
then the coefficients Hx, H2, . . .  are the densities of conservation laws [6]. Thus, the Lax equations (3), 
and hence sys tem (2), are hydrodynamica l ly  integrable. 

The hodograph  me thod  is a local procedure which does not provide an answer to the question as to 
whether the  solution of sys tem (2) exists for all t .  

It is known tha t  the one-dimensional Lax equation (5) with an initial condition periodic in x is not 
uniquely de termined on the  entire range of t .  Apparently, owing to the absence of dispersion, for any N 
there exist initial condit ions for the system such that  the solution is only defined on a finite interval of 
time. 
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In the half-cylinder f~+ = R+ x w, where w is a bounded domain in tR n with sufficiently smooth 
boundary,  we consider the elliptic system 

a(0 u + + 70,u - f (u ,  t) = g(t), (1) 

u1,=0= 0, ul0 =~ 
Here u = u ( t ,  x )  = ( u l , . . . , u k ) ,  g = g( t ,  x),  and f ( u ,  t) are vector functions, (t, x) 6 ~2+, A is the 
Laplace opera tor  with respect to the variable x = ( x l , . . . ,  x, ,) ,  and 7 and a are constant  matrices 

('y, a e L(~ .  k, l~k)); moreover, a = a* > 0. It is assumed tha t  g belongs to the space [LI~ (]~+, Lp(~z))]k 
and, for some p > n + 1, has a finite norm 

lgl  = sup IIg,  ,IIL, < ~ ,  where  ~ t  = [t ,  t + 1] x w. 
t6~.+ 
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The nonlinear funct ion f satisfies the following conditions: 

f e C(l~ k x I~+, Re), 

f ( u ,  t) . ,~ > - c 1  + c21,,I =+', 

I f ( , , ,  t)l < Q( lul ) ,  where 

e > 0, C2 > 0, 

Q: 1~+ --, R+ is a monotone  function. 

(2) 

Here and in the following, by u .  v we denote the inner product  on R k . The initial condition u0 is assumed 
to belong to the space 

Vo = [H2-1/ , , , (w)nH~ k (uo 6 Vo) 

(see [~]). 
A ~o~,t~on of problem (1) is understood as a function u that belongs to the space [H~,,,(a,)] k for all 

> 0, where a ,  = [ t , t  + 1] • ,~, = d  satisfies (1) in [L~~162 ' .  (Here and in the following by H,,,, we 
denote the Sobolev space of functions whose generalized derivatives of order <_ l belong to Lp [2].) The 
set of all solutions of problem (1) in this sense will be denoted by ~2(u0). 

A bounded solution of problem (1) is understood as a solution, u ,  that  additionally satisfies the condition 

Ilull=-- sup I1~,, n,  l l~ . ,  < oo. 
t6~+ 

The set of all bounded  solutions of problem (1) will be denoted by 12.(u0). 
Bounded  solutions of problem (1) under  various conditions imposed on the nonlinear function f were 

studied by many  authors  [3-5]. 
It was proved in [5] tha t  under  the cited conditions the set l~=(u0) is not empty  and the est imate 

Ilu, ~TII~., <- R(llu011~0)~ -~T + R(Igl=) (3) 

is valid, where a > 0 and R is a monotone function independent  of u0. 
The  main  result of the  present paper is as follows. 

T h e o r e m  1. Suppose that the above-mentioned conditions are satistled. Then V(u0) = ~2=(u0) and 
the estimate 

11,-,, a~ll=,~ _< a(lluollvo)x(To - T) + R(I91,,), (4) 

stronger than (3), is valid. Here X(z) is the Heaviside [unction, which is equal to zero for z ~_ 0 and is 
equal to 1 for z > O, and To = To( f ,  [g[a) > 0 is a number independent of uo. 

The proof  of Theo rem I is based on a series of auxiliary statements,  which are of some interest in 
themselves. 

L e m m a  1. Let uo 6 V(uo) and y(t) = ([u[ p, 1), where (u, w) is the inner product on L2(w) and 

lul = [au.u] 1/~ . Then V'(t) ~ L~I~ and 

y " ( t )  - B2y( t ) l y ( t ) l  '~ _> h ( t )  (5) 

[or s o m e  ~ > o ~ d  ~ > o ~ d  [or h(t) = -c 0 + llg(t)ll0~,p). 

Proof .  Consider the inner product of Eq. (1) by ul~,l "-= in [L=(~)] k 
obtain 

�9 After simple manipulat ions,  we 

- -  2 la~(lu I" 1) 4(p 2)(lla, t W ll:,  + ilvlut,/=llo, ) p ' p2 

= - (-yo, u, =lul , -= )  + (9, ul~,l ' -=)  + ( f (u) ,  ulul , -= )  + (1O, ul ~ + IW, I ~ , lul,'-~). (6) 
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Let us obtain a lower bound  for the right-hand side of (6) with the help of the H61der inequality and 
condition (2). Then  we obtain 

a,~ (lu(t)l ,, 1) - c(I,4t)l ~+', 1) > h(t). (7) 

To est imate the  second summand  in (7), we use the Jensen inequality 

( I , , ( t) l  " + ' ,  1) -- lu(t)l ,+" d= -- lu(t)l"] ~+' /"  d= >_ C6,) lu(t) l" d= (8) 

On subst i tut ing (8) into (7), we arrive at the estimate (5). [] 

L e m m a  2. Suppos e that y(t) >_ O, y" E LI~162 and inequality (5) is satisfied. Then 

/ 
y(t)  < c ~y(0)x(t0 - t) 

where C and to are independent of y. 

f T+l ) 
+ 1 + sup Ih( t ) ld t  , 

T _ > 0  JT 

The purely technical proof  of this statement is omitted. 

C o r o l l a r y .  Let u E l,~(Uo). Then the estimate 

Ilu(t)llo,p < c~(x(to- t)tluollvo + 1 + Iglo + 1), 

is valid. 

L e m m a  3. Let u E ])(u0). Then for T > 1 one has the estimate 

It=, ~Tll0,o~ < C(I + I1~, t2T-1,T+2ll0,p + Igl~), 

where ~T-1,T+2 w [T - -  1, T + 2] x w. 

P r o o f .  Consider the inner product  of (1) by =l=la -~ in [L2(~)] ~ (q _> 2). 
derivation of (6) and (7), we obtain 

C1 > O, 

(9) 

Arguing just as in the 

g.ululq-2dxdt). (11) 

rn+l q I I~, ,a I1,(,,+1)/(,,-1) < C l l l ~ l ' / ~ ,a '+ l l l ~ l ,~  �9 (12) 
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~ a ~ r  a , ( ~ a , F )  ' F " = - a , (~m ) + ~ m F ,  

to obtain the es t imate  

II1"1'/~' ~'+111:'2 <- Clq22m ( 1 + llu' ~"~l[~'q + J(W- 

By Sobolev's embedding  theorem [1], we have 

r = (I,~1 ., 1), 

IIo,1 1q/2112o,2 + IlVlulq/21t:, 2 < Cq(a,~ (I,~1 q, 1) + (g, ~I~1 ~-2) + (1~1", 1)). (lO) 

Now consider the family of domains G m = [ T -  2 -m,  T + 1 + 2- '~],  m _> 0, ~m = G m x w, and a 
family of cutoff functions ~m(t) E C~(I~) such that ~m(t) -- 1 for t E G m+l and ~m(t) - 0 for t ~ Gm. 
Obviously, the  family Wm can be chosen so that I~"(t)l < c2  2m, where C is independent  of m .  We 
multiply (10) by Trn(t) > 0, integrate with respect to t ,  and use the elementary formula 



Estimating the last integral in (11) with the help of the HSlder inequality, we obtain 

jf~. g.u[u[ q-2 dxdt < [g[~ + 114, ~"IIo~,~(.+X)/,,. 

We substitute the estimates (12) and (13) into inequality (11) and find that 

II,-,, ~ m + l  II~(,,+x)/(,,-x)~ < c, q22" (11,~, ~"  IIg,~(,,+x)/,, + (1 + blo)~). 

Let 

In view of (15), extracting the qth root of (14) yields 

w,'~++xx)(4) < [c~m~-](,~+x)/(,,,)wl,,(4). 

Here l = n q / ( n  + 1) and 6 =  l ( n -  1). 
Consider the sequence l,, = p(6 + 1) m . Then (16) implies the estimate 

Wm+X(u) < AmWs 1,,~+1 

The ruth iteration of (17) gives 

I14, ~-IIo,,~ _< P~(1 + blo + I14, ~~ 

One can readily verify that 

consequently, 

Am = [C31m22m] (x+ll'~)ll''. 

lira P m = C < e r  

Pm =A0 x - - -  x Am. 

(13) 

(14) 

(15) 

(16) 

(17) 

114, nr l lo , , .  _< c(1 + Igl= + 114, n~ (18) 

Since H2,p(~T) C C(~'~T) by the embedding theorem, we obtain the estimate (9) by passing to the limit 
in (18). [] 

Corol la ry .  Let u E ))(uo). Then one has the estimate 

114, ~TIIo,o~ _< c (z ( t0  - ~)l14ollvo + 1 + 191o). (19) 

L e m m a  4. Let u E "F(uo). Then the estimate 

114, ~rll=,p _< R(II4, ~r-x,r+=llo,~) + Clgl~ (20) 

is valid, where R: ]~+ -* ~+ is a monotone function. 

The proof can be found in [5]. 

P r o o f  of  T h e o r e m  1. Let u E V(u0). Then the substitution of the estimate (19) into (20) gives the 
estimate (4). Consequently, ])(40) C "l)=(u0). The opposite inclusion is obvious. The proof of Theorem 1 
is complete. [] 

In conclusion, let us present an analog of the estimate (4) for an elliptic system in a bounded cylinder. 
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T h e o r e m  2. Let fl = [0 ,M]  x w, and let u E [H2,p(n)] k be a solution of  the problem 

a(a2, u + Au) + -~a,u - f ( u ,  t) = g( t ) ,  

uL_0 =u0, =0, uL_M 
Then one .has the estimate 

[lu, ~TII2,p < R(lluollvo)X(To - T)  + R(IlUMIIVo)X(T - M + To) + R(lgl,). 
This research was par t ia l ly  suppor ted  by  the Russian Foundat ion  for Basic Research under grant No. 96- 

01-00354. 
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For independent  r andom variables ~0, . . . ,  ~n-1 each of which equals +1 or - 1  with probabil i ty 1/2,  
denote by P(u) the  probabi l i ty  

= 

Litt lewood [1] conjectured that  P ( e v ~ )  --* 0 as n ~ c~ for any e > 0. Kashin [2] proved this conjecture 

and found that  P(nl /2( logn)  -1/3) --, 0 as n --* ec.  Odlyzhko showed that  P(n 1/3+~) --, 0 a s  n , ~  cr 
for any e > 0 and conjectured that  for large n and any e > 0 most  of the  polynomials  

n--1 

T(x)  = E =kexp(ijx) 
j=0 
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