ON THE STRONGLY DAMPED WAVE EQUATION WITH MEMORY
FRANCESCO DI PLINIO*, VITTORINO PATA* AND SERGEY ZELIK'

ABSTRACT. A semilinear strongly damped wave equation with memory is considered
in the past history framework. The existence of global attractors of optimal regularity
is established, both for critical and supercritical nonlinearities, under a necessary and
sufficient condition on the memory kernel.

1. INTRODUCTION

Let Q C R? be a bounded domain with smooth boundary 9. For ¢ > 0, we consider the
semilinear strongly damped wave equation with memory

(1.1) Opyu — aAdu — BAu + /oo p(s)Au(t — s)ds + p(u) = f,
0

where «a, 3 are (strictly) positive constants, and the memory kernel p is a nonnegative
decreasing function on R* = (0, 00) satisfying the integrability condition

/000 p(s)ds < p.

The equation is supplemented with the initial and boundary conditions

u(0) = uy,

ou(0) = uy,
(1.2) u(t) <o = 9(t),

u(t)jpe =0,

where ug, u; and g (the past history of u) are given data.

Equation (1.1) originates from a scalar homogenized model in linear viscoelasticity,
when a nonlinear displacement-dependent external force is applied. Indeed, the homog-
enization process of a composite material, whose microscopic mechanical behavior is de-
scribed by a viscoelastic stress-strain relation of Kelvin-Voigt type, leads to a macroscopic
stress-strain relation containing a time convolution term accounting for memory effects
(see [8, 20] and references therein).

The case 1 = 0 corresponds to to the well-known strongly damped wave equation

(1.3) Opu — aAdyu — fAu+ o(u) = f,
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widely studied in the literature (see, e.g., [3, 4, 7, 10, 16, 17, 18, 21, 22, 23, 26, 27]).
Well-posedness results and the existence of a global attractor for (strong) solutions to
(1.3) have been established in the paper [17] (see also [18]), working in the phase space
[H2(Q) N Hy(Q)] x H (), under the assumptions

¢'(r) > —C, rp(z) —/ o(y)dy > —C, / o(y)dy > —Cs,
0 0

for every z € R and some C; > 0, but without requiring any growth restriction on the
nonlinear term ¢. In presence of a nonlinearity of (polynomial) order less than or equal
to 5, equation (1.3) is also well-posed in the weak energy phase space H}(Q) x L?(£2), and
the related semigroup has a global attractor (see [4, 16, 22| for the critical nonlinearity of
order 5). Nonetheless, the optimal regularity of the attractor has been proved only in the
recent paper [23], exploiting the peculiar parabolic nature of the equation, as suggested
by [17].

The strongly damped wave equation with memory (1.1) has been considered in [2] (see
also [12]), for a suberitical nonlinearity and assuming the inequality

(1.4) w(s)+du(s) <0, Vs >0,

for some 0 > 0. In that paper, the existence of a global attractor has been proved in the
so-called past history framework, i.e., in the phase space Hg(Q) x L*(Q) x L2 (R*, Hj(Q2)).
On the other hand, condition (1.4), commonly employed to obtain asymptotic results for
semigroups arising from problems with memory, is rather restrictive. Indeed, let alone
that p is positive and decreasing for physical reasons, (1.4) prevents u to have flat zones,
or even to exhibit horizontal inflection points. A much weaker condition (see [5]), is to
require that, for every o > 0 and (almost) every s > 0,

(1.5) u(s + o) < Ke™pu(s),

for some K > 1 and § > 0, which is equivalent to (1.4) if K = 1. Nonetheless, when
K > 1, the gap between (1.4) and (1.5) is quite relevant. For instance, any decreasing
kernel eventually vanishing, such as a one-step function, fulfills (1.5). This would allow
to include in the analysis an equation with delay of the form

1
O — aAdyu — BAu + / Au(t — s)ds + p(u) = f.
0

The aim of the present paper is to prove the existence of global attractors of optimal
regularity for the semigroup generated by (1.1)-(1.2) in the past history framework, con-
sidering critical nonlinearities and replacing (1.4) with the more satisfactory condition
(1.5). In fact, analogously to [23], we will be able to treat even supercritical nonlineari-
ties, working in the phase space of strong solutions. Besides, we will show that (1.5) is
actually necessary in order to obtain the existence of the attractor.

However, the presence of the convolution integral introduces substantial complications.
Consequently, the scheme of [23] cannot be directly reproduced, and a skillful treatment
of the memory is required. Indeed, when looking for dissipative estimates, the peculiar
structure of this kind of equations has always been thought to lead to the natural multipli-
cations, of hyperbolic flavor, by 0;u or —Ad,u, which produce an automatic cancellation
of a term otherwise impossible to handle (cf. [2, 6]). On the other hand, an analogous
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cancellation does not occur when multiplying the equation by u or —Auwu, which is exactly
what is needed to pursue the “parabolic” strategy devised in [23]. Hence, our main effort
here is to enucleate the partial parabolicity of the equation, which is a harder task than
in [23], due to the further hyperbolicity caused by the memory, and then develop new
techniques that allow to control the additional memory terms that pop up under this,
apparently unnatural, multiplication. This is perhaps the main novelty of the paper: to
the best of our knowledge, in all the previous works dealing with problems with memory,
the exploitation of the aforementioned cancellation has always been considered the only
possible way to proceed. On the contrary, our alternative approach seems to be apt to
tackle other equations as well, whenever regularizing terms are present.

Plan of the paper. In the next Section 2, we introduce the functional setting and the
basic assumptions. The main results of the paper are stated in Section 3. Section 4 is
devoted to several technical results on equations in memory spaces. The proofs of the
main theorems are carried out in Section 5 and Section 6.

2. NOTATION AND BASIC ASSUMPTIONS

Along this paper, C' and Q will stand for a generic positive constant and a generic positive
increasing function, respectively, depending only on the structural quantities of the prob-
lem under consideration. The symbol A will be used to denote certain energy functionals
occurring in the proofs.

Notation. We indicate by || - || and (-, -) the standard norm and inner product on L?(().
Naming A = —A with Dirichlet boundary conditions, we consider, for £ € R, the scale of
Hilbert spaces
H, = D(AE/Z)a <U, U>l = <A€/2u7 A€/2U>'
In particular, Hy = L*(Q), Hy = H}(Q) and Hy = H*(2) N H}(Q). Recall that, for every
¢ >0 and every u € Hy,
lull < M =[ull,

where A\; > 0 is the first eigenvalue of A. Then, we define the L?-weighted spaces (the
so-called memory spaces)

Moo= 2R H), (e = / " (s n(s) () e s,

along with the infinitesimal generator of the right-translation semigroup on M,, that is,
the linear operator Tn = —Dn with domain

D(T) = {n € M, : Dn € My, n(0) =0},

where D stands for the distributional derivative, and n(0) = lim,_,o7n(s) in H,. We will
also make use of the H'-weighted spaces

M= YRS H, (s = [ n)[005) 966D+ (Da(s), D)) s

Finally, we introduce the product Hilbert spaces

%:H1XH0XM1 and V:HQXH()XMQ.
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The following general assumptions on u, f and ¢ are understood to hold in all the
statements of the paper.

Assumptions on p. Let p: RT — [0, 00) be a decreasing function such that

K= / p(s)ds < oo.
0

We assume that there exists © > 0 such that, for every s € RT,

(2.1) k@%z/MMWM0§9M$,

We allow 4 to have jumps at s = s, where {s,} is a strictly increasing sequence, with
sp = 0, either finite (possibly reduced to sg only) or converging to s« € (0, 00], whereas we
require the absolute continuity of i on each interval (s,_1, s,,) and on the interval (s, 00),
if defined. In particular, the derivative y' exists (nonpositive) almost everywhere.

As shown in [9], condition (2.1) is equivalent to (1.5). As a consequence,
(2.2) k(s) < Ce %,

Assumptions on f and ¢. Let f € H, be independent of time and ¢ € C*(R), with
©(0) = 0, be such that

(2.3) liminf¢'(x) > —\;.

|z|— 00
In particular, (2.3) implies that
(2.4) ¢'(z) > —w.
for some w > A;. No growth restrictions on ¢ are required.
Setting
P(u) = (p(u), 1),
with (z) = [ ¢(y)dy, the following inequalities are easily verified:

(2.5 D) > — ul]* ~ C.
(2.6 (p(u),u) > B(u) — S ull* € > ~Dlul? ~ O,

for some ¥ < \;.

Remark 2.1. Throughout this work, we will perform several formal estimates, which hold
true when the functions involved are regular enough (in particular, functions in memory
spaces should belong to D(T)). As usual, these estimates can be made rigorous working
in a suitable approximation scheme (see [11, 24]). Besides, we will use many times the
standard Holder and Young inequalities and the Sobolev embeddings without explicit
mention.
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3. THE MAIN RESULTS

We introduce the past history variable [6]
n'(s) = u(t) — u(t — s), s € R",
which (formally) satisfies the differential equation
om'(s) = —0sn*(s) + Opul(t)
with the initial condition
0" (s) = mo(s),

with 79 (s) = up— g(—s). Taking for simplicity « = 1 and 8 — [;° pu(s)ds = 1, we translate
(1.1)-(1.2) into the Cauchy problem in the history space framework

Onu + Adu + Au + p(u) + / w(s)An(s)ds = f,
0
(3.1) on = Tn + Oy,
(u(0), Bu(0),7°) = 2,

having set
z = (ug, U, 1Mo)-

In fact, under suitable assumptions, there is a complete equivalence between (1.1)-(1.2)
and (3.1) (see [13]).
Then, we have

Theorem 3.1. Problem (3.1) generates a strongly continuous semigroup S(t) on the phase
space V.

Theorem 3.2. Assuming in addition the (critical) growth condition

(3.2) ' (2)] < C(1+ |2]"),

problem (3.1) generates a strongly continuous semigroup S(t) on the phase space H.
We denote the corresponding (twice the) energies by

Ev(t) = IS®=I%,  Enlt) =11S(t)2ll3

We omit the proofs of Theorem 3.1 and Theorem 3.2, which can be obtained in a
standard way, by means of a Galerkin approximation scheme (cf. [11, 24] to deal with
the memory part), using the dissipative estimates proved later in this work. Again, we
stress that no growth restrictions on ¢ are required in order to prove the existence of the
semigroup in V, whereas in , for nonlinearities exceeding the critical exponent 5, we lose
uniqueness.

Our main results, whose proofs are postponed in the next sections, read as follow.

Theorem 3.3. The semigroup S(t) on V possesses a connected global attractor A which
is bounded in Hy x Hy X Ms. Besides, the third component of A is included in D(T),
bounded in M} and pointwise bounded in Hsj.

Remark 3.4. In fact, as will be clear from the proof, the first component of the set
A—(A71f,0,0) is bounded in Hs. Thus, if f € Hy, then A is bounded in Hs x Hy X M3.
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Recall that the global attractor is the unique compact subset of the phase space which
is fully invariant for S(¢) and attracts all bounded subsets with respect to the Hausdorff
semidistance (see [1, 14, 15, 19, 25] for more details on this theory).

The regularity of A, which is optimal within our hypotheses, can be improved up to
where the regularity of ¢ and f permit.

Corollary 3.5. If p € C®(R) and f € C>*(Q2), then

A C C®(Q) x C(Q) x C*([0,00), C*(Q)).
Theorem 3.6. If the growth condition (3.2) holds, the semigroup S(t) on H possesses a
global attractor which coincides with A.

Remark 3.7. Assumption (2.1) is sharp in order to obtain the existence of the global
attractor. To prove this fact, assume that the conclusion of Theorem 3.6 holds without
requiring (2.1) (which, in any case, is not needed to prove the existence of the semigroup).
When ¢ = 0 and f = 0, the system is linear homogeneous, and A reduces to {0}. In that
case, Theorem 3.6 translates into the exponential stability of the (linear) semigroup S(t)
on H. In particular, for initial data z = (0,0, ),

lu@IIF + 11120 < Mllnol[3 e,

for some § > 0 and some M > 1. This implies that the right-translation semigroup ()
on M, defined as

0 0<s<t,

m(s—1t) s>t,

[E()mol(s) = {

is exponentially stable of exponential rate at least d. Indeed, exploiting the representation
formula (4.1) for n (see the next section), we have

0> [ ul)lmls = ) +ulo)as
t
1 [ _

> 5 [ o) lmls — 0Rds = Mne= 2,
t

1 .
= S I=Omoll3s, — Mee™" ][t .

|n*

Hence, setting K = 2M (1 + k), we obtain the inequality

I=)mollt, — Ke " lmoll?, = / [t +5) = Ke™ pu(s)] mo(s)|[7ds < 0.
0

Using an argument devised in [5], for any fixed ¢, let
O, ={seR": p(t+s) — Ke "pu(s) > 0}.
Choosing 1y(s) = xo, ($)u, with ug € Hy such that ||ugl|s = 1, we conclude that

/0 [1(t +s) — Ke *'u(s)]ds = 0,

which yields (1.5) and, in turn, its equivalent formulation (2.1).
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4. SOME RESULTS ON EQUATIONS WITH MEMORY

In this section, we collect several technical results concerning equations in memory spaces,
which is really all we need to adapt the arguments devised in [23] for the strongly damped
wave equation to the case with memory.

For every ¢y > 0, let
qe Hl([oa tU]; Hl)a
and let ¥'(s) be the unique solution to the Cauchy problem in M,

{atwt = Ty + dyq(t),

1/}0 = 77b07
for some ¢y € M,. Then, ¢* has the explicit representation formula (see [24])
q(t) —q(t —s 0<s<t,
(4.) wi(s) =410 =)
Yo(s —t) +q(t) —q(0) s>t

Lemma 4.1. ” (& hcwe lfhe mequalzty
' M ([ ’t]y l) s t.
||77b ||¢ < C'Hq“[ 0.41.H +C||¢0||g €

where § is given by (1.5). Furthermore, if
la(t)|[; < Me™,
for some v < § and some M > 0, then
1007, < COM + IYollZ,)e™
Proof. Due to (1.5),

/t p(s)l[to(s — t)llzds = /0 u(s +8)|[vo(s)ll7ds < Ke ™ [[vollz,-

Thus, on account of (4.1), and exploiting (2.2), we obtain
t 00
111z, = / u(s)lla(t) — q(t — 5)[[zds +/ u(s)llto(s — 1) + q(t) — q(0)[[7ds
0 t

t
< 2sllq(t)I[7 + 2/ p(s)lla(t — s)llids + 2K e~ |[oll7,, + Ce™*|la(t) — q(0)[[7.
0

This proves the first statement. The second one follows from the estimate

/tu(s)e_”(t_s)ds < Ce™,
0
which is a direct consequence of (1.5). ]
Lemma 4.2. Assume that g = 0. Then,
Sup 14" (s)le < Cllallz=(o.0,m)-
If in addition 0,q € L>([0,t], Hy), we have the further estimate
[ eyt < Cllallzoeo,n,m0) + CllOwall oo o,0,510)-
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Proof. Use (4.1) and apply Lemma 4.1, noting that

oq(t—s) 0<s<t,
Dwt(s):{ot ( | s>t

as Yy = 0. U
For further use, we introduce the (positive) functionals
V(o] = [ k)~ a(olds
with k(s f p(o)do, and

D] = — /Ow OO + Dt O ).

The above sum, accounting for the jumps of u at s = s,, includes the value n = oo if
Seo < 00. By direct calculations, we have the equalities

(12) (Tt e = —5Teld] <O,

and

(1) G+ IR =2 [ ) ) ao)eds
dt =2

Moreover, from (2.1), we learn that

(1.4 ') < ClaE + 10'1,)

Lemma 4.3. Let { =1, and let b € Hy be a fixed vector. Then, for every e > 0 and every
t>0,

Q

[(TW" b)rl < (1 + p(t))][0]F + - [M(t)||<J||ioo([o,ﬂ,Hl) + [y + /0 u(s)l10a(t — s)llids|,

for some @@ > 0.

Proof. For every t > 0,

(T B = [ T Bids = [ (o) (0 (5), .
When s < ¢, from (4.1) we have that
Ty'(s) = =0t = 5).

Hence, the first term in the rhs is controlled as
t
(4.5) | / NI, B)ids] < ||b||1/ () 19rg(t — ) 1ds
. C [ 2
<elplli+ = [ u(s)llow(t - s)lfids.
0
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As far as the second term is concerned, recalling that (cf. [13])
lim 7u(s)[|4)*(s)]l: = 0,
§—>00

integrating by parts, we are led to the equality

~ [ g ) by

= p(E) W ()00 = Y [ulsy) — plsh))W (s0), b)1 + /too W (s)(¥'(s),b)1ds.

Sn>t

Appealing again to (4.1),

(@) (W' (2), 0)1] < p(®)llg(t) — (O) I ]1b]lx < %u(tﬂlbllf + gu(t)|lq||%oo([o,t],m>-

Since
0 < 3 lulsy) = uls)] < (o)
we obtain '
DI SO (sn)s 0| < 3 lns) = s )l bl
< Sp + S S lnte7) — s )
Finally,

/twu%s)w(s),bms\s—gnbn% / $)ds — £ / 9)[9(s) ds

uOE =< [ Wl olRds

<

Wl M

In summary,

C

C
ao) | [ '(5), Bhcls| < (O + =)l o my + —Tal4).

4
Vg
d (4.

Collecting (4.5) 6) we are finished. O

5. PROOF OF THEOREM 3.3

We begin to show the existence of a bounded absorbing set for the semigroup S(t) acting
on the phase space V.

Theorem 5.1. The dissipative estimate
Ev(t) < Q(&E(0))e™ + C,

holds for every t > 0 and some v > 0.

In order to prove the result, we need a preliminary lemma.
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Lemma 5.2. We have the estimate
Ex(t) —1—/ ||8tu(7-)||?d7' < 0[5;{(0) + |<I>(u0)|]678'5 + C,
t

for every t > 0 and some € > 0.

Proof. For £ > 0 to be determined, we define
A = &y + 2e|Jul|f + 2®(u) + 42 (Opu, u) — 2(f, u) + 2e[n],
which, in light of (2.5) and (4.4), satisfies the inequalities
0y — C <A< C&+C|P|+C,

for some p > 0, provided that ¢ is small enough. Using (3.1), (4.2) and (4.3), we compute
the time-derivative of A as

d
EA + 26\ + ||0su]|2 + Ag = 0,

where we set
Ag = 2e(1 — 2¢)||ul|? + ||0wu])? — 6¢]|Opu]|* — 82%(Dpu, u)
+ de(p(u), u) — 4e®(u) — 4e2W [n] + Ty [n).
Exploiting (2.6) and (4.4), for £ small enough, we have that
No > —e0Ey — eC > —cA — eC..
Therefore,
Ly |0pul]} < eC,

dt
and the Gronwall lemma yields

0Eu(t) — C < A(t) < A0)e ="+ C < CEx(0) + |P(uo)|]e " + C.

Setting ¢ = 0 and integrating the above differential inequality on [t, ], thanks to the
obtained bound on A(t), the remaining part of the claim follows by letting ty — co. [

Remark 5.3. A closer look into the proof shows that, if ¢ = 0 and f = 0, we have the
exponential decay property (of the related linear semigroup)

En(t) < OC&x(0)e™".
Proof of Theorem 5.1. Consider the functional
A = Jlull3 + 2(0pu, Au) + P2[n],
which, from (4.4), fulfills
vA < ulls + 200, Au) + [Inll3,, < Cév,
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for some v > 0 small enough. A multiplication of the first equation of (3.1) by Au,
together with (2.3) and (4.3), entail

d
A+ s + 200w, Au) + [Inll5,.] + llullz

= 2[|0ullf — 2(¢(u) Vu, Vu) + 2(0yu, Au) + 2(f, Au)
< ullz + C (1 + flullf + [|9pull?).-
Therefore,

d
AT rA SO+ ullf + 19rull?).

Thus, exploiting Lemma 5.2 and the inequality
A(0)] + E(0) + [ (uo)| < Q(Ex(0)),
the Gronwall lemma entails (assuming v < ¢)
A(t) < Q(Ev(0))e ' +C,
thanks to the estimate

t 00 t 00
[ e ot ar <t [ oatn)tdr v [ [ jaas)asds,
0 0 0

which is obtained integrating by parts. Applying again Lemma 5.2 to control ||dul|?, we
conclude that

a5+ [1Bu(t)|* < Q(Ev(0)e™ + C.
Assuming, without loss of generality, » < §, the remaining estimate for ||||3 , follows
from the first assertion of Lemma 4.1. O

Thus, Theorem 5.1 provides the existence of a bounded absorbing set By, C V for S(t).
Following the lines of [23], we now decompose the solution S(¢)z with initial data z € By,
into the sum

S(t)z = (v(t), (1), ') + (w(t), Brw(t),¢") + (A7'£,0,0),
where (v, 9y, &) and (w, dyw, () solve the problems
Onv + Ao + Av + /000 p(s)A&(s)ds = 0,
0 =TE + Oy,
(v(0),9,v(0),£°) = z — (A7 £,0,0),

and
Opw + Adyw + Aw + ¢(u) + / w(s)AC(s)ds =0,
0
('9,5C == TC + 8tw,
(U)(O), atw(o)a CO) = 07

Till the end of this section, the generic positive constant C' may depend on By,. Observe
that, from Theorem 5.1,

(5.1) 1S(t)zlly < C.
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Lemma 5.4. The inequality

1(v(2), d(t), &)y < Ce™
holds for every t > 0 and some v > 0.

Proof. Arguing exactly as in the proof of Theorem 5.1 (with v and & in place of u and 7),
and noting that now ¢ = 0 and f = 0, in view of Remark 5.3, we find the estimate

lv(®ll2 + IO (@) < Ce™,

for some v > 0, and the analogous control for ||£]|2,, is obtained from the second assertion
of Lemma 4.1. O

Lemma 5.5. The inequality
H(w(t), Brw(t), ")l s 2ty < C-
holds for every t > 0.
Proof. For ¢ > 0 to be determined, we set
A= 1+ o)Jwlli + owwll3 + [ICI15,, — 2e(0w, Aw)y + eT5[C].

On account of (4.4), the inequalities
1
A < ll(w, 0w, Ol xaty < 2A

hold provided that ¢ is small enough. Using the equations for (w, d,w, (), along with (4.2)
and (4.3), the time-derivative of A fulfills the equality

d
A+ 2ellwlls + 20 = )lldww |15 + £lICll5,, = =Ts[] = 22(p(u), Aw)r = 2{p(w), Adw):.

Since, owing to (5.1) and the assumption ¢(0) = 0, we know that ¢(u) is uniformly
bounded in H;, we control the rhs by

ellwls + 1oawlls + C,

Hence, up to further reducing ¢, we obtain the differential inequality

d
—A A<C.
1 +eA <

The claim follows from an application of the Gronwall lemma. 0

As a byproduct, from Lemma 4.2, we have

Lemma 5.6. The inequality
1€ 21 + sup I (s)lls < C
5>

holds for every t > 0.
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We are now in a position to complete the proof of Theorem 3.3. Indeed, Lemma 5.4 and
Lemma 5.5 show that the solution S(¢)By is (exponentially) attracted by the set zo + Ky,
where

2= (A"1f,0,0) € Hy x Hy x M,

for every ¢, and

Ky = {(@,0,7) « [lalls + 1ll2 + 17lls. + [7ll21 +supesg [7(s)lls < €, 7(0) = 0}

According to [24, Lemma 5.5], Ky (and so zy + Ky) is a compact subset of V. Hence,
by the standard methods of the theory of attractors, S(¢) possesses a connected global
attractor A C zy + Ky.

The proof of Corollary 3.5 is carried out by differentiating the equation with respect to
time, and applying the techniques above to the new equation.

6. PROOF OF THEOREM 3.6

Having the growth restriction (3.2), we readily get from Lemma 5.2 the following result.

Theorem 6.1. The dissipative estimate
Exn(t) +/ 0w (7)||7dT < Q(Ex(0))e " + C,
t

holds for every t > 0 and some £ > 0.

Thus, in analogy with the previous case, there exists a bounded absorbing set By, for the
semigroup S(t) acting on H. In the sequel, we consider initial data z € By . Accordingly,
the generic positive constant C' that will appear in the forthcoming proofs may depend
on By . In particular,

(6.1) 5ﬂﬂ+/|@mﬂmhga

0
For further use, it is convenient to define

w(t) = min{t, 1}

and

t

Ft) = [ us)oratt - 9)fds.
0

Changing the order of integration and using (6.1), we have

(6.2) / f@&:n/ |Bru(t)|2dt < C.
0 0
The next two lemmata provide a suitable regularity for the time-derivatives of w.

Lemma 6.2. For every t > 0,

@ (1)]0u(t)]I} +/0 @ (7) | duu(r)|I*dr < C.



14 F. DI PLINIO, V. PATA AND S. ZELIK

Proof. We introduce the functional
Ay = |0wul|? + 2(u, Opuds + 2{p(u), dyu) — 2(f, Oyu) + 2(n, Feu)1 .
Multiplying the first equation of (3.1) by 0,u, we obtain
d

aAl + 2||8ttu||2 = 2(6,57’], 8tu>1,u + 2<g0'(u)6tu, 6tu> + 2”6{&“%

The growth restriction (3.2) and the bound (6.1) yield
2(¢' (w)Opu, Ou) < C(1+ [lul[D)|0ull} < Clopulli.
From the second equation of (3.1), we have the equality
2(0m, Opu)1,, = 2(T, Oyu)1,, + 2k||Opul|7.
Controlling the first term in the rhs by means of Lemma 4.3 with ¢ = 1, and using again

(6.1), we end up with the estimate

d
gt 2([0uull” < C(1+ w)l|dwulli + Q(Cp+ Taln] + F).

By virtue of (4.2), the functional
fulfills the differential equality

d
Then, we define
A= Al + QA27
which, due to (3.2) and (6.1), satisfies the bounds
1
(6.4) Sl — ¢ < A< ol + .
Collecting the above relationships, we learn that
d
(6.5) A T 20uul” < C(L+ ol + O+ F).

Assume first ¢ € (0, 1]. Multiplying (6.5), written for ¢ = 7, by 7 and integrating on [0, t],
we find, in light of (6.1) and (6.2),

t t
tA(t) + 2/ 7)|Opu(7)||Pdr < C +/ A(r)dr < C.
0 0
Here, we used the fact that

sup () < 00,
7>0

which is an easy consequence of the assumptions on p. Therefore, (6.4) gives

t t
(6.6) SO @)l + 2/ T|0wu(r)|I* < C,
0



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 15

which proves the case t < 1. Conversely, if ¢ > 1, taking advantage of (6.1) and (6.2), we
integrate (6.5) on [1,¢], so to get

¢
At) + 2/ |0uu(7)||?dT < C + A(1).
1
By means of (6.4) and (6.6), this implies that

1 t
(©.7) S +2 [ oa(nl < c.
1

The conclusion for the case ¢t > 1 follows by collecting (6.6) and (6.7). O

Lemma 6.3. For everyt > 1,
[Owu(t)|| < C.

Proof. We set

m = sup [@(s)(1 4 u(s))] < oo.

Calling p = 0,u, we introduce the functional
Av = [|@epl* + (1 + s)lIpl7,

From Lemma 6.2,

(6.8) /0 w(T)A(7)dr < C.

A differentiation of the first equation of (3.1) with respect to ¢ gives

Oup + Adip + Ap + / p(s)Adn(s)ds + ¢'(u)0pu = 0.

0

Multiplying by d;p, and using the second equation of (3.1), we obtain the differential
equality
d
&Al +2(|0wpl|} = —2(Tn, Op)1,u — 2(¢' (u)Dyu, Oypp).
On account of (3.2), (6.1) and Lemma 4.3 with ¢ = w(t)/m, we find the controls

—2(¢'(u)ru, Oep) < [10ep ||} + C||Opul[3,

and
(T, A < 0l + (- Tln) + ).
Therefore,
W%Al < C)|6wul|; + C(u+Tin) + F).
Taking now A, as in the proof of Lemma 6.2, and recalling (6.3), we are led to
(6.9) w%/\l + %CAQ <Cu+ 7).

Writing (6.9) for ¢ = 7, multiplying by 7 and integrating on [0, 1], we obtain the inequality

1
M) <C+ 2/ A (T)dT < C,
0
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thanks to (6.1), which in turn implies that |As| < C, (6.2) and (6.8). Finally, if ¢ > 1,
integrating (6.9) on [1,¢] and using (6.1) and (6.2), we arrive at

AM(t) <C+AM(1)<C.

Hence, we conclude that
[0wu(t)|| = llow@)]| < C,
for every t > 1. O

At this point, we define
v, () = @(x) + we,
with w given by (2.4), so that ¢/ (z) > 0, and

In light of Lemma 6.3,
(6.10) sup ||h(t)]] < C.

t>1

Accordingly, the first equation of (3.1) may be rewritten as
Adu + Au + @, (u) + / w(s)An(s)ds = h + wu.
0

Next, we consider the splitting
(u,n) = (v,€) + (w,Q),

where (v,&) and (w, () are the solutions of the Cauchy problems on [1, o)

AB + Av + gufu) = pulw)+ [ (o) Ag(s)ds =0,

0

(6.11) 9,6 = TE + Oy,

(v(1),€") = (u(1),n"),
and

Adyw + Aw + ¢, (w) + / wu(s)AC(s)ds = h + wu,

0

(6.12) 8¢ = TC + dyw,

(w(1),¢") = 0.
Lemma 6.4. For every t > 1,

lo@1IF + 11113, < Ce™,

for some € > 0.

Proof. Setting

A = o]]f + Ti[g],
using (4.3) and multiplying the first equation of (6.11) by v, from the monotonicity of ¢,
we readily get the inequality

d
A2l + i€, < 0.
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which, by means of (4.4), turns into

d
—A A<O
T +eA <0,

for some € > 0. On account of (6.1), the Gronwall lemma and a further application of
(4.4) entail

lv(@)IF < A(t) <AL < C(Ju(V)[f + [In']17 )" < Ce*
The conclusion follows by applying Lemma 4.1 to ¢! = £/F1. O

Lemma 6.5. For everyt > 1,
lw(®)llz + I¢ |2 < C.

Proof. Setting

A = [Jwll; + Po[C],
using (4.3) and multiplying the first equation of (6.12) by Aw, appealing again to the
monotonicity of ¢, we are led to

d
— A+ 2w+ [I¢]13,, < 2(h, Aw) + 2w(u, Aw) < |jw||; + C,

dt
where the latter inequality follows from (6.1) and (6.10). Hence, arguing exactly as in the
former proof, we obtain the desired result. O

Lemma 6.6. The inequality
1¢" 251 + sup [[¢*(s)[|l2 < C.
5>0

holds for every t > 1.

Proof. Apply Lemma 4.2 to 1! = ('™!, noting that the estimates of Lemma 6.5 furnish
the further control

by comparison in the equation. (]
Summarizing the above results, for every z € By, the solution
S(t)z = (v(t) + w(t), du(t), & + (")
fulfills, for every ¢ > 1, the relations
lo(IF + €', < Ce™
and
lw(®)ll2 + [1Beu(t)ll1 + (12,1 + Sup I (s)]l2 < C.
This means that S(¢)By is (exponentially) attracted by the set

Ky = {(@0,7) « [l + 3]l + [7llzu1 + supyso 17i(s)]|2 < €, 7(0) = 0}
which is compact in H by [24, Lemma 5.5]. Therefore, the semigroup S(#) on H possesses a
connected global attractor Ay C Ky. On the other hand, 4, and so Ay, is bounded in V.

Thus, from Theorem 3.3, S(t).Ay is attracted by A in the norm of V. But Ay = S(t) Ay,
which forces the equality Ay = A. The proof of Theorem 3.6 is finished.
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