
ON THE STRONGLY DAMPED WAVE EQUATION WITH MEMORYFRANCESCO DI PLINIO�, VITTORINO PATA� AND SERGEY ZELIKyAbstra
t. A semilinear strongly damped wave equation with memory is 
onsideredin the past history framework. The existen
e of global attra
tors of optimal regularityis established, both for 
riti
al and super
riti
al nonlinearities, under a ne
essary andsuÆ
ient 
ondition on the memory kernel.1. Introdu
tionLet 
 � R3 be a bounded domain with smooth boundary �
. For t > 0, we 
onsider thesemilinear strongly damped wave equation with memory(1.1) �ttu� ���tu� ��u+ Z 10 �(s)�u(t� s)ds+ '(u) = f;where �; � are (stri
tly) positive 
onstants, and the memory kernel � is a nonnegativede
reasing fun
tion on R+ = (0;1) satisfying the integrability 
onditionZ 10 �(s)ds < �:The equation is supplemented with the initial and boundary 
onditions(1.2) 8>>><>>>:u(0) = u0;�tu(0) = u1;u(t)jt<0 = g(t);u(t)j�
 = 0;where u0, u1 and g (the past history of u) are given data.Equation (1.1) originates from a s
alar homogenized model in linear vis
oelasti
ity,when a nonlinear displa
ement-dependent external for
e is applied. Indeed, the homog-enization pro
ess of a 
omposite material, whose mi
ros
opi
 me
hani
al behavior is de-s
ribed by a vis
oelasti
 stress-strain relation of Kelvin-Voigt type, leads to a ma
ros
opi
stress-strain relation 
ontaining a time 
onvolution term a

ounting for memory e�e
ts(see [8, 20℄ and referen
es therein).The 
ase � � 0 
orresponds to to the well-known strongly damped wave equation(1.3) �ttu� ���tu� ��u+ '(u) = f;2000 Mathemati
s Subje
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2 F. DI PLINIO, V. PATA AND S. ZELIKwidely studied in the literature (see, e.g., [3, 4, 7, 10, 16, 17, 18, 21, 22, 23, 26, 27℄).Well-posedness results and the existen
e of a global attra
tor for (strong) solutions to(1.3) have been established in the paper [17℄ (see also [18℄), working in the phase spa
e[H2(
) \H10 (
)℄�H10 (
), under the assumptions'0(x) � �C1; x'(x)� Z x0 '(y)dy � �C2; Z x0 '(y)dy � �C3;for every x 2 R and some Ci � 0, but without requiring any growth restri
tion on thenonlinear term '. In presen
e of a nonlinearity of (polynomial) order less than or equalto 5, equation (1.3) is also well-posed in the weak energy phase spa
e H10 (
)�L2(
), andthe related semigroup has a global attra
tor (see [4, 16, 22℄ for the 
riti
al nonlinearity oforder 5). Nonetheless, the optimal regularity of the attra
tor has been proved only in there
ent paper [23℄, exploiting the pe
uliar paraboli
 nature of the equation, as suggestedby [17℄.The strongly damped wave equation with memory (1.1) has been 
onsidered in [2℄ (seealso [12℄), for a sub
riti
al nonlinearity and assuming the inequality(1.4) �0(s) + Æ�(s) � 0; 8s > 0;for some Æ > 0. In that paper, the existen
e of a global attra
tor has been proved in theso-
alled past history framework, i.e., in the phase spa
e H10 (
)�L2(
)�L2�(R+ ; H10(
)).On the other hand, 
ondition (1.4), 
ommonly employed to obtain asymptoti
 results forsemigroups arising from problems with memory, is rather restri
tive. Indeed, let alonethat � is positive and de
reasing for physi
al reasons, (1.4) prevents � to have 
at zones,or even to exhibit horizontal in
e
tion points. A mu
h weaker 
ondition (see [5℄), is torequire that, for every � � 0 and (almost) every s > 0,(1.5) �(s+ �) � Ke�Æ��(s);for some K � 1 and Æ > 0, whi
h is equivalent to (1.4) if K = 1. Nonetheless, whenK > 1, the gap between (1.4) and (1.5) is quite relevant. For instan
e, any de
reasingkernel eventually vanishing, su
h as a one-step fun
tion, ful�lls (1.5). This would allowto in
lude in the analysis an equation with delay of the form�ttu� ���tu� ��u+ Z 10 �u(t� s)ds+ '(u) = f:The aim of the present paper is to prove the existen
e of global attra
tors of optimalregularity for the semigroup generated by (1.1)-(1.2) in the past history framework, 
on-sidering 
riti
al nonlinearities and repla
ing (1.4) with the more satisfa
tory 
ondition(1.5). In fa
t, analogously to [23℄, we will be able to treat even super
riti
al nonlineari-ties, working in the phase spa
e of strong solutions. Besides, we will show that (1.5) isa
tually ne
essary in order to obtain the existen
e of the attra
tor.However, the presen
e of the 
onvolution integral introdu
es substantial 
ompli
ations.Consequently, the s
heme of [23℄ 
annot be dire
tly reprodu
ed, and a skillful treatmentof the memory is required. Indeed, when looking for dissipative estimates, the pe
uliarstru
ture of this kind of equations has always been thought to lead to the natural multipli-
ations, of hyperboli
 
avor, by �tu or ���tu, whi
h produ
e an automati
 
an
ellationof a term otherwise impossible to handle (
f. [2, 6℄). On the other hand, an analogous
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an
ellation does not o

ur when multiplying the equation by u or ��u, whi
h is exa
tlywhat is needed to pursue the \paraboli
" strategy devised in [23℄. Hen
e, our main e�orthere is to enu
leate the partial paraboli
ity of the equation, whi
h is a harder task thanin [23℄, due to the further hyperboli
ity 
aused by the memory, and then develop newte
hniques that allow to 
ontrol the additional memory terms that pop up under this,apparently unnatural, multipli
ation. This is perhaps the main novelty of the paper: tothe best of our knowledge, in all the previous works dealing with problems with memory,the exploitation of the aforementioned 
an
ellation has always been 
onsidered the onlypossible way to pro
eed. On the 
ontrary, our alternative approa
h seems to be apt tota
kle other equations as well, whenever regularizing terms are present.Plan of the paper. In the next Se
tion 2, we introdu
e the fun
tional setting and thebasi
 assumptions. The main results of the paper are stated in Se
tion 3. Se
tion 4 isdevoted to several te
hni
al results on equations in memory spa
es. The proofs of themain theorems are 
arried out in Se
tion 5 and Se
tion 6.2. Notation and Basi
 AssumptionsAlong this paper, C and Q will stand for a generi
 positive 
onstant and a generi
 positivein
reasing fun
tion, respe
tively, depending only on the stru
tural quantities of the prob-lem under 
onsideration. The symbol � will be used to denote 
ertain energy fun
tionalso

urring in the proofs.Notation. We indi
ate by k � k and h�; �i the standard norm and inner produ
t on L2(
).Naming A = �� with Diri
hlet boundary 
onditions, we 
onsider, for ` 2 R, the s
ale ofHilbert spa
es H` = D(A`=2); hu; vi` = hA`=2u;A`=2vi:In parti
ular, H0 = L2(
), H1 = H10 (
) and H2 = H2(
) \H10 (
). Re
all that, for every` � 0 and every u 2 H`, kuk � �1�`=2kuk`;where �1 > 0 is the �rst eigenvalue of A. Then, we de�ne the L2-weighted spa
es (theso-
alled memory spa
es)M` = L2�(R+ ; H`); h�;  i`;� = Z 10 �(s)h�(s);  (s)i` ds;along with the in�nitesimal generator of the right-translation semigroup on M`, that is,the linear operator T� = �D� with domainD(T ) = f� 2 M` : D� 2 M`; �(0) = 0g;where D stands for the distributional derivative, and �(0) = lims!0 �(s) in H`. We willalso make use of the H1-weighted spa
esM1̀ = H1�(R+ ; H`); h�;  i`;�;1 = Z 10 �(s)�h�(s);  (s)i` + hD�(s); D (s)i`�ds:Finally, we introdu
e the produ
t Hilbert spa
esH = H1 �H0 �M1 and V = H2 �H0 �M2:



4 F. DI PLINIO, V. PATA AND S. ZELIKThe following general assumptions on �, f and ' are understood to hold in all thestatements of the paper.Assumptions on �. Let � : R+ ! [0;1) be a de
reasing fun
tion su
h that� = Z 10 �(s)ds <1:We assume that there exists � > 0 su
h that, for every s 2 R+ ,(2.1) k(s) = Z 1s �(�)d� � ��(s);We allow � to have jumps at s = sn, where fsng is a stri
tly in
reasing sequen
e, withs0 = 0, either �nite (possibly redu
ed to s0 only) or 
onverging to s1 2 (0;1℄, whereas werequire the absolute 
ontinuity of � on ea
h interval (sn�1; sn) and on the interval (s1;1),if de�ned. In parti
ular, the derivative �0 exists (nonpositive) almost everywhere.As shown in [9℄, 
ondition (2.1) is equivalent to (1.5). As a 
onsequen
e,(2.2) k(s) � Ce�Æs:Assumptions on f and '. Let f 2 H0 be independent of time and ' 2 C1(R), with'(0) = 0, be su
h that(2.3) lim infjxj!1 '0(x) > ��1:In parti
ular, (2.3) implies that(2.4) '0(x) � �!:for some ! � �1. No growth restri
tions on ' are required.Setting �(u) = he'(u); 1i;with e'(x) = R x0 '(y)dy, the following inequalities are easily veri�ed:�(u) � �#2 kuk2 � C;(2.5) h'(u); ui � �(u)� #2 kuk2 � C � �#kuk2 � C;(2.6)for some # < �1.Remark 2.1. Throughout this work, we will perform several formal estimates, whi
h holdtrue when the fun
tions involved are regular enough (in parti
ular, fun
tions in memoryspa
es should belong to D(T )). As usual, these estimates 
an be made rigorous workingin a suitable approximation s
heme (see [11, 24℄). Besides, we will use many times thestandard H�older and Young inequalities and the Sobolev embeddings without expli
itmention.



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 53. The Main ResultsWe introdu
e the past history variable [6℄�t(s) = u(t)� u(t� s); s 2 R+ ;whi
h (formally) satis�es the di�erential equation�t�t(s) = ��s�t(s) + �tu(t)with the initial 
ondition �0(s) = �0(s);with �0(s) = u0�g(�s). Taking for simpli
ity � = 1 and ��R10 �(s)ds = 1, we translate(1.1)-(1.2) into the Cau
hy problem in the history spa
e framework(3.1) 8>>><>>>:�ttu+ A�tu+ Au+ '(u) + Z 10 �(s)A�(s)ds = f;�t� = T� + �tu;(u(0); �tu(0); �0) = z;having set z = (u0; u1; �0):In fa
t, under suitable assumptions, there is a 
omplete equivalen
e between (1.1)-(1.2)and (3.1) (see [13℄).Then, we haveTheorem 3.1. Problem (3.1) generates a strongly 
ontinuous semigroup S(t) on the phasespa
e V.Theorem 3.2. Assuming in addition the (
riti
al) growth 
ondition(3.2) j'0(x)j � C(1 + jxj4);problem (3.1) generates a strongly 
ontinuous semigroup S(t) on the phase spa
e H.We denote the 
orresponding (twi
e the) energies byEV(t) = kS(t)zk2V ; EH(t) = kS(t)zk2H:We omit the proofs of Theorem 3.1 and Theorem 3.2, whi
h 
an be obtained in astandard way, by means of a Galerkin approximation s
heme (
f. [11, 24℄ to deal withthe memory part), using the dissipative estimates proved later in this work. Again, westress that no growth restri
tions on ' are required in order to prove the existen
e of thesemigroup in V, whereas in H, for nonlinearities ex
eeding the 
riti
al exponent 5, we loseuniqueness.Our main results, whose proofs are postponed in the next se
tions, read as follow.Theorem 3.3. The semigroup S(t) on V possesses a 
onne
ted global attra
tor A whi
his bounded in H2 � H2 �M3. Besides, the third 
omponent of A is in
luded in D(T ),bounded in M12 and pointwise bounded in H3.Remark 3.4. In fa
t, as will be 
lear from the proof, the �rst 
omponent of the setA� (A�1f; 0; 0) is bounded in H3. Thus, if f 2 H1, then A is bounded in H3�H2�M3.



6 F. DI PLINIO, V. PATA AND S. ZELIKRe
all that the global attra
tor is the unique 
ompa
t subset of the phase spa
e whi
his fully invariant for S(t) and attra
ts all bounded subsets with respe
t to the Hausdor�semidistan
e (see [1, 14, 15, 19, 25℄ for more details on this theory).The regularity of A, whi
h is optimal within our hypotheses, 
an be improved up towhere the regularity of ' and f permit.Corollary 3.5. If ' 2 C1(R) and f 2 C1(
), thenA � C1(
)� C1(
)� C1([0;1); C1(
)):Theorem 3.6. If the growth 
ondition (3.2) holds, the semigroup S(t) on H possesses aglobal attra
tor whi
h 
oin
ides with A.Remark 3.7. Assumption (2.1) is sharp in order to obtain the existen
e of the globalattra
tor. To prove this fa
t, assume that the 
on
lusion of Theorem 3.6 holds withoutrequiring (2.1) (whi
h, in any 
ase, is not needed to prove the existen
e of the semigroup).When ' = 0 and f = 0, the system is linear homogeneous, and A redu
es to f0g. In that
ase, Theorem 3.6 translates into the exponential stability of the (linear) semigroup S(t)on H. In parti
ular, for initial data z = (0; 0; �0),ku(t)k21 + k�tk21;� �Mk�0k21;�e�Æt;for some Æ > 0 and some M � 1. This implies that the right-translation semigroup �(t)on M1, de�ned as [�(t)�0℄(s) = (0 0 < s � t;�0(s� t) s > t;is exponentially stable of exponential rate at least Æ. Indeed, exploiting the representationformula (4.1) for � (see the next se
tion), we havek�tk21;� � Z 1t �(s)k�0(s� t) + u(t)k21ds� 12 Z 1t �(s)k�0(s� t)k21ds�M�e�Ætk�0k21;�= 12k�(t)�0k2M1 �M�e�Ætk�0k21;�:Hen
e, setting K = 2M(1 + �), we obtain the inequalityk�(t)�0k21;� �Ke�Ætk�0k21;� = Z 10 ��(t+ s)�Ke�Æt�(s)�k�0(s)k21ds � 0:Using an argument devised in [5℄, for any �xed t, letOt = fs 2 R+ : �(t+ s)�Ke�Æt�(s) > 0g:Choosing �0(s) = �Ot(s)u0, with u0 2 H1 su
h that ku0k1 = 1, we 
on
lude thatZOt ��(t+ s)�Ke�Æt�(s)�ds = 0;whi
h yields (1.5) and, in turn, its equivalent formulation (2.1).



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 74. Some Results on Equations with MemoryIn this se
tion, we 
olle
t several te
hni
al results 
on
erning equations in memory spa
es,whi
h is really all we need to adapt the arguments devised in [23℄ for the strongly dampedwave equation to the 
ase with memory.For every t0 > 0, let q 2 H1([0; t0℄; H`);and let  t(s) be the unique solution to the Cau
hy problem inM`(�t t = T t + �tq(t); 0 =  0;for some  0 2 M`. Then,  t has the expli
it representation formula (see [24℄)(4.1)  t(s) = (q(t)� q(t� s) 0 < s � t; 0(s� t) + q(t)� q(0) s > t:Lemma 4.1. We have the inequalityk tk2̀;� � Ckqk2L1([0;t℄;H`) + Ck 0k2̀;�e�Æt:where Æ is given by (1.5). Furthermore, ifkq(t)k2̀ �Me��t;for some � � Æ and some M � 0, thenk tk2̀;� � C(M + k 0k2̀;�)e��tProof. Due to (1.5),Z 1t �(s)k 0(s� t)k2̀ds = Z 10 �(s+ t)k 0(s)k2̀ds � Ke�Ætk 0k2̀;�:Thus, on a

ount of (4.1), and exploiting (2.2), we obtaink tk2̀;� = Z t0 �(s)kq(t)� q(t� s)k2̀ds+ Z 1t �(s)k 0(s� t) + q(t)� q(0)k2̀ds� 2�kq(t)k2̀ + 2 Z t0 �(s)kq(t� s)k2̀ds+ 2Ke�Ætk 0k2̀;� + Ce�Ætkq(t)� q(0)k2̀:This proves the �rst statement. The se
ond one follows from the estimateZ t0 �(s)e��(t�s)ds � Ce��t;whi
h is a dire
t 
onsequen
e of (1.5). �Lemma 4.2. Assume that  0 = 0. Then,sups>0 k t(s)k` � CkqkL1([0;t℄;H`):If in addition �tq 2 L1([0; t℄; H`), we have the further estimatek tk`;�;1 � CkqkL1([0;t℄;H`) + Ck�tqkL1([0;t℄;H`):



8 F. DI PLINIO, V. PATA AND S. ZELIKProof. Use (4.1) and apply Lemma 4.1, noting thatD t(s) = (�tq(t� s) 0 < s � t;0 s > t;as  0 = 0. �For further use, we introdu
e the (positive) fun
tionals	`[ t℄ = Z 10 k(s)k t(s)� q(t)k2̀ds;with k(s) = R1s �(�)d�, and�`[ t℄ = � Z 10 �0(s)k t(s)k2̀ds+Xn [�(s�n )� �(s+n )℄k t(sn)k2̀:The above sum, a

ounting for the jumps of � at s = sn, in
ludes the value n = 1 ifs1 <1. By dire
t 
al
ulations, we have the equalities(4.2) hT t;  ti`;� = �12�`[ t℄ � 0;and(4.3) ddt	`[ t℄ + k tk2̀;� = 2 Z 10 �(s)h t(s); q(t)i` ds:Moreover, from (2.1), we learn that(4.4) 	`[ t℄ � C�kq(t)k2̀ + k tk2̀;��:Lemma 4.3. Let ` = 1, and let b 2 H1 be a �xed ve
tor. Then, for every " > 0 and everyt > 0,jhT t; bi1;�j � "(1 + �(t))kbk21 + Q" h�(t)kqk2L1([0;t℄;H1) + �1[ t℄ + Z t0 �(s)k�tq(t� s)k21dsi;for some Q � 0.Proof. For every t > 0,hT t; bi1;� = Z t0 �(s)hT t(s); bi1ds� Z 1t �(s) ddsh t(s); bi1ds:When s � t, from (4.1) we have thatT t(s) = ��tq(t� s):Hen
e, the �rst term in the rhs is 
ontrolled as��� Z t0 �(s)hT t; bi1ds��� � kbk1 Z t0 �(s)k�tq(t� s)k1ds(4.5) � "kbk21 + C" Z t0 �(s)k�tq(t� s)k21ds:



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 9As far as the se
ond term is 
on
erned, re
alling that (
f. [13℄)lims!1�(s)k t(s)k1 = 0;integrating by parts, we are led to the equality� Z 1t �(s) ddsh t(s); bi1ds= �(t+)h t(t); bi1 �Xsn>t[�(s�n )� �(s+n )℄h t(sn); bi1 + Z 1t �0(s)h t(s); bi1ds:Appealing again to (4.1),j�(t+)h t(t); bi1j � �(t)kq(t)� q(0)k1kbk1 � "3�(t)kbk21 + C" �(t)kqk2L1([0;t℄;H1):Sin
e 0 � Xsn>t[�(s�n )� �(s+n )℄ � �(t);we obtain���Xsn>t[�(s�n )� �(s+n )℄h t(sn); bi1��� � Xsn>t[�(s�n )� �(s+n )℄k t(sn)k1kbk1� "3�(t)kbk21 + C" Xn [�(s�n )� �(s+n )℄k t(sn)k21:Finally, ��� Z 1t �0(s)h t(s); bi1ds��� � �"3kbk21 Z 1t �0(s)ds� C" Z 1t �0(s)k t(s)k21ds� "3�(t)kbk21 � C" Z 10 �0(s)k t(s)k21ds:In summary,(4.6) ��� Z 1t �(s) ddsh t(s); bi1ds��� � "�(t)kbk21 + C" �(t)kqk2L1([0;t℄;H1) + C" �1[ t℄:Colle
ting (4.5) and (4.6) we are �nished. �5. Proof of Theorem 3.3We begin to show the existen
e of a bounded absorbing set for the semigroup S(t) a
tingon the phase spa
e V.Theorem 5.1. The dissipative estimateEV(t) � Q(EV(0))e��t + C;holds for every t � 0 and some � > 0.In order to prove the result, we need a preliminary lemma.



10 F. DI PLINIO, V. PATA AND S. ZELIKLemma 5.2. We have the estimateEH(t) + Z 1t k�tu(�)k21d� � C�EH(0) + j�(u0)j�e�"t + C;for every t � 0 and some " > 0.Proof. For " > 0 to be determined, we de�ne� = EH + 2"kuk21 + 2�(u) + 4"h�tu; ui � 2hf; ui+ 2"	1[�℄;whi
h, in light of (2.5) and (4.4), satis�es the inequalities%EH � C � � � CEH + Cj�j+ C;for some % > 0, provided that " is small enough. Using (3.1), (4.2) and (4.3), we 
omputethe time-derivative of � as ddt� + 2"�+ k�tuk21 + �0 = 0;where we set �0 = 2"(1� 2")kuk21 + k�tuk21 � 6"k�tuk2 � 8"2h�tu; ui+ 4"h'(u); ui � 4"�(u)� 4"2	1[�℄ + �1[�℄:Exploiting (2.6) and (4.4), for " small enough, we have that�0 � �"%EH � "C � �"�� "C:Therefore, ddt� + "� + k�tuk21 � "C;and the Gronwall lemma yields%EH(t)� C � �(t) � �(0)e�"t + C � C�EH(0) + j�(u0)j�e�"t + C:Setting " = 0 and integrating the above di�erential inequality on [t; t0℄, thanks to theobtained bound on �(t), the remaining part of the 
laim follows by letting t0 !1. �Remark 5.3. A 
loser look into the proof shows that, if ' = 0 and f = 0, we have theexponential de
ay property (of the related linear semigroup)EH(t) � CEH(0)e�"t:Proof of Theorem 5.1. Consider the fun
tional� = kuk22 + 2h�tu;Aui+	2[�℄;whi
h, from (4.4), ful�lls�� � kuk22 + 2h�tu;Aui+ k�k22;� � CEV ;



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 11for some � > 0 small enough. A multipli
ation of the �rst equation of (3.1) by Au,together with (2.3) and (4.3), entailddt� + �kuk22 + 2h�tu;Aui+ k�k22;��+ kuk22= 2k�tuk21 � 2h'0(u)ru;rui+ 2h�tu;Aui+ 2hf; Aui� kuk22 + C�1 + kuk21 + k�tuk21�:Therefore, ddt�+ �� � C�1 + kuk21 + k�tuk21�:Thus, exploiting Lemma 5.2 and the inequalityj�(0)j+ EH(0) + j�(u0)j � Q(EV(0));the Gronwall lemma entails (assuming � � ")�(t) � Q(EV(0))e��t + C;thanks to the estimateZ t0 e��(t��)k�tu(�)k21d� � e��t Z 10 k�tu(�)k21d� + � Z t0 e��(t��) Z 1� k�tu(s)k21dsd�;whi
h is obtained integrating by parts. Applying again Lemma 5.2 to 
ontrol k�tuk2, we
on
lude that ku(t)k22 + k�tu(t)k2 � Q(EV(0))e��t + C:Assuming, without loss of generality, � � Æ, the remaining estimate for k�k22;� followsfrom the �rst assertion of Lemma 4.1. �Thus, Theorem 5.1 provides the existen
e of a bounded absorbing set B V � V for S(t).Following the lines of [23℄, we now de
ompose the solution S(t)z with initial data z 2 B Vinto the sum S(t)z = (v(t); �tv(t); �t) + (w(t); �tw(t); � t) + (A�1f; 0; 0);where (v; �tv; �) and (w; �tw; �) solve the problems8>>><>>>:�ttv + A�tv + Av + Z 10 �(s)A�(s)ds = 0;�t� = T� + �tv;(v(0); �tv(0); �0) = z � (A�1f; 0; 0);and 8>>><>>>:�ttw + A�tw + Aw + '(u) + Z 10 �(s)A�(s)ds = 0;�t� = T� + �tw;(w(0); �tw(0); �0) = 0;Till the end of this se
tion, the generi
 positive 
onstant C may depend on B V . Observethat, from Theorem 5.1,(5.1) kS(t)zkV � C:



12 F. DI PLINIO, V. PATA AND S. ZELIKLemma 5.4. The inequality k(v(t); �tv(t); �t)kV � Ce��tholds for every t � 0 and some � > 0.Proof. Arguing exa
tly as in the proof of Theorem 5.1 (with v and � in pla
e of u and �),and noting that now ' = 0 and f = 0, in view of Remark 5.3, we �nd the estimatekv(t)k2 + k�tv(t)k � Ce��t;for some � > 0, and the analogous 
ontrol for k�k2;� is obtained from the se
ond assertionof Lemma 4.1. �Lemma 5.5. The inequalityk(w(t); �tw(t); � t)kH3�H2�M3 � C:holds for every t � 0.Proof. For " > 0 to be determined, we set� = (1 + ")kwk23 + k�twk22 + k�k23;� � 2"h�tw;Awi1 + "	3[�℄:On a

ount of (4.4), the inequalities12� � k(w; �tw; �)kH3�H2�M3 � 2�hold provided that " is small enough. Using the equations for (w; �tw; �), along with (4.2)and (4.3), the time-derivative of � ful�lls the equalityddt�+ 2"kwk23 + 2(1� ")k�twk23 + "k�k23;� = ��3[�℄� 2"h'(u); Awi1 � 2h'(u); A�twi1:Sin
e, owing to (5.1) and the assumption '(0) = 0, we know that '(u) is uniformlybounded in H1, we 
ontrol the rhs by"kwk23 + k�twk23 + C;Hen
e, up to further redu
ing ", we obtain the di�erential inequalityddt� + "� � C:The 
laim follows from an appli
ation of the Gronwall lemma. �As a byprodu
t, from Lemma 4.2, we haveLemma 5.6. The inequality k� tk2;�;1 + sups>0 k� t(s)k3 � Cholds for every t � 0.



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 13We are now in a position to 
omplete the proof of Theorem 3.3. Indeed, Lemma 5.4 andLemma 5.5 show that the solution S(t)BV is (exponentially) attra
ted by the set z0+KV ,where z0 = (A�1f; 0; 0) 2 H2 �H` �M`for every `, andKV = �(�u; �v; ��) : k�uk3 + k�vk2 + k��k3;� + k��k2;�;1 + sups>0 k��(s)k3 � C; ��(0) = 0	:A

ording to [24, Lemma 5.5℄, KV (and so z0 + KV) is a 
ompa
t subset of V. Hen
e,by the standard methods of the theory of attra
tors, S(t) possesses a 
onne
ted globalattra
tor A � z0 +KV .The proof of Corollary 3.5 is 
arried out by di�erentiating the equation with respe
t totime, and applying the te
hniques above to the new equation.6. Proof of Theorem 3.6Having the growth restri
tion (3.2), we readily get from Lemma 5.2 the following result.Theorem 6.1. The dissipative estimateEH(t) + Z 1t k�tu(�)k21d� � Q(EH(0))e�"t + C;holds for every t � 0 and some " > 0.Thus, in analogy with the previous 
ase, there exists a bounded absorbing set BH for thesemigroup S(t) a
ting on H. In the sequel, we 
onsider initial data z 2 BH . A

ordingly,the generi
 positive 
onstant C that will appear in the forth
oming proofs may dependon BH . In parti
ular,(6.1) EH(t) + Z 10 k�tu(�)k21d� � C:For further use, it is 
onvenient to de�ne$(t) = minft; 1gand F(t) = Z t0 �(s)k�tu(t� s)k21ds:Changing the order of integration and using (6.1), we have(6.2) Z 10 F(t)dt = � Z 10 k�tu(t)k21dt � C:The next two lemmata provide a suitable regularity for the time-derivatives of u.Lemma 6.2. For every t > 0,$(t)k�tu(t)k21 + Z t0 $(�)k�ttu(�)k2d� � C:



14 F. DI PLINIO, V. PATA AND S. ZELIKProof. We introdu
e the fun
tional�1 = k�tuk21 + 2hu; �tui1 + 2h'(u); �tui � 2hf; �tui+ 2h�; �tui1;�:Multiplying the �rst equation of (3.1) by �ttu, we obtainddt�1 + 2k�ttuk2 = 2h�t�; �tui1;� + 2h'0(u)�tu; �tui+ 2k�tuk21:The growth restri
tion (3.2) and the bound (6.1) yield2h'0(u)�tu; �tui � C(1 + kuk61)k�tuk21 � Ck�tuk21:From the se
ond equation of (3.1), we have the equality2h�t�; �tui1;� = 2hT�; �tui1;� + 2�k�tuk21:Controlling the �rst term in the rhs by means of Lemma 4.3 with " = 1, and using again(6.1), we end up with the estimateddt�1 + 2k�ttuk2 � C(1 + �)k�tuk21 +Q(C�+ �1[�℄ + F):By virtue of (4.2), the fun
tional�2 = EH + 2�(u)� 2hf; uiful�lls the di�erential equality(6.3) ddt�2 + 2k�tuk21 = ��1[�℄:Then, we de�ne � = �1 +Q�2;whi
h, due to (3.2) and (6.1), satis�es the bounds(6.4) 12k�tuk21 � C � � � Ck�tuk21 + C:Colle
ting the above relationships, we learn that(6.5) ddt� + 2k�ttuk2 � C(1 + �)k�tuk21 + C(�+ F):Assume �rst t 2 (0; 1℄. Multiplying (6.5), written for t = � , by � and integrating on [0; t℄,we �nd, in light of (6.1) and (6.2),t�(t) + 2 Z t0 �k�ttu(�)k2d� � C + Z t0 �(�)d� � C:Here, we used the fa
t that sup�>0 ��(�) <1;whi
h is an easy 
onsequen
e of the assumptions on �. Therefore, (6.4) gives(6.6) t2k�tu(t)k21 + 2 Z t0 �k�ttu(�)k2 � C;



STRONGLY DAMPED WAVE EQUATION WITH MEMORY 15whi
h proves the 
ase t � 1. Conversely, if t > 1, taking advantage of (6.1) and (6.2), weintegrate (6.5) on [1; t℄, so to get�(t) + 2 Z t1 k�ttu(�)k2d� � C + �(1):By means of (6.4) and (6.6), this implies that(6.7) 12k�tu(t)k21 + 2 Z t1 k�ttu(�)k2 � C:The 
on
lusion for the 
ase t > 1 follows by 
olle
ting (6.6) and (6.7). �Lemma 6.3. For every t � 1, k�ttu(t)k � C:Proof. We set m = sups>0 �$(s)(1 + �(s))� <1:Calling p = �tu, we introdu
e the fun
tional�1 = k�tpk2 + (1 + �)kpk21;From Lemma 6.2,(6.8) Z t0 $(�)�1(�)d� � C:A di�erentiation of the �rst equation of (3.1) with respe
t to t gives�ttp+ A�tp+ Ap+ Z 10 �(s)A�t�(s)ds+ '0(u)�tu = 0:Multiplying by �tp, and using the se
ond equation of (3.1), we obtain the di�erentialequality ddt�1 + 2k�tpk21 = �2hT�; �tpi1;� � 2h'0(u)�tu; �tpi:On a

ount of (3.2), (6.1) and Lemma 4.3 with " = $(t)=m, we �nd the 
ontrols�2h'0(u)�tu; �tpi � k�tpk21 + Ck�tuk21;and �2hT�; �tpi1;� � k�tpk21 + C$ (�+ �1[�℄ + F):Therefore, $ ddt�1 � Ck�tuk21 + C(�+ �1[�℄ + F):Taking now �2 as in the proof of Lemma 6.2, and re
alling (6.3), we are led to(6.9) $ ddt�1 + ddtC�2 � C(�+ F):Writing (6.9) for t = � , multiplying by � and integrating on [0; 1℄, we obtain the inequality�1(1) � C + 2 Z 10 ��1(�)d� � C;



16 F. DI PLINIO, V. PATA AND S. ZELIKthanks to (6.1), whi
h in turn implies that j�2j � C, (6.2) and (6.8). Finally, if t � 1,integrating (6.9) on [1; t℄ and using (6.1) and (6.2), we arrive at�1(t) � C + �1(1) � C:Hen
e, we 
on
lude that k�ttu(t)k = k�tp(t)k � C;for every t � 1. �At this point, we de�ne '!(x) = '(x) + !x;with ! given by (2.4), so that '0!(x) � 0, andh(t) = f � �ttu(t):In light of Lemma 6.3,(6.10) supt�1 kh(t)k � C:A

ordingly, the �rst equation of (3.1) may be rewritten asA�tu+ Au+ '!(u) + Z 10 �(s)A�(s)ds = h+ !u:Next, we 
onsider the splitting (u; �) = (v; �) + (w; �);where (v; �) and (w; �) are the solutions of the Cau
hy problems on [1;1)(6.11) 8>>><>>>:A�tv + Av + '!(u)� '!(w) + Z 10 �(s)A�(s)ds = 0;�t� = T� + �tv;(v(1); �1) = (u(1); �1);and(6.12) 8>>><>>>:A�tw + Aw + '!(w) + Z 10 �(s)A�(s)ds = h + !u;�t� = T� + �tw;(w(1); �1) = 0:Lemma 6.4. For every t � 1, kv(t)k21 + k�tk21;� � Ce�"t;for some " > 0.Proof. Setting � = kvk21 +	1[�℄;using (4.3) and multiplying the �rst equation of (6.11) by v, from the monotoni
ity of '!we readily get the inequality ddt�+ 2kvk21 + k�k21;� � 0:
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h, by means of (4.4), turns into ddt� + "� � 0;for some " > 0. On a

ount of (6.1), the Gronwall lemma and a further appli
ation of(4.4) entail kv(t)k21 � �(t) � �(1)e�"(t�1) � C(ku(1)k21 + k�1k21;�)e�"t � Ce�"tThe 
on
lusion follows by applying Lemma 4.1 to  t = �t+1. �Lemma 6.5. For every t � 1, kw(t)k2 + k� tk2;� � C:Proof. Setting � = kwk22 +	2[�℄;using (4.3) and multiplying the �rst equation of (6.12) by Aw, appealing again to themonotoni
ity of '!, we are led toddt� + 2kwk22 + k�k22;� � 2hh;Awi+ 2!hu;Awi � kwk22 + C;where the latter inequality follows from (6.1) and (6.10). Hen
e, arguing exa
tly as in theformer proof, we obtain the desired result. �Lemma 6.6. The inequality k� tk2;�;1 + sups>0 k� t(s)k2 � C:holds for every t � 1.Proof. Apply Lemma 4.2 to  t = � t+1, noting that the estimates of Lemma 6.5 furnishthe further 
ontrol k�tw(t)k2 � C; 8t � 1;by 
omparison in the equation. �Summarizing the above results, for every z 2 BH , the solutionS(t)z = (v(t) + w(t); �tu(t); �t + � t)ful�lls, for every t � 1, the relationskv(t)k21 + k�tk21;� � Ce�"tand kw(t)k2 + k�tu(t)k1 + k� tk2;�;1 + sups>0 k� t(s)k2 � C:This means that S(t)BH is (exponentially) attra
ted by the setKH = �(�u; �v; ��) : k�uk2 + k�vk1 + k��k2;�;1 + sups>0 k��(s)k2 � C; ��(0) = 0	:whi
h is 
ompa
t inH by [24, Lemma 5.5℄. Therefore, the semigroup S(t) onH possesses a
onne
ted global attra
torAH � KH. On the other hand, KH, and soAH, is bounded in V.Thus, from Theorem 3.3, S(t)AH is attra
ted by A in the norm of V. But AH = S(t)AH,whi
h for
es the equality AH = A. The proof of Theorem 3.6 is �nished.
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