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ABsTRACT. In this paper we obtain sharp upper estimates of the uniform Lyapunov
dimension of a cascade systems in terms of the corresponding Lyapunov exponents
of their components. The obtained result is applied for estimating the Lyapunov and
fractal dimensions of the attractors of nonautonomous dissipative systems generated
by PDEs of mathematical physics.

INTRODUCTION

We study the iterations of the following cascade map defined on an invariant set
® CH:= Hl X Hz:

(0.1) A:d s, A(”;):: (Azgg(:g’,?;)>’ (;3)6@,

where Hy and H, are Hilbert spaces and A and B are the nonlinear maps. This
map generates a discrete dynamical system on a space ® C H by the following
standard expression:

02 n+D)=Aew), €0 -Gea w10, nez,

It is worth to note that system (0.2) can be interpreted as a nonautonomous dy-
namical system acting on H;:

(0.3) z(n+1)=A4,(x(n)), z(0)==xy, A.(z):= A(z,y(n)),

where the sequence y(n) is then interpreted as nonautonomous ’external forces’
which satisfy the following autonomous equation:

(0.4) y(n+1) = B(y(n)), y(0)=yo.
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Equations of the form (0.3) and (0.4) often arise under the dynamical study of dis-
sipative systems generated by nonautonomous PDEs of mathematical physics. For
instance, if the external forces are quasiperiodic in time, then equation (0.4) gener-
ates a linear (discrete) flow on a k-dimensional torus T* (k is a number of rationally
independent frequencies). In this case, the space Hs is finite-dimensional, the space
H' is the (infinite-dimensional) phase space of the PDE under consideration (e.g.,
reaction-diffusion equation, damped wave equation or 2D Navier-Stokes system),
® = H! x TF and A, (z) := U(n + 1,n)x is a solving operator of this PDE during
the time period t € [n,n + 1], see [3] and [4] for the details. Then, reducing this
nonautonomous system to the autonomous one by the skew-product technique, one
obtains the cascade system of the form (0.1) and (0.2).

It is well known that, in many cases, the longtime behavior of dissipative systems
mentioned above can be described in terms of the global or/and uniform attractors.
Moreover, although the initial phase space of these systems is infinite-dimensional
(usually, Hy = L*(2)), very often their attractors A have finite Hausdorff and
fractal dimension, so the limit dynamics can be described by the finite number of
parameters, see [1], [4], [9] and the references therein. The crucial question here is,
of course, to obtain the realistic bounds of the dimension of the attractor in terms
of the physical parameters of the systems considered.

We recall that, for the most part of autonomous dissipative PDEs, the best
known estimates for the attractor’s dimension have been obtained using the classical
inequality between the fractal and Lyapunov dimensions:

and the so-called volume contraction method for estimating the Lyapunov dimen-
sion in the right-hand side of (0.5), see [2], [5-9] and the references therein. Thus,
in order to extend this machinery to nonautonomous equations, we need to know
how to obtain good estimates for the Lyapunov dimension of a cascade system of
the form (0.1) and (0.2).

To the best of our knowledge, the first attempt to extend this machinery to the
nonautonomous PDEs with quasiperiodic in time external forces was made in [3]
where the authors obtained the estimates for the dimensions of uniform attractors
for wide class of nonautonomous equations of mathematical physics applying the
volume contraction method to the extended autonomous system (0.1) and (0.2).
We however note that the method applied does not take into account the special
structure of map (0.1) and (as a result) some additional term which depend on
the norms of DyA(z,y) (and which is in a sense irrelevant) appears in all these
estimates.

An alternative approach which does not use the extended system (0.1) and (0.2)
and directly generalizes the proof of estimate (0.5) to the nonautonomous case has
been recently suggested in [4]. Using this method, the authors obtain the sharp
formula for the quasiperiodic case which does not contain the additional irrelevant
term and has the following form:

(0.6) dimp(A) < dimz,{(0.3)} + k,

where dimz,{(0.3)} is the Lyapunov dimension associated with the nonautonomous
problem in the form (0.3) (see Section 1 for its rigorous definition) and % is a
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number of the rationally independent frequencies (we also note that in applications
the first term in the right-hand side usually possesses the same estimates as the
Lyapunov dimension of the attractor in the autonomous case, see [4] for the details).
Moreover, the authors also give a general formula for estimating the Kolmogorov’s
e-entropy H (A) of such attractors (= the logarithm of the minimal number of
e-balls which cover A) in terms of the corresponding entropy of the external forces
(which are now not necessarily quasiperiodic and even can be infinite-dimensional)
which has the following form:

1
(0.7 H(A) < O+ (dime{(03)} +0) = + Heyr (Mg )

where the last term in the right-hand side of (0.7) is an entropy of the so-called hull
H of the external forces restricted to the interval [0, MsIn 1], see [4] for the details,
0 > 0 is an arbitrary small number and the constants L and M;s depend on 4. For
instance, if equation (0.4) for the external forces is finite-dimensional, then we can
extract from general estimate (0.7) the following estimate for the fractal dimension
of the attractor:

(0.8) dimp(A) < (dimz{(0.3)} + 8) + &k + CM; - kp,

where p is the first Lyapunov exponent of (0.4), & is the dimension of system (0.4)
and C' is some positive constant. In particular, this estimate immediately gives
(0.6) since all of the Lyapunov exponents of the linear flow on the torus T* equal
zero. We however note that, for general (non quasiperiodic) external forces which
have positive first Lyapunov exponent g, this estimate is also can be far from the
optimal since the constant My is usually very large (and tends to +oc as 0 — 0).
In the present paper, we give a sharp estimate for the Lyapunov dimension of the
cascade system (0.2) in terms of the Lyapunov exponents pi"t and pu¢® associated

(3

with problems (0.3) and (0.4) respectively. This estimate has the following form:

Sy i
(0.9) dimz,{(0.2)} < do + ==L
|,Ltd0_|_1 |
where {1;}52, is the union of all exponents ;™" and p$** renumerated in the non-

increasing order and dg is the first integer such that Zfi}q f; < 0. In particular,

for the quasiperiodic external forces, this formula implies the analogue of estimate
(0.6) with the Lyapunov dimension in the left-hand side and give its natural (and,
in a sense, sharp) generalization to the case where the external forces have positive
Lyapunov exponents.

The paper is organized as follows. Some definitions which are necessary in order
to formulate and proof our main result are given in Section 1. The estimate of
the Lyapunov dimension of system (0.2) in terms of the corresponding Lyapunov
exponents of systems (0.3) and (0.4) is formulated and proved in Section 2. And
finally, in Section 3, we give some examples illustrating the above theory.

Acknowledgments. This research was partially supported by the INTAS grant
no. 00-899 and CRDF grant no. 2343. The author is also graceful to M.Efendiev
and A.Miranville for the stimulating discussions.
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§1 UNIFORM LYAPUNOV EXPONENTS AND LYAPUNOV DIMENSION.

In this Section, we briefly recall the definition of uniform Lyapunov exponents
and Lyapunov dimension and formulate their simplest properties which are impor-
tant for what follows (see e.g. [9] for the detailed exposition). As usual, we start
by introducing the volume expanding coefficients wy(L) of a linear operator L in a
Hilbert space.

Definition 1.1. Let L be a linear operator in a Hilbert space H. Then, by def-
inition, the volume expanding coefficient wg(L) is the norm of dth exterior power
A%L (d € N) of the operator L in the space A?H:

(1.1) wa(L) := |AL|l g parry = . Sup det{(Lhq, hj)m}1<ij<d;
Ny
hy <

where (hy, ho) g is a scalar product in H.
We now recall the basic properties of the introduced numbers:
1) Let Ly and Lo be linear operators in H. Then

(1.2) wd(L1 -Lg) < wd(L1)wd(L2), d € N.

2) The w-numbers wq(L) can be expressed in terms of the a-numbers of the operator
L via

(1.3) wa(L) = ay(L) - as(L) - - - aq(L),
where the a-numbers «,,, (L) are defined by the following min-max formula

(1.4) am (L) := sup  inf ||[Lhllg,
FCH heF
dim F=m IRlIlg=1
where the supremum in the right-hand side of (1.4) is taken over all m-dimensional
linear subspaces of H. We also recall that, in the case where L is compact, the
a-numbers coincide with the eigenvalues of the operator (LL*)'/2:

(1.5) m (L) = A ((LL)Y?), A\ € o((LL*)Y/?)

and analogous (but slightly more complicated) relation holds in general (non-
compact) case as well (see [9] the for details).
3) Let the linear operators L and T satisfy

(1.6) (Lh,Lh)H < (Th,Th)H, Vh € H, then wd(L) < wd(T), Vd € N.

The detailed proof of the above assertions can be found in [9].

We are now ready to define the Lyapunov exponents and Lyapunov dimensions
for dynamical systems (0.2)—(0.4). To this end, we assume that we are given a
compact invariant set A of map (0.1):

(1.7) A(A) = A

(which is usually a global attractor in applications) and assume also that A € C'(A)
(the latter means that the map A is uniformly quasidifferentiable on A, see [9], and
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that its (quasi)differential depends continuously on the point & € A). We also
denote by Sa(n) the nth iteration of the map A. Then, obviously, Sy(n) is a
solving operator for equation (0.2), i.e.

(18) §(n) = SA(TL)E(), VEéy € A

We first define the uniform volume expanding coefficients wgy(A, n) as follows:

(1.9) wa(A,n) := sup wq(DeSa(n)(€o)),
&EeA

where D¢Sa(n)(€o) denotes the derivative with respect to the initial data of the
solving operator S, (n) at point & € A (this derivative exists since A € C!(A) and
the supremum in the right-hand side exists since A is assumed to be compact).
Then, these numbers are submultiplicative with respect to n:

(1.10) wa(Ayn +m) < wg(A n)wq (A, m).

Indeed, since S, (n) is a semigroup with respect to n then, differentiating the identity
Sa(n+m) =Sa(n) o Sy(m) by &, we have

DeSa(n +m)(§o) = DeSa(n)(Sa(m)éo) o DeSa(m)(&o)

and, consequently, according to (1.2),

(1.11)  wa(DeSa(n +m)(€o)) < wa(DeSa(n)(Sa(m)éo)) - wa(DeSa(m)(6o))-

Applying the supremum over &, € A to the both parts of this inequality, we deduce
(1.10). Inequality (1.10) implies the existence of the following limit:

(1.12) Ag(A) := lim (wa(A,n)"™ = inf (wa(A,n))"".

n— 00 neN

Moreover, for the case of non-integer d = k+s, k € Nand 0 < s < 1, the A-numbers
(1.12) can be defined by the following interpolation formula:

(1.13) Ag(A) = Ay (A)' * Ay (A)®,

see [9] for the details.

Definition 1.2. A uniform Lyapunov dimension of the set A with respect to the
map A is the following number:

(1.14) dimz{(0.2)} = dimz(A) = dimz (A, A) :=inf{d € Ry, Ay4(A) <1}
and the uniform Lyapunov exponents p; = p;(A) of equation (0.2) are defined via
(115) n1 = 1HA1(A), Wi = 1HA,(A) — lnAi_l(A), 1> 1.

Definition (1.14) can be rewritten in terms of the Lyapunov exponents p;:

no .
(1.16) dimp (A) = ng + 2i=LP
|/1'n0+1|
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where ng is the minimal integer such that ngl p; < 0, see [9] for the details.
Thus, we have defined the Lyapunov exponents for the extended system (0.2).
The Lyapunov exponents Ag4(B) and p;(B) for system (0.4) (which describes the
evolution of the ’external forces’) can be defined completely analogously. So, it
only remains to define the uniform Lyapunov exponents for the nonautonomous
equation (0.3). To this end, we first define the solving semigroup Sg(n) of equation
(0.4), i.e. y(n) = Sp(n)yo and then, for every ’external forces’ y(n) = Sp(n)yo, we
define the solving operator S4(n,yo) for problem (0.3) by the expression

(1.17) xz(n) = Sa(n,yo)xo, Y(xo,yo) € A,

where z(n) solves problem (0.3) with the external forces y(n) = Sp(n)yo. We
however note that, in contrast to Ss(n) and Sp(n) the operators Sa(n,yp) do
not satisfy the semigroup identity (since equation (0.3) is nonautonomous), which
should be now replaced by the so-called cocycle identity

(1.18) Sa(n+m,yo) = Sa(n,Sp(m)yo) o Sa(m,yo).

Moreover, we also mention the following obvious, but useful, relation between S, (n)
and SA (’I’L, yO)

(1.19) Sa(n,yo)zo = Il1Sa(n) (o, yo)

(where I1; is a projector to the first component of a Cartesian product H = Hy x H)
which follows from the fact that (z(n),y(n)) solves equation (0.2).

We are now ready to define the uniform volume expanding coefficients for the
nonautonomous equation (0.3) as follows:

(1.20) wg(A,n):=  sup wq(DySa(n,yo)(zo)),
(zo,y0)EA
where D, S4(n,yo)(zo) is the z-derivative of the operator Sa(n,yp) computed at
point xg. We note that, in contrast to (1.9), only the z-differentiation is involved
in definition (1.20) and the variable yo plays the role of a parameter.
Moreover, differentiating the cocycle identity (1.18) by z and using inequality
(1.2), we derive (analogously to (1.10)) that

(1.21) wa(A,m+n) <wg(A,m) - wqe(A,n)
which guarantees the existence of the limit

(1.22) Ad(4) = lim (wa(A,n))/™ = inf (wa(A,n))Y"

and, for the non-integer d, the quantities A4(A) can be defined by the interpolation
formula (1.13). Furthermore, the uniform Lyapunov dimension dimy,{(0.3)} of the
nonautonomous system (0.3) and its Lyapunov exponents p;(A) can be defined by
(1.14) and (1.15) (where, obviously, one should replace A4(A) by Agz(A)).

Definition 1.3. In order to simplify the notations, we will use from now on the
symbols A% := A4(A), AT = Ay(A) and AS"" := A4(B) for the uniform A-
numbers of equations (0.2), (0.3) and (0.4) respectively. Moreover, we denote by
pdm ) pirt and pg™t the corresponding Lyapunov exponents.

The following standard result which shows that the A-numbers and Lyapunov
exponents are independent of the concrete form of the inner product in H is crucial

for what follows.
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Proposition 1.1. Let the above assumptions hold and let K be a self-adjoint pos-
itive and invertible operator in H which generates a mew inner product in H via

(€1, &)k = (K&, &2)m- Then,
(1.23) Ag i (A) = Aa(A) and pi k(A) = pi(A),

where Ag ik (A) and p; k(D) are computed using the new inner product (-,-)k.

Proof. Indeed, it is not difficult to verify, using e.g. formulae (1.3) and (1.4), that
wa k(L) = wa(KY2LK~1/?)

and, consequently, using (1.2), we find

(1.24) wa (A1) < [wa(K) - wa(K ] 2wa (A, n).

Taking the n~'th power from the both sides of this inequality and passing to the
limit n — oo, we verify that Agx(A) < A4(A). The inverse inequality can be
proven analogously. Thus, the first identity of (1.23) is verified and the second one
is an immediate corollary of the first one. Proposition 1.1 is proven.

62 THE MAIN RESULT.

In this section, we prove the following theorem which estimates Aj™ in terms of
Aint and Aemt
d d -

Theorem 2.1. Let the above assumptions hold. Then the A-numbers AJ"™ of the
extended system (0.2) can be estimated in terms of the A-numbers AT of the inter-
nal nonautonomous problem (0.3) and the A-numbers A5 of problem (0.4) (which
describes the evolution of the external forces) as follows:

(2.1) A" < maxs—,... ,d{Ai"t -AG Y

where d € N and, by definition, Ai™ = A" = 1.

Proof. For simplicity, we below prove the theorem in the case where the derivative
D¢A(&p) is a compact operator for every {; € A (the general case is completely
analogous, but slightly more complicated since, instead of (1.5), we need to use
slightly more complicated description of the a-numbers in a general non-compact
case, see [9, Proposition V.3.1.1]).

We first note that, due to (1.19) the the matrix of the derivative D¢Sa(n)(&o) at
point & := (o, yo) has the following structure:

22 Tale) = DSumteo = (PG Sl ).

where T,,(&y) € L(Haz, Hy) is a bounded linear operator. We see that matrix (2.2)
differs on a direct sum of operators DS (n,yo)(zo) and D, Sp(n)(yo) (which are

involved into the definition of A%* and A%**) by the presence of the upper-diagonal
term T, (&p) and this is the main difficulty in the proof of estimate (2.1). In order
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to eliminate the influence of this term, we use below a special scalar product in the
space H = H, x Hy, namely, we set

(23) (61’52)6 = (1'17332)1:[1 + 8_2(y1,y2)H2’ gz = (‘Tzvyz) €H, i=1,2,
where ¢ is a small positive number. Then, for all £ = (z,y) € H, we have

(2.4) (T, (£0)€, Tn(€0)€)e = (DzSa(n, yo)(wo)[DeSa(n, yo) (o) =, z) , +
+ &7 2(DySB(n)(y0)[DySe(n) (Yo)*y, ¥) i, + 2(Tn(€0)y, DeSa(n, yo)(wo)w) .

Since the operators Ty, (&p) and D, Sa(n,yo)(zo) are uniformly bounded on A, we
can estimate the last term in the right-hand side of (2.4) as follows:

(2:5)  2(Tn(&0)y, DeSa(n, yo)(xo)w)m, < 2Cnll)|m, |lyllm, <
< Crellzllzr, + Cre™ Iyl = Crell€lZ,

where C, depends on n, but independent of {, € A. Combining (2.4) and (2.5), we
have

(2'6) (Tn (50)§,Tn (50)5)6 S ((TA,B(n750)575)57
where
T (n é. ): TA(TL,Eo)[TA(n,Eo)]*—}—Cné‘Id 5 0
ABUH 507 0 . Ts(n,y0)[Ta(n,yo)*+Creld )’

Ta(n,zo) := DySa(n,yo)(xo) and Tp(n,yo) := Dy Sp(n)(yo).

We now note that the spectrum of the self-adjoint operator T'a,g(n,&p) is, ob-
viously, a union of the spectrums (in H; and Hs respectively) of its components
Ta(n,&)|[Ta(n,xip)]* +Creld and Tg(n, yo)[TB(n, yo)]* + Cre Id respectively. Fur-
thermore, due to our compactness assumption, these operators have the complete
orthonormal basises of eigenvectors and, consequently, their c-numbers possess the
following description

ar(Ta(n, &)[Ta(n, £0)]* + Cne) = ag(Ta(n,&))” + Cre

(2.7) 2
ax(Te(n, yo)[Tr(n, y))]" + Cne) = ar(Tr(n,y0))” + Cne

and, in order to obtain the a-numbers of T4 p(n, &), it is sufficient to renumerate
the union of the a-numbers of these operators in the non-increasing order. Thus,
due to (1.3) and (2.7), we infer

wa,e(Ta,B(n,&0)) =

= sz{)lf}?f,d{ﬂfﬁ(ai(TA(nv €0))” + Cne)II3Z7 (T (n, 0))* + Cne) },

where wq (L) are the w-numbers of the operator L computed in metric (2.3). Ap-
plying (1.3) again and using the fact that all the a-numbers are uniformly bounded
on the set A, we have

(2.8) wqe(Ta,B(n,&)) <

< max {(we(Ta(n,0)) + Che)@ar(Ta(n,50)* + Cre)
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where, by definition, wp(-) = 1 and the constant C/ depends on d and n, but is
independent of &, € A. Using now (1.6) and (2.6), we deduce from (2.8) that

(2.9)  wa,e(DeSaln)(&n))* <
SAwr(DzSaln, Y0)(0))” + Cre) (wa—r (DySp(n)(y0))* + Cre)}-

< max
k=0,

)

Applying the supremum over &, € A to the both sides of this inequality, we deduce
the analogous relation for the uniform volume expanding coefficients

(2.10) wg.e (A, n)? <  max d{(wk(A, n)? + Ce)(wa—r(B,n)? + Cle)}.

) )

We now recall that the A-numbers A" are independent of the choice of the inner
product in H, consequently, due to (1.12) and Proposition 1.1,

(A7) = (A2 <
<wge(An)? < , max d{(wk(A, n)? + Cle)(wyg_r(B,n)* + Cle)l.
Passing to the limit € — 0 in this relation, we have

(2.11) (Agn)n S maXg=o,... 7d{wk(A, TL) : wd_k(B, Tl)}

Taking the n~'th power from the both sides of (2.11) and passing to the limit
n — 0o, we finally obtain estimate (2.1) and finish the proof of Theorem 2.1.

Our next task is to clarify estimate (2.1). To this end, we reformulate it in terms
of the Lyapunov exponents p!"* and p$”* associated with equations (0.3) and (0.4)

3
respectively.

Corollary 2.1. Let {ji;}2, be the union {pi™, pit -} U {u$®t, us=t, -} of all
of the Lyapunov exponents associated with equations (0.3) and (0.4) renumerated
in the non-increasing order. Then, under the assumptions of Theorem 2.1, the
following estimate holds:

d
(2.12) Ay <> ji, deN
=1

Indeed, taking the logarithm from both sides of inequality (2.1) and using the
definition of the Lyapunov exponents, we have

k d—k
(2.13) InAY™ < maxp—g..aq > p"t+ Y ps
=1 7j=1

It remains to note that estimate (2.12) is an elementary corollary of (2.13).
We now ready to estimate the Lyapunov dimension of the extended system (0.2)
in terms of the Lyapunov exponents of (0.3) and (0.4).
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Corollary 2.2. Let the above assumptions hold and let the exponents pi; be the
same as in Corollary 2.1. Then, the Lyapunov dimension of the invariant set A of
equation (0.2) can be estimated as follows:

do  ~
Zii1 g

(2.14) dimp,{(0.2)} = dimy, (A, A) < d + =i=t1
[y +1]

where dg s the first integer such that Z?ijfl i < 0.

Indeed, according to (2.12), we have the following estimate for the numbers AY4™,
forevery d=n-+s,n€Nand 0 <s<1:

(2.15) InAY" = sIn AL + (1= s) In ALY, < i + Sjingt.
=1

This estimate, together with definition (1.14) of the Lyapunov dimension imply
estimate (2.14).

§3 EXAMPLES AND APPLICATIONS.

In this Section, we give several examples illustrating the general theory. We
start with the most simple case of direct sum of two semigroups which shows that
estimates (2.1) and (2.14) are, in a sense, sharp.

Example 3.1. Let the map A in formula (0.1) be independent of y:

_ (Al
a© = (50)
and let the compact invariant set A := A; x Ay where A; C Hy; and Ay € Hs
are invariant with respect to the maps A and B respectively. In that case the non-
diagonal operator T4 p vanishes and inequality (2.10) becomes a strict equality with
C, = CJ, = 0 for every ¢ > 0. This, in turn, gives a strict equality in inequalities
(2.11) and (2.1).

Assume, in addition, that pi™ and pé® are monotone decreasing with respect
to i (it will be so, eg, for the case of linear maps A and B). Then, the Lyapunov
exponents p" of equation (0.2) coincide with the exponents fi;, introduced in
Corollary 3.2:

and we also have strict equalities in (2.12) and (2.14).
The next obvious example is the so-called quasiperiodic external forces.

Example 3.2. Let the map B be a linear map on the k-dimensional torus TF :=
RF\ZF:
(32) B(yl,' t ,yk) = (yl +011, Yk +a’k)(m0d 1)7 y= (y17 e 7yk:) € Tk)

where o = (a,---,ap) are the rationally independent frequencies and we also
assume that the projection ITsA of the invariant set A to the second component of
the Cartesian product H; x Hy coincides with the torus T*.
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It is well-known (see e.g. [3-4]) that the study of the longtime behavior of general
nonautonomous PDEs with the quasiperiodic external forces can be reduced (using
the so-called skew-product technique) to the study of iterations of the map A in
which the second component has the form of (3.2).

In this case, all the Lyapunov exponents " of the map B are, obviously, equal
Zero:
(3.3) pitt == g™t =0,

Then, inequality (2.1) shows that A47, < A" if d is such that Agy; < 1. Using
this fact and the definition of the Lyapunov dimension, we conclude that

(3.4) dimz{(0.2)} < dimz{(0.3)} + k.

We recall that, due to the classical inequality (0.5) between the fractal and Lya-
punov dimension, estimate (3.4) can be considered as a generalization of estimate
(0.6).

We now consider the applications of formulae (2.1) and (2.14) to some concrete
equations of mathematical physics. We start with the reaction-diffusion system.

Example 3.3. Let us consider the following reaction-diffusion system in a bounded
domain 2 C R™:

(3.5) Oru = vAzu — f(“) + g(t), “‘aﬂ =0, u‘tzo = Yo-

Here u = (uy,--- ,un) is an unknown vector-valued function, v > 0 is a given pa-
rameter, f(u) is a given nonlinear interaction function which satisfies the standard
dissipativity and growth assumptions:

3.6 { 1. feCHRF,RF),

2. flu)u>-C, f'(u)>-K,

where u.v denotes the standard inner product in RY. We also assume that the
external forces g(t) are finite-dimensional and have the following structure:

(3.7) g(t) :==g(t,y0) :== G(y1(t), -+, yx(t)),

where G € C*(RF, [L>°(Q)]Y) is a given function and the vector

y(t) := (ya(t), -, yk(t))
solves the following autonomous ODE:

(39) L) = Bu(), 9(0) =

and B € C1(RF R¥) is a given function. To be more precise, we assume that there
exists a compact invariant set Ay C R¥ of system (3.8) and consider a family of
equations (3.5) with the external forces {g(t,yo)}yoeA,-
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It is well known that, under the above assumptions, problem (3.5), (3.7), (3.8)
is uniquely solvable in [L2(Q)]Y x RF for every ug € [L2(Q)]Y and yo € Ay and
generates a dissipative semigroup Sy (t) on the space ® := [L2(Q2)]Y x Ay via

(3.9) (u(t),y(t)) = Sa(t)(uo, yo), t =0,

where (u(t), y(t)) is a unique solution of (3.5), (3.7), (3.8). Moreover, this semigroup

possesses a global attractor A (=uniform attractor of the initial nonautonomous

problem (3.5)) in the space ® (which is, by definition, a compact invariant set of

this semigroup which attracts the images of all bounded subsets of ® as t — o0)

and Sy (t) € C(A) for every fixed t > 0, see e.g., [1], [4] and [9] for the details.
Moreover, obviously, the map

(3.10) A:=S,(1)

has the structure of (0.1), so we can apply our theory for estimating the Lyapunov
dimension of the attractor A. To this end, we first need to estimate the numbers
A for problem (0.3) or (which is the same) for the nonautonomous equation (3.5).
In order to do so, we recall that the operator D,S4(n,yo)(ug) is now determined
as a solving operator of the following variation equation associated with (3.5):

(3.11) U =vAU — f'(u(t))U, Ul,, =0,
U‘t:o = Uy, (u(t),y(t)) = Sa(t)(uo, yo)-

To be more precise, for every Uy € [L2(Q)]Y, we have DS (n, yo)(uo)Up := U(n),
where U(t) solves (3.11). Then, applying the standard generalized Liouville theorem
for estimating the volume expanding coefficients of the linear equation (3.11), we
have

(3.12) In AP < Cyd — Covd™T?/™, d e Ry,

where the positive constants C; and Cy depend only on K, N, m and Q (but are
independent of v and g, see [4], [9] for the details). Thus, the Lyapunov dimension
of the non-autonomous equation (3.5) can be estimated as follows:

(3.13) dimz{(0.3)} < djps == <—>m/2 ™2,

Let us now return to the estimating the Lyapunov dimension of the extended map
(3.10). To this end, we first note that if we replace the Lyapunov exponents p§*t
by large ones, then the right-hand side of (2.14) also becomes larger and the in-
equality preserves. For instance, we may replace p¢® by (uit), := max{ug*,0}.
Then, in order to obtain the exponents fi;, we need to insert all these exponents
into the sequence pi"t before the first negative exponent. Moreover, we need to
compensate the sum of these exponents by the negative Lyapunov exponents of
of the nonautonomous system. This arguments, together with (2.14) lead to the

following estimate:

k
(3.14) dimp (A) < k+inf{d, In APt < =" (ue™) ).

=1
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Thus, according to (3.12), the infunum in the right-hand side of (3.14) is not larger
that dy, = dijnt + dagq, where

k
(315) C’1 (dznt + dadd) - C2V(dint + dadd)1+2/m = — Z(ufmt)+_

=1

Using now the standard inequality (1 + x)® > 1 + sz and the explicit formula for
dint, we deduce that

k
_1m er
(3.16) dadd < O 15 E (15") 4+

i=1
Combining the estimates obtained, we finally infer

k
(3.17) Qi (A) < dis + 4+ OS2 (™),

=1

Thus, the first term in the right-hand side coincide with estimate (3.13) of the inter-
nal Lyapunov dimension, the second one is exactly the same as for the quasiperiodic
external forces and the third one describes the influence of the positive Lyapunov
exponents of the external forces.

Our next example is the non-autonomous 2D Navier-Stokes system.

Example 3.4. Let us consider the following nonautonomous version of 2D Navier-
Stokes system in a bounded domain €2:

(3.18) Opu + (u, Vyu)u — vAzu = Vep + g(t), =0, u = ug, divu =0,

“‘asz =0

where the external forces ¢g(t) have exactly the same structure as in the previous
example (obviously, now N = m = 2).

It is also well-known, that, for every yo € Ay C RF and every uy € Hy :=
{u € [L?*(Q)]?, divu = 0} problem (3.18), (3.7), (3.8) possesses a unique solution
(u(t),y(t)) for all ¢ > 0 and thus, a dissipative semigroup S,(t) is well defined
in a phase space ® := Hj x Ap (analogously to (3.9)). Moreover, this semigroup
possesses a global (uniform) attractor A in this phase space and S, () € C1(A) for
any ¢t > 0, see [4], [9] for the details.

It is also clear that the operator A := S,(1) has the structure of (0.1), so we
can again apply our theory for estimating the Lyapunov dimension of the attractor
A. To this end, we first recall the standard estimates for the internal volume
contraction exponents of the 2D Navier-Stokes equation, namely,

(3.19) In A" < Civ™3 — Covd?, d Ry,

where the coefficient Cy depends only on €2 and the coefficient Cy also depends (in
a linear way) on the norm sup, c 4. [|G(%0)||7~, see e.g. [4], [9]. Thus, in this case
the estimate for the internal Lyapunov dimension of system (0.3) or (which is the
same) system (3.18) has the following form:

(3.20) dimz,{(0.3)} < dins := (—)1/2 v2.
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Let us now return to the Lyapunov dimension of the extended system (0.2). Then,
arguing as in the previous example, we deduce the following equation for the number

dodd

k
(3.21) Crv™? — Cov(dine + daaa)® = — (1™ +.

=1

Using now the explicit value for d;,; (and dropping out the term with d?,,), we
have

k
3.22 dodga < st
(3:22) s o 2

and, consequently,

ext

k
14
3.23 dimp (A) < ding +k + e S (1
( ) lmL( )— t T +mzz(“’

emt)

We note that, estimating (u < Pmaz = p > 0, we infer

14
3.24 dimp, (A) < dips + k + —=—=k
(3.24) i (A) < diny + b+ —m—mshi

which has the similar form to (0.8), but in contrast to (0.8) (where we need to take
Ms > Csv~1 in order to preserve the asymptotic ~ =2 of the first term), we now
have the small constant v/\/C1Cy (which is proportional to ¥ < 1) in the third
term.

We conclude our exposition by the example where both of the spaces H; and Hs
are infinite-dimensional.

Example 3.5. Let us consider the following system of reaction-diffusion equations
in a bounded domain 2 C R™:

{ Opu = Ay (vu+ L(v)) — fi(u), ulyy =0, ul,_, = uo,

(3.25)
O = VALY — fa(v)

s V)0 =0, v[,_y =0,
where the functions f; and f2 satisfy conditions (3.6) and L € C§°(R) is a given
coupling function.

Then, it is not difficult to verify, arguing in a standard way (see [1], [4]), that, for
every (ug,vo) € H := [L?(Q2)]?, this problem possesses a unique solution (u(t), v(t))
for every ¢ > 0 and thus, generates a dissipative semigroup S, () in the phase space
H. Moreover, this semigroup possesses a global attractor A in H and Sy (t) € C1(A)
for every ¢ > 0.

Thus, since A := S,(1) has the structure of (0.1), we can apply our theory in
order to estimate the Lyapunov dimension of this global attractor. To this end,
we note that the variation equations for computing both of the quantities A%** and
A" now have the form of equation (3.11). Consequently, using the generalized
Liouville theorem and arguing in a standard way (see [4], [9]), we deduce that

(3.26) max{In A% In A5} < Cyd — Covd*+2/™,
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where the constants C'; and Cy depend only on m, K and . Then, due to estimate
(2.1), we have

(327) lnA}im < Cld — Czyk_rgin d{k1+2/m + (d _ k)1+2/m} < Cld . Céyd1+2/m,

)

for the appropriate new constant C} and, consequently,

m/2
(3.28) dimp, (A) < (%) y~m/2
2

which has the same form as (3.13).

We however not that the direct application of the volume contraction machinery
to equation (3.25) (with the most natural 'naive’ inner product in H = [L?(Q)]?)
fails, since the main part of the generator of the variation equation associated with
(3.25) has the form

(3.29) (Vﬁx L’(?;(i)gﬂ)%)

and the quadratic form associated with this operator (using this 'naive’ scalar prod-
uct) is not bounded from above (if L'(v(t) is large enough).
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