
GLOBAL ATTRACTORS FORSEMIGROUPS OF CLOSED OPERATORSVITTORINO PATA AND SERGEY ZELIKAbstra
t. In this note, we establish a general result on the existen
e of global attra
torsfor semigroups S(t) of operators a
ting on a Bana
h spa
e X , where the strong 
ontinuityS(t) 2 C(X ; X) is repla
ed by the mu
h weaker requirement that S(t) be a 
losed map.Let K denote either R+ or N , and let X be a Bana
h spa
e or, more generally, a 
ompletemetri
 spa
e. A 
losed semigroup on X is a one-parameter family of (nonlinear) operatorsS(t) : X ! X (t 2 K ) satisfying the 
onditions(S.1) S(0) = I;(S.2) S(t+ �) = S(t)S(�), for all t; � 2 K ;(S.3) xn ! x and S(t)xn ! y imply that y = S(t)x.When K = N , S(t) is 
alled a dis
rete semigroup. Assumptions (S.1)-(S.2) are the semi-group properties, while (S.3) says that S(t) is a 
losed (nonlinear) map.The interest in 
onsidering su
h an obje
t is motivated by the study of di�erentialequations in Bana
h spa
es. Assuming to have, for every x0 2 X , a unique global solutionx(t) 2 X to the abstra
t Cau
hy problem(x0(t) = A(x(t)); t > 0;x(0) = x0;where A is a given (nonlinear) operator de�ned on a dense domain D � X , and writingx(t) = S(t)x0, it is readily seen that S(t) ful�lls (S.1)-(S.2).A

ording to the standard terminology (
f. [1, 2, 3, 4, 6, 7, 8℄), a semigroup S(t) isdissipative when there exists an absorbing set. This is a bounded set B � X for whi
h,given any bounded set U � X , there exists t0 = t0(U) 2 K (the entering time) su
h thatS(t)U � B; 8t � t0:A set K � X is 
alled attra
ting for S(t) if, for any bounded set U � X ,limt!1 Æ(S(t)U ;K) = 0;where Æ is the Hausdor� semidistan
e in X . Clearly, an absorbing set is attra
ting as well.A semigroup possessing a 
ompa
t attra
ting set is said to be asymptoti
ally 
ompa
t. Arelevant obje
t whi
h provides an a

urate des
ription of the longterm dynami
s of S(t)is the global attra
tor, namely, a 
ompa
t set A � X whi
h is at the same time attra
ting2000 Mathemati
s Subje
t Classi�
ation. 34D45, 47H20, 47J35.Key words and phrases. Semigroups of operators, abstra
t Cau
hy problems, 
losed operators, globalattra
tors, 
onne
ted attra
tors. 1



2 V. PATA AND S. ZELIKand fully invariant for S(t) (i.e. S(t)A = A for every t 2 K ). The global attra
tor, if itexists, is easily seen to be unique.In the 
lassi
al textbooks (
f. [1, 2, 3, 4, 6, 7, 8℄), the existen
e of the global attra
torA is usually established for asymptoti
ally 
ompa
t semigroups within the assumptionthat S(t) 2 C(X ;X ) for every �xed t 2 K . In that 
ase, A turns out to be !-limit set of(any) absorbing set B, de�ned as !(B) = \t2K [��tS(�)B:On the other hand, there are interesting situations arising from 
on
rete di�erential prob-lems where the related semigroup of solutions S(t) does not ful�ll su
h a strong 
ontinuityproperty. Typi
ally, the 
onvergen
e xn ! x in X might imply that S(t)xn ! S(t)x onlyin some weaker topology. Nonetheless, in this 
ase, 
ondition (S.3) is immediately seento hold.Remark 1. To the best of our knowledge, the only ex
eption is the treatise [1℄ (see x1,Theorem 2.1), where, besides the standard results, the existen
e of a global attra
tor for asemigroup S(t) la
king strong 
ontinuity is proved under the assumption that there existsa 
ompa
t absorbing set B su
h that, for any t � t0 (where t0 is the entering time of Binto itself), S(t)E � S(t)E; 8E � Band S(t)�1y is a 
losed set, for every y 2 X . In fa
t, this is the same as requiring the
ontinuity of the map S(t) : B ! B. However, we observe that 
ompa
t absorbing setsgenerally appear when dealing with semigroups generated by paraboli
 equations, whi
hexhibit an instantaneous regularization of the initial data, whereas they never o

ur inhyperboli
 problems.In order to state the main result, we �rst re
all a de�nition. Given a bounded setU � X , the Kuratowski measure of non
ompa
tness �(U) is de�ned as�(U) = inf �d : U has a �nite 
over of balls of X of diameter less than d	:We report some well-known properties of � (see e.g. [3, 7℄).� �(U) = �(U).� U1 � U2 implies that �(U1) � �(U2).� �(U) = 0 if and only if U is 
ompa
t.� If fUtgt2K is a family of nonempty 
losed sets su
h that Ut1 � Ut2 for t1 < t2 andlimt!1 �(Ut) = 0, then U = Tt2K Ut is nonempty and 
ompa
t.� If fUtgt2K and U are as above, given any tn ! 1 and any xn 2 Utn , there existx 2 U and a subsequen
e xnk ! x.Theorem 2. Assume the following hypotheses:(i) there exists an absorbing set B � X ;(ii) there exists a sequen
e tn 2 K su
h that limn!1�(S(tn)B) = 0.Then, !(B) is the global attra
tor of S(t).



GLOBAL ATTRACTORS FOR SEMIGROUPS OF CLOSED OPERATORS 3Proof. We begin to show that !(B) is 
ompa
t and attra
ting. This part makes use onlyof (S.1)-(S.2). Owing to (i), let t0 2 K be su
h that S(t)B � B, for all t � t0. Fort � t0 + tn, we have the in
lusionS(t)B = S(tn)S(t� tn)B � S(tn)B:Thus, (ii) a
tually implies that �(S(t)B)! 0 as t!1. Besides, if t � t0,Ut = [��tS(�)B = [�2K S(t� t0)S(� + t0)B � [�2K S(t� t0)B = S(t� t0)B:Hen
e, limt!1�(Ut) = limt!1�(Ut) = 0:Sin
e the sets Ut are nested, we 
on
lude that !(B) = Tt�0 Ut is nonempty and 
ompa
t.Assume now that !(B) is not attra
ting for S(t). Then, there exist " > 0 and sequen
esxn 2 B and �n !1 su
h that infx2!(B) kS(�n)xn � xk � ":If �n � t0, it follows that S(�n)xn 2 U�n�t0 : Appealing to the properties of �, the sequen
eS(�n)xn must have a 
luster point in !(B), whi
h is a 
ontradi
tion.The next step is to prove that !(B) is fully invariant for S(t). To this end, we prelim-inarily observe that, sin
e !(B) is 
ompa
t and attra
ting, given any sequen
es xn 2 Band �n !1, there exist y 2 !(B) su
h that S(�n)xn ! y up to a subsequen
e. Indeed,from the attra
ting property of !(B) we have thatlimn!1 Æ(S(�n)B; !(B)) = 0:Thus, in parti
ular, limn!1 � infx2!(B) kS(�n)xn � xk� = 0:In other words, there is a sequen
e yn 2 !(B) su
h thatlimn!1 kS(�n)xn � ynk = 0:Exploiting the 
ompa
tness of !(B), there exists y 2 !(B) and a sequen
e nk su
h thatynk ! y whi
h, in turn, implies that S(�nk)xnk ! y:Let then x 2 !(B). By the de�nition of !-limit set, there exist �n ! 1 and xn 2 Bsatisfying S(�n)xn ! x:On the other hand, given any t 2 K , there exist y1; y2 2 !(B) su
h that, up to subse-quen
es, S(�n � t)xn ! y1and S(t)S(�n)xn = S(�n + t)xn ! y2:Sin
e S(t)S(�n � t)xn = S(�n)xn, in light of (S.3), we 
on
lude thatx = S(t)y1; y2 = S(t)x;



4 V. PATA AND S. ZELIKwhi
h yields the sought invarian
e property S(t)!(B) = !(B). �Although we wrote the result in great generality, in the appli
ations, assumption (ii) isusually veri�ed by proving the existen
e of a 
ompa
t attra
ting set for S(t).If S(t) 2 C(X ;X ), the attra
tor A provided by Theorem 2 is well-known to be 
on-ne
ted (when X is either a Bana
h spa
e or a 
omplete metri
 spa
e whose balls are
onne
ted). Without this 
ontinuity assumption, 
onne
tedness may fail to hold, as thefollowing example (for a dis
rete semigroup) shows.Example 3. let X = `2(N) be the spa
e of square summable sequen
es x = fx�g�2N.Denoting by e� (� 2 N) the element of X su
h that e�� = Æ��, we introdu
e the fun
tion' : R+ ! X as'(r) = 12�e0 + (�+ 1� r)e�+1 + (r � �)e�+2�; r 2 [�; �+ 1):Note that ' maps 
ontinuously R+ into the unit ball of X , and ['(r)℄0 = 1=2 for everyr 2 R+ . Besides, it is 
onstru
ted in su
h a way not to have any 
luster point as r !1.Next, we 
onsider a 
ontinuous de
reasing 
ut-o� fun
tion � : R+ ! [0; 1℄ su
h that�(r) = 1 for r � 1=4 and �(r) = 0 for r � 1=2. Finally, we de�ne the map S : X ! X asSx = 8<:1� �(x0)2 (e0 + x) + �(x0)'(1=x0); if x0 > 0;�e0; if x0 � 0;and we set S(t) = S Æ S � � � Æ S| {z }t times ; t 2 N :NamingX+ = fx 2 X : x0 > 0g; X� = fx 2 X : x0 < 0g; X 0 = fx 2 X : x0 = 0g;we observe that SX+ � X+ and S(X 0 [ X�) � X�. Hen
e, we readily see that S(t) is
ontinuous on X+ [ X�. It is then easy to 
on
lude that S(t) is a 
losed map. Indeed,the only 
ase to 
he
k is when xn 2 X+, x 2 X 0 are su
h that xn ! x and S(t)xn ! y,for some y 2 X . But the latter 
onvergen
e 
annot o

ur, sin
e ' has no 
luster pointsat in�nity. On the other hand, the attra
tor of S(t) 
onsists of two points, pre
isely,A = fe0;�e0g:Here, the assumptions of Theorem 2 are satis�ed, sin
eK = f�e0; � 2 [�1; 1℄gis a 
ompa
t attra
ting set.There are however some 
ases where we 
an re
over the 
onne
tedness of A withoutrequiring the 
ontinuity of S(t).Proposition 4. Assume there exist a sequen
e tn !1 and a 
onne
ted set C � A su
hthat S(tn)C is relatively 
ompa
t for every n. Then A is 
onne
ted.



GLOBAL ATTRACTORS FOR SEMIGROUPS OF CLOSED OPERATORS 5Proof. For every �xed n, the map Sn = S(tn) : C ! X is 
ontinuous. Indeed, if xk 2 C
onverges to some x 2 C, then Snxk belongs to a 
ompa
t set and, owing to (S.3), itsonly 
luster point is Snx. If A is not 
onne
ted, there are two disjoint open sets O1 andO2 su
h that A \ Oj 6= ; and A � O1 [ O2. For every integer n � t0, The set SnC is
onne
ted and SnC � SnA = A, whi
h implies that SnC \ (O1 [ O2) 6= ;. Thus, we 
ansele
t yn 2 SnC n (O1 [ O2). Sin
e A is 
ompa
t and attra
ting, there exists y 2 A su
hthat, up to a subsequen
e, yn ! y. On the other hand, y 62 O1 [ O2, and so y 62 A,leading to a 
ontradi
tion. �Remark 5. Note that the 
ompa
t attra
ting set K of Example 3 is 
onne
ted, but theimage S(t)K is not relatively 
ompa
t for any t � 1.Colle
ting Theorem 2 and Proposition 4, we haveCorollary 6. Let S(t) have a 
onne
ted 
ompa
t attra
ting set K. Assume also thatS(t)K � K for every t large enough. Then S(t) possesses a 
onne
ted global attra
tor.Corollary 6 is parti
ularly useful. Indeed, in most 
on
rete 
ases, the 
ompa
t attra
tingset K is a ball of Z, where Z is another Bana
h spa
e 
ompa
tly embedded into X .Besides, it is often possible to prove an estimate of the formkS(t)zkZ � Q(kzkZ)	(t) + C; 8z 2 Z;where C > 0, Q is a positive in
reasing fun
tion and 	 is a positive fun
tion vanishing atin�nity. It is then 
lear that, up to possibly repla
ing K with a larger ball of Z, the setK is attra
ting and ful�lls the relation S(t)K � K for t large enough.An appli
ation. Let 
 � R2 be a bounded domain with smooth boundary �
. Considerthe wave equation with nonlinear damping8><>:�ttu+ �(u)�tu��u+ '(u) = 0; t > 0;u(0) = u0; �tu(0) = u1;uj�
 = 0:The fun
tion ' 2 C2(R), with '(0) = 0, ful�llsj'00(u)j � 
1�1 + jujp�; '0(u) � �
2; lim infjuj!1 '(u)u > ��;where p; 
1; 
2 � 0 and � > 0 is the �rst eigenvalue of �� on L2(
) with Diri
hletboundary 
onditions, while � 2 C1(R) is su
h that�(u) � �0 > 0; j�0(u)j � 
2[�(u)℄�;for some 
2 � 0 and some � < 1. As shown in [5℄, this problem generates a semigroupS(t) on the phase spa
e X = H10 (
) � L2(
), whi
h possesses a 
ompa
t attra
ting setK satisfying the hypotheses of Corollary 6. However, for any two initial data x1; x2 2 Xwith kxjk � %, only a 
ontinuous dependen
e estimate of the formkS(t)x1 � S(t)x2kW � kektkx1 � x2kfor some k = k(%) is available, where W = L2(
) �H�1(
). Hen
e, we have the weaker
ontinuity S(t) 2 C(X ;W), whi
h is enough in order for (S.3) to hold. Corollary 6 thenyields the existen
e of a 
onne
ted global attra
tor.
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