then the coefficients Hy, Ha, ... are the densities of conservation laws [6]. Thus, the Lax equations (3),
and hence system (2), are hydrodynamically integrable.

The hodograph method is a local procedure which does not provide an answer to the question as to
whether the solution of system (2) exists for all ¢.

It is known that the one-dimensional Lax equation (5) with an initial condition periodic in z is not
uniquely determined on the entire range of t. Apparently, owing to the absence of dispersion, for any N
there exist initial conditions for the system such that the solution is only defined on a finite interval of

time.
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In the half-cylinder 4 = R4y X w, where w is a bounded domain in R™ with sufficiently smooth
boundary, we consider the elliptic system

a(8fu + Au) + 10 — flu, t) = g(t), (1)

ult=0=u0’ ulawZO'
Here u = u(t,z) = (u1,...,ux), ¢ = g(¢,z), and f(u,t) are vector functions, (¢,2z) € Q4+, A is the
Laplace operator with respect to the variable z = (zy,...,z,), and v and a are constant matrices

(7, a € L(R¥, R*¥)); moreover, a = a* > 0. It is assumed that g belongs to the space [L};’C (R4, L,,(w))]k
and, for some p > n + 1, has a finite norm

lgle = sup [lg, UL, < oo, where 0, =[t,t + 1] X w.
2€R+
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The nonlinear function f satisfies the following conditions:

f € C(R* x Ry, R¥),
flu,t).u > —=C; + Caolu|*™, e>0, C;>0, (2)
|f(u, )] < Q([ul), where @: Ry — Ry is a monotone function.

Here and in the following, by u.v we denote the inner product on R*. The initial condition ug is assumed
to belong to the space

Vo = [Ham1/p o) N HY ()] (uo € Va)
(see [1]).

A solution of problem (1) is understood as a function u that belongs to the space [Ha ()] * for all

t> 0, where Q; = [t,t + 1] X w, and satisfies (1) in [L?C(Q_*.)]k . (Here and in the following by H; , we
denote the Sobolev space of functions whose generalized derivatives of order < [ belong to L, [2].) The
set of all solutions of problem (1) in this sense will be denoted by V(uo).

A bounded solution of problem (1) is understood as a solution, u, that additionally satisfies the condition

llulla = sup [|u, Ql#,,, < oo.
teR;

The set of all bounded solutions of problem (1) will be denoted by V,(uo).

Bounded solutions of problem (1) under various conditions imposed on the nonlinear function f were
studied by many authors [3-5].

It was proved in [5] that under the cited conditions the set Va(uo) is not empty and the estimate

lu, rll2,p < Rlluollve)e™*T + R(lgla) 3)
is valid, where @ > 0 and R is a monotone function independent of u,.
The main result of the present paper is as follows.

Theorem 1. Suppose that the above-mentioned conditions are satisfied. Then V(uo) = V,(uo) and
the estimate

[l QT”z,p < R(”“O“Vo)X(TO -T)+ R(lgla) ’ (4)

stronger than (3), is valid. Here x(z) is the Heaviside function, which is equal to zero for z < 0 and is
equal to 1 for z >0, and Ty = To(f, |9le) > 0 is 2 number independent of uo.

The proof of Theorem 1 is based on a series of auxiliary statements, which are of some interest in
themselves.

Lemma 1. Let uo € V(uo) and y(t) = (|u|P,1), where (u,v) is the inner product on L(w) and
lu] = [au.u]*/?. Then y"(t) € L'*°(R}) and

y"(8) = BPy()ly(B)|* > h(t) ()
for some o >0 and 8 >0 and for h(t) = -C(1 + [[g(t)”f]”p) .

Proof. Consider the inner product of Eq. (1) by u|u[?~2 in [Lz(w)] * . After simple manipulations, we
obtain

1 4(p—2
L2t (1, 1) - K22 D g, + [ )
= —(y8u, ululP~?) + (g, wlulP™?) + (f(u), ululP~?) + (|6w]? + [Vul?, [ulP~?). (6)
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Let us obtain a lower bound for the right-hand side of (6) with the help of the Holder inequality and
condition (2). Then we obtain

8 (lu@®)P, 1) = C(lu(®)**, 1) 2 A(2). (")

To estimate the second summand in (7), we use the Jensen inequality

(woP*,1) = [ p*de = [ P} do > c<w>( [ dx)1+€/". s)

On substituting (8) into (7), we arrive at the estimate (5). O

Lemma 2. Suppose that y(t) > 0, y” € L'**(Ry), and inequality (5) is satisfied. Then

T41
y(t)<C (y(O)x(to -+ 1+ | o dt) ,

where C and to are independent of y.
The purely technical proof of this statement is omitted.
Corollary. Let u € V(ug). Then the estimate

lu®llo.p < Cr(x(to = lluollve +1+1gla +1),  C1>0,
is valid.
Lemma 3. Let u € V(ug). Then for T > 1 one has the estimate
flu, Qrllo,c0 £ C(1+lu, Qr-1,742]l0,p + l9la) (9)
where Qr_1 1742 =T~ 1, T+ 2] x w.

Proof. Consider the inner product of (1) by ulu|?7"? in [Lz(w)]k (¢ > 2). Arguing just as in the
derivation of (6) and (7), we obtain

2 2 _
10elul? ][y , + [[VIul?[l; , < Ca(8F (ful”, 1) + (g, ulul™?) + (1ul?, 1))- (10)
Now consider the family of domains G™ = [T -2 ™™ T +1+2™™], m >0, Q" = ™ X w, and a
family of cutoff functions @m(t) € C§°(R) such that p,(t) =1 for t € G™*! and @pn(t) =0 for t ¢ G™.
Obviously, the family ¢, can be chosen so that |pl,(t)] < C2°™, where C is independent of m. We
multiply (10) by ¢m(t) > 0, integrate with respect to ¢, and use the elementary formula

omOEF = 8(pmdF) = A@nF) +¢hF,  F=(jul,1),
to obtain the estimate
Hlu["/z ,Qmtl Hf,z < Cyq2°™ (1 + |lu, QmHg,q + Lm g.ulul??dz dt). (11)
By Sobolev’s embedding theorem [1], we have
[y Qm+1”3(n+1)/(n-—l) < Cl“"lqlz’ﬂmﬂni,z' (12)
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Estimating the last integral in (11) with the help of the Hélder inequality, we obtain

[ g-ulult ™ dads < lgl2 + 14, 272 sy (13)
We substitute the estimates (12) and (13) into inequality (11) and find that

”u’ ‘Qm+1 ”Z(n-{d)/(n—l) S ng22m(||u, Qm”g,q('n.+1)/n + (1 + lgl“)q)‘ (14)
Let
Wi () = max{ |, @™ |lo,1, (1+ lgla) }- (15)

In view of (15), extracting the gth root of (14) yields

Wil (u) < [Cal2?m | D/ Im e (u). (1)

Here I=ng/(n+1) and § = 1(n-1).
Consider the sequence [, = p(§ + 1)™. Then (16) implies the estimate

Wit (u) S AnW(w),  Am = [Caln 2270 H/M/im, (17)
The mth iteration of (17) gives
s @™o, < Pr(L4 lgla + 1, @Y0,p)s P = Ao X -+ X A,

One can readily verify that
im P, =C < oo;

m—o0

consequently,
||u7 QT”O,I,,. < C(l + lgla + ”u’ QOHO,P)' (18)

Since H ,(Qr) C C(Q1) by the embedding theorem, we obtain the estimate (9) by passing to the limit
in (18). O

Corollary. Let u € V(ug). Then one has the estimate

llu, Q1llo,00 < C(x(to — T)llollve + 1 +lgla)- (19)

Lemma 4. Let u € V(uo). Then the estimate

lu, Qrll2,p < R(llw, @r—1,742/l0,00) + Clgla (20)

is valid, where R: Ry — R, is a monotone function.
The proof can be found in [5].

Proof of Theorem 1. Let u € V(ug). Then the substitution of the estimate (19) into (20) gives the
estimate (4). Consequently, V(ug) C Va(uo). The opposite inclusion is obvious. The proof of Theorem 1
is complete. O

In conclusion, let us present an analog of the estimate (4) for an elliptic system in a bounded cylinder.
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Theorem 2. Let 2 = [0, M] X w, and let u € [Hz,p(Q)] * be a solution of the problem
(O u + Au) +v8u — f(u, ) = g(t),
u|t=0 = uy, u]aw =0, u|t=M = up.
Then one has the estimate
lu, Qrllz2,p < Rlluollve)x(To = T) + R(llunllve) x(T — M + Tp) + R(lgla).-
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For independent random variables o, ..., &n—1 each of which equals +1 or —1 with probability 1/2,
denote by P(u) the probability

n—1

Z &jexp(ijz)

=0

P(u) = Py(u) = Pr(rznenTl > u) (u > 0).

Littlewood [1] conjectured that P(ey/n) — 0 as n — oo for any £ > 0. Kashin [2] proved this conjecture
and found that P(n/2(logn)™*/%) — 0 as n — co. Odlyzhko showed that P(n!/3+¢) - 0 as n.— oo
for any € > 0 and conjectured that for large n and any ¢ > 0 most of the polynomials

T(z) = Z—: +exp(ijz)

=0
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