THE REGULAR ATTRACTOR FOR A NONLINEAR
ELLIPTIC SYSTEM IN A CYLINDRICAL DOMAIN

Visuik M. I. AND ZELIK S. V.

INTRODUCTION

In the half-cylinder 2, = R, X w, where w is a bounded domain in R" with
a sufficiently smooth boundary, we consider the following quasilinear second-order
elliptic boundary value problem:

f Bt a0 = 2B~ 110) =0 o)
uli=o = o, ulay = 0. '
Here u = u(t,z) = (ul,--- ,u¥) is the unknown vector function, g(t) = g(t, ), f(u)
are given vector functions, (¢,z) € Qy, A, denotes the Laplacian with respect to
the variables x = (z1,--- ,x,), and v = ¥*, a = a* are positive self-adjoint matrices
(v,a € L(R", R)),

0<a_Ild<a<aild, 0<~vy_Id<~vy<~,1Id. (0.2)

We suppose that the nonlinear function f(u) satisfies the conditions
1. fe€CYHRFRF),
2. f(u)-u>-C, VueRF, (0.3)
3. fl(u)>—-K, K>0, VucRF,

Here and below u - v denotes the scalar product in R¥.

The right-hand side g is supposed to be in the space L,(Qr) for every T > 0
(Qr = [T, T + 1] x w) and some p > max{2, 21} and to have a finite norm

l9ls = sup ||g, Qr|lo,p < o0. (0.4)
T>0

Here and in the following [|v,Q7|l;, = [[v|lw,  (o.), and the symbol W, denotes
the Sobolev space of distributions whose derivatives up to order [ belong to the
space L, (see [9]).

A function u satisfying (0.1) in the sense of distributions is said to be a solution
of the problem (0.1) if u € Wy ,(Qr) for every T' > 0 and the following norm is
finite:

lully = sup Jju, Rz < oo. (0.5)
TeR4
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The initial value uq are assumed to be in the trace space V on {t = 0} of functions
from W5, (o). It is known (see [10]) that

Vo="Tr ‘t:o (W2p(24) N {ulow = 0}) = Wa_1/p(w) N W{),p(w)- (0.6)

Equations of type (0.1) can appear for instance when studying the equilibrium
points and travelling wave solutions of certain evolutionary equations (see Remark
5.3).

The problem (0.1) was studied under different assumptions on the nonlinear part
f and the right-hand side ¢ in [3], [4], [6], [13], [14], [15], [18], [19], [21].

In this paper we mainly consider the case where the elliptic boundary value
problem (0.1) has a unique solution for every ug € V4. To prove the uniqueness we
assume that there exists a number Ag > 0 such that the operator family

Lrx(A) =aX? —yA+al, + K : WP, (w) = W_y5(w) (0.7)
satisfies the condition
—(Lg(Ao)v,v) > 0 for every v € Wlo,z(w), v # 0. (0.8)
It is proved in Lemma 1.1 that the condition (0.8) holds if
v2 > da (K —a_pp)1d.

Here we denote by p1 > 0 the first Dirichlet eigenvalue of —A, in w.

The trajectory attractor for the problem (0.1) without the uniqueness assump-
tions was constructed in [4].

The main task of this paper is to study the behaviour of the solutions of equation
(0.1) as t — oco. The following theorem proved in Sections 2 and 3 is of fundamental
significance in that connection.

Theorem 1. 1. Assume that the above assumptions are satisfied. Then the problem
(0.1) has a unique solution u satisfying (0.5) and the following estimate holds:

lu, Qrll2 < Qlluollvy)e™" + Q(lgly). (0.9)

Here the constant o > 0 and the monotone function ) : Ry — Ry are independent
of the initial data ug.

2. Let Sy : Vo — Vj be the solving operator for the problem (0.1) (S;u(0) = u(t)).
Then Sy € CY(Vy, Vi) for every t > 0 and its Fréchet derivative D,,S;(ug) satisfies
the estimate

1Duq St (uo)l|z.(v,v) < Q(lluollvg et~ (0.10)

Moreover, we prove in Section 3 that the problem (0.1) is equivalent to the
following evolution problem in the space Vj:

{atu+ (=Aa)"?u = F(t,u) + G(1), (0.11)

u\tzo =ug, u € Cp(Ry, V) NCOLR,, VY).

Here V! = (=A,)Y?V, and, for G and the nonlinear operator F, we have respec-
tively G € C(R4, V) and F € C(Ry x V, Vi) (see Theorem 3.3).
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Sections 4 and 5 of this paper are devoted to a more detailed study of the

“autonomous” case
g(t) =g € Ly(w). (0.12)

In this case the operators {S;,t > 0} generate a semigroup in the space Vj. The
equilibrium points of this semigroup are investigated in Section 4. In this section
we give necessary and sufficient conditions for the hyperbolicity of the equilibrium
zo of S, prove that the instability index ind,, for every equilibrium z, is finite and
obtain formulae for its calculation. Moreover, we prove there that the unstable
set M™(zg) for the hyperbolic equilibrium zy (see Definition 4.3) possesses the
structure of a C''-manifold diffeomorphic to R?, d = ind,,.

We construct the attractor A for the semigroup {S;, ¢ > 0} in Section 5 and
prove that it is compact in the space Wj p(w). Moreover, in the potential case

f=-VP, PeC*R"R"), (0.13)
the following theorem is proved.

Theorem 2. Assume that the above assumptions are satisfied. Let all of the equi-
libria R = {z1,--- ,2n} for the semigroup Sy be hyperbolic. Then the attractor A
is reqular (see Theorem 5.3 and its corollaries),

A=UN MT(z), (0.14)

and exponential (see Theorem 5.4 and its corollary).
Moreover,

dim M™(z;) = ind,, = #{\ € o(al, — f'(2)), A > 0}

For evolutionary equations possessing a global Lyapunov function the represen-
tation (0.14) for the attractor was obtained in [2], [17].

For the proof of Theorems 1 and 2 we need a number of auxiliary results, which
are discussed in §1.

§1 THE LINEAR ELLIPTIC EQUATION IN A HALF-CYLINDER

This section deals with the following elliptic system in a half-cylinder 24 = R, xw
(wCC R™):

(1.1)
Here u, g are vector functions, ¢ € Lo, (4, L(RF,R¥)), a, v are self-adjoint matri-
ces, and a > 0 is positive. Let us fix a constant K € R so that

q(t,x) > —K1Id for almost all (¢,z) € Q. (1.2)

We also assume that the operator family (0.7) (with K defined by (1.2)) satisfies
the condition (0.8) for some Ay > 0 and that for the right-hand side g the following
norm is finite:

{ a(02u + Agu) — yOu — q(t, z)u = g(t),

U"t:O = Yo, U"Bw = 0.

|g|ko = Sup e_AOTHg,QTHpr < 0. (13)
T€R+
A function u satisfying (1.1) is said to be a solution of the problem (1.1) if we have
u € Hy ,(Qr) for every T > 0 and
lull, = sup e™7[|u, Qrll2, < oo. (1.4)
T€R+
We choose the initial condition ug to belong to the space V; (see (0.6)).
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Lemma 1. Condition (0.8) holds if v > 0 and
2 > 4(K — pra_)ay 1d. (1.5)

Here by p1 > 0 we denote the first Dirichlet eigenvalue of —A, in the domain w.

Proof. 1t follows from (1.5) that there exists a number ¢ > 0, such that
v>70ld, 75 > 4K — pa-)ay.

Thus ay A3 — oo — pra_ + K < 0 for A\g = 79/2a, and, therefore, for every
CAS H?,Z(w)’ v 7é 0,
(LK()‘O)Uv U) = (CL’U, U))‘% - (’Y’U, U))‘O - (CLVU, VU) + (va U) <
< (ay A —v0ho — pa— + K)ol » < 0.

Here and below (aVv,Vv) =aVv-Vv =) . ady,v-0z,v. Lemma 1 is proved.

Lemma 2. Condition (0.8) is equivalent to the following one:

—(Lr(Xo)v,v) > e€||v||i2 for some e > 0. (1.6)

Proof. Let us suppose that (1.6) is false. Then there exist v; € W75 (w), [Jvi[l1,2 = 1,
t € N, such that

(L (Xo)viyv;) = —€4y, €, >0, g; = 0 as i — oo. (1.7)

Without loss of generality we may assume that v; — vg € W{,(w) in the space
I/Vlo,2 and v; — vg in the space Ly. Taking the limit ¢ — oo in (1.7) and using
(aVug, Vug) < liminf; o, (aVv;, Vv;), we find that (Lg(Xo)ve,vg) > 0. Hence in
view of condition (0.8) vy = 0. Rewriting formula (1.7) in the form

((a +&; 1d) Vv, Vi) = (avi, v) A2 — (yvi, vi) Ao + (Kvg, v;),
we then obtain that ||v;||1,2 — 0 for ¢ — oo which contradicts our assumptions on
the sequence v;. Lemma 2 is proved.

The main result of this section is stated in the following theorem:

Theorem 1. Let the above assumptions be satisfied. Then the problem (1.1) has a
unique solution u(t). Moreover, following estimate holds:

lu, Qrll3, < CePr™ (HUOII?}OB_“T +/

6_a|T—s|—pAos||g(3)||gpds (1.8)
R, ,

for some a > 0.

To prove this theorem we need a number of auxillary results.
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Lemma 3. Let u be a solution of the problem (1.1). Then the following estimate
holds:

lu, Q|75 < Ce?oT <||Uo||%/06_aT +/ e~ T2 g (5) 13 d8> . (L9)
Ry

Proof. Consider a function v € W5 ,(€24) such that

v],_g = u0s V], =0, suppv C Qo, [0, Q412 < Clluolvs, (1.10)

where the constant C' is independent of wug (it exists by the definition of the space
Vo). Rewrite equation (1.1) for the new unknown 6(t) = u(t)e=*ot — v(t):
{ ad20 — (v — 2aX0) 040 + [adE — YA + al, — q(t,7)]0 = g1 (1),

(1.11)
9‘1&:0 =0, Q‘Bw =0.

Here
g1(t) = g(t)e ™ — adZv + (v — 2aX0)Ow — [aA2 — YAo + al, — q(t, z)]v.

Multiplying equation (1.11) by 8(t)e=®T= = g(t)pr(t) in R*, where « is a suffi-
ciently small positive number which will be fixed below, and afterwards integrating
over ()., we obtain

(ad70,0(t)pr(t)) — (v — 2aX0)0s0, O(t)pr(t)) +
+ ([aX§ — Yo + alg — q(t,%)]0,0(t)or(t)) =
= (g1(t),0t)or(t)). (1.12)

Here (-,-) denotes the scalar product in L2(Q4). It follows from (1.4) and from the
definition of # that the function 0(¢) remains bounded as t — +o0, i.e.,

10y = sup [|u, Qrll2,, < oco.
T>0

Hence all the integrals in (1.12) are well-defined.
Let us now separately estimate each term on the left-hand side of (1.12). Using
the positiveness of a, the estimate

0ror(t)| < apr(t), (1.13)

and the Cauchy-Schwartz inequality we obtain after integrating by parts
—(ad}0,0(t)or(t)) = (adib - 9,0, or(t)) + (adif - 0, Oppr(t)) >
>C <|8t9|2, <pT(t)> — 102 <|9|2, goT(t)>. (1.14)
Analogously, since a and «y are self-adjoint we can infer that

| (v = 2a20)0:0, 0(t)or (1)) | = 1/2] (D[ (v = 2aX0)0 - 0], 1 (¢)) | =

=1/2 = ([(v — 2a00)0 - 0], Do (1)) | < Coa (0], 1 (1)) . (1.15)
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It follows from estimate (1.6) that
—{[aA§ — vAo + aly — q(t,2)]0,0(t)or(t)) >

> e (V)% or(t)) > 3 <|V9|2,g0T(t)> + %m {101%, or(t)). (1.16)

Here 111 > 0 is the first eigenvalue of the Laplacian in w.
Inserting these estimates into (1.6), (1.12) and choosing o > 0 small enough so
that

Coa + Cra? < —py

DO ™

we find
(901, @r(®)) + 5 (VO or(t)) < C (ls?, o (2)) - (1.17)

It follows from the definition of @7 (t) that o (t) > e~* for t € [T, T + 1]. Hence

o2 €
16,07l s < e~ ({100, or (1) + 5 {IVOP, (1)) < C (g1, or(8)) . (1.18)
Finally, using (1.10) and the definition of g; we conclude
(g1l or(t)) < 2(lgl* e or(t)) + Ce™ [luollf -

Inserting this estimate into the right-hand side of (1.18) and replacing 6(t) by
u(t)e ot — u(t), we obtain the estimate (1.9). Lemma 3 is proved.

Lemma 4. Let u be a solution of the equation (1.1). Then for every 1 < r < p
and every v > 0 the following estimate holds:

||U, QT||2,’F < Cu(

+ g Qr—vriigvllor +xw = T)lluollvg).  (1.19)

Here Qp, 1, = [T1,T2] X w when To > Ty > 0 and Qp, 7, = [0,T2] X w when
Ty <0< Ty, x(z) is the Heaviside function which equals zero for z < 0 and equals
one for z > 0, and the constant C,, is independent of T.

Proof. Let ¢r(t) € C§°(Ry) be a cut-off function, ¢r(t) =1 for ¢t € [T,T + 1] and
Yr(t) =0for t ¢ [T —v,T+1+v]. Consider the function w = ¢ (t)u(t). It follows
from equation (1.1) that

02w + Azw = hy(t), w‘aw =0,
(1.20)
w‘t:T—i—l—f—lI - 0’ w‘t:max{T—u,O} - wT(O)UO
Here
hy = P 4 200 + a” Y (YOuu + q(x, t)u + g(t)). (1.21)
Formula (1.21) yields
||hu, QT—U,T+1+U||0,’I‘ S CU(HU, QT—V,T+1+V||1,’V' + ||g7 y ) (122)

Using the (Hj,, L,)-regularity theorem for solutions of the Laplace equation (see
[10]) and taking into account that ¢ (0) = 0 for T > v, we obtain

||U,QT||2,T S ||w7QT—l/,T—|—1+l/||2,’r‘ S
< Ci(|lhus Q@r—v 14140 ll0,r + X (v = T)luollv, ). (1.23)

The estimate (1.19) is an immediate consequence of the inequalities (1.22), (1.23).
Lemma 4 is proved.



Lemma 5. Let u be a solution of the problem (1.1). Then

[, Qr|l2p < O(l|u, Qr—1,742[1,2 + |19, Qr—1,742[l0,p + X(1 = T)|[uollv,) (1.24)

Proof. According to S. L. Sobolev’s embedding theorem (see [10])

||U, QT—I/,T-|-1-|-1/||1,l(r) < CH’LL, QT—V,T+1+V||2,’I“' (125)

Here

(1.26)

I(r) = rin+1)/(n+1—7r) ifr<n+1,
T = if r>n+1.

It follows from the estimates (1.19) and (1.25) that

||U, QT||1,m(7') < C(“U, QT—I/,T-|-1-|-1/ |1,r+
+ g, Qr—v 1400 + x(v = T)l[uollv).  (1.27)

where m(r) = min{l(r),p}. Let us define a sequence of the exponents r; in the

following way: 79 = 2, rny4+1 = m(ry). Formula (1.26) implies that ry = p for

N > Ng = % + 1, where [z] denotes the integer part of the real z.
Iterating formula (1.27) Ny times with the first exponent being r = ry = 2, we

get

u, Qr|l1p < C(l|u, Qr—Now,7+14Nov |12+
+ 119, Qr—Now, T +14Nov [l0.p + X(Nov — T)|uollv;).  (1.28)

Inserting this estimate into (1.19) with v = 1/(Np + 1), we eventually obtain the
estimate (1.24). Lemma 5 is proved.

The inequalities (1.9) and (1.24) imply the estimate (1.8).

An immediate corollary of this estimate is the uniqueness of the solution for the
problem (1.1). Thus for completing the proof of Theorem 1 it remains to prove the
existence of a solution for the problem (1.1). To construct this solution we need
the analogue of Theorem 1 for the following auxiliary problem of the form (1.1) in
the finite cylinder Qg as, M € N,

{ a(02u + Azu) — yOu — q(t, z)u = g(t), U"Bw =0, (1.29)

u‘t:o = Uo, u‘t:M = u1-

Lemma 6. The problem (1.29) has the unique solution u for all ug, u; € Vj.
Moreover, the following estimate holds uniformly with respect to M € N:

s, 2[5, < € (Jlug |l =T + [luy [ e~ M =TI PhaM

M
+ / e—a|T—s|—pAos||g(S)Hg’p ds) . (130)
0

Proof. The proof of the a priori estimate (1.30) for the case of the finite cylinder
Qo is completely analogous to the proof of the estimate (1.8) for the case of the
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semi-finite cylinder Q4 derived above (Lemmas 3 to 5). The existence of solutions
for the problem (1.29) can be shown using the a priori estimate (1.30) and the
Leray-Schauder principle (see, for instance, [4]). Lemma 6 is proved.

End of the proof of Theorem 1. Consider the sequence uy;, M € N, of solutions for
the problems (1.29) in the cylinders €y »s with boundary conditions uM‘ o = U0
and uM‘t:M = 0. Due to the uniformity of the estimate (1.30), the sequence s
(M >T) is bounded in the space Hs ,(2r) for every T' > 0. Using the reflexivity
of the space Hy, and Cantor’s diagonal procedure we can extract a subsequence
upr, from wps that converges weakly to some function w in the space Hj ,(€2r) for
every T > 0. Tt is not difficult to check (see [4]) that u is a solution for the problem
(1.1). Theorem 1 is proved.

Below we also need lower estimates on the norms of solutions for the problem
(1.1).
Theorem 2. Let the function u belong to Wy o(Qr) for every T > 0 and let u

satisfy equation (1.1) with g = 0 (the condition (1.4) is not assumed to be valid).
Then the following estimate holds:

lu(@)IIf 2 + 10eu®)]13 2 = Cu(0)[IF 2 + [10:u(0) 1§ )e ™"+, (1.31)

where the constant C,, € R depends on the function u and the constants 5, C' > 0
depend only on the coefficients of the equation (1.1).

The proof of this theorem under a bit stronger assumptions on the function
was given in [1]. For the reader’s convenience, below we give the scheme of this
proof adopted to our case.

Let us introduce the functions

p(t) = Bu(t) + (=) YV2u(t), r(t) = duu(t) — (—Ay)Y 2u(t). (1.32)
Then u € Ws o(Q2r) for every T > 0 implies that for every M > 0
p, € Hy ([0, M], Ly(w) N Ly([0, M], HY 5(w)) € C([0, M], Ly(w)). (1.33)
It can be easily derived from equation (1.1) that
{ O — (—Ag)V%p = a7y BT a7 1g(—A,) T2 B

Or + (=AY 2r = a7y BEL 4 a7 1g(—A,) "2 T

and, introducing the notation &, (t) = (fgg ),

ocult) - B = T, 5= (03 0,

where the operator 7 (¢) satisfies the following estimate uniformly with respect to
t € [0, 00]:

1T ()&ullo2 < Clléullo,2- (1.34)
Let y(t) = [|€u(t)||5 .- Suppose also that y(0) > 0 (otherwise there is nothing to
prove). Then it follows from (1.33) that y(¢) > 0 when ¢ € [0, M] for some M > 0.
Let us define the function

l(t):lny(t)—/o F(s)ds, F(t)= , (1.35)

where t € [0, M].




Lemma 7. Let u(t) satisfy equation (1.1) and let I(t) be defined by (1.35). Then
[ € AC([0,M]), I € AC(]0, M]), and the following estimate holds:

1" (t) +4C? > 0, (1.36)

where the constant C' > 0 is the same as in (1.34).

Proof. The estimate (1.36) is proved in [1]. It follows immediately from (1.33) that
[(t) is absolutely continuous. The absolute continuity of its derivative I’(¢) can be
easily obtained using (1.33) and the equality

() - 2Bl 60

which can be verified directly. Lemma 7 is proved.

End of the proof of Theorem 2. Integrating the estimate (1.36) twice, we obtain
y(t) > y(0)6—202t2+l’(o)t+fg F(s)ds (1.37)
It follows from inequality (1.34) that fg F(s)ds > —4Ct. Thus

52,2 ,
125> ([p(0)[[2 5 + [|r(0)]|2 5)e 20 —4CH+ (O)F,

lp()1IG,2 + ll7(t)

Theorem 2 is proved.

Corollary 1. Let uq(t), us(t) be two solutions of equation (1.1). If uy(T) = ue(T)
for some T > 0, then ui = us.

Indeed, according to Theorem 1, u(t) = uy(t) — ua(t) = 0 for every ¢ > T, hence
Oyu(T) = 0. Now estimate (1.31) implies that u(0) = 0, and, therefore, u(t) = 0 for
every t € R, .

§2 THE NONLINEAR SYSTEM. A PRIORI
ESTIMATES. THE EXISTENCE OF SOLUTIONS.

In this section we obtain the a priori estimate (0.9) for the solutions of the nonlin-
ear problem (0.1) and afterwards we prove based on this estimate that the problem
(0.1) has at least one solution for every uy € V. We suppose that a > 0, v are
self-adjoint matrices (a,y € L(R*,R¥)), and that the nonlinear term f € C'(R*, RF)
satisfies the second condition from (0.3).

In contrast to the previous section we consider here only solutions of the problem
(0.1) which are bounded with respect to ¢ — oo, i.e., solutions for which the norm
(0.5) is finite. It is also assumed that g satisfies (0.4) and ug € Vj.

The main result of this section is stated in the following theorem.

Theorem 1. Let the above assumptions be satisfied. Let u be a solution of the
problem (0.1). Then the estimate (0.9) holds.

To prove this theorem we need a number of the auxiliary results.
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Lemma 1. Let u be a solution of (0.1). Then

lu(MIE,2 < C ([u(O)[§ 267" + 1+ |g]3) (2.1)

for some positive constant c.

The proof of this estimate is also decomposed into several steps. It the first step
we obtain a rough estimate of the form (2.1) which will be improved afterwards.

Proposition 1. Let u be the solution of the problem (0.1). Then
lu(T)IF 2 < Ce™ (1+ gl + [luoll§ 2) (2.2)

for some (positive) constant m.

Proof. Let us multiply the equation (0.1) by ue~%ty, (t) in R¥, where x,(t)=x(t—7)
( x(#) is the Heaviside function), and ¢ > 0 is a sufficiently small positive number
which will be fixed below, and integrate the obtained equality over €2,

<a3t2u, uXTe_5t> — <78tu, uXTe_6t> — <aV$u, quXTe_€t> —
— (f(u),ux-e=") = (g,ux-e"). (2.3)

We estimate the first and the second term of (2.3) using the integrating by part
(see (1.14), (1.15)),

— <a8tzu, uXTe_€t> = <a8tu, 3tuxTe_6t> —& <a8tu, uXTe_€t> +
+ (adu(r), u(7))e™" > C (|dpul*, xre™") —
— Cie? (Jul®, xre™)y + ' (T)e™7.  (2.4)

Here and in the following y(7) = 1 (au(7), u(r)).

— (YOpu, ux,e” ") = —%6 {yu, ux-e ") +
1

+ 5(7u(7'), u(r))e™ " < Coe (Jul?, xre™ ") + Csy(r)e . (2.5)

The second condition of (0.3) implies that
— <f(u),uXTe_Et> < <C’, X,e_5t> < (Ch. (2.6)
By Friedrichs’ inequality,
<aV$u, unXTe_€t> > 20, <|u|2, X76_€t> .
Applying Hélder’s inequality to the last term in (2.3), we obtain

(g™ | < Ol uxee™) + s (g xee™) <
< Cy (|u?, uxre~") + Cslglz.  (2.7)

Inserting these estimates into (2.3) and choosing € > 0 small enough so that
Che? + Cye < C5, we find after a short calculation

(y'(1) = Cay(1)) e™" < C(1 +gl3)- (2.8)
Gronwall’s inequality applied to estimate (2.8) yields (2.1). Proposition 1 is proved.
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Proposition 2. Let u be a solution of (0.1). Then the following estimate holds for
T>1:
lu, 2|3 2 < C (lluy Qollg 267 + 1+ 1g7) - (2.9)

Proof. Let us introduce a cut-off function ¢(t) € C§°(Ry) such that ¢(t) > 0,
() = 0 for t < 0 and ¥(t) = 1 for t > 1. Multiplying equation (0.1) by
u(t)(t)e= Tt = yippr in R* and integrating over Q0 , we obtain

(ad?u, uppr) — (aVu, V(uppr)) — (Y0, updr) —
— (f(u), updr) = (g, uppr) . (2.10)

Let us estimate every term in (2.10) separately. Integrating by part the first term
and using supp ¢’ C [0, 1],, we obtain analogously to (1.14)

— (ad}u, wpdr) = (adu - Opu, Yor) + % (O¢law - u], ¥ o) + (adpu, uhp) =
= (@~ By, ibr) + {adan, wp ) — (-, (§'gr)') >

> C{|0wul?, o7y — Cro® ([u?, or) — Callu, Qg 67T, (2.11)

Analogously, since a is self-adjoint we can infer that

(B, wibbr) = — (-, b — —3 (w0 r) >

> ~Cla(lul®,dor) + llu, Qll§ 2677).  (2.12)
According to the second condition of (0.3),

(f(u),uppr) = (f(u) - u,Yopr) > — (C,pdr) > —C1. (2.13)

Applying the Cauchy-Schwartz inequality to the right-hand side of (2.10), we derive

(g, wpor) | < e (Jul®, por) + Cu(lg* vor) - (2.14)

Inserting the estimates (2.11) to (2.14) into the equation (2.10), we obtain after a
short calculation

{|0pul® + |Vul?, por) < C(llu, Qg 267" + 1+ (|g]?, o1)). (2.15)
The estimate (2.15) implies (2.9) as in the proof of Lemma 1.3. Proposition 2 is

proved.

Proof of Lemma 1. Inserting the estimate (2.2) into the estimate (2.9) and using
the evident inequality
[u(T)llo,2 < Cllu, Qr

|1,27

we obtain estimate (2.1) for the case T > 1. For T < 1, the inequality (2.1) is an
immediate consequence of estimate (2.2). Lemma 1 is proved.
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Lemma 2. Let u be a solution of the problem (0.1). Then
[u(T)llo.ce < Clluollvee™" +1 + lgls)- (2.16)

Proof. Consider the function w(t,z) = au(t,z) - u(t, ). It is readily seen that this
function satisfies the equation

{ O2w(t) + Azw(t) = hy(t),

(2.17)
’w‘t:O = QUg " Ug,

where
hy(t) = 2(a0pu(t) - Opu(t) + aVu(t) - Vu(t) + yOpu(t). u(t)+
+ [ (u(t)) - u(t) + g(t) - u(t) = =Cr(1+1g(®)] - [u(®)] + [u(®)]*) = h(t). (2.18)
Let us consider the auxiliary problem

{ O2v(t) + Azv(t) = h(t),

= aug - Ug.

(2.19)
V)0
According to Sobolev’s embedding theorem Hj, C C for p > (n + 1)/2. Hence,
(0.5) implies that h € L,(Qr) for every T' > 0 and |h], < oo.
It follows from Theorem 1.1 with v =0, ¢ =0, K = 0, and A9 = 0 that

lo, I3, < C(lluollEe “T+/ e~ Mn(s) |15 , ds). (2.20)

Ry
Applying the comparison principle for bounded solutions of the problem (2.19)
(see [4]) we obtain that

w(t, ) < v(t,x) almost everywhere in Q. (2.21)
By our assumptions p > "“ , hence (2.20), (2.21), and the fact w > 0 imply that

lu(T)|g% < C <||u0||2p _"‘T+/R e~ In(s)ll5, d8> : (2.22)
+

Applying Holder’s inequality to the function h, we obtain
IB(s)II5, < C(1+ (lg(s)Plu(s) P, 1) + [|u(s)|[g%,) <
< CL(1+ [lg()IE M) f o + lluls)I2h,).  (2.23)
Let us estimate the last term on the right-hand side of (2.23) in the following way:

lu()6%, < us) 150~ u(s) 135 < Cuullu(s)IIeh + mlluls)llt, (2.24)

where 0 = 1/p € (0,1). The estimate (2.24) holds for every p > 0.
Analogously,

/R e—lT—s| llg(s) ||187p||u(3)

6,00 45 < 1gl} supeso eV lu(s)[[§ oo } <

< Culgly” + psupgsole™ TV lu(s) |0 ). (2:25)

Inserting the estimates (2.23), (2.24), and (2.25) into the inequality (2.22) and using
the Lay-norm estimate for u(s) obtained in Lemma 1, we obtain after some simple
calculation

2 2p — — — 2
[u(T) g% < Cull+1gl” + lluollFhe™F) + psup,so{e™ =12 |lu(s) |} (2:26)

To complete the proof of Lemma 2 were need the following proposition.
12



Proposition 3. Let a function z € Cp(Ry) satisfy the inequality

z(t) < Cy + Coe™ + psupgsofe” Blt=sl,(s)} (2.27)
for some o > >0 and < 1/2. Then
2(t) < 2(Coe™Pt 4+ ). (2.28)

Proof. Multiplying the inequality (2.27) by e~Pl=tl | ¢ R, and taking sup; > of
both sides of the obtained inequality we have

suptZO e_B|l—t|Z(t) S CO SuPtZO 6_5|l—t|e—o¢t + Cl SuptZO e_B|l_t|+
+ psupys o sup,sofe PUms T (5)) 0 (2.29)

A simple calculation reveals that sup,s,e A==t = ¢=Bl Changing the order of

supremums in the last term on the right-hand side of (2.29), we get
SuPso supsofe P IT 2 (5)} = sup s {supysq e TP TEIFITI Y (5) =
= sup,zg e A1 2(s) = supysofe ().
Inserting these formulae into (2.29) and using p < , we conclude that
SUDs> e Pt (1) < 2(Coe P + ).
This estimate together with (2.27) implies (2.28). Proposition 3 is proved.

End of the proof of Lemma 2. Apply Proposition 3 to the inequality (2.26) and
2(t) = |Ju(t)||oF,,. The estimate (2.16) is an immediate consequence of (2.28).
Lemma 2 is proved

Lemma 3. Let u be a solution of the problem (0.1). Then
1 (w), 7llo.c0 < QUlluollv)e™ " + Q(lgly) (2.30)

for some monotone function ().
The proof of (2.30) which is based on the estimate (2.16) is given in [4].

End of the proof of Theorem 1. Let us rewrite the equation (0.1) as a linear equa-
tion,

ad?u — yOu + algu = g(t) + f(u(t)) = h(t). (2.31)
Equation (2.31) has the form (1.1) with ¢(¢,z) = 0. Moreover, the family (0.7)
with K = 0 evidently satisfies (0.8) for A\g = 0. Applying the estimate (1.8) with
Ao = 0 to the equation (2.31), we obtain the estimate

lu, @75, < Clluollfe™" +/ el ()15, ds. (2.32)

Ry
Inserting the estimate (2.30) into (2.32), after some simple calculation we obtain
(0.9). Theorem 1 is proved.

To prove the existence of solutions of the problem (0.1) we need, as in Sec-
tion 1, the following auxiliary problems of the form (0.1) in the finite cylinder
Qoar, M €N,

{ a(0u + Apu) — yOpu — f(u) = g(t), ul,, =0,

(2.33)
“‘t:o = Yo, u‘t:M = U1-

13



Theorem 2. Let ug, uy € Vy and let u be a solution of the problem (2.33). Then
the following estimate holds:

l, Q72 < QUluollY, + lluallF) (=T + e~ M=) 1+ Q(llglls), (2.34)

where () is a monotone function independent of M > 2.

Proof. The proof of (2.34) is analogous to that one of the estimate (0.9) given
above (Lemmas 1 to 3). That’s why we give below only the scheme of the proof of
Theorem 2.

The analogue of the estimate (2.1) for the problem (2.33) is the following one:

Lemma 4. Let u be the solution of the problem (2.33). Then for T € [0, M|
la(T) 32 < € ((u(0) 32 + (M) 3 2) (=T +e7M=T) 114+ [g2) . (2.35)

To prove this lemma we need the following propositions.

Proposition 4. Let u be the solution of the problem (2.33). Then the estimate

[u(T)

15,2 < C(lu(0)

52+ u(M)]§ 2) min{e™?, e =1} (2.36)

holds uniformly with respect to M € N. Here m is a (positive) number.

Proof. Multiplying equation (2.33) by ue~°* in R¥ and integrating over [1, 5] x w,
[1,s] C [0, M] we obtain analogously to (2.8) the following estimate which holds
uniformly with respect to M € N,

(y'(m) = Cry(1) e = (y/'(s) + Cay(s)) ™= < C(1 +gl3)- (2.37)

Without loss of generality we may assume that C; > 0 and Cy > 0.
Multiplying the inequality (2.37) by e(*+¢2)% and integrating over s € [, M] we
find after some simple calculation

(y'(1) — Cry(r))e™" <
-1
< C(1+ |gl2) + (Co + &)y(M)e“2M (6(02+€)M - e(C“Le)T) . (2.38)
Without loss of generality we may also assume that 7 < M — 1. Then
oC2M (e(c2+s)M _ e(c2+e)7>_1 < (1 _ 6_02_6)_1 <

Hence (2.38) implies
(y'(r) = Cry()) e™" < C(1 + gl + y(M). (2.39)
Using Holder’s inequality we derive from (2.39) that
y(t) < C(L+ gl +1y(0)] + [y (M)[)e™ for t <M —1 (2.40)

for some m > 0. Applying (2.40) to the problem (2.39) with ¢ replaced by M — ¢
we obtain the estimate

y(t) < C(L+g[3 + [y(0)] + [y(M))e™ M= for ¢ > 1. (2.41)
The estimates (2.40) and (2.41) imply (2.36). Proposition 4 is proved.
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Proposition 5. Let u be the solution of the problem (2.33). Then the following
estimate holds for T € [1, M — 2]:

lu, 22 < € (11w QolFoe™T + 1w, Qa1 [T + 14 |gfF) . (242)

The proof of Proposition 5 is completely analogous to that one Proposition 2.
Only instead of multiplying by u ()1 (t)¢r(t) one should multiply equation (2.33)
by w(t) ity (M — Db (b).

The estimates (2.36) and (2.42) together imply the estimate (2.35) (see the proof
of Lemma 1). Lemma 4 is proved.

Lemma 5. Let u be the solution of the problem (2.33). Then

[u(T)

1300 < Cllluoll¥y + lunllF) (™" + e *M=1) 414+ |g7). (2.43)

The proof of Lemma 5 is analogous to that one of Lemma 2. Only for estimating
the C-norm of solutions of the auxiliary equation (2.19) one should use the estimate
(1.30) instead of the estimate (1.8).

As proved in [4], the estimate (2.43) and continuity of f imply the estimate

1f (), @

lo.00 < QUluollYy + lluallfy) (e + e~ M1 +-Q(lgls)  (2.44)

for some monotone function ().
Now rewriting equation (2.23) in the form (2.31) and applying the estimate (1.30)
with A = 0 we obtain the estimate (2.34). Theorem 2 is proved.

Theorem 3. The problem (0.1) has at least one solution for every ug € Vj.

Proof. As in the linear case (see Section 1) we first prove the existence of solutions
for the problem (2.33) in the finite cylinder € as. The existence of solutions for
(2.33) can be obtained using the a priori estimate (2.34) and the Leray-Schauder
principle (see for instance [4]). The existence of solutions for the problem (0.1)
can then be proved extending the limit M — oo as in the proof of Theorem 1.1.
Theorem 3 is proved.

Remark 1. The estimate (0.9) was proved in [4] under more restrictive assumptions
to the nonlinear term f (f(u)-u > —Cy + Ca|ul*>T¢, Ca,e > 0), but without the
requirement, v = y*.

§3 DIFFERENTIABILITY OF SOLUTIONS OF THE NONLINEAR
ELLIPTIC EQUATION WITH RESPECT TO THE INITIAL DATA ug

In this section we prove unique solvability and differentiability with respect to
the initial value wug of solutions of the problem (0.1) and verify the equivalence of
the problems (0.1) and (0.11).

Below it is again assumed that a, v are positive self-adjoint matrices, the nonlin-
ear function f satisfies the conditions (0.3), and the operator family (0.7) satisfies
the condition (0.8) for some Ay > 0.
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Theorem 1. Let the above assumptions be satisfied. Then for every pair of solu-
tions uy and ug of the problem (0.1) the following estimate holds:

lur = uz, Q|2 < Cllur(0) — ua(0)[[vpet* =7 (3.1)

Moreover, the constant C' in this estimate depends only on ||u1(0)||v;, and ||uz(0)||v,,
and the constant o > 0 only on the coefficients of the family Ly (X\) (see (0.7)).

Proof. Let v = us — uq. Then

a(02v + Azv) — YO — quy uy (B, )0 = 0,
{ U‘t:o = u1(0) — u2(0), (3:2)
where )
Quy yus (8, T) =/0 [ (ua(t, ) = plus(t, z) — ui(t, v))) dp. (3.3)

It follows from the estimate (0.9) and from Sobolev’s embedding theorem Hy, C C
for p > (n+1)/2 that

[i, 240,00 < Cllua(0)]lvg, 7= 1,2
Hence, according to (3.3) and the estimate (0.3) the following estimates hold:
{ Lo s (852), Qi [lo,00 < Cr(([ua (0)[vs, [[u2(0)[]v5),
2. Quyu,(t,z) > —KId.

Notice that by the definition of solutions of the problem (0.1) the functions u(t)
and uz(t) are bounded with respect to t — oo (i.e., ||u;||y < o0). Consequently the
function v(t) is also bounded with respect t — co. Thus

(3.4)

[v]lxe = 3g%e—AoT||v,QT lap < 00 (3.5)

and all the conditions of Theorem 1.1 hold for the equation (3.2) and for its solution
v. The estimate (1.8) now implies the estimate (3.1). Theorem 1 is proved.

Corollary 1. It follows from (3.1) that for every t > 0 the solving operator
Si: Vo — Vo mapping the initial data ug € Vi to the solution u(t) of the problem
(0.1) at time t is correctly defined. Moreover, this operator is (locally) Lipschitz
continuous with respect to ug, i.e.,

(}\o—a)t

1St (wo1) — St(wo2)|lvy, < Clluor — uozl|ve , Uo1, Uo2 € Vo. (3.6)

Corollary 2. Let Vj = H?_l/pp(w). Then the estimate (3.1) also implies that
10¢u1(0) = Bru2(0)|lvy < Cllur(0) — u2(0)]lvs-

Consequently the locally Lipschitz operator ®: Vy — Vi mapping the initial data
ug € Vy to the t-derivative of the solution of the problem (0.1) at time t = 0 is
correctly defined,

8tu‘t=0 =& (u‘tzo) i (3.7)
Considering the later time t = 7 > 0 instead of t = 0, we obtain, analogously to
(3.7), that
O =&, (ul, ),
t ‘t:T ( ‘t—T) (38)
u‘tzo = o

which holds for every solution u of the problem (0.1) and for every 7 > 0 (here we
denote by ®,: Vo — V| the operator ® that corresponds to the problem (0.1) with
g(t) replaced by g(t + 7)).
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Corollary 3. The operator Si: Vo — Vi defined in Corollary 1 s injective for
every t > 0, i.e., Si&1 = Si&s for some t > 0 implies &1 = &5.

Indeed, this assertion follows from Corollary 1.1 applied to equation (3.2).

Theorem 2. Let the assumptions of previous theorem be satisfied. Then the solving
operator Sy: Vo — Vi is Fréchet differentiable in Vy for every fixed t > 0 and
its derivative w(t) = Dy, Se(uo)é, & € Vo, is given as the unique (according to
Theorem 1.1) solution of the following problem:

{ a(0Fw + Agzw) — vOuw — f'(Si(uo))w = 0, (3.9)

w‘t:o =¢, ||w||>\0 < 00.
The operator ®: Viy — V{ is Fréchet differentiable and its derivative is given by
DUO(I)(Uo)f = 0tw(0),

where w(t) is a solution of (3.9) with w(0) = &. Moreover, Sy € C(Ry. x Vp, V),
® € C'(Vo,Vy), and the derivative D, S;(ug) is uniformly continuous with respect
to ug € B for every bounded subset B C Vo, t € [T, T + 1].

Proof. Let ug1,uo2 € B, ||Bl|lv, < M. Denote by u;(t) and uz(t) the solutions of the
problem (0.1) with initial data ug1 and wuge, respectively. Let also v(t) = ua(t)—uq (1)
and w(t) be a solution of the problem (3.9) with initial data & = w2 — ug1. Then
the function 0(t) = v(t) — w(t) is a solution of the following problem:

{ a(020 + AL0) — v0,0 — [/ (u1)0 = (quy o — [ (u1))v = L(t)v(t),

(3.10)
9‘1&:0 =0, [|0]lr, < o0.

Recall that the function g, ., on the right-hand side of the equation (3.10) is
defined by (3.3).

Equation (3.10) satisfies all conditions of Theorem 1.1, hence according to the
estimate (1.8),

10, Q|5 , < CePPeT /R e_a|T_s|_p’\°S||L(3)v(s)||g7pd3. (3.11)
+

Estimating ||[v(s)l|o,, using the estimate (3.6) we obtain

||07 QT

25 < Ce”AOTIIv(O)Il’x’/O/ e~ =P () [f oo ds. (3.12)
R

+

Thus it is necessary to prove that

Z(|lv(0)l) = / i VO] (3.13)

Ry

tends to zero as ||v(0)]|y, — 0.
According to Theorem 2.1 and Sobolev’s embedding theorem (H,, C C),
lwillo,co < M1 = Mi(||Bllv;). Hence it follows from the continuity of f’ and from

the definition of L that ||L, Q40,00 < My = Ma(||B||v,)-
17



Let us fix an arbitrary € > 0 and choose R(g) > 0 so that

/ e P MY ds < =
R(e) 2

Applying the last inequality to (3.13) we obtain after standard estimates

| ™

Z([lv(0)]l) < R(e)IIL, 0, r(e) 16,00 + (3.14)

5
f' is continuous, hence there exists d; = d1(e) such that

€

1/p
1f'(E+&) - )l < <%>

for [¢] < 2M4, |€1] < 01. Thus

|L(t, )| S/0 [ (ua(t, 2) + pv(t, x) = f'(ua(t, 2)) Pdp < (t,2) € Qo r(e),

£
2R(e)’
if [|[v, Q0,r(e)ll0,00 < 01. Consequently, Z(||v(0)||v,) < € if [[v, Qo r()l| < 01. But it
follows from the estimate (3.6) and from the embedding theorem that

10,20, r(0) 0,00 < CXFE [[0(0) |y,

Hence Z < e if ||[v(0)|ly, < 6 = 6,C~te~*B(). Thus the following formula is
proved:

16, Q7|2 = exp(AoT)o([|v(0)[lv,) as [|v(0)]lv, — 0. (3.15)

The estimate (3.15) together with the inequality ||6(¢)||v, < C||0, ]2, shows the
differentiability of the operator S;.

The differentiability of ® is an immediate consequence of (3.15) and the estimate
10:0(0)[[v; < C||6, Q0ll2,p- Notice that the right-hand side of (3.15) tends to zero
as v — 0 uniformly with respect to ug1, ug2 € B and t € [T, T + 1]. Hence

|(DuoSe(101) — Dug St(uo2))v(0)||vy < [Jua(t) — wi(t) — DyySe(uo2)v(0)]|v,+
+ Jur(t) — ua(t) + Duy St (uo1)v(0) vy < Cllug — uy — Dayy St (uo2)v(0), Q7|2 p+
+ Cllur — up + Dyy Sy (uo2)v(0), Qrll2,, < 0(||v(0)|lv;).  (3.16)

The estimate (3.16) implies that D, S¢(ug) is uniformly continuous with respect
to ug € B. To complete the proof of Theorem 2 it remains to prove that S; is
continuous with respect to (t,ug) C Ry x Vj. Due to the estimate (3.16) it is
sufficient to prove only the continuity S; with respect to t for fired ug € Vy. By
definition u(t) = Si(ug) € Wa ,(Q2r) for every T' > 0, hence according to Sobolev’s
embedding theorem u € C(Ry, V). Theorem 2 is proved.
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Corollary 4. The Fréchet derivative D,,Si(ug) satisfies the condition (0.10).

Indeed, applying the result of Theorem 1.1 to equation (3.9) we obtain the
estimate (0.10).

Remark 1. Notice that in fact we have proved in Theorem 2 that

1911x, = o([lv(0)[lvs)- (3.17)

Thus the mapping ug — S¢(ug) is differentiable as a mapping from Vj to the space
Wz)‘% of distributions which have finite norm (1.2).

Now let us study the operator @, defined in Corollary 2. In order to do this we
introduce the scale of Banach spaces Xo = Vj, X1 =V}, and X3 = (—A,)P2X,
for 0 < 8 < 1. It is known (see for instance [10]), that

Xp = Wi_1/p+ppw) N {uol,, =0} for 8 # 1/p. (3.18)

Theorem 3. Let the above assumptions be satisfied. Then the nonlinear operator
defined in Corollary 2 can be represented in the following way:

B, (v) = —(—=A) Y20+ F(r,0) + G(r), veV,, TeRy, (3.19)

where G € Cp(Ry, X1), and the nonlinear term F fulfils F(r,-) € C(X1,X1)N
C (X1, Xg) for some B> 0 and every fized T > 0. Moreover,

F € Cp(Ry, C(X1, X1)), [1F (T O)llLcx x0) < QUIENx,) (3.20)

uniformly with respect to T € Ry. Here Q: Ry — Ry is some monotone function.

Proof. Without loss of generality we may assume that f(0) = 0. Let us represent
the solution wu(t) of the problem (0.1) (with g(¢) replaced by g(¢t + 7)) as a sum of
two functions u(t) = v(t) + 6(t), where the function v is a solution of the problem

{ a(02v + Apv) — yOw = g(t + 1), (3.21)
v]i=0 = ug, [|v|ly < o0
and the function 8 = v — v is the solution of
020 + A,0) — 00 = f(S ,
{ a’( t ) ’y t f( t(uo)) (322)
Olt=0 = 0, [|0]|p < oc.

Define the operators Fi(7,up) and F(7,ug) by the following formulae:

Fl(T, Uo) = 8t9‘t=0’ FQ(T, Uo) = 8tv‘t=0' (323)

Then &, = F| + F5.

Let us first study the operator Fj. Since f € C', f(0) = 0, (0.9) implies
that || f(w),Q0.2ll1.p < Q1(||uollv,) for some function @1 and f(“)‘aw = 0. Since
0(0) = 0, the (W, WP )-regularity theorem for solutions of the Laplace equation
implies analogously to the proof of Lemma 1.5 that 6 € W3 ,(£2p) and

10, Qlla < ClLF (), .2l < CQ(lullvs). (3.24)
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Thus 0:0 € W3 (). Consequently, Fi(7,up) = 0:6(0) € X;. The continuity of F}
can be proved analogously to the proof of Theorem 2. Let us check its (X7, X3)-
differentiability.

Using Remark 1, the embedding W5, into C, and the differentiability of f, it
is not difficult to obtain that the mapping up — f(Si(ug)) is differentiable as a
mapping from X; to the space Léo (Q4) of functions from L}IOC(Q_|_) which have
finite norm (1.3) (with the exponent p replaced by ¢) for every 1 < g < co. Now
applying Theorem 1.1 to equation (3.22), we obtain that the operator O: ug — 0(t)
is differentiable as a mapping from X; to WQ)“;(Q+) Fix some ¢ > p. Then
according to the embedding theorem the mapping ug — 0;6(0) is differentiable
as a mapping from X; to W10_1/q,q(w) C Xi/p—1/q- Thus the operator Fi(7,-) is
(X1, Xp)-differentiable for 4 =1/p —1/¢ > 0.

The continuity of the derivative D, F} can be proved as in Theorem 2.

To prove the estimate (3.20), we consider the linearized equation which corre-
sponds to the problem (3.22) (Q(t) = Dy, F1(1,u0)&)
{ £0RG1) +2.Q00) 1900 = 40Vl .
Qli=0 =0, [|Q[x, < o0

Here w(t) is the solution of the problem (3.9) and u(t) is the solution of (0.1), with
g(t) replaced by g(t + 7). Applying Theorem 1.1 to the equations (3.9), (3.25) and
using the inequality (0.9), we obtain the estimate (3.20) for F;.

Let us now study the operator F(7, ug). According to Theorem 1.1, there exists
a unique solution v, of the problem (3.21) with zero initial data. Let us define the
function G(7) = 0yv4(0) € V. Then it is not difficult to check that G € Cyp(Ry, Vy).
Define now the function V,,, (¢) as the unique solution of the problem

{ 02Viuy + ApVi, = 0,

(3.26)
VUO‘tzo =ug, ||[Vuells < 0.

It is easy to prove using the standard methods of the theory of analytic semigroups
(see [8]) that V,,, (t) = e~t(=82)"% 10 Consequently, OV, (0) = —(—=Ag) Y 2uy.

Finally we consider the function w(t) = v(t) — v,4(t) — Vi, (t) which satisfies the
equation

{ a(0Fw + Agw) — 0w = Y0V, (1),

3.27
w‘t:o =0, [lw|p < . (3.27)

Since the right-hand side ¥9; Vi, (t) of equation (3.27) belongs to W15¢(Q4), we can
prove as for the operator Fy that F3: ug — 0yw(0) is bounded linear operator from
X1 to Xl. Thus

FQ(T, Uo) = —(—Am)l/Q’U,O + F3U0 + G(T)

Denoting now F = Fy + F3, we obtain the decomposition (3.19). Theorem 3 is
proved.

We consider now the formula (3.8) as an evolutionary equation in the space V.
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Corollary 5. The problems (0.1) and (0.11) are equivalent.

In fact, by the definition of the operator @, every solution of the problem (0.1)
is also a solution of the problem (3.8) or, which amounts to be the same, a solution
of the problem (0.11). Consequently, we obtain the existence of solutions of the
problem (0.11) from the solvability of the problem (0.1). Then to complete the
proof of Corollary 5 it remains to prove that the solution of the problem (0.11) is
unique.

Let u(t) and uz(t) be two solutions of (0.11) such that u1(0) = u2(0). Then the
function v(t) = w1 (t) — u2(t) satisfies the following equation (see [8]):

u(t) = /0 DA (B 0y (s)) — F(s, ua(s)) ds. (3.28)

Theorem 3 implies that ||F(s,u1(s)) — F(s,ua2(s)||x, < Cllv(s)||x,. It follows from
the sectorial property of the operator (—A;)/? (see [7], [11]) that

s—t)(— 1/2 _
||€( t)(—Ax) ||L(X3,X1) SC(t—S)B 1. (329)

Estimating the norm of the right-hand side of (3.28) using the inequality (3.29), we
obtain that

t

lo(®)][x, < C/O (t =)o (s)llx, ds. (3.30)
Recall that § —1 > —1. Hence we can apply Gronwall’s inequality to the estimate
(3.30) and obtain ||v(t)||x, = 0.

Corollary 6. The problem (3.9) is equivalent to the following evolutionary problem
in the space Vy:

f o 6.31)

wl,_, =§& weCRy, Vo) NCHRL, VY.
Here the operator F defined by (3.19) and wu(t) is the solution of the problem (0.1).

The proof of this corollary is completely analogous to the proof of previous one.

§4 THE NONLINEAR ELLIPTIC EQUATION NEAR AN HYPERBOLIC EQUILIBRIUM

In this section we study the autonomous equation (0.1), i.e., equation (0.1) with
right-hand side g independent of t,

g(t,x) = g(z) € Ly(w). (4.1)

It is easy to verify that in this case the operators S;: Vo — Vp, t > 0, generate a
semigroup in Vp,
St1+t2 = St1 St2, t1, t2 > 0. (42)

Let zg be an equilibrium of this semigroup, i.e., S;zg = 2o for all ¢ > 0. Equivalently,

{ algzo — f(20) = g,

4.3
ZO‘Bw =0. ( )

Remark 1. Analogously to the proof of Theorems 2.1 and 2.2, but essentially more
simple, one can prove that the problem (4.3) has at least one solution and every of
its solutions zg € V; belongs to the space Wa ,(w).
According to Theorem 3.2, S; € C1(Vp, Vp) for every ¢ > 0, hence the following
definition is correct.
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Definition 1. The equilibrium zq € Vo of the semigroup S; is called hyperbolic if
the spectrum of the Fréchet derivative D,,Si(zp) at t = 1 does not intersect the
unit circle:

0 (D, S1(20)) N{A € C: A = 1} = @. (4.4)

The dimension of the kernel subspace corresponding to the part of the spectrum of
D, St(z0) which lies outside of the unit ball in C is called the instability index of
the hyperbolic equilibrium zy:

ind,, = #{\ € 0 (Dy,S1(20)) : |\| > 1}. (4.5)

Theorem 1. Let S; be the semigroup corresponding to the autonomous equation
(0.1) and zq its equilibrium. Then

1. The operator Dy, S1(z0): Vo — Vi is compact and consequently its spectrum is
discrete and consists of normal eigenvalues of finite multiplicity.

2. The equilibrium zy s hyperbolic if and only if the operator family

L.\ = arX? — YA+ alA, — f'(20): Wa p(w) N Wﬁp(w) — Ly(w) (4.6)
has no eigenvalues on the imaginary axis:
(L, (1)) N{ReA =0} = 2. (4.7)

3. The instability index of the hyperbolic equilibrium zy is finite and can be
calculated by the following formula:

ind,, = #{\ € 0(L.,(-)): 0 < Re X < Ao}, (4.8)

where the exponent Ny is defined by condition (0.8).

Remark 2. As known (see for instance [10]), the spectrum of the family (4.6) is
independent of 1 < p < oo and consist of normal eigenvalues of finite multiplicity.
Thus we may calculate the instability index ind,, under the assumption that the
family (4.6) acts in a Hilbert space (p = 2).

Proof. According to Theorem 3.3 and Corollary 3.6, the equation (3.9), which de-
fines the operator D,,,S1(2p), can be rewritten in the following form:

ow = —(—Ax)Y?w + F'(z)w,
w|,_, =& we C([0,1],Vo) N CH([0,1], V), (4.9)
DuOsl(Zo)f = w(l)

Theorem 3.3 implies that F'(z9) = D,,F(z0): X1 — Xga, consequently the op-
erator F’(zp) is compact as an operator from Xy to Xo. Thus due to the the-
orem about compact perturbations of sectorial operators (see [8]), the operator
A, = —(=Ax)Y% + F'(2): X1 — X, is also sectorial. According to the spectral
mapping theorem for such operators (see [16]),

Doy S1(20) = €0, 0 (DyyS1(20)) \ {0} = e7(A=0), (4.10)
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Since the operators (—A,) "2, (=A,)Y2F'(2): X1 — X, are compact, it is not
difficult to prove (see [11], [16]) that the operator e!4=0 is compact for every ¢ > 0.
The first part of Theorem 1 is proved.

Let us now prove that the equality

o(—(=Ax)"2 + F'(20)) = 0 (L (1)) N {Re X < Ao} (4.11)

holds and that the corresponding eigenvectors and their kernel subspaces coincide.
Indeed, let A € o (—(—A;)Y2 + F'(2)) and z be the corresponding eigenvector.
Then the function w(t) = e*z is a solution of (4.9), consequently, according to
Corollary 3.6, it is the solution of the problem (3.9) with ug replaced by zy. Inserting
w(t) into the equation (3.9) we obtain that e* L, (A)z = 0. Thus z is an eigenvector
of the family L,,(A). It now follows from the definition of solutions for the problem
(3.9) that Re A < Ag. The inverse inclusion and the assertion about the coincidence
of the adjoint vectors can be proved completely analogously. Thus the equality
(4.11) is proved. The second part of Theorem 1 is an immediate consequence of
(4.10) and (4.11).

Let us prove the third part of the theorem. Let E, and E_ be the kernel
subspaces of A,, corresponding to the spectral sets oy = o(A4,,) N {Re A > 0} and
o_=0(A,)N{ReX < 0}. Then, as known (see [11]), Vo = F; + E_ and

|eA=0tz|| < Ce™®||z|| for all z € E_, |[e?=0tz|| > Cet||z|| for all z € B, (4.12)
for some ¢ > 0. Thus ind,, = dim F;. Using the equality (4.11) again we obtain
(4.8). Theorem 1 is proved.

In the case that the nonlinear term has a potential it is possible to obtain simpler
formulae for the calculation of ind,,.

Theorem 2. Assume that the nonlinear function f satisfies condition (0.13). Then
the instability index of the hyperbolic equilibrium zy equals the number of positive
eigenvalues of the operator alA, — f'(z0) (taking into account their multiplicities):

ind,, = #{\ € o(aA; — f'(20)): A > 0}. (4.13)

To prove this theorem we need the following lemma:

Lemma 1. Let the assumptions of the previous theorem and assumption (4.13) be
satisfied. Then the spectrum of the family (4.6) is real.

Proof. According to Remark 2 it is sufficient to consider the family (4.6) in a Hilbert
space (p = 2). Let A = w + ia € 0(L,,). Since the spectrum L,, is discrete, there
exists an xg € W7 y(w) such that

L.o(A\)zo = 0. (4.14)
Consequently, self-adjointness of f'(zp) and condition (0.8) imply that

0 < —(Lz,(Ao)To, o) = ([Lz(A) — Lz (Mo)]Z0, z0)
= (A = A3)(azo, z0) — (A — Ao) (o, o)
= (w? — a® — \2)(azo, z0) — (w — o) (Y0, o) +

+ i{2aw(axy, xo) — a(yzo, T0)}
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and

{ af(yzo, x0) — 2w(azo, 20)] = 0, (4.15)

(w? — a? — \3)(awg, o) — (w — Ao)(YT0, T0) > 0.

Thus if a # 0, then (yzg, z¢) = 2w(azg, zo). By inserting this formula into inequal-
ity (4.15), we obtain that

(w? + o + A2 — 2wAo)(azg, z0) < 0
which contradicts the positiveness of the matrix a. Lemma 1 is proved.
Consider now the following two-parameter operator family
L¥(A) = sL,,(A\) + (1 — 8)(A\2a_ Id = Ay Id +al, — f'(20)), (4.16)

where s € [0,1] and 4 > 0 is a positive number large enough to satisfy the
condition vy4 Id —y > 0.

Definition 3. The number of eigenvalues in the interval (0, \o) (taking into ac-
count multiplicities) is called the instability index of the family (4.16) (for a fized
s €[0,1]):

ind L® = #{a(L°) N (0, Ao)}.

It is not difficult to check using condition (0.8) and the definition of L*()) that
—(L*(Ao)z,z) > 0, for all z € W7, (w), £ 0, s € [0, 1]. (4.17)

Thus Ao ¢ o(L?) for s € [0,1]. It is also obvious that 0 ¢ o(L®) for s € [0, 1], and it
follows from Lemma 1 that that the spectrum of L® is real for every fixed s € [0, 1].
Consequently, it follows from the theorem on the stability of kernel multiplicities
(see [5]) that ind L* is independent of s € [0, 1]. Thus

ind,, = ind L, = ind L°. (4.18)

Then it is sufficient to check the assertion of the theorem for the family

L°(\) = XN2a_Id — My, Id + al, — f'(20). (4.19)
Lemma 2. The following equality holds:

ind L? = #{\ € o(al, — f'(20)): A > 0}. (4.20)
Proof. Let {e;}32, be a complete orthonormal system of eigenvectors of the selfad-
joint operator —aA, + f'(zo) in L? and

pr < po < - < pun <0< pngy <---

be the corresponding eigenvalues. Then it is not difficult to prove that the eigen-
values of the family L° can be calculated by the formulae

LR e - Y+ — /Y] +dap

g 2a_ v 2a_

and (4.17) for s = 0 is equivalent to the following conditions:
Vi +4da_p; >0, A\ <A< )\1".

Thus the interval (0, \g) contains the eigenvalues A, for i =1--- N and only them.
Lemma 2 is proved.
Theorem 2 is also proved.
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Definition 3. The instable set for the equilibrium zo of the semigroup Sy introduced
in Section 3 is defined to be the following set:

M+(Zo) = {Uo € Vy: Ju € Cb(R, Vo), ’LL(O) = Up,
(Spu)(s) = u(t + s) such that lim,_,_ o u(s) = zp}. (4.21)

It follows from Definition 3 that the set M™(2g) is strictly invariant with respect
to the semigroup S, i.e.,

SiM™T(29) = M (2) for t > 0. (4.22)

Theorem 3. Let zy be an hyperbolic equilibrium of the semigroup S; and let the
conditions of Theorem 1 be satisfied. Then the set M™(zg) possesses the struc-
ture of a Ct-manifold of dimension d = ind,,, i.e., there exists a C'-embedding
7 RY — Vjy such that 1(RY) = M*(z).

For each t > 0, the restriction of Sy to the manifold M™(zy) is a C*-diffeo-
morphism.

Proof. For every § > 0, we define in analogy to (4.21) the following set:

M;(Zo) = {Uo € Vy: Ju € C(R, Vo), U(O) = U,
(Stu)(s) = u(t + s) such that limy_,_ u(s) = 20, [Ju(s)|lv, <d}. (4.23)

Using the hyperbolicity of the equilibrium zp and the implicit function theorem one
can prove by standard arguments that for sufficiently small § > 0 the set (4.23) is a
d = ind,,-dimensional C'-submanifold of V; diffeomorphic to the instable subspace
ET. Let us fix sufficiently small § > 0 and define a sequence of sets

M = Sp(M{(20)) k=0,1,... (4.24)
Then it follows from (4.23) that
M, M, MT(z) = U M. (4.25)

As it is proved in [2], the injectivity of the operator Sy and the injectivity of its
differential (see Corollaries 3.3 and 1.1) imply that, for every k € N, the set My, is
a C'-submanifold of V; diffeomorphic to E. It follows from the representation of
the set M™(zp) in (4.25) (see [12]) that the set M™(2g) possesses the structure of
a C'l-manifold diffeomorphic to R?, where d = ind,,. Theorem 3 is proved.

Remark 3. Notice that generally the set M™(2g) is not a Cl-submanifold of the
space Vj, i.e., the topologies on M™(zg) induced by the embedding M™(29) C Vp
and by the structure of a Cl-manifold defined by the representation (4.25) gener-
ally do not coincide (m: R* — M™(2) is not a homeomorphism). However, it is
proved in [2], that if the semigroup S; possesses a global Lyapunov function, then
the instable manifold M™(2) is a C''-submanifold of the space V. It will be proved
in the next section that the semigroup S; possesses a Lyapunov function if condi-
tion (0.13) holds. Thus under condition (0.13) the instable set of an hyperbolic
equilibrium 2, is a C'-submanifold of the space V; of dimension d = ind,,.
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65 THE REGULAR ATTRACTOR FOR A NONLINEAR
ELLIPTIC SYSTEM IN A CYLINDRICAL DOMAIN.

In this section we construct the attractor for the semigroup (4.2) generated by
the problem (0.1) in the space V. Moreover, in the case where the nonlinear term
f has a potential ((0.13) holds) we prove regularity for this attractor.

Let us first recall the definition of an attractor and sufficient conditions for its
existence (see [2] for a detailed exposition).

Definition 1. The set A is called the attractor for a semigroup Sy acting in Banach
space Vy if the following conditions hold:

(1) A is compact in Vp;
(2) A is strictly invariant, i.e., Sy A = A fort > 0;
(3) A possesses the attracting property for bounded subsets in Vy, i.e., for every
bounded B C V,
limy_, o dist(S: B, 4) = 0,

where dist(X,Y) = sup,cx inf ey ||z — y||v; .-

Proposition 1 (see [2]). Let the operator Si: Vo — Vi for every fized t > 0 be
continuous. Further assume that there exists a compact subset K CC Vy having the
attracting property for bounded subsets in Vy. Then the semigroup S; possesses an
attractor A C K. Moreover, it has the following structure:

A= {E € Vo: Ju(s), s € R, such that u(0) = ¢,
SUp,er ||u(s)|lv, < 0o, and Syu(s) =u(t+s),t € Ry, s e R}. (5.1)

Theorem 1. Let condition (4.1) be satisfied. Then the semigroup Si: Vo — Vo
generated by equation (0.1) possesses an attractor A which is compact in the space

Wg,p(w).

Proof. Let us verify the conditions of Proposition 1 for the semigroup S; generated
by equation (0.1). The continuity of the operators S; for fixed ¢ > 0 is proved
in Theorem 3.1. Let us construct the compact attracting set. The estimate (0.9)
implies that the set B = {£ € Vy: [|€]]v, < R} is an attracting set for the semigroup
St for a sufficiently large R = R(]|g|lo,p). Consequently, the set B; = S;B also
possesses the attracting property for bounded subsets in V. Let us prove that
By C Wy p(w). According to Remark 4.1 there exists an equilibrium zy € Ws p(w)
(a solution of equation (4.3)). Multiplying equation (0.1) by the cut-off function
©(t) which equals zero for ¢ ¢ [0,3] and one for ¢ € [1,2] and rewriting (0.1) with
respect to the new unknown function w = ¢(t)(u — zp) we obtain

= 0.

{ Ofw + Agw = 2¢'Oyu + ¢" (u — 20) + a1 (f(u) — f(20) + YOpu) = hay(t),
w‘aao,y,

Since f € C', we obviously have h,, € WP (Q3) and according to (2.1) the
following estimate holds:

||hw790,3

1,p < Ql(”u: 90,3
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where Q1 and () are certain monotone functions.
Applying the theorem on the (W3, W7, )-regularity for solutions of the Laplace
equation we obtain that

|lu(1) = 2o0ll3=1/pp < Cllw, Qo3

I3.p < Cillhw, Q0,3

1.p < C1Q2(||uo||vy)-

Thus the set By — 2o is bounded in W3_y/, ,(w). Therefore, By CC Wy p(w).
Theorem 1 is proved.

Corollary 1. Let zy be a hyperbolic equilibrium of the semigroup S;. Then accord-
ing to (5.1),
Mt (z) C A. (5.2)

Thus the attractor A contains an invariant C'-manifold of dimension d = ind,, .

Let us now consider the case when the semigroup S; possesses a Lyapunov func-
tion.

Theorem 2. Let the condition (0.13) hold. Then the function

~L(€) = 5 (®(€), B(0)) — 5(aVEVE) — (PO~ (9,6: Vo = B (53)

where the nonlinear operator ®: Vy — V{ is defined in Corollary 3.2 and the function
P is defined by (0.13), satisfies the equation

d

T L(S1€) = =(v2(8i€), D(S88)) for all € € Vp (5.4)

and, consequently, L is a Lyapunov function for the semigroup S;.

Proof. Let u(t) = S¢€ be a solution of the problem (0.1). Then by the definition of
O, P(u(t)) = dru(t). Consequently,

L(u(t)) = %(GVU(t)v Vu(t)) - %(af?tU(t), Oru(t)) + (P(u(t)), 1) + (g, u(t)- (5:5)

Differentiating the function (5.5) with respect to ¢ and replacing 92u(t) by its
expression from (0.1), we obtain

to
SE0) = =GO, 0(0) £(ulta)) ~ Llu(t) = = [ 00, ute) .
1 (5.6)
The equality (5.4) is proved.
Since 7 > 0, then it follows from (5.6) that £(S;{) < L£(§) and equality in this
formula implies that dyu(s) = 0 for all s € [0,¢], i.e., £ is an equilibrium of S;.
Thus, £ is a Lyapunov function for the semigroup S;. Theorem 2 is proved.

Let us now suppose that the set of all equilibria of the semigroup Sy,
R={ze€Vyi=1,...,N, z is a solution of (4.3)} (5.7)

is finite. Then the following theorem holds:
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Theorem 3. Let the conditions of the previous theorem be satisfied and let the set
(5.7) be finite. Then for every solution u(t), t € R, of equation (0.1), u € Cp(R, Vp),
there exist z4 € R and z_ € R such that z_ # z; and

my oo [Juft) — 24 [lvy = 0, limys oo [Ju(t) — 2—|[v, = 0. (5.8)
The proof of this theorem is given for instance in [4].

Corollary 2. Let M(z;) be the unstable set for the equilibrium z; € R defined by
(4.21). Then it follows from formula (5.8) and from the representation of A in the
form (5.1) that

A=UN  MT(z). (5.9)

Theorem 4. (Regularity of elliptic attractors). Let the semigroup Sy: Vo — Vo
generated by equation (0.1) possess a Lyapunov function L and let all of its equi-
libria (5.7) be hyperbolic. Then the attractor A of the problem (0.1) possesses the
decomposition (5.9) and according to Theorem 4.3 the unstable sets M™(z;) are
Cl-submanifolds in the space Vy of dimension k; = ind,, diffeomorphic to RF:.

Corollary 3. Assume that the conditions of Theorem 4 are satisfied. Let the
equilibria (5.7) be numerated such that L£(z;) < L(z;) if i < j and suppose for
stmplicity that
,C(Zl) < £(22) < K E(ZN). (510)
Let
Aj, = Ui M7 (1)

Then arguing as in [2] we can prove that the following assertions hold:

1. Ay, is stable with respect to Sy, i.e., for every neighborhood O1(Ay) of Ay in
the space Vi there exists a neighborhood O2(Ay) such that

StOQ(Ak) C O1(Ak) for allt > 0.

2. The boundary of M™(z;) is strictly invariant with respect to the semigroup
St, i.e., SOM™T(z;) = OM™(z;). Moreover, OIM™(z;) C A;_1.
3. For every compact set K C A; \ z;, limg_, o dist(S: K, A;_1) = 0.

Remark 1. As proved for instance in [2] the condition of hyperbolicity of all equilib-
ria of S; is a generic condition, i.e., the set of the right-hand sides g of the equation
(0.1) which satisfy this condition is an open dense subset of the space L, (w). More-
over, the Leray-Schauder degree theory implies that in this case that the number
of equilibria is odd: N = 2m + 1.

Let us study now the attracting property of the attractor A. We will need the
following definition to do so.

Definition 2. Let the conditions of Corollary 3 be satisfied. A piecewise continu-

ous function u(t), t € [0,00], is said to be a finite-dimensional composite trajectory

(f.c.t) for the semigroup Sy in the space Vi if it satisfies the following conditions:
1. There exists 0 =ty <11 < -+ <ty < tyyg1 = +00, such that

ie Ctiti +1),Vo), i=0,...,m;
2. ’{I/() St t; ’LL( )fOT't € [tzatz-i-l);
3. ( )GM (Zw(z);UJh€7“67TI1,---,m+1—>1,---,N.

Thus a f.c.t. u(t) is a piecewise continuous curve constructed from a finite number

of pieces of continuous trajectories of the semigroup Sy that belong to the unstable
manifolds M™(z;).
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Theorem 5. Let the conditions of Corollary 3 be satisfied. Then for every ug € Vj
there erists f.c.t. u(t) such that

|Ssug — @(t) ||y, < Ce ™, t>0. (5.11)

Moreover, the constant C' can be chosen uniformly with respect to ug € K, where K
1s an arbitrary compact in Vo, an the constant v > 0 depends only on the semigroup

St.

To prove this theorem we refer to the following abstract theorem proved in [2]
about uniform spectral asymptotics.

Theorem 6. Let all of the equilibria of the semigroup Sy € C(Ry x Vo, Vo) acting
in the Banach space Vi be hyperbolic. Suppose that the semigroup S; possesses the
attractor A in Vy and the Lyapunov function L € C(Vy, R). Further let for every
bounded subset B C Vj the following condition hold:

|1 De St n.vo,vo) < Ce*, forallé € B, C = C(B), a = a(B).

Moreover, assume that for every fired t the derivative D¢ S(§) is uniformly contin-
uous with respect to & for & € B and every bounded set B C V. Then the assertion
of Theorem 5 is wvalid for the semigroup S;.

Actually, we have already verified all conditions of Theorem 6 for the semigroup
Sy generated by the problem (0.1) in Theorems 3.3, 4.1, 5.1, 5.2. Thus Theorem 5
is proved.

Remark 3. In the formulation of Theorem 6 in [2] it was also assumed that the
semigroup S; satisfies S; € C1T(Vy, Vp), but this requirement was only used in the
construction of the instable manifolds M™(z;) (see [2, Remark 5.7.9]) which in our
case have been constructed before in Theorem 4.3.

Corollary 4. Let the conditions of Theorem 5 be satsfied. Then for every bounded
subset B C Vj the following estimate holds:

dist(S; B, A) < C(B)e ™, (5.12)
i.e., A is an exponential attractor for the semigroup St.

Indeed, if B is compact, then (5.12) is an immediate consequence of the estimate
(5.11). But it is verified in the proof of Theorem 1 that the set S; B is semi-compact,
for every bounded B C Vj. Thus the estimate (5.12) holds for every bounded subset
B Cc V.

Remark 3. Equations of type (0.1) can appear in applications when studying the
equilibrium points and travelling wave solutions of certain evolutionary equations.
For example, the problem of finding the travelling wave solutions

At,z) = A(zy —yt,2"), = (z1,2') € Qy, te Ry, yER
for the generalized Gindsburg-Landau equation

where A = A1 + 142, N\, B,u € R, A > 0, is reduced to the problem of finding all
bounded with respect to ¢ € R solutions of an equation of the form (0.1) in the
complete cylinder 2 = R X w, i.e., to the problem of finding the attractor of an
equation of the form (0.1) in the half-cylinder Q, (see (5.1)). Notice also that this
equation is potential if 5 = 0.
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