we restrict ourselves to a scalar case (k = 1) and assume that the
nonlinear term f is independent of V u,

(7.1) f(u, Vou) = f(u) € C*(R).
Let zy be an equilibrium point for the problem (3.1), i.e.

_Amz + 20) + AoZo =
(7.2) { o + f(20) 020 = 9
20/ 90 = 0
Moreover the right-hand side g is assumed to belong to the space LZ({2) and conse-
quently zo € W22 ().
Let us consider a function w = v — z5. Then
(7.3) { B — Agw + ['(z0)w + Aow = —[f (w + 20) — f(20) — f'(20)w] = F(w)
w[q = 0.
Notice, that by the definition of F,
(7.4) F(0) =0 and F'(0) = 0 consequently F(w) = ®(x, w)w?
where ® € C(Q2, C1(R)).
Definition 7.1. The unstable set of the equilibrium point zq is defined to be the follow-
mng set:
(7.5) MT(20) = {wo € WH(Q)NC(Q) : Jw € C(R_,WH23(Q) N C(Q)),
w(0) = wo, w— satisfies (7.3) and lim w(t) =0}

li
t——o00
The main task of this Section is to prove that under natural assumptions the unstable
set M™T(2p) contains Cl-manifolds of an arbitrary large dimension. We shall use this
result in the next Section to construction examples of equations (3.1) with infinite
dimensional attractors.
We are going to apply the implicit function theorem to the equation (7.3). To do it
we study first the linear nonhomogeneous problem of view (7.3)

(7.6) 0w + Lw = h(t)

Here L = —A, + f'(20) + Ao. For every v € R we introduce the spaces
H=w2(Q)nC(Q)

(7.7) Cy(H) ={ue C(R_,H): |ully =sup,cp_e[Ju(t)||m < oo}
Cy(L?) = {u e C(R-,L*(Q)) : |lully = supyer_ e”[[u(t)]|z2 < oo}
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Lemma 7.1. Suppose that v € R does not belong to the spectrum of L in L2(Q). Let
also P be the spectral projector—valued measure, which corresponds to the selfadjoint
operator L in L*(Q) (see [15]). Then for any h € C,(L?*) the problem (7.6) with the
initial condition P((—oo,v])w = 0 has a unique solution w € C,(H), i.e. this problem
defines the linear continuous mapping

(7.8) Ry : Cy(L?) = Cy(H), Ry(h) = w

Proof. The assertion of this Lemma can be derived by standard arguments. For the
convenience of the reader we give below a sketch of this proof.

According to the spectral theorem for selfadjoint operators (see [15]), there exists
a measured space (M, ), a measured function [(m) and a unitary transformation U :
L?(Q) — L*(M, v) such that ULU™! = [(m)-, i.e. the operator L is equivalent to the
multiplication operator I(m) in the space L2(M,v). Applying the operator U to the
equation (7.6) we obtain an equivalent equation in the space M.

(7.9) By W(t) + L(m)W(t) = h(t)
where w = Uw, h=Uh.

Without loss of generality we can assume that v = 0 ¢ o(L). Let My = {m €
M, I(m) > 0} and M_ = {m € M,I(m) < 0}. Since 0 ¢ o(L) then there exists p > 0
such that I(m) > p > 0 for almost all m € M, and I(m) < —p < 0 for almost all
m € M_ and the condition P((—o0,7))w(0) = 0 is equivalent to w(0) = 0 for m € M_.

Moreover, it is easy to verify that W, >(Q) = L2(M, |I|v) and

(7.10) wwmzémm%wm

Let us consider the equation (7.9) separately for m € M and for m € M_. First let
m € M. Then all solutions of the problem (7.9) are given by the following expression

t
(7.11) w(t) = Ce™!m?t 4 / e~} (s)ds, C e R

— 00

Let us estimate the integral I;(t) = fioo e_l(m)(t_s)ﬁ(s) ds on the right-hand side of
(7.11) by the Holder inequality

t t
|/}\L(8)|26—l(m)(t—s)ds/ —Lm) (t=9) g <

— 00

wn>ust/

— 00

Consequently,

t
(7.13) / mmmm%wms/ 1(8) |2 564 ds < Cl|hllnzs)-
M

—00

Thus, the unique solution of (7.9) for m € M, which is bounded with respect to t — —oo
is given by (7.11) with C' = 0.
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Let us consider now the equation (7.9) for m € M_. Then the unique solution with
zero initial conditions is given by

0
(7.14) w(t) = / el M=) (5) ds.

t
Arguing as in the derivation of the estimate (7.13) we obtain that

(7.15) —/ [m)|@(t)[*v(dm) < Clhllcy(r2)-

The estimates (7.13), (7.15) and (7.10) imply that our problem has a unique solution
w € Co(Wy'?) and the following estimate is valid

(7.16) lwllgy sy < Cllallca(ze)-

To prove the lemma it is sufficient to deduce from (7.16) the estimate for the C-norm
of w. Let us consider wy(t) = (t — T — 1)w(t), T < 0. Then

Oyw1 — Agwi +dowy = —(t—T = 1) f'(z0)w +w(t)+ (E—T —1)h(t) , w1 (-T—1)=0

Applying the estimate (2.25) for this equation at the point ¢ = T and using the fact
that zo € Cp(2) we obtain that

(7.17) sup,q [w(T,2)[* < sup {[lw(t)
te[-T—-1,-T]

16,2 + 17115 2}
The assertion of the Lemma is an immediate corollary of the estimates (7.16) and (7.17).
This proves Lemma 7.1.

Definition 7.2. Let zy be an equilibrium point of the equation (3.1), i.e. let zo be a
solution of (7.2). Then the unstable index Ind,, of the equilibria point zy is defined to
be the dimension of the spectral subset of L which corresponds to the negative part of
the spectrum

(7.18) Ind,, = dimIm P(—o0,0) = dim L*(M_, v)
(see Lemma 7.1).

Theorem 7.1. Let (7.1) hold and zo be the equilibria point of (3.1) such that Ind,, = oco.
Then the instable set MT(zo) contains C*—submanifolds of H with an arbitrary large
dimension. (Note that the hyperbolicity of zo is not assumed.)

Proof. Let 7ess = inf{A : X\ € 0es5(L)}. Then Ind,, = oo implies that vess < 0. First
consider the case when 7.5s = 0. Then the negative part of the spectrum o (L) consists
of a countable infinite number of normal eigenvalues with finite multiplicities. Moreover
the set 0.(L) = {\ € (L) : A < —¢} contains only a finite number of eigenvalues for
any € > 0. Using the standard technique (see [2]) one can prove that for any £ > 0,
—e ¢ o(L) and for a sufficiently small 5 > 0 the set

M;B(zo) ={wo € H: Jw e CR_,WH*(Q)NC(Q)), w(0) = wo,
w— satisfies (7.3), . lim e ||w(t)||g < oo and ||w(t)|| g < B}
——00

is a C'-manifold in H with dim Mzﬁ(zo) = dimIm P(o.(L)). The evident assertion
dimIm P(o.(L)) — oo when € — 0 proves Theorem in this case.

Thus, the main problem is to prove the Theorem in the case when 7,55 < 0 (especially
in the case when L has only continuous spectrum without lacunas). To this end we need
one more lemma.
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Lemma 7.2. Let y € R and let H; = P((—o00,])L?*(2). Then the problem
ow~+ Lw =0
(7.19) { i
P((=00,7))w(0) = wo

has a unique solution w € C,(H). Thus, the problem (7.19) defines the linear continuous
mapping

(7.20) Sy HS — Cy(H), Sywo=w

The assertion of this Lemma can be derived analogously to the proof of the previous
Lemma but even more simply and hence we omit the proof here.

The end of the proof of Theorem 7.1. Recall that it remains to consider the case y.ss < 0.
Let us fix Yess < 0 < 0 such that 299 < 7ess and 2y ¢ o(L). It is possible to do this
because the part of o(L) which satisfies A < 7,55 is discrete. Moreover due to vo > Vess,
dimH = oo. We are going to prove that the set M’_L%ﬂ is an infinite dimensional
manifold in H for sufficiently small g > 0.

We should find the solutions of the equation (7.3) in C.,,. To this end we rewrite this
equation in the following form:

(7.21) w = Sy, wo + Ray, F(w)

where wo € H . Indeed it follows from (7.4) that F(w) € Cay,(L?) for w € C,, (H).
Moreover simple checking implies that every solution w of the equation (7.3) from the
space C,, (H) satisfies (7.21) with an appropriate wy and the inverse assertion also holds.

Let us apply the implicit function theorem to equation (7.21). To be more rigorous,
define a function

®:C,(H) x Hyy — Cy (H), ®(w,wo) = w — Syywo — Ray, F(w)
It is not difficult to check using (7.4) that ® € C! and that 9,®(0,0) = Id. Hence due
to the implicit function Theorem (see, for instance [37], [30]), there exist neighborhoods

Hg C H and Vg C C,,(H) such that the unique solution to the problem (7.21) in Vg
is given by the function W : Hg — Vj i.e.

(7.22) ®(W (wp), wo) = 0

Consider the function M (wp) = W(wo)‘tzo : Hg — H. Then it follows from (7.22) that
M € Cl(Hg,H) and

P(A < 40) Doy M(0) = Id, P(A > ) Dy, M(0) =0

and consequently, the set ./\/l:'y'0 5(20) = M(Hp) is an infinite dimensional C'-manifold,
diffeomorphic to H7 . Theorem 7.1 is proved.
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§8 A DIMENSION OF THE ATTRACTOR. THE CASE OF INFINITE DIMENSION.

In this Section we will study the dimension of the attractor A,y of the equation (3.1)
in the case o < 0. It is also assumed throughout this Section that the equation (3.1) is
scalar (k = 1) and the nonlinear term f is independent of V,u and satisfies (7.1).

For the reader’s convenience we recall shortly the definition Hausdorff dimension and
some simple properties of it.

Definition 8.1. Let X be a compact set in metric space H. Then for anye > 0,d >0
Hausdor{f (d,e)—measure is defined to be the following number:

(8.1) pr(X,d,e) =inf{) rf: X CUX, B, |ri| <&}
=1

By means a ball of radius r; centered in x; € H and the infinum is taken over all
coverings of the set X.

The Hausdorff d-measure pug(X,d) of X and the Hausdorff dimension dimg(X) is
defined to be the following numbers:

{ pa (X, d) =sup.so pu(d,e) € [0,00]

(8-2) dimpg (X) = inf{d : pp(X,d) = 0} € [0, ]

A detailed study of the concept of Hausdorff dimension is given for instance in (see
[33] and the references therein).

Proposition 8.1. The following properties of Hausdorff dimension can be easily de-
duced from Definition 8.1:
1. Let X1,Xo CH and let X1 C Xo. Then

(8.3) dimg(X1) < dimg(X3)

2. Let X be a Lipshitz manifold in H with dimension N. Then
(8.3) dimg(X) =N

3. Let L : H — Hq be a Lipshitz mapping ( H,Hi are metric spaces). Then
(8.4) dimy (L(X)) < dimpg (X)

Let us suppose now that the assumptions (7.1) and (3.2) are valid and suppose that
the right—hand side g of the equation (3.1) satisfies the following condition:

(8.5) g € L) N 13,()

for a certain @ < 0. Then according to Theorem 6.2 the problem (3.1) possesses a
trajectory attractor AY" in the space @?’a>(Q) defined by (6.8). Let us define also the
set A9' by formula (6.26). Then Corollary 6.3 implies that A9 is a bounded set in
w2 ~%2(Q). Hence it follows from Theorem 5.1 that the solving operator S for the
problem realizes a one-to-one correspondence between A9 and A":

(8.6) S A9 Al
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(it means particularly that the problem (3.1) has a unique solution for any ug € A9').
Moreover if we endow the attractors 49" and A with the topology induced by the
embeddings A9 C D0y (2) and AT C @2;> respectively then Proposition 5.2 implies
that (8.6) is a Lipshitz continuous isomorphism (see also the proof of Corollary 6.2) and
consequently, due to Proposition 8.1,

(8.7) dimg (A““\ o

. l
arer O (1T + 1],9)) = dimyr (A, Do)

for any T € R;. Thus, instead of studying the dimension of trajectory attractor A’é%
in the space @Zt!)’ we will study the dimension of 49" in the space Doy ().

Theorem 8.1. Let the above assumptions be valid and let Ind,, = oo for some equilib-
rium point of the equation (3.1). Then the attractor A9 of the equation (3.1) has infinite
Hausdorff dimension in ®,y. Moreover for every N € N it contains a Ct-manifold My
of dimension N.

Proof. This Theorem is a corollary of Theorem 7.1. Indeed, according to Theorem 7.1
for every N € N the unstable set M™ () (see Definition 7.2) contains a C'-manifold
M of dimension N. To complete the proof it remains to verify that M¥(z9) C A9.
Let ug € M (2). By definition it means that there exists a solution u(t) for £ < 0 for
the equation (3.1) such that u(t) — 29 € Co(R_, W1H2(Q) N C(Q)) and u(t) — 2o when
t — —oo. Recall also that due to Theorem 6.3 29 € @4y (Q2) N Cp(£2). Since o < 0

then u € Cy(R_, W@?(Q) NCy(€2)). Rewriting the equation (3.1) in the form of a linear

equation
(8.8) Oru = Agu — Aou — h(t) with h(t) = f(u(t)) —g, t <0

and applying the smoothing property for the equation (8.8) (as in the proof of Propo-
sition 5.3 one can easily obtain that u € Cy(R_, @4 (€2)). Consequently, ug € @4y (92).
Hence, according to Theorems 4.2 and 6.1 there exists a solution u(t), t > 0, u(0) = wug
of the problem (3.1) and u(t) € Cy(Ry,P()(2)). Thus, we construct a solution
u € Cp(R,®(4)(?)) and u(0) = uy. Theorem 6.2 implies now that uy € A9". The-
orem 8.1 is proved.

We conclude this Section by constructing explicit examples of the equations in (3.1)

which have an infinite dimensional attractor. For simplicity we assume below that
Q=R3

Theorem 8.2. Let Q = R3, a < 0 and the nonlinear term f satisfy (7.1). Let us
suppose also that the equation (3.1) is nonmonotonic, i.e. there erists & € R such that

(8.9) f'(&) + X0 <0.

Then there exists a right-hand side g € L?a>(Q) NL2(Q) of the equation (3.1) such that

the attractor of this equation A9 has an infinite dimension in Dy (2).

Proof. Due to the previous Theorem it is sufficient to construct the right—hand side
g in such way that the equation (3.1) possesses an equilibrium point zp with infinite
unstable index.

We begin by constructing an equilibrium 2y and afterwards we define the right—hand
side g by the formula

(8.10) g=—Azz0 + Xozo + f(20)-
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For every R > 0 consider a smooth function Qgr(z), z € R such that Qgr(z) = 1 for
|z| < R, Qr(z) =0 for |2 > R+ 1 and 0 < Qr(z) <1 for R < |z| < R+ 1. Consider
also a sequence {x, }nen, 7, € R3 such that

(8.11) |z — 2] > 2R+ 2 for i # j.

Define the equilibrium point zp by the formula
(8.12) 20(x) =Y Qr(jz — )
n=1

Then due to conditions (8.11), zg € Cy(R3) and |zo| < €.

Lemma 8.1. The unstable index Ind,, of the operator

(8.13) L., = =2+ f'(20) + Ao

is equal to 0o for sufficiently large R and for an arbitrary sequence {x,} which satisfies
(8.12).

Proof. We will use the min-max principle (see [33]) for the calculation of the unstable
index of the self-adjoint operator L,, in the following form: suppose there exists N-
dimensional subspace Vy C W1H2(R3) such that for a certain € > 0

(8.14) (Lyv,v) +e(v,v) <0 for any v € V.

Then Ind,, > N.
For k£ > 0 consider the function

op () = { sin(xy/k) sin(zo/k) sin(zs/k) if 2 € [0, k7]
= o it ¢ [0, kr]?

Then it is not difficult to verify v, € W2(R3) and

(8.16) (Ao, v) = — (w5, 08,

1.2
Let us fix now the constant k such that % + Ao + f/(£) < 0 and let the constant R
be chosen such that 37k < R. Fix also a sequence {z,} satisfying (8.11) and define a
sequence of functions

(8.15)

(8.17) en(x) = vg(x — xy,)

Then supp e; Nsuppe; = @ for i # j and zp(r) = £ when = € supp e,. Consequently
3
k2
Taking Vy = span{ey,---,en} and applying (8.14) we obtain that Ind,, = oo. Lemma
8.1 is proved.

(8:18)  —(Lzyensen) = ((Az = Xo = f'(€)) vk, vk) = = (33 — Ao = f'(&)) (ve, v&) > 0

To complete the proof of Theorem 8.2 it remains to fix the sequence {x,} in such a

way that the function g defined by (8.10) belongs to the space L7, (R).

Lemma 8.2. Let z; = (1,1,1) and x,, = Re™x1 for n > 1 (R was defined in Lemma
8.1). Then the function g defined by (8.10) belongs to the space L%a>(Q) for any o < 0.

The proof of this Lemma is based on the fact f(0) = 0 and can be obtained by a
direct computation. Lemma 8.2 is proved. Theorem 8.2 is proved.
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§9 A DIMENSION OF THE ATTRACTOR. THE CASE OF FINITE DIMENSION.

In this Section, under some natural assumptions on the nonlinear term f(u, V,u) we
prove that in the case when the right—hand side g of the equation (3.1) belongs to the
space L%a>(Q) for a some o > 0 the attractor A9 of this equation has finite Hausdorff
dimension in ®,. For simplicity we will consider below only the case when a = 0 and
Q= R3. The case a > 0 could be treated analogously.

Let us suppose that the assumptions of Proposition 5.3 are valid. Then, integrating
the estimate (5.23) over 29 € = R™ and using the estimates (1.3) and (1.10) with &« = 0
we obtain that the following estimate holds uniformly with respect to uy(0), uz(0) € A9,

at

(&
(9.1) lus(t) — uz(t), R[l3 5,5 < C 5 [[u1(0) — u2(0), R®|[5,2-

Here wu;(t), i = 1,2 are solutions of the problem (3.1). Using the invariance property of
the attractor (Sp.A9 = A9) and the third assertion of Proposition 8.1 one can easily
deduce from (9.1) that

(9.2) dimgr (A7, &gy (R?)) = dimp (A%, L*(R?)).

So, instead of estimating the dimension of A9" in the space @ (R?) = W2 %2(R3)
we estimate below its dimension in a simpler space L?(R3). To this end we need the
following definition

Definition 9.1. A map S : A — A where A is a subset of certain Banach space X is

called uniformly quasidifferentiable on A if for any x € X there exists a linear operator
S'(z) : X = X (quasidifferential) such that

(9-3) 1S(z +v) = S(x) = S"(x)v]x = o([lv]lx)

holds uniformly with respect tox € X, x +v € X.
The estimation of the dimension of the attractor A is based on the following theorem.

Theorem 9.1 [33]. Let S; be a semigroup in a certain Hilbert space H and let A C H
be a compact strictly invariant set of this semigroup (St A = A). Let us suppose also
that Sy is uniformly quasidifferentiable on A for any fized t and the following inequality
holds for some T > 0

(9.4) wa(A) = sup wg (Sp(z)) < 1
z€EA
where wq(L) = ||AL||pagr is the norm of d-th exterior power of the operator L in

Hilbert space A*H (see [33]). Then the Hausdorff dimension of the set A is finite in
H. Moreover,

(9.4) dimg (A, H) < d

Lemma 9.1. Let all of the assumptions of Theorem 5.2 be valid and let g € L*(S2) then
the semigroup Sy : ®(oy — Py generated by the equation (3.1) is uniformly quasidiffer-
entiable in the space L?(Q) on the attractor A.

Proof. The assertion of the lemma is a corollary of the estimate (5.33). Indeed let
u1(0),u2(0) € A and let w(t) be the solution of the problem (5.29) with w(0) = u1(0) —
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u2(0). Then integrating this estimate over xy € R? we obtain after simple computations
that

9.5) Nl (T) —ua(T) — w(T),R3||2 5 < C1e% T [|ug (0) — uz(0), R® |54 7

where the constants C; and C3 depends only on norms ||u;(¢)||¢ which remain bounded
on the attractor.

The estimate (9.5) implies by definition that the semigroup S; is uniformly quasidif-
ferentiable on the attractor in the space L?(R®) and its quasidifferential coincides with
a solving operator for the problem (5.29). Lemma 9.1 is proved.

Thus, to estimate the dimension of the attractor it remains to estimate d-th exterior
powers of the solving operator for the problem (5.29).

Lemma 9.2. Let the assumptions of Lemma 9.1 be valid. Then
(9.6) wa(Sh(ug)) < efo Tra{L(u(t)} dt

where u(t) is a solution of (3.1) with u(0) = uy € A,

(9-7) L(0) = Ay = Xo = £,,(0, Vb)) — f,.(0, Vab))

and Trgy means a d-dimensional trace of the upper semibounded linear operator L, i.e.

d
(9.8)  Tre(L) = Sup{Z(Lvi,vi) t villo2 =1, i =1...d; (vi,v5) =0 fori#j}
i=1

The proof of this Lemma can be found for instance in [33].

Lemma 9.3. Let the operator L(-) be defined by formula (9.7). Then for any 0 =
O(x) € A and for any d € N the following estimate is valid:

Aod
(9.9) Tra{L(0)} < —% +Q(llg. R [lo,2)[lg. B

|2
0,2
where () is a certain monotonic function independent of d

Proof. Let {v;}¢_; be the orthonormal system in the space L?(R3). Then, due to the
Holder inequality,

d d d
(9.10) Z(va'7vz’) = —/RS (Z|vai($)|2> dz — Ao /R3 (Z|U¢($)|2> -

=1

R?)

— [ f,(0(x),V.0(x)) < Ivi(.r)|2> de—

=1

— /R3 flku(g(l')avmg(ﬂf)) (Z vaz(l')vz(l')> de <

=1

— %/RS (; |va¢(a7)|2> dx — Ao /RS (Z |vz(;,g)|2> dr+
/ 1 / 2 : 2
# [ (10000 Va0 + 516,000 V00 (Z i) ) i

=1



Let us estimate the last term in the right-hand side of (9.10). To this end we note that
the first assumption of (3.2) implies that

(911) fu(0,0) >0 and fvxu(O,O) =0.

Since f € C* then there exists 8 > 0 such that 1| f/ (u,v)|*> = f}(u,v) < Xo/2 for |u| < 3
and |v| < . Let us fix such # > 0 and introduce the set

(9.12) Op = {z € R :|0(2)| < B, |Vab(z)| < B}

Then, by definition

(9.13) I(z) = 5| fg,p(0(x), Vab (2))[* = f5(0(), Vo)) < Xo/2

(NN

for every x € Qg. Therefore, using (9.13), Lieb-Thirring inequality (see [25])
d 5/3 d
/ Sl@P | dr < o/ SO |Vavi()? ) do,
R \i=1 R \i=1
and Holder inequality with the exponents 5/3 and 5/2 we obtain that

(9.14) I(z) | Y |vil@)]? | do < Xo/2 Xd]v,-(x)ﬁ dz+
R3 Q

i=1d =1

d
L (; |v,~<:c>|2) I <
d d
< Xo/2 /R (Z |v,.(g;)|2> dz +1/2 /R (Z |V$v,~(:p)|2> dz+

+/ |[(x)|5/2dx
R3\Qg

Thus, it remains to estimate the last integral into the right-hand side of (9.14). To this
end we recall that 6 € A, since according to (6.29) we infer that

lo.2)llg, R®

13,2

(9 15) { ||9’R3||(2),2 + ||V$9,R3||%,2 + ||97R3||%—5,2 < Ql(“gaRS

10,8 Jlo,00 < Cllg, R0,

for a certain monotonic function Q).
The estimates (9.15) imply that

(9.16) mes (R*\Q3) < Q2(|lg, R?

lo,2) 19, B[

Moreover, it follows from the assumptions (5.1) that

(9.17)  [I(=)]* < Q(l6, R’

J0,00) (1 + [ Vo0(2)”/2) < Q3(/lg, R®[lo,2) (1 + |V.0]")
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with [ = max{2,5r/2}. Estimating the last integral in the right-hand side of (9.14)
using (9.16) and (9.17) we will have

(9.18) / |I(a7)|5/2§Q3mes{R3\Qg}+Q3/ V,0(x)|'dz
R3\Qj5 RS

< Qu(llg, R?
S Q4(||g, R3
Here we also use the Sobolev embedding W' C W?27%2 which holds since § < 1 — 1

2
and the estimate (9.15).
Combining the estimates (9.10), (9.14) and (9.18) we obtain that

lo.2)l19, R [13 2 + Qall6, R*|I1,
l0.2)l19: B (152 + CQ3l10, B [l3—s.2 < QUllg, B®[lo,2) lg, R®

16,2

d
1 Lv;,v;)) < ——— , R
(9.19) S (T < 294 Qull

i=1

l0,2) 19, RP[[§ -

The estimate (9.9) is an immediate corollary of (9.19) and (9.8). Lemma 9.3 is proved.

Theorem 9.2. Let the previous assumptions be valid. Then the attractor A9 has the
finite Hausdorff dimension:

(9.20) dim(A*, L2(R*)) < Q(llg, R*[lo.2)llg. R®

|
0,2
whtZHZ Q ZS a cel tilin mOTLOtO’I’I,ZC f“‘nctil)n.

The assertion of this Theorem is an immediate corollary of Theorem 9.1 and Lemmata
9.1,9.2 and 9.3.

Remark 9.1. Let us consider now a slighty modified equation of the form (3.1)
(9.21) Opu = vAzu — Aou — f(u, Vgu) +g

where v > 0 is a small parameter. Then arguing as in the proof of Theorem 9.2 one can
obtain the following estimate for the Hausdorff dimension of the attractor A, of (9.21):

Q9,2 l0,2)llg, R*||3 o

(9.22) dim(A,, L*(R?) < =

14

where the monotonic function Q is independent of v and the exponent P = P(r) can be
expressed explicitly.

Remark 9.2. If the nonlinear term f(u,Vzu) is independent of Vu (f(u,Vzu) =
f(w)) then arquing as in the proof of Theorem 9.2 we can obtain a sharper estimate for
the dimension of the attractor to the equation (9.21) (see [16]).

lg: B3 2

(9.23) dim(A,, L*(R*)) < Cf 372

Moreover, this estimate cannot be improved, i.e. there exists a sequence of right—hand
sides g, € L*(R®), v — 0 such that

9., R3
3/2

13 g, R2[I5

0,2 _ 1. 2 T3
(9.24) o < dim(A,, L*(R’)) < Cf Y
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