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2 SERGEY ZELIKEquations of the form (0.3) and (0.4) often arise under the dynamial study of dis-sipative systems generated by nonautonomous PDEs of mathematial physis. Forinstane, if the external fores are quasiperiodi in time, then equation (0.4) gener-ates a linear (disrete) ow on a k-dimensional torus Tk (k is a number of rationallyindependent frequenies). In this ase, the spae H2 is �nite-dimensional, the spaeH1 is the (in�nite-dimensional) phase spae of the PDE under onsideration (e.g.,reation-di�usion equation, damped wave equation or 2D Navier-Stokes system),� = H1 � Tk and An(x) := U(n+ 1; n)x is a solving operator of this PDE duringthe time period t 2 [n; n + 1℄, see [3℄ and [4℄ for the details. Then, reduing thisnonautonomous system to the autonomous one by the skew-produt tehnique, oneobtains the asade system of the form (0.1) and (0.2).It is well known that, in many ases, the longtime behavior of dissipative systemsmentioned above an be desribed in terms of the global or/and uniform attrators.Moreover, although the initial phase spae of these systems is in�nite-dimensional(usually, H1 = L2(
)), very often their attrators A have �nite Hausdor� andfratal dimension, so the limit dynamis an be desribed by the �nite number ofparameters, see [1℄, [4℄, [9℄ and the referenes therein. The ruial question here is,of ourse, to obtain the realisti bounds of the dimension of the attrator in termsof the physial parameters of the systems onsidered.We reall that, for the most part of autonomous dissipative PDEs, the bestknown estimates for the attrator's dimension have been obtained using the lassialinequality between the fratal and Lyapunov dimensions:(0.5) dimF (A) � dimL(A)and the so-alled volume ontration method for estimating the Lyapunov dimen-sion in the right-hand side of (0.5), see [2℄, [5-9℄ and the referenes therein. Thus,in order to extend this mahinery to nonautonomous equations, we need to knowhow to obtain good estimates for the Lyapunov dimension of a asade system ofthe form (0.1) and (0.2).To the best of our knowledge, the �rst attempt to extend this mahinery to thenonautonomous PDEs with quasiperiodi in time external fores was made in [3℄where the authors obtained the estimates for the dimensions of uniform attratorsfor wide lass of nonautonomous equations of mathematial physis applying thevolume ontration method to the extended autonomous system (0.1) and (0.2).We however note that the method applied does not take into aount the speialstruture of map (0.1) and (as a result) some additional term whih depend onthe norms of DyA(x; y) (and whih is in a sense irrelevant) appears in all theseestimates.An alternative approah whih does not use the extended system (0.1) and (0.2)and diretly generalizes the proof of estimate (0.5) to the nonautonomous ase hasbeen reently suggested in [4℄. Using this method, the authors obtain the sharpformula for the quasiperiodi ase whih does not ontain the additional irrelevantterm and has the following form:(0.6) dimF (A) � dimLf(0:3)g+ k;where dimLf(0:3)g is the Lyapunov dimension assoiated with the nonautonomousproblem in the form (0.3) (see Setion 1 for its rigorous de�nition) and k is a



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 3number of the rationally independent frequenies (we also note that in appliationsthe �rst term in the right-hand side usually possesses the same estimates as theLyapunov dimension of the attrator in the autonomous ase, see [4℄ for the details).Moreover, the authors also give a general formula for estimating the Kolmogorov's"-entropy H "(A) of suh attrators (= the logarithm of the minimal number of"-balls whih over A) in terms of the orresponding entropy of the external fores(whih are now not neessarily quasiperiodi and even an be in�nite-dimensional)whih has the following form:(0.7) H "(A) � C + (dimLf(0:3)g+ Æ) ln 1" + H "=L �H��[0;MÆ ln 1" ℄� ;where the last term in the right-hand side of (0.7) is an entropy of the so-alled hullH of the external fores restrited to the interval [0;MÆ ln 1" ℄, see [4℄ for the details,Æ > 0 is an arbitrary small number and the onstants L and MÆ depend on Æ. Forinstane, if equation (0.4) for the external fores is �nite-dimensional, then we anextrat from general estimate (0.7) the following estimate for the fratal dimensionof the attrator:(0.8) dimF (A) � (dimLf(0:3)g+ Æ) + k + CMÆ � k�;where � is the �rst Lyapunov exponent of (0.4), k is the dimension of system (0.4)and C is some positive onstant. In partiular, this estimate immediately gives(0.6) sine all of the Lyapunov exponents of the linear ow on the torus Tk equalzero. We however note that, for general (non quasiperiodi) external fores whihhave positive �rst Lyapunov exponent �, this estimate is also an be far from theoptimal sine the onstant MÆ is usually very large (and tends to +1 as Æ ! 0).In the present paper, we give a sharp estimate for the Lyapunov dimension of theasade system (0.2) in terms of the Lyapunov exponents �inti and �exti assoiatedwith problems (0.3) and (0.4) respetively. This estimate has the following form:(0.9) dimLf(0:2)g � d0 + Pd0i=1 ~�ij~�d0+1j ;where f~�ig1i=1 is the union of all exponents �inti and �extj renumerated in the non-inreasing order and d0 is the �rst integer suh that Pd0+1i=1 ~�i < 0. In partiular,for the quasiperiodi external fores, this formula implies the analogue of estimate(0.6) with the Lyapunov dimension in the left-hand side and give its natural (and,in a sense, sharp) generalization to the ase where the external fores have positiveLyapunov exponents.The paper is organized as follows. Some de�nitions whih are neessary in orderto formulate and proof our main result are given in Setion 1. The estimate ofthe Lyapunov dimension of system (0.2) in terms of the orresponding Lyapunovexponents of systems (0.3) and (0.4) is formulated and proved in Setion 2. And�nally, in Setion 3, we give some examples illustrating the above theory.Aknowledgments. This researh was partially supported by the INTAS grantno. 00-899 and CRDF grant no. 2343. The author is also graeful to M.Efendievand A.Miranville for the stimulating disussions.



4 SERGEY ZELIKx1 Uniform Lyapunov exponents and Lyapunov dimension.In this Setion, we briey reall the de�nition of uniform Lyapunov exponentsand Lyapunov dimension and formulate their simplest properties whih are impor-tant for what follows (see e.g. [9℄ for the detailed exposition). As usual, we startby introduing the volume expanding oeÆients !d(L) of a linear operator L in aHilbert spae.De�nition 1.1. Let L be a linear operator in a Hilbert spae H. Then, by def-inition, the volume expanding oeÆient !d(L) is the norm of dth exterior power�dL (d 2 N) of the operator L in the spae �dH:(1.1) !d(L) := k�dLkL(�dH) = suph1;��� ;hd2HkhikH�1 detf(Lhi; hj)Hg1�i;j�d;where (h1; h2)H is a salar produt in H.We now reall the basi properties of the introdued numbers:1) Let L1 and L2 be linear operators in H. Then(1.2) !d(L1 � L2) � !d(L1)!d(L2); d 2 N :2) The !-numbers !d(L) an be expressed in terms of the �-numbers of the operatorL via(1.3) !d(L) = �1(L) � �2(L) � � ��d(L);where the �-numbers �m(L) are de�ned by the following min-max formula(1.4) �m(L) := supF�HdimF=m infh2FkhkH=1 kLhkH ;where the supremum in the right-hand side of (1.4) is taken over all m-dimensionallinear subspaes of H. We also reall that, in the ase where L is ompat, the�-numbers oinide with the eigenvalues of the operator (LL�)1=2:(1.5) �m(L) = �m((LL�)1=2); �m 2 �((LL�)1=2)and analogous (but slightly more ompliated) relation holds in general (non-ompat) ase as well (see [9℄ the for details).3) Let the linear operators L and T satisfy(1.6) (Lh; Lh)H � (Th; Th)H ; 8h 2 H; then !d(L) � !d(T ); 8d 2 N :The detailed proof of the above assertions an be found in [9℄.We are now ready to de�ne the Lyapunov exponents and Lyapunov dimensionsfor dynamial systems (0.2){(0.4). To this end, we assume that we are given aompat invariant set A of map (0.1):(1.7) A (A) = A(whih is usually a global attrator in appliations) and assume also that A 2 C1(A)(the latter means that the map A is uniformly quasidi�erentiable on A, see [9℄, and



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 5that its (quasi)di�erential depends ontinuously on the point �0 2 A). We alsodenote by SA (n) the nth iteration of the map A . Then, obviously, SA (n) is asolving operator for equation (0.2), i.e.(1.8) �(n) = SA (n)�0; 8�0 2 A :We �rst de�ne the uniform volume expanding oeÆients !d(A ; n) as follows:(1.9) !d(A ; n) := sup�02A!d(D�SA (n)(�0));where D�SA (n)(�0) denotes the derivative with respet to the initial data of thesolving operator SA (n) at point �0 2 A (this derivative exists sine A 2 C1(A) andthe supremum in the right-hand side exists sine A is assumed to be ompat).Then, these numbers are submultipliative with respet to n:(1.10) !d(A ; n +m) � !d(A ; n)!d(A ;m):Indeed, sine SA (n) is a semigroup with respet to n then, di�erentiating the identitySA (n+m) = SA (n) Æ SA (m) by �0, we haveD�SA (n+m)(�0) = D�SA (n)(SA (m)�0) ÆD�SA (m)(�0)and, onsequently, aording to (1.2),(1.11) !d(D�SA (n+m)(�0)) � !d(D�SA (n)(SA (m)�0)) � !d(D�SA (m)(�0)):Applying the supremum over �0 2 A to the both parts of this inequality, we dedue(1.10). Inequality (1.10) implies the existene of the following limit:(1.12) �d(A ) := limn!1 (!d(A ; n))1=n = infn2N (!d(A ; n))1=n :Moreover, for the ase of non-integer d = k+s, k 2 N and 0 � s � 1, the �-numbers(1.12) an be de�ned by the following interpolation formula:(1.13) �d(A ) = �n(A )1�s�n+1(A )s ;see [9℄ for the details.De�nition 1.2. A uniform Lyapunov dimension of the set A with respet to themap A is the following number:(1.14) dimLf(0:2)g = dimL(A ) = dimL(A ;A) := inffd 2 R+ ; �d(A ) < 1gand the uniform Lyapunov exponents �i = �i(A ) of equation (0.2) are de�ned via(1.15) �1 = ln�1(A ); �i := ln�i(A ) � ln �i�1(A ); i > 1:De�nition (1.14) an be rewritten in terms of the Lyapunov exponents �i:(1.16) dimL(A ) = n0 + Pn0i=1 �ij�n0+1j ;



6 SERGEY ZELIKwhere n0 is the minimal integer suh that Pn0+1i=1 �i < 0, see [9℄ for the details.Thus, we have de�ned the Lyapunov exponents for the extended system (0.2).The Lyapunov exponents �d(B) and �i(B) for system (0.4) (whih desribes theevolution of the 'external fores') an be de�ned ompletely analogously. So, itonly remains to de�ne the uniform Lyapunov exponents for the nonautonomousequation (0.3). To this end, we �rst de�ne the solving semigroup SB(n) of equation(0.4), i.e. y(n) = SB(n)y0 and then, for every 'external fores' y(n) = SB(n)y0, wede�ne the solving operator SA(n; y0) for problem (0.3) by the expression(1.17) x(n) = SA(n; y0)x0; 8(x0; y0) 2 A;where x(n) solves problem (0.3) with the external fores y(n) = SB(n)y0. Wehowever note that, in ontrast to SA (n) and SB(n) the operators SA(n; y0) donot satisfy the semigroup identity (sine equation (0.3) is nonautonomous), whihshould be now replaed by the so-alled oyle identity(1.18) SA(n+m; y0) = SA(n; SB(m)y0) Æ SA(m; y0):Moreover, we also mention the following obvious, but useful, relation between SA (n)and SA(n; y0)(1.19) SA(n; y0)x0 = �1SA (n)(x0; y0)(where �1 is a projetor to the �rst omponent of a Cartesian produtH = H1�H2)whih follows from the fat that (x(n); y(n)) solves equation (0.2).We are now ready to de�ne the uniform volume expanding oeÆients for thenonautonomous equation (0.3) as follows:(1.20) !d(A; n) := sup(x0;y0)2A!d(DxSA(n; y0)(x0));where DxSA(n; y0)(x0) is the x-derivative of the operator SA(n; y0) omputed atpoint x0. We note that, in ontrast to (1.9), only the x-di�erentiation is involvedin de�nition (1.20) and the variable y0 plays the role of a parameter.Moreover, di�erentiating the oyle identity (1.18) by x and using inequality(1.2), we derive (analogously to (1.10)) that(1.21) !d(A;m+ n) � !d(A;m) � !d(A; n)whih guarantees the existene of the limit(1.22) �d(A) := limn!1 (!d(A; n))1=n = infn2N (!d(A; n))1=nand, for the non-integer d, the quantities �d(A) an be de�ned by the interpolationformula (1.13). Furthermore, the uniform Lyapunov dimension dimLf(0:3)g of thenonautonomous system (0.3) and its Lyapunov exponents �i(A) an be de�ned by(1.14) and (1.15) (where, obviously, one should replae �d(A ) by �d(A)).De�nition 1.3. In order to simplify the notations, we will use from now on thesymbols �und := �d(A ), �intd := �d(A) and �extd := �d(B) for the uniform �-numbers of equations (0.2), (0.3) and (0.4) respetively. Moreover, we denote by�uni , �inti and �exti the orresponding Lyapunov exponents.The following standard result whih shows that the �-numbers and Lyapunovexponents are independent of the onrete form of the inner produt in H is ruialfor what follows.



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 7Proposition 1.1. Let the above assumptions hold and let K be a self-adjoint pos-itive and invertible operator in H whih generates a new inner produt in H via(�1; �2)K := (K�1; �2)H . Then,(1.23) �d;K(A ) = �d(A ) and �i;K(A ) = �i(A );where �d;K(A ) and �i;K(A ) are omputed using the new inner produt (�; �)K.Proof. Indeed, it is not diÆult to verify, using e.g. formulae (1.3) and (1.4), that!d;K(L) = !d(K1=2LK�1=2)and, onsequently, using (1.2), we �nd(1.24) !d;K(A ; n) � [!d(K) � !d(K�1)℄1=2!d(A ; n):Taking the n�1th power from the both sides of this inequality and passing to thelimit n ! 1, we verify that �d;K(A ) � �d(A ). The inverse inequality an beproven analogously. Thus, the �rst identity of (1.23) is veri�ed and the seond oneis an immediate orollary of the �rst one. Proposition 1.1 is proven.x2 The main result.In this setion, we prove the following theorem whih estimates �und in terms of�intd and �extd .Theorem 2.1. Let the above assumptions hold. Then the �-numbers �und of theextended system (0.2) an be estimated in terms of the �-numbers �intd of the inter-nal nonautonomous problem (0.3) and the �-numbers �extd of problem (0.4) (whihdesribes the evolution of the external fores) as follows:(2.1) �und � maxs=0;��� ;df�ints � �extd�sg;where d 2 N and, by de�nition, �int0 = �ext0 = 1.Proof. For simpliity, we below prove the theorem in the ase where the derivativeD�A (�0) is a ompat operator for every �0 2 A (the general ase is ompletelyanalogous, but slightly more ompliated sine, instead of (1.5), we need to useslightly more ompliated desription of the �-numbers in a general non-ompatase, see [9, Proposition V.3.1.1℄).We �rst note that, due to (1.19) the the matrix of the derivative D�SA (n)(�0) atpoint �0 := (x0; y0) has the following struture:(2.2) Tn(�0) := D�SA (n)(�0) = �DxSA(n; y0)(x0) ; Tn(�0)0 ; DySB(n)(y0)� ;where Tn(�0) 2 L(H2; H1) is a bounded linear operator. We see that matrix (2.2)di�ers on a diret sum of operators DxSA(n; y0)(x0) and DySB(n)(y0) (whih areinvolved into the de�nition of �intd and �extd ) by the presene of the upper-diagonalterm Tn(�0) and this is the main diÆulty in the proof of estimate (2.1). In order



8 SERGEY ZELIKto eliminate the inuene of this term, we use below a speial salar produt in thespae H = H1 �H2, namely, we set(2.3) (�1; �2)" := (x1; x2)H1 + "�2(y1; y2)H2 ; �i = (xi; yi) 2 H; i = 1; 2;where " is a small positive number. Then, for all � = (x; y) 2 H, we have(2.4) (Tn(�0)�;Tn(�0)�)" = (DxSA(n; y0)(x0)[DxSA(n; y0)(x0)℄�x; x)H1++ "�2(DySB(n)(y0)[DySB(n)(y0)℄�y; y)H2 + 2(Tn(�0)y;DxSA(n; y0)(x0)x)H1 :Sine the operators Tn(�0) and DxSA(n; y0)(x0) are uniformly bounded on A, wean estimate the last term in the right-hand side of (2.4) as follows:(2.5) 2(Tn(�0)y;DxSA(n; y0)(x0)x)H1 � 2CnkxkH1kykH2 �� Cn"kxk2H1 + Cn"�1kyk2H2 = Cn"k�k2";where Cn depends on n, but independent of �0 2 A. Combining (2.4) and (2.5), wehave(2.6) (Tn(�0)�;Tn(�0)�)" � ((TA;B(n; �0)�; �)";whereTA;B(n; �0) :=�TA(n; �0)[TA(n; �0)℄�+Cn" Id ; 00 ; TB(n; y0)[TB(n; y0)℄�+Cn" Id� ;TA(n; x0) := DxSA(n; y0)(x0) and TB(n; y0) := DySB(n)(y0).We now note that the spetrum of the self-adjoint operator TA;B(n; �0) is, ob-viously, a union of the spetrums (in H1 and H2 respetively) of its omponentsTA(n; �0)[TA(n; xi0)℄�+Cn" Id and TB(n; y0)[TB(n; y0)℄�+Cn" Id respetively. Fur-thermore, due to our ompatness assumption, these operators have the ompleteorthonormal basises of eigenvetors and, onsequently, their �-numbers possess thefollowing desription(2.7) �k(TA(n; �0)[TA(n; �0)℄� + Cn") = �k(TA(n; �0))2 + Cn"�k(TB(n; y0)[TB(n; y))℄� + Cn") = �k(TB(n; y0))2 + Cn"and, in order to obtain the �-numbers of TA;B(n; �0), it is suÆient to renumeratethe union of the �-numbers of these operators in the non-inreasing order. Thus,due to (1.3) and (2.7), we infer!d;"(TA;B(n; �0)) == maxk=0;��� ;df�ki=1(�i(TA(n; �0))2 + Cn")�d�kj=1 (�j(TB(n; y0))2 + Cn")g;where !d;"(L) are the !-numbers of the operator L omputed in metri (2.3). Ap-plying (1.3) again and using the fat that all the �-numbers are uniformly boundedon the set A, we have(2.8) !d;"(TA;B(n; �0)) �� maxk=0;��� ;df(!k(TA(n; �0))2 + C 0n")(!d�k(TB(n; y0))2 + C 0n")g;



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 9where, by de�nition, !0(�) = 1 and the onstant C 0n depends on d and n, but isindependent of �0 2 A. Using now (1.6) and (2.6), we dedue from (2.8) that(2.9) !d;"(D�SA (n)(�0))2 �� maxk=0;��� ;df(!k(DxSA(n; y0)(x0))2 + C 0n")(!d�k(DySB(n)(y0))2 + C 0n")g:Applying the supremum over �0 2 A to the both sides of this inequality, we deduethe analogous relation for the uniform volume expanding oeÆients(2.10) !d;"(A ; n)2 � maxk=0;��� ;df(!k(A; n)2 + C 0n")(!d�k(B; n)2 + C 0n")g:We now reall that the �-numbers �und are independent of the hoie of the innerprodut in H, onsequently, due to (1.12) and Proposition 1.1,(�und )2n = (�und;")2n �� !d;"(A ; n)2 � maxk=0;��� ;df(!k(A; n)2 + C 0n")(!d�k(B; n)2 + C 0n")g:Passing to the limit "! 0 in this relation, we have(2.11) (�und )n � maxk=0;��� ;df!k(A; n) � !d�k(B; n)g:Taking the n�1th power from the both sides of (2.11) and passing to the limitn!1, we �nally obtain estimate (2.1) and �nish the proof of Theorem 2.1.Our next task is to larify estimate (2.1). To this end, we reformulate it in termsof the Lyapunov exponents �inti and �exti assoiated with equations (0.3) and (0.4)respetively.Corollary 2.1. Let f~�ig1i=1 be the union f�int1 ; �int2 ; � � � g [ f�ext1 ; �ext2 ; � � � g of allof the Lyapunov exponents assoiated with equations (0.3) and (0.4) renumeratedin the non-inreasing order. Then, under the assumptions of Theorem 2.1, thefollowing estimate holds:(2.12) ln�und � dXi=1 ~�i; d 2 N :Indeed, taking the logarithm from both sides of inequality (2.1) and using thede�nition of the Lyapunov exponents, we have(2.13) ln�und � maxk=0;��� ;d8<: kXi=1 �inti + d�kXj=1 �extj 9=; :It remains to note that estimate (2.12) is an elementary orollary of (2.13).We now ready to estimate the Lyapunov dimension of the extended system (0.2)in terms of the Lyapunov exponents of (0.3) and (0.4).



10 SERGEY ZELIKCorollary 2.2. Let the above assumptions hold and let the exponents ~�i be thesame as in Corollary 2.1. Then, the Lyapunov dimension of the invariant set A ofequation (0.2) an be estimated as follows:(2.14) dimLf(0:2)g = dimL(A ;A) � d0 + Pd0i=1 ~�ij~�d0+1j ;where d0 is the �rst integer suh that Pd0+1i=1 ~�i < 0.Indeed, aording to (2.12), we have the following estimate for the numbers �und ,for every d = n+ s, n 2 N and 0 � s � 1:(2.15) ln�und = s ln�unn + (1� s) ln�unn+1 � nXi=1 ~�i + s~�n+1:This estimate, together with de�nition (1.14) of the Lyapunov dimension implyestimate (2.14). x3 Examples and appliations.In this Setion, we give several examples illustrating the general theory. Westart with the most simple ase of diret sum of two semigroups whih shows thatestimates (2.1) and (2.14) are, in a sense, sharp.Example 3.1. Let the map A in formula (0.1) be independent of y:A (�) := �A(x)B(y)�and let the ompat invariant set A := A1 � A2 where A1 � H1 and A2 2 H2are invariant with respet to the maps A and B respetively. In that ase the non-diagonal operator TA;B vanishes and inequality (2.10) beomes a strit equality withCn = C 0n = 0 for every " > 0. This, in turn, gives a strit equality in inequalities(2.11) and (2.1).Assume, in addition, that �inti and �exti are monotone dereasing with respetto i (it will be so, eg, for the ase of linear maps A and B). Then, the Lyapunovexponents �uni of equation (0.2) oinide with the exponents ~�i, introdued inCorollary 3.2:(3.1) �uni = ~�i; i 2 Nand we also have strit equalities in (2.12) and (2.14).The next obvious example is the so-alled quasiperiodi external fores.Example 3.2. Let the map B be a linear map on the k-dimensional torus Tk :=RknZk:(3.2) B(y1; � � � ; yk) := (y1 + �1; � � � ; yk + �k)(mod 1); y = (y1; � � � ; yk) 2 Tk ;where � = (�1; � � � ; �k) are the rationally independent frequenies and we alsoassume that the projetion �2A of the invariant set A to the seond omponent ofthe Cartesian produt H1 �H2 oinides with the torus Tk .



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 11It is well-known (see e.g. [3-4℄) that the study of the longtime behavior of generalnonautonomous PDEs with the quasiperiodi external fores an be redued (usingthe so-alled skew-produt tehnique) to the study of iterations of the map A inwhih the seond omponent has the form of (3.2).In this ase, all the Lyapunov exponents �exti of the map B are, obviously, equalzero:(3.3) �ext1 = � � � = �extk = 0:Then, inequality (2.1) shows that �und+k � �intd if d is suh that �d+1 � 1. Usingthis fat and the de�nition of the Lyapunov dimension, we onlude that(3.4) dimLf(0:2)g � dimLf(0:3)g+ k:We reall that, due to the lassial inequality (0.5) between the fratal and Lya-punov dimension, estimate (3.4) an be onsidered as a generalization of estimate(0.6).We now onsider the appliations of formulae (2.1) and (2.14) to some onreteequations of mathematial physis. We start with the reation-di�usion system.Example 3.3. Let us onsider the following reation-di�usion system in a boundeddomain 
 � Rm :(3.5) �tu = ��xu� f(u) + g(t); u���
 = 0; u��t=0 = u0:Here u = (u1; � � � ; uN ) is an unknown vetor-valued funtion, � > 0 is a given pa-rameter, f(u) is a given nonlinear interation funtion whih satis�es the standarddissipativity and growth assumptions:(3.6) � 1: f 2 C1(Rk ;Rk );2: f(u):u � �C; f 0(u) � �K;where u:v denotes the standard inner produt in RN . We also assume that theexternal fores g(t) are �nite-dimensional and have the following struture:(3.7) g(t) := g(t; y0) := G(y1(t); � � � ; yk(t));where G 2 C1(Rk ; [L1(
)℄N ) is a given funtion and the vetory(t) := (y1(t); � � � ; yk(t))solves the following autonomous ODE:(3.8) ddty(t) = B(y(t)); y(0) = y0and B 2 C1(Rk ;Rk ) is a given funtion. To be more preise, we assume that thereexists a ompat invariant set A0 � Rk of system (3.8) and onsider a family ofequations (3.5) with the external fores fg(t; y0)gy02A0 .



12 SERGEY ZELIKIt is well known that, under the above assumptions, problem (3.5), (3.7), (3.8)is uniquely solvable in [L2(
)℄N � Rk for every u0 2 [L2(
)℄N and y0 2 A0 andgenerates a dissipative semigroup SA (t) on the spae � := [L2(
)℄N �A0 via(3.9) (u(t); y(t)) = SA (t)(u0; y0); t � 0;where (u(t); y(t)) is a unique solution of (3.5), (3.7), (3.8). Moreover, this semigrouppossesses a global attrator A (=uniform attrator of the initial nonautonomousproblem (3.5)) in the spae � (whih is, by de�nition, a ompat invariant set ofthis semigroup whih attrats the images of all bounded subsets of � as t ! 1)and SA (t) 2 C1(A) for every �xed t � 0, see e.g., [1℄, [4℄ and [9℄ for the details.Moreover, obviously, the map(3.10) A := SA (1)has the struture of (0.1), so we an apply our theory for estimating the Lyapunovdimension of the attrator A. To this end, we �rst need to estimate the numbers�intd for problem (0.3) or (whih is the same) for the nonautonomous equation (3.5).In order to do so, we reall that the operator DxSA(n; y0)(u0) is now determinedas a solving operator of the following variation equation assoiated with (3.5):(3.11) �tU = ��xU � f 0(u(t))U; U ���
 = 0;U ��t=0 = U0; (u(t); y(t)) = SA (t)(u0; y0):To be more preise, for every U0 2 [L2(
)℄N , we have DxSA(n; y0)(u0)U0 := U(n),where U(t) solves (3.11). Then, applying the standard generalized Liouville theoremfor estimating the volume expanding oeÆients of the linear equation (3.11), wehave(3.12) ln�intd � C1d� C2�d1+2=m; d 2 R+ ;where the positive onstants C1 and C2 depend only on K, N , m and 
 (but areindependent of � and g, see [4℄, [9℄ for the details). Thus, the Lyapunov dimensionof the non-autonomous equation (3.5) an be estimated as follows:(3.13) dimLf(0:3)g � dint := �C1C2�m=2 ��m=2:Let us now return to the estimating the Lyapunov dimension of the extended map(3.10). To this end, we �rst note that if we replae the Lyapunov exponents �extiby large ones, then the right-hand side of (2.14) also beomes larger and the in-equality preserves. For instane, we may replae �exti by (�inti )+ := maxf�exti ; 0g.Then, in order to obtain the exponents ~�i, we need to insert all these exponentsinto the sequene �inti before the �rst negative exponent. Moreover, we need toompensate the sum of these exponents by the negative Lyapunov exponents ofof the nonautonomous system. This arguments, together with (2.14) lead to thefollowing estimate:(3.14) dimL(A) � k + inffd; ln �intd < � kXi=1(�exti )+g:



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 13Thus, aording to (3.12), the infunum in the right-hand side of (3.14) is not largerthat dun := dint + dadd, where(3.15) C1(dint + dadd)� C2�(dint + dadd)1+2=m = � kXi=1(�exti )+:Using now the standard inequality (1 + x)� � 1 + �x and the expliit formula fordint, we dedue that(3.16) dadd � C�11 m2 kXi=1(�exti )+:Combining the estimates obtained, we �nally infer(3.17) dimL(A) � dint + k + C�11 m2 kXi=1(�exti )+:Thus, the �rst term in the right-hand side oinide with estimate (3.13) of the inter-nal Lyapunov dimension, the seond one is exatly the same as for the quasiperiodiexternal fores and the third one desribes the inuene of the positive Lyapunovexponents of the external fores.Our next example is the non-autonomous 2D Navier-Stokes system.Example 3.4. Let us onsider the following nonautonomous version of 2D Navier-Stokes system in a bounded domain 
:(3.18) �tu+ (u;rxu)u� ��xu = rxp+ g(t); u���
 = 0; u��t=0 = u0; divu = 0;where the external fores g(t) have exatly the same struture as in the previousexample (obviously, now N = m = 2).It is also well-known, that, for every y0 2 A0 � Rk and every u0 2 H0 :=fu 2 [L2(
)℄2; divu = 0g problem (3.18), (3.7), (3.8) possesses a unique solution(u(t); y(t)) for all t � 0 and thus, a dissipative semigroup SA (t) is well de�nedin a phase spae � := H0 � A0 (analogously to (3.9)). Moreover, this semigrouppossesses a global (uniform) attrator A in this phase spae and SA (t) 2 C1(A) forany t � 0, see [4℄, [9℄ for the details.It is also lear that the operator A := SA (1) has the struture of (0.1), so wean again apply our theory for estimating the Lyapunov dimension of the attratorA. To this end, we �rst reall the standard estimates for the internal volumeontration exponents of the 2D Navier-Stokes equation, namely,(3.19) ln�intd � C1��3 � C2�d2; d 2 R+ ;where the oeÆient C2 depends only on 
 and the oeÆient C1 also depends (ina linear way) on the norm supy02A0 kG(y0)k2L1 , see e.g. [4℄, [9℄. Thus, in this asethe estimate for the internal Lyapunov dimension of system (0.3) or (whih is thesame) system (3.18) has the following form:(3.20) dimLf(0:3)g � dint := �C1C2�1=2 ��2:



14 SERGEY ZELIKLet us now return to the Lyapunov dimension of the extended system (0.2). Then,arguing as in the previous example, we dedue the following equation for the numberdadd(3.21) C1��3 � C2�(dint + dadd)2 = � kXi=1(�exti )+:Using now the expliit value for dint (and dropping out the term with d2add), wehave(3.22) dadd � �pC1C2 kXi=1(�exti )+and, onsequently,(3.23) dimL(A) � dint + k + �pC1C2 kXi=1(�exti )+:We note that, estimating (�exti )+ � �max := � � 0, we infer(3.24) dimL(A) � dint + k + �pC1C2 k�whih has the similar form to (0.8), but in ontrast to (0.8) (where we need to takeMÆ � CÆ��1 in order to preserve the asymptoti � ��2 of the �rst term), we nowhave the small onstant �=pC1C2 (whih is proportional to � � 1) in the thirdterm.We onlude our exposition by the example where both of the spaes H1 and H2are in�nite-dimensional.Example 3.5. Let us onsider the following system of reation-di�usion equationsin a bounded domain 
 � Rm :(3.25) ( �tu = �x(�u+ L(v))� f1(u); u���
 = 0; u��t=0 = u0;�tv = ��xv � f2(v); v���
 = 0; v��t=0 = v0;where the funtions f1 and f2 satisfy onditions (3.6) and L 2 C10 (R) is a givenoupling funtion.Then, it is not diÆult to verify, arguing in a standard way (see [1℄, [4℄), that, forevery (u0; v0) 2 H := [L2(
)℄2, this problem possesses a unique solution (u(t); v(t))for every t � 0 and thus, generates a dissipative semigroup SA (t) in the phase spaeH. Moreover, this semigroup possesses a global attratorA inH and SA (t) 2 C1(A)for every t � 0.Thus, sine A := SA (1) has the struture of (0.1), we an apply our theory inorder to estimate the Lyapunov dimension of this global attrator. To this end,we note that the variation equations for omputing both of the quantities �intd and�extd now have the form of equation (3.11). Consequently, using the generalizedLiouville theorem and arguing in a standard way (see [4℄, [9℄), we dedue that(3.26) maxfln�intd ; ln�extd g � C1d� C2�d1+2=m;



A REMARK ON A UNIFORM LYAPUNOV DIMENSION OF CASCADE SYSTEMS 15where the onstants C1 and C2 depend only on m, K and 
. Then, due to estimate(2.1), we have(3.27) ln�und � C1d� C2� mink=0;��� ;dfk1+2=m + (d� k)1+2=mg � C1d� C 02�d1+2=m;for the appropriate new onstant C 02 and, onsequently,(3.28) dimL(A) � �C1C 02�m=2 ��m=2whih has the same form as (3.13).We however not that the diret appliation of the volume ontration mahineryto equation (3.25) (with the most natural 'naive' inner produt in H = [L2(
)℄2)fails, sine the main part of the generator of the variation equation assoiated with(3.25) has the form(3.29) � ��x ; L0(v(t))�x0 ; ��x �and the quadrati form assoiated with this operator (using this 'naive' salar prod-ut) is not bounded from above (if L0(v(t) is large enough).Referenes1. A.Babin and M.Vishik, Attrators of evolutionary equations, Nauka, Mosow, 1989.2. M.Blinhevskya and Yu.Ilyashenko, Estimate for the entropy dimension of the maximal at-trator for k-ontrating maps in an in�nite dimensional spae, Russ. J. Math. Phys. 6 (1999),20-26.3. V.Chepyzhov and M.Vishik, Attrators of non-autonomous dynamial systems and their di-mension, J. Math. Pures Appl. 73 (1994), 279{333.4. V.Chepyzhov and M.Vishik, Attrators for equations of mathematial physis, AMS, Provi-dene, RI, 2002.5. V.Chepyzhov and A.Ilyin, On the fratal dimension of invariant sets: appliations to Navier-Stokes equations, Dis. Cont. Dyn. Sys. 10 (2004), no. 1-2, 117{135.6. P.Constantin and C.Foias, Global Lyapunov exponents, Kaplan-Yorke formulas and the di-mension of attrators for 2D Navier-Stokes equations, Comm. Pure Appl. Math. 38, 1{27.7. A.Douady and J.Oesterl�e, Dimension de Hausdor� des attrateurs, C. R. Aad. Si. ParisSer A 290 (1980), 1135{1138.8. B.Hunt,Maximum loal Lyapunov dimension bounds the box dimension of haoti attrators,Nonlinearity 9 (1996), 845{852.9. R.Temam, In�nite dimensional dynamial systems in physis and mehanis, Springer-Verlag,New-York, 1997.


