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ABSTRACT. We apply the dynamical approach to the study of the second order
quasilinear elliptic boundary value problem in a cylindrical domain with a small
parameter € at the second derivative with respect to the variable ¢ corresponding to
the axis of the cylinder. We prove that, under natural assumptions on the nonlinear
interaction function f and the external forces g(t), this problem possesses the uniform
attractor A® and that these attractors tend as ¢ — 0 to the attractor A° of the limit
parabolic equation. Moreover, in case where the limit attractor A° is regular, we give
the detailed description of the structure of the uniform attractor A%, if € > 0 is small
enough, and estimate the symmetric distance between the attractors A% and A°.

INTRODUCTION.

We consider the following quasilinear elliptic boundary value problem in an in-
finite cylinder Q := R X w:

(0.1) a(0?u + Agu) — e 'youu — f(u) = g(t), (t,x) €Q, “‘aw =0,

where w CC R™ is a bounded domain of R”, u = (uy, -, ug) is an unknown vector-
valued function, a and « are given constant matrices which satisfy a + a* > 0 and
v=~* >0, f and g are given nonlinear interaction function and the external forces
respectively which satisfy some natural assumptions (formulated in Section 1) and
¢ > 0 is a small parameter.
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Elliptic boundary problems of the form (0.1) appear, e.g. under studying the
equilibria or the travelling waves for the corresponding evolution equations of math-
ematical physics. For instance, let us consider the following reaction-diffusion sys-
tem in the unbounded cylindrical domain :

(0.2) OV = al(4,5)0 — e yow — f(v) —g(t), (t,x) € Q, 0

Ulga =
with the strong drift along the axis of the cylinder (which is described by the
transport term e~ 1y0;v, here the variable ¢ € R remains to be spatial and the
variable 1 plays the role of physical time). Then, (0.1) is the equation on equilibria
for problem (0.2).

Another natural example is the following reaction-diffusion system in the cylin-
der Q:

(0.3) Onv = al v — f(v) — g(t — e "), U‘aﬂ =0,

where v is a diagonal matrix. Thus, the external forces g(n,t,z) := g(t — e~ yn, 1)
in (0.2) have the form of a fast travelling (along the axis of the cylinder) wave
(with the wave speed e 714 > 1). Then, the problem of finding the travelling wave
solution v(n,t,r) := u(t — e~ 'yn, x) of equation (0.3) which is modulated by the
travelling wave external forcing, obviously, reduces to the study of problem (0.1).

It is convenient to scale from the very beginning the variable ¢ as follows: ¢’ :=
e~ 't. Then, problem (0.1) reads

(0.4) a(e?02u + Ayu) — you — f(u) = g (), u‘aw =0, gc(t):=ge™'t),

where we denote the new variable ¢’ by ¢ again for simplicity.

We are interested in the global structure of the set of bounded (with respect to
t — +o00) solutions of problem (0.4). To this end, we use the so-called dynamical
approach for the study of elliptic boundary value problems in cylindrical domains
which has been initiated in [6] and [18], see also [2-3], [7], [11], [13], [22-26], [29-31]
and the references therein for its further development. Following this approach, we
introduce, for every 7 € R, the auxiliary elliptic boundary value problem:

(0.5) { a(e20iu + Agu) — yOu = g.(t), (t,z) € QF,

U"aw =0, U"t:'r = Ur,

in the half-cylinder Q7 := (7, +00) X w equipped by the additional boundary condi-
tion u|;—r = u, at the origin of the half-cylinder 2% and the function u, is assumed
to belong to the appropriate functional space V2 (w) which will be specified in Sec-
tion 1. If problem (0.5) possesses a unique (bounded as t — 4o00) solution (in
certain functional class), for every u, € VP(w), then (0.5) defines a dynamical
process {Ug_(t,7),t,7 €R, t > 7} via

(0.6) Ug. (t,7)ur == u(t), where u(t) solves (0.5), Ug (t,7):VP(w) = VF(w).
Moreover, if this dynamical process possesses a global (uniform) attractor A%, then
this attractor is generated by all bounded (with respect to ¢ — +00) solutions of the

initial problem (0.4) (and all its shifts along the ¢ axis, together with their closure
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in the corresponding topology, see Section 3 for the details). Thus, studying of the
bounded solutions of (0.4) is, in a sense, equivalent to the study of the attractor
A® of auxiliary dynamical process (0.6).

In the present paper, we give a detailed study of auxiliary problems (0.5) in case
¢ is small enough and investigate their behavior as ¢ — 0. The paper is organized
as follows. The existence of a bounded solution wu(t) of problem (0.5) and several
estimates are derived in Section 1. The uniqueness of this solution is verified in
Section 2 under the assumption that e is small enough. Moreover, we show there
that the dynamical process (0.6) associated with problem (0.5) is uniformly (with
respect to €) Frechet differentiable with respect to the ’initial data’ u, € VP(w).
The existence of the uniform attractor A° for the process (0.6) is established in
Section 3. Moreover, we prove there that, for rather wide class of the external
forces g, the attractors A° converge as € — 0 (in the sense of upper semicontinuity)
to the attractor A° of the limit parabolic problem

(0.7) you — alAgzu+ f(u) = go(t), u‘aw =0, u‘t:T = Ur,

where the limit external forces go(t) average the external forces g.(t) := g(¢'t) of
problems (0.5). In particular, the class of admissible external forces g contains the
autonomous external forces: g(t) = go, heteroclinic profiles:

(0.8) g(t) — g+ ast— +oo and g4 are independent of ¢,

solitary waves (g4 = g— in (0.8)), periodic, quasiperiodic and almost-periodic with
respect to ¢ external forces g and even some classes of non almost-periodic oscilla-
tions, see Examples 3.1-3.3.

Furthermore, in Section 4, we prove that dynamical processes (0.6) tend ase — 0
to the process Up (t,7) associated with limit parabolic problem (0.7) and obtain
the quantitative bounds for that convergence in terms of the parameter .

In Section 5 , we restrict ourselves to consider only the case of almost-periodic
external forces g(¢) in the right-hand side of equation (0.5). In this case, limit
parabolic equation (0.7) is autonomous

(0.9) 90(t) == g,

where g is the mean of almost-periodic function g. We also assume that the global
attractor A° of the limit parabolic equation is regular (it will be so if this equation
possesses a global Liapunov function and all of the equilibria are hyperbolic, see
Section 5 for the details). Then, using the theory of nonautonomous perturbations
of regular attractors developed in [12] and [14-15], we establish the existence of
the nonautonomous regular attractor for problems (0.6) if ¢ is small enough. In
this case, the attractors A° are occurred to be not only upper semicontinuous, but
also lower semicontinuous as ¢ — 0 and we give the quantitative bounds for the
symmetric distance between them in terms of the perturbation parameter €. In par-
ticular, we prove there that equation (0.4) possesses the finite number of different
almost-periodic (with respect to t) solutions and that every other bounded solu-
tion of that equation is a heteroclinic orbit between two different almost-periodic
solutions. We also recall that the regular attractor for system (0.5) with e = 1,
v > 1 and autonomous external forces g. has been considered in our previous pa-
per [30]. Moreover, the estimates for the nonsymmetric Hausdorff distance between
the attractors A® and A° in terms of the parameter ¢ have been obtained in [31].
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Finally, several uniform (with respect to €) estimates for the linear and nonlinear
equation of the form (0.4) which are systematically used throughout of the paper
are obtained in Appendixes A and B.

Acknowledgements. This research was partially supported by INTAS project
no. 00-899, CRDF grant of RM1-2343 and RFFI grant no. 02-01-00277.

§1 UNIFORM (WITH RESPECT TO ¢ — () A PRIORI ESTIMATES.

In this section, we consider the following nonlinear elliptic boundary value prob-
lem in a half cylinder Q7 := [, +00) X w, 7 € R:

(1.1) { a(e®07u + Agu) — yOuu — f(u) = g(t), (t,z) € QF,

U"aw =0, U"t:”r = Ur,

where w CC R” is a bounded domain of R" with a sufficiently smooth boundary,
u = (ul,---,u*) is an unknown vector-valued function, A, is the Laplacian with
respect to x, a and « are given constant £ x k-matrices satisfying a + a* > 0
and v = v* > 0, f(u) is a given nonlinear function which satisfies the following
assumptions:

1. fe€C?*RF RV,
(1.2) 2. f(v)w>-C, f'(v)>-K, YvecRF,

3. [f()| < C(1+v|?), Vv € RF, q < gmag = 22
(here and below v.w stands for the inner product of the vectors v € R¥ and w € RF
and the exponent ¢ may me arbitrarily large if n < 2). In order to formulate our

assumptions on the solution u(t), the external forces g(¢) and the initial data wug,
we need to define the appropriate functional spaces.

Definition 1.1. For every [ € Ry and s € [1,00), we define the following spaces:

(L3) W () = {ue D'(Q), llullyp. = sup lullws @z < oo},

where Qp := (T, T+1) xw and W5 denotes the ordinary Sobolev space of functions
whose derivatives up to order [ belong to L%, see [28]. In particular, we write in the
sequel L3(Q7) instead of W,"*(Q7).

Moroeover, we also introduce the following spaces associated with the linear part
of equation (1.1):

(14) W25(Qr) = {u € D'(Qn), Jullyze =
= &* 107 ullzeor) + 10ullpe(or) + lullzeqrrin w2 @) <00, uly, =0}
and, analogously to (1.3)

€,

2, — — —
W2H(5) = {u € D@5, ullyzy = 500 [l < o0 uly, = 0.
We also introduce the uniform with respect to e trace space (at ¢t = 7) of functions
belonging to the space (1.4):
(1.5) VZ(w):={ue€ D'(w),

||’U,||V5s = ||u||W2(1*1/S)’s(w) +€1/S||U||W2—1/s,s(w) < 00, U‘aw = 0},
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see Appendix B below. We note that, for € > 0, the space Wi’bs(er) is equivalent,
to Wb2 *(Q7) and, for e = 0 this space coincides with the anisotropic Sobolev space

Wb(l’z)’s(er) which corresponds to a second order parabolic operator, see e.g. [5].
We assume from now on that the external forces g in the right-hand side of (1.1)
belong to the space Lj (Q7), for some p > ppin := max{2, (n + 2)/2}. Moreover,
we restrict ourselves to consider only such solutions u(t) of problem (1.1) which
belong to the space W&_2 2(Q7) and assume, consequently, that the initial data wug
belongs to V?(w). The main result of this section is the following theorem.

Theorem 1.1. Let the above assumptions hold. Then, for every e € [0,1] and
ur € VP(w), problem (1.1) has at least one solution u € Wff(Qj’r) and the following
estimate hold, for every such solution:

(1.6) lullwzr oz < QUlurllvzw)e @™ + Qlgllzpr)),

where the constant o > 0 and the monotonic function () : Ry — Ry are independent
of e €10,1], up € VP(w), T€R, T > 7 and g € LY(Q7).

Proof. We first prove the analogue of estimate (1.6) for p = 2.

Lemma 1.1. Let u(t) be a solution of (1.1). Then, the following estimate holds:

(L7) Nullfpee g, + 2 10u(n)IFe ) < QUlurllvrw)e = + QlgllLzar)),

where the constant o > 0 and the monotonic function @ are independent of T € R,
T>r1,e€0,1], up and g.

The proof of Lemma 1.1 is more or less known (see e.g. [26], [30-31]). Neverthe-
less, for the convenience of the reader, we give it in Appendix A.

We are now ready to prove estimate (1.6), for p > 2. In order to do so, we recall
that the nonlinearity f(u) satisfies growth restriction (1.2)(3) where the exponent
q is strictly less than ¢,,qz and @mee is chosen such that WOZ’Z(QT) C L%maz(Q)
(see [5] and [20]). Consequently, (1.7) implies that

(1.8) 1 ()l 24500y < QUlurllvewy)e™ @™ + Qlgllz(or))s

where §g := W > 0 and the constant a > 0 and the function @ are indepen-
dent of ¢, 7 and T. We now rewrite equation (1.1) in the following way:

(1.9)  a(e®0%u + Agu) — yO0uu = Hy(t) := g(t) + f(u(t)), u‘aw =0, u‘t:T = U,

and apply the elliptic LP-regularity estimate (see Corollary B.1 in Appendix B) to
this linear equation. Then, according to estimates (B.24) and (1.8), we have

g 1 —a(T-1
(110) ) < Ol 250,774

+C [ et TINH $)25, ds < Qullur e T+ Qg2 o)

where the constant C' and the function ), are indepndent of e, 7 and 7. We now
recall that

W25 (Qr) € WP (Qr) = (WED2(Qr) 0 {ul],, = 0})
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and, due to the embedding theorem for anisotropic Sobolev spaces

1 1 2
(1,2),s r(s) - - __Z
(1.11) %% (Qr) C L™ (Qr), where ) s nt2

see [28]. Consequently, according to (1.2)(3), (1.10) and (1.11)

(1.12) 1 (u)[[ 2461 (027 < @2(]]ur]

VEP(W))Q_Q(T_T) + Q2(||g||L:+’50 (le_))7

where @ > 0 and @2 are independent of e, 7 and T" and

r2+0)  r2+4) _ (2+50)ni_2 > 2+ 8.

1.13 2+ 01 :=
( ) * ' q Gmaz n_2_250

Iterating the above procedure, we finally derive estimates (1.10) and (1.12) with
the exponent 2 + §; = p. Indeed, formulae (1.11) and (1.13) guarantee that the
number [ of the iterations will be finite. Thus, estimate (1.6) is proven.

In order to finish the proof of Theorem 1.1, there remains to note that the
existence of a solution u € Wf v (Q7) of problem (1.1) can be proved in a standard
way based on a priori estimate (1.6) (see e.g. [29-30] for the details). Theorem 1.1
is proven.

Remark 1.1. If we need not estimate (1.6) to be uniform with respect to e — 0, it
1

is possible to relax the growth restriction (1.2)(3) till ¢ < ¢},,,, := 2%5. Indeed, in

this case, it is sufficient to use the embedding W22(Qy) C L2Ima= () in the proof
of Theorem 1.1 and Lemma 1.1.

Corollary 1.1. Let the assumptions of Theorem 1.1 hold and let u € Wf’g’(Qi) be
a solution of (1.1). Then, the following estimate holds:

(1.14) [u()llvew) < Qlur
where the constant a > 0 and the function Q are indepndent of e, 7, t > 7 and u.

Indeed, (1.14) is an immediate corollary of (1.6) and the fact that V?(w) is the
uniform (with respect to €) trace space of functions belonging to Wff(Q:L), see
Apendix B.

Vgp(w))e_a(t_ﬂ + Q(||9||L§(er)),

Corollary 1.2. Let the assumptions of Theorem 1.1 hold and let, in addition,
the external forces g belong to L' (Q7), for some p1 > p. Then, every solution

u € Wff(QZ’r) of problem (1.1) satisfies the following estimate:

(1.15) ||U||W3’P1(QT) < Q(”“THVE”((»))@_Q(T_T) + Q(HgHLi’l(Ql))) T>71+1,
where the constant o > 0 and the function Q) are independent of €, 7, T and u.

Indeed, since W1:2):2(Qr) C C(Qr) (due to our choice of the exponent p) then,
estimate (1.6) implies that

(1.16) 1 (@)l @r) < Q]|ur]

where the constant a > 0 and the function ¢ are independent of ¢, 7, T" and w.
Rewriting now equation (1.1) in the form of (1.9) and applying the uniform (with
respect to €) interior LP'-regularity estimate to this equation (see Corollary B.2
and estimate (B.25)), we derive estimate (1.15).

6
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§2 UNIQUENESS OF THE SOLUTIONS.

In this section, we prove that the solution wu(t) of problem (1.1) considered in
Theorem 1.1 is unique if € > 0 is small enough. Moreover, we also verify the
differentiability of that solution with respect to the initial data u, € V?(w) in the
corresponding functional spaces. We start with the following theorem.

Theorem 2.1. Let the assumptions of Theorem 1.1 hold and let, in addition, e <
eo := eola, f,7) is small enough. Then, for every two solutions ui(t) and us(t) of
problem (1.1), the following estimate holds:

(2.1) |lug — uQ||WEz,p(QT) < CeM Ty, (1) — 2 (T) v ()5

where the constant Ay is independent of ¢ < eo, T € R, T > 7, uy and us and
the constant C' depends on ||u;(T)||vr(.), but is independent of e, T and T. In
particular, the solution of (1.1) is unique if € < gg.

Proof. We set v(t) := wui(t) — ua(t). Then, this function satisfies the following
equation:

(2.2)  a(e?0%v 4+ Agv) — yOw — 1(t)v = 0, U‘aw =0, ’U‘t:T = uy(7) — ua(7),

where [(t) = [(t, x) fo (sui(t) + (1 — s)ua(t)) dt. Moreover, due to assumption
(1.2)(3), estimate (1.6) and the embedding W®22(Qr) C C(Qr), we have

(23) l(t,$) > _K7 ||l(t,$)||L°°(Ql) < M,

where the constant K is defined in (1.2)(3) and the constant M depends on the
norms ||ui(7)|lvr (), ¢ = 1,2, and ||g|[rr(az), but is independent of € and 7. It is
however convenient to consider more general (than (2.2)) problem

(2.4) a(e?02w + Ayw) — yOyw — 1(t)w = h(t), w‘aw =0, w‘t:T = wr,

where the given matrix-valued function [(t) satisfies (2.3) and h(t) = h(t,x) are
given external forces.

Lemma 2.1. Let Ay be a nonnegative number which satisfies the following condi-
tion:

(2.5) Aoy — e2A3(ay — 2a_(ay) ta_) — K >0,

where ay = 1/2(a + a*) and a_ = 1/2(a — a*). Then, for every w, C VP(w) and
every external forces h satisfying

(2.6) e Moth(t) € TE(QT),
problem (2.4) has a unique solution w(t) belonging to the class

(2.7) e~ Ml (t) € W2P(QT)
7



and the following estimate holds:

(2.8) lwlly < Ollwy [[§p o,y P Aom 0 E=7 4

2p(Q )
co [T,

where the positive constants o and C' depend on M and Ay, but are independent of
e, TandT > T.

Proof. We first note that, due to the fact that V?(w) is the uniform (with respect to
g) trace space for functions belonging to W2P(€2,), it is sufficient to verify Lemma
2.1 for the case w, =0 only In order to do so, we set §(t) := e~ Ao*w(t). Then, this
function belongs to W ’,f(QT ) (due to assumption (2.7)) and satisfies the following
equation:

(2.9) a(e20:0 + ALB) — (v — 2e%Apa)0y0—
— (Aoy — 2A2a +1(£))0 = h(t) == e~ "'h(t), 0], =0|,_ =

Multiplying now this equation by ¢r(t)0(t) (where the weight function ¢r(t) :=
e~ 7=ty and integrating over Q7 ', we obtain after the standard transformations
(integrating by parts and using that v =% 1(t) > —K and |0:¢7(t)| < agpr(t))
that

(2.10) €% (at0:0.040, o), + (a1 V0.V .0, 1) + ((Aoy — e*Ajay — K)v.v, or).
<| <f3, ¢T9> |+ Ce?a (|0:8)% + 912, o1, + 262 Ao (a—040.0, 67). |,

where the constant C' depends only on a and 7y and (u, v) fQ, v(t,z)dxdt

stands for the inner product in L?(Q7 ). Estimating the last term in the rlght—hand
side of (2.10) as follows:

2e?Nola_00.0] < 1/2e*A2a10:0.0,0 — 2a_(ay) ta_0.0,

fixing the parameter @ > 0 to be small enough and using the Friedrichs and
Schwartz inequalities, we have

e2(a40:0.0,0, 1)+ (a4 V0.V .0, ¢7)_+
+4 <(A0’y - 62A%(a+ —2a_ (a+)_1a_) - K)U'Uv ¢T>T < C’1 <|i7’|27 (ZST

Using assumption (2.5), positivity of a; and the obivious inequality ¢r(t) > e~
for ¢t € [T, T + 1], we have

04612 0) + IVl Feary < Co ([P br)
Returning to the variable w(t) = e2o*(t), we derive

(2]_]_) 82”8,5’111“%2(97‘) + ||V$w||%2(QT) < 03/ e_a|T—t|+2A0(T—t)||h(t)||%2(w) dt)
8



Estimate (2.8) (with w, = 0) can be now derived from (2.11) iterating the maximal
elliptic regularity estimate (B.24) exactly as in the end of the proof of Theorem
1.1. The existence of the solution can be then verified in a standard way based on
a priori estimate (2.8), see e.g. [29-30]. Lemma 2.1 is proved.

We are now ready to finish the proof of Theorem 2.1. To this end, we note
that the left-hand side of (2.5) tends to Agy — K as ¢ — 0 and, consequently,
for every sufficiently large Ay > 0, we may fix (due to positivity of the matrix )
eo = €0(Ao, K,a,v) such that (2.5) is satisfied, for every ¢ < ¢p. Applying then
estimate (2.8) (with A = 0) to equation (2.2), we finish the proof of Theorem 2.1.

Let us assume from now on that
(2.13) g € LY (), where Q:=R X w.

Then, under the assumptions of Theorem 2.1, problem (1.1) defines a two-paramet-
rical family of solving operators {U;(t,7), T € R, t > 7} via

(2.14) Ug(t,7) : VP (w) = VP (w), wu(t):=Ug(t, T)ur,

where wu(t) solves (1.1) and u(r) = w, which, obviously, generates a dynamical
process on VP(w), i.e.

(2.15) Ug(t,m) oUg(my, 7) =Ug(t,7), t=zm>7€eR

Moreover, Theorem 2.1 shows that these operators are uniformly (with respect to ¢)
Lipschitz continuous in V?(w). Our next task is to prove their Frechet differentia-
bility with respect to the initial data u, € VP(w). To this end, we consider the
following formal equation of variations associated with a solution u(t) := U (¢, 7)u,:

(2.16) a(e?07v + Agv) — v — f'(u(t))v =0, v|, =0, v|,__=v,.

ow

Then, due to Lemma 2.1, we have
(2.17) [0(®) vz () < Cllorllye @yePe= ¢,

where the solution v(t) satisfies (2.7) and the constants a > 0 and C' are independent
of e, 7 and T. The following theorem shows that (2.16) defines indeed the Frechet
derivative of the process Ug (¢, 7) at u..

Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Let also u(t) and uy(t)
be two solutions of (1.1) and v(t) be a solution of (2.16) with v, = u(T) — uy (1)
(associated with u(t)). Then, there exists e, = e (f,a,7y) > 0 such that e, < &g and
for every e < g, the following estimate is valid:

(2.18) [u(®) = u1(t) = v(®)|lyp2r @ < CePho=a)T=7) 14, (7) — uy ()]

2

V2 (w)
where the constants C and o > 0 depend on ||u(7)||lvr @y and |[|ui(7)|lvr ), but are
independent of e, T and T'.

Proof. We set w(t) := u(t) —uy(t) —v(t). Then, this function satisfies the following

equation:

(2.19)  a(e?0fw + Apw) — ydw — f'(u(t))w = hyu, (1), w|,, =0, w
9
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where hy, y, (t) 1= fol [f'(u(t))— f'(u(t) +s(ur(t) —u(t)))] ds(u(t) —ui(t)). Moreover,
since V¥(w) C C(w) and f € C?, then estimates (1.6) and (2.1) implies that

(2:20)  [1hu,us (D)oo )y < Cllu(t) — ur(t) Lo ) <

< Cillu(r) = ua ()| @y o™,

where the constants C; depend on ||u(7)||yr ) and ||u1(7)||vr (), but are indepen-
dent of ¢, 7 and ¢ > 7. Fixing now e, > 0 small enough that assumption (2.5)
holds with Ag replaced by 2A and applying Lemma 2.1 (with 2A instead of Ag)
to equation (2.19), we derive estimate (2.18) and finish the proof of Theorem 2.2.

Corollary 2.1. Let the assumptions of Theorem 2.2 hold and let u(t), ui(t) and
v(t) be the same as in Theorem 2.2. Then, for every q > p, ¢ < oo and every
T > 7+ 1, the following estimate holds:

(221)  Jlu(t) = us(t) = 0(t)llyzag,) < Ce®P T fu(r) — ur (1) [1Fp )

where the constants Cy and a > 0 depend on ||u(7)|lvr (), |u1(7)|lvew) and g, but
are independent of ¢, T and T'.

Indeed, rewriting equation (2.19) in the form
(2.22)  a(e?0fw + Agw) — yOpw = f'(u(t))w(t) + hyu, (), w‘aw = w‘t:T =0,

applying the maximal regularity estimate (B.24) (where the exponent p is replaced
by ¢) and using estimates (2.18) and (2.20) for estimating the LZ-norm of the
right-hand side of (2.22), we derive estimate (2.21).

Corollary 2.2. Let the assumptions of Theorem 2.2 hold. Then, the operators
Uge(t, 7) are Frechet differentiable with respect to the initial data, their Frechet de-
rivative is defined by D, U (t, 7)(ur)§ := v(t), where v(t) is the solution of (2.16)
with v, = &, and the following estimates hold:

(223) ||U§(t, ’I')’U,i - Uga(t, T)u'zr - Dng(tv T) (ui)(ui - u'zr)HVEp(w) <
200 (t—7) (1,1 212
< Ce™™ ||U7. UTHVep(w)

1,2

for every uz,u; € VP(w) and, consequently

(2.24) IDLUZ(t, 7)(ug) — DuUg (6, 7) () | c(vr (), v ) <

< CePMt D lug —u?

VFP(w)s

where the constant C' depends on |Jui|lyr (), [[uZ|lyr,) and lgllzp, but is indepen-
dent of €, T and t.

Indeed, estimate (2.23) is an immediate corollary of (2.18) and estimate (2.24)
is a standard corollary of (2.23).
Arguing analogously, but using estimate (2.21) instead of (2.18), we derive the
following result.
10



Corollary 2.3. Under the assumptions of Corollary 2.2 the following estimates
hold, for everyq>p andt > 1+ 1:
(225) ||U§(t7 T)Ui - Uga(ta T)u'zr o DUUg(tv T) (ui)(ui - u'zr) ||V5q (w) <

< Cqe® D ul — w2 [T,

for every ul,u2 € VP(w) and, consequently

(2.26) ||DuUg (¢, 7)(uy) — DU (8, 7) (W) £ (v () v (w)) <

< Cye®™ D lug — uZ|lvp ()

where the constant Cy depends on q, |[ur|lve ), |[u2]lve ) and gllze, but is inde-
pendent of e, T and t.

We now recall that, for e > 0, operators U (, 7) are defined on the space VP (w) ~
W?2=1/PP(y) and, for € = 0, the limit process Ug(t,7) is defined on the different

space VP (w) ~ W2(=1/P)P () £ VP(w) which is not convenient for the study of the
limit ¢ — 0. In order to overcome this difficulty, we consider the following discrete
analogue of process (2.14):

(2.27) Ug(I,m) : VP (w) = VP (w), I,meZ, I>m.

Moreover, we assume, in addition, that the exponent p satisfies p > 2p,,i» and use
the following obvious embeddings:

(2.28) VP (w) € Vi (w) € VP2 (w),

which are, in fact, uniform with respect to e, see Definition 1.1. Then, we have
P/2 > pmin and, consequently, all previous results remain true if we replace p by
p/2. In particular, Theorems 1.1-1.2 and embeddings (2.28) imply that

(2.29) U (1 m)umlvp ) < UG m)umllve ) < QUUmllyprz ) )e ™™+
+Qllgllzp) < Qllumllve@)e ™™™ + Qllgllzpe),

for every u,, € V¥(w), and the constant o > 0 and the monotonic function @ are
independent of 0 <& < ¢f, [,m € Z and | > m. Moreover, using Corollaries 2.2-2.3
and arguing analogously, we derive the following result.

Corollary 2.4. Let the assumptions of Theorem 2.2 hold and let, in addition,
P > 2Ppmin. Then the following estimates hold:

(2.30) NUZ (I, m)up, — Ug(l,m)um, — DuUg (1,m) () (U, — U v ) <

< Ce MM lug — w2 3 )5

1 2

for every u,,,u2, € V¥(w) and l,m € Z, | > m, consequently

(2.31)  |DL UG (1, m)(uy,) — DyUg (1, m) (ug,) |l 2(vi2 (@), vi2 (@) <

< Cye?tol=m|jy ) — Ul ()

where the constant C' depends on ||u,1n||vop(w), ||u,2n||vop(w) and ||g||rr, but is inde-
pendent of ¢, | and m.

Thus, in contrast to the continuous dynamics {Ug(¢,7), 7 € R, t > 7}, discrete
cascades (2.27) are well defined on the space V¥ (w) which is independent of .
To conclude, we formulate the result on injectivity of operators Ug (t,7).
11



Theorem 2.3. Let the assumptions of Theorem 2.1 hold and let
Ug":(t,'r)ui = U;(t,’i’)uz,

for some T € R, t > 7 and ul,uZ € VP(w). Then, necessarily, ut = uZ.

The proof of this Theorem is based on the logarithmic convexity results (see [1])
for solutions of (1.1) and can be found, e.g. in [30].

§3 ATTRACTORS AND THEIR CONVERGENCE AS ¢ — 0.

In this section, we construct the global attractors 4% for problems (1.1) and
investigate their behavior as e — 0. Since the external forces g(¢) in (1.1) (which
are assumed from now on to be defined on the whole cylinder €2 and to belong to the
space L} (2)) depend explicitly on ¢, then we use below the skew-product technique
in order to reduce the nonautonomous dynamical process (2.14) associated with
problem (1.1) to the autonomous semigroup on the extended phase space. Following
the general procedure described in [9] (see also [16]), we define a hull #H(g) of the
external forces g as follows:

(3.1) H(g) := [Thg, heR],,

loc,w

Q) (Thg)(t) == g(t + h).

Here []r» (q) stands for the closure in the space Lj,, ,(€2) which is the space

loc,w
D
Lloc

Lp

loc,w

() endowed by the weak topology. We recall that a sequence g — ¢ in
(Q) as k — oo if and only if gk‘QT — g‘QT weakly in LP(Qr), for every
T € R. It is also well-known, that every bounded subset of Lfoc’w(Q) is precompact
and metrizable and, consequently (due to the assumption g € LY (2)), hull (3.1) is
a compact metrizable subset of Ly, (Q). Thus, a function {(t) belongs to H(g) if
and only if there exists a sequence {h,,}52; € R such that

(3.2) {= lim T}, g in the space L] e0(€).
Moreover, it is also obvious that the group {7}, h € R} of temporal translations
acts on H(g), i.e.

(3.3) Ty : H(g) = H(g), TuH(g) =H(g), heR

In order to construct the attractor of (1.1), we consider the following family of
equations of type (1.1) which correspond to all external forces & € H(g):

(3.4)  a(e?0%u + Agu) — yOuu — f(u) = £(t), u‘t:T = U, “‘aw =0, £ € H(g)

and generates the family {Ug(¢,7), & € H(g)} of dynamical processes in VF(w)
(under the assumptions of Theorem 2.1). This family of processes generates a
semigroup {S§, t > 0} on the extended phase space ®. := V?,,(w) x H(g) (as usual
V2, (w) denotes the space VP(w) endowed by the weak topology) by the following
expression:

(3.5) Si(uo, &) := (Ug (t, 0)uo, T3E), Si: ®e— Pe, >0, (uo,§) € P
12



(see [9] for the details). Thus, we describe the ’longtime’ behavior of solutions of
(3.4) in terms of the global attractor of semigroup (3.5) in the extended phase space
®.. For the convenience of the reader, we recall below the definition of the attractor
adapted to our case, see e.g. [4], [9] and [27] for the detailed exposition.

Definition 3.1. A set A. C ®. is a global attractor for the semigroup S if the
following conditions are satisfied:

1. The set A, is compact in P..

2. This set is strictly invariant with respect to S, i.e. S;A. = A..

3. For every bounded subset B C ®. and every neighborhood O(A.) of the set
A, in the topology of ®., there exists T = T'(B, O) such that

(3.6) SSB C O(A.), for t>T.

A projection A° := II; A, of the global attractor A. to the first component is called
a uniform attractor of family (3.4).

In order to describe the structure of the uniform attractor, we need one more
definition.

Definition 3.2. Let Kf C Cyp(R, VP (w)) (§ € H(g)) be a set of all solutions of
problem(3.4) (with the right-hand side { € #(g)) which are defined for all t € R
and belong to Cy(R, V?(w)). Then, this set is called a kernel of problem (3.4) and,

for every 7 € R, the set
K& () == {u(r)u € K¢}

is a section of the kernel KF at time ¢ = 7, see [9].
The next theorem establishes the existence of the attractor described above.

Theorem 3.1. Let the assumptions of Theorem 2.1 hold and let g € LY (Q). Then,
semigroup (3.5) possesses a global attractor A. in the phase space ®. and, conse-
quently, family of problems (3.4) possesses a uniform attractor A° which can be
described as follows:

(3.7) A® = Ugen(q)Ke (0),

Proof. According to the abstract theorem on the global (and uniform) attractors
existence (see [4], [9] and [27]), it is sufficient to verify the following conditions:

1. The semigroup S; possesses a compact absorbing set B in ®..

2. The operators S; are continuous on B, for every fixed ¢ > 0.

Let us verify these conditions. It follows from estimate (1.25) that the set

(3.8) B := {(u0,¢) € Pe, [uollvrw) <2Q(lgllrr@): € € Hig)}

is an absorbing set for the semigroup S§ (here we have implicitly used the obvious
fact that [|{||zr) < [lgllrr(q), for every £ € H(g)). Moreover, since the space
VP (w) is reflexive, then bounded subsets of it are precompact in a weak topology.
Using the fact that #(g) is also compact, we derive that set (3.8) is compact in ®..
Thus, the first condition is verified.

In order to verify the second one, we first note that the set B is metrizable,
consequently, it is sufficient to verify only the sequential continuity of S; on B.
Indeed, let (uf,&,) € B be an arbitrary (weakly) convergent sequence in B and let

13



(w0, €0) € B be its (weak) limit. We set up(t) := U (¢,0)ug. Then, by definition,
these functions satisfy the equations:

(3.9) a(e®0Fun()+Azun (t)—yOtn () —f (un () =En(t), Un|,_, = ug, tn|,, =0

In order to verify the desired continuity, we need to prove that u, (t) — uo(t) weakly
in VP(w), for every ¢ > 0, where ug(t) := Ug(¢,0)uo is a solution of the limit (as
n — o0) equation of (3.9). We note that the sequence u is uniformly bounded in
VP (w) (since it converges weakly to ug), consequently, due to Theorem 1.1, we have

(3.10) ||’Uzn||W52,p(QT) S C,

where C' is independent of T" > 0 and n € N. Therefore, the sequence of the

solutions u,(t) is precompact in a weak topology of the space W2 P .(Q5) (since

this space is reflexive). Let @ := @(t) € W2 P (%) be an arbitrary limit point of

this sequence. Then, due to estimate (3.10), the function u(t) belongs to Wff(Q‘i)
Moreover, due to compactness of the embedding W2?(Qr) C C(Q7), we have

(3.11) Up, — U, strongly in C(Qr), T € Ry,

for the appropriate subsequence {n;}5>; € N. Passing now to the limit & — oo
in equations (3.9) and using (3.11) and that &, — & weakly in L] .(Q), we derive
that @ is a bounded solution of the limit equation of (3.9). Since, due to Theorem
2.1, this solution is unique, then, necessarily, @(t) = uo(t) := Ug (t,0)ug. Moreover,
since the limit point u is arbitrary, then we have proved that u, — up weakly in
W2P(Qr), for every T € Ry and, consequently, u, () — ug(t) weakly in VP (w), for
every t € Ry. Thus, the second condition of the abstract theorem on the attractors
existence is also verified and, therefore, according to this theorem, the semigroup
S¢ possesses indeed the global attractor A. in ®. and the family of problems (3.4)
possesses the uniform attractor A° := II;A. € VP(w). Description (3.7) is also a
standard corollary of that theorem, see [4] and [9]. Theorem 3.1 is proved.

Remark 3.1. There exists an alternative way to introduce the concept of the
uniform attractor of equation (1.1) without using the skew-product flow on the
extended phase space ®.. Namely, the set A° is a uniform attractor for equation
(1.1) if the following conditions are satisfied:

1. The set A® is compact in VZ(w).

2. For every bounded subset B C V(w) and every neighborhood O(A°) of A®
in a weak topology of VP (w) there exists T = T (B, Q) such that

(3.12) Ug(t +7,7)B C O(A%), forevery r€Randt>T.
3. The set A is a minimal set which satisfies 1) and 2).
The equivalence of this definition to Definition 3.1 is proved in [9].

Remark 3.2. If the initial external forces g satisfy the additional assumption

(3.13) H(g) is compact in a strong topology of L (),

loc

then, arguing in a standard way (see, e.g. [9] and [29]), we can prove that the
attractor A. attracts the bounded subsets of ®. not only in a weak topology, but
14



also in more natural strong topology of ®. and A® is compact in a strong topology
of VP(w). Nevertheless, we prefer to use the weak topology in Definition 3.1, since
the choice of the weak topology is more convenient for what follows.

Remark 3.3. Since the embeddings VP (w) C V279 (w), § > 0 and VP (w) C C(w)
are compact, then (3.12) implies the following convergence:

(3.14) lim sup distvspﬂs(w)nc(w) (Ugs(t +7,7)B, AE) =0,

t—o00 TER

for every bounded set B C VP(w) and every § > 0. Here an below disty (X,Y)
denotes the nonsymmetric Hausdorff distance between sets X and Y in the space V:

(3.15) disty (X,Y) := sup,c x infyey ||z — yl|v.

We now recall that there exists an alternative way to generalize the concept of a
global attractor to nonautonomous dynamical systems, namely, the so-called pull-
back attractor’s approach which does not use the reduction of the system under con-
sideration to the autonomous one and treats the attractor for the nonautonomous
system as a time dependent set as well.

Definition 3.3. Let Ug(t,7) (£ € H(g) is fixed) be the dynamical process asso-
ciated with equation (3.4). Then, a family of sets {AZ(7), 7 € R} is a pullback
attractor of this process if the following assumptions are satisfied:

1) The sets Az (1) are compact in VP, (w) for every 7 € R;

2) They are strictly invariant in the following sense: U§ (¢, 7).AZ(T) = Ag(¢);

3) The following pullback attraction property is satisfied: for every fixed 7 € R,
bounded set B C VF(w) and every neighborhood O(Ag(7)) of the set AZ(7) (in the
weak topology of V?(w)) there exist T'=T'(7, B, O) such that

(3.16) Ug (7,7 — )B C O(AL(r)), Vt>T,

see [10], [19].

Proposition 3.1. Let the assumptions of Theorem 3.1 hold. Then, for every
§ € H(g) the dynamical process Ug(t,T) associated with system (3.4) possesses
a pullback attractor AE (1) and the following equality holds:

(3.17) Ag (1) = Kg(r), VT eR

where ’CZ(T) are the kernel sections introduced in Definition 3.2.

It is well known (see e.g., [9]) that the existence of a uniform attractor .A° implies
the existence of pullback attractors Ag(7) and equality (3.17). Thus, Proposition
3.1 is an immediate corollary of Theorem 3.1.

Remark 3.4. It is worth to note that, in contrast to the uniform attractor’s ap-

proach, the set Ug (t + 7, 7)B does not convegre, in general, to Ag (t+71)ast— oo

and we only have the pullback attraction property (3.16). This is, in fact, the main

disadvantadge of the pullback attractor’s approach. Nevertheless, there are impor-

tant particular cases where that forward convergence takes place (and even can
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be uniform with respect to 7, see [10], [12]). One of such particular cases will be
considered in Section 5.

The rest, of this section is devoted to study the behavior of the attractors A€ as
e — 0. To this end, keeping in mind equation (0.4), it is convenient to consider
slightly more general family of equations of the form (1.1):

(3.18) a(e0?u + Ayu) — you — f(u) = g.(t), u‘aw =0, u‘t:T = U,

where the external forces depend explicitly on €. We assume that these external
forces are uniformly bounded in L} ():

(3.19) 19ellzr (@) < C,

where C' is independent of e, and converge to the limit external forces go € LY (2)
in the following weak sense: there exists a monotonic function o : Ry — Ry, such
that, lim._,o+ a(e) = 0 and for all 7 € R and s € [0, 1],

T+s
(3.20) | [ (et = go®) ] oy < e

The main result of this section is the following theorem.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold and let, in addition, the
external forces ge(t) satisfy (3.19) and (3.20). Let also A%, 0 < & < g9, be the
uniform attractors of equations (3.18). Then, A° tends to A° in the following
sense: for every neighborhood O(A®) of A° in a weak topology of V& (w) there
exists €' = €'(O) such that

(3.21) A Cc O(AY, if e<¢.

Proof. The proof of this theorem is based on the following lemma which clarifies
the nature of convergence (3.20).

Lemma 3.1. Let functions g., 0 < e < 1, belong to L} (Q) and satisfy (3.19) and
(3.20). Then, the following conditions hold:
1. For every eg > 0 and every £ € H(ge,) there exists g € H(go) such that

T+S
(3.22) | €0 - g0 dt] g, < ateo,

for every T € R.
2. For every sequences €, — 0 and &, € H(ge,) such that &, — & weakly in

L (), the function & necessarily belongs to H(go).-

loc

Proof of Lemma 3.1. Let us verify the first assumption. To this end, we note that,
according to (3.2), we have £ = limy,, o0 T}, ge,, for some sequence h,,. Moreover,
due to the weak compactness of H(go), we may assume without loss of generality
that g := lim, o Th, go, for some g € H(go). Then

T+s T—hp+s
|[ €0 =90 dt] g, < timint | (920 (1) — g0(0) ] 12 ., < e0)

n—oo
T—n
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and estimate (3.22) is proven. Let us now prove the second assertion of Lemma 3.1.
Indeed, let €, — 0 and &, € H(g.,) be arbitrary sequences such that &, converges
to some ¢ weakly in L? (). We need to check that & € H(gp). To this end, due
to the first assertion, we find g, € H(go) such that &, and g, satisfy (3.22) (where
go is replaced by &,). Then, without loss of generality, we may assume that g,
converge to some g € H(go) as n — oo. We claim that £ = g. Indeed, for every

T € R and every ¢ € C5°(Q2r), we have

T+1
[ € - gt 600 ds -

T+1
= lim. . {(&n(s) — gn(s), #(s)) + (gn(s) — g(s), #(s))} ds =
T+1 T+s
= — lim ; (c‘%aﬁ(s), /T (&n(t) — Gu(t)) dt | ds+
T+1
+ lim . (gn(s) — g(s), ¢(s)) ds =0

(the first limit in the right-hand side of this formula equals zero due to our choice
of functions g, (and since a(e,) — 0 as n — o0) and the second one vanishes since
Gn — 7). Thus, £ =g € H(go) and Lemma 3.1 is proven.

We are now ready to prove Theorem 3.2. We first note that, due to Theorem 1.1,
Corollary 1.1 and estimate (3.19), we have

(3.23) |A®[|vr () + sup ||’C§||W:’g’(9) <C,
567‘[(95) '

where the constant C' is independent of €. Thus, in order to prove the theorem,
it is sufficient to verify that, if u® € A", &, — 0 as n — oo, be an arbitrary
sequence which converges weakly in V’(w) to some ug € VJ' (w), then ug € Ay, see
[9]. Taking into account description (3.7), estimates (3.19) and (3.23) and the weak
compactness of bounded sets in reflexive spaces, this assertion can be reformulated

as follows: if ¢, — 0, &, € H(g.,) and u, € ICEZ be arbitrary sequences such
that u, — u weakly in Wy 2, () and &, — ¢ weakly in L} (€), then & € H(go)

loc loc
and u € ng. Let us verify this assertion. Indeed, the fact that £ € H(go) is an
immediate corollary of Lemma 3.1. Thus, there only remains to pass to the weak

limit (in the sense of distributions) in the following equations:
(3'24) a(‘giun(t) + Amun(t)) - ’Yatun(t) - f(un(t)) = gn(t)v t €R, U’”‘aw = 0.

We recall that the embedding WO2 P(Qr) C C(Qr) is compact, consequently, the
weak convergence u,, — u in Wl(olc’z)’p (Q) implies the strong convergence u, — u in
Cloc(£2). This allows to pass to the limit in the nonlinear term f(u,(t)). Passing
to the limit n — oo in the linear terms of (3.24) (in the sense of distributions) is
evident and, consequently, we prove that the function u € W(i’f (Q) and satisfies

algu(t) —yOpu(t) — f(u(t)) = £(t), t€R
17



and, therefore, u € ICg and Theorem 3.2 is proven.

Remark 3.5. Since the embedding V¥ (w) € VP °(w) N C(w) is compact, then
(3.21) implies that

(3.25) ;13% distvopfg(w)nc(w) (A, AO) =0,

for every 6 > 0.
To conclude this section, we consider the applications of Theorem 3.2 to equation
(0.4) and, consequently, we assume from now on that

(3.26) ge(t) := g(e~'t), for some g € LY (Q).

Example 3.1. Let the assumptions of Theorem 3.1 hold, (3.26) be satisfied and
the function g € LY(£2) have the following heteroclinic profile structure: there exist
g+ = g+(z) € LP(w) such that

2 1. T — P = .
(3.27) Jim {|Thg = gl pr(g) = 0

Then, obviously, g — go as ¢ — 0 in L¥(€2), where

gy, fort>0,
3.28 t) :=
( ) 9o(t) { g_, fort<o0

and, consequently, (3.19) and (3.20) are also satisfied. Thus, due to Theorem 3.2,
the uniform attractors A° of equations (3.18) (or, which is the same, the attractors
of (0.4)) tend as € — 0 (in the sense of (3.21)) to the uniform attractor of the limit
parabolic equation with the external forces (3.28). In particular, if g, = g_ then
the limit parabolic problem is autonomous.

In order to consider the next examples, we need the following proposition which
is adopted to the study of oscillating in time external forces g. in (3.18).

Proposition 3.1. Let g € L (R, LP(Q2)) and g. be defined by (3.26). We also
assume that there exists g = g(x) € LP(w) and a monotonic function &(T') such

that limy_, oo &(T) = 0 and
t+T
| e -ps
t

for allT € Ry andt € R. Then, the functions g.(t) := g(e~t), e # 0 and go(t) = g
satisfy conditions (3.19) and (3.20).

Proof. Indeed, condition (3.19) is obviously satisfied since g € LV(Q) and g.(t) :=
g(e~1t). So, we only need to verify that (3.29) implies (3.20). We first consider the
case where s < £'/2 in (3.20). In this case, integral in the left-hand side of (3.20)
can be estimates by C's < Ce'/2 where the constant C is independent of 7 and
(since g € L®(R, L?(w))). We now consider the case 1 > s > £/2. In this case,
(3.29) imply that

(3.29) T-! < a(T),

L?(w)

e H(r+s)

T+s 1
/ (g(e™10) — g) dt = 5 (s/e)™ / (9(v) — §) dv < si(s/e) < a(e=1/?)

e~ 1t
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and, consequently (since limp_,o, @(T) = 0), estimate (3.20) hold with a(e) =
Ce'/? + a(e~1/?). Proposition 3.2 is proven.

Example 3.2. Let the assumptions of Theorem 3.1 hold, (3.26) be satisfied and
the function g belong to Cp(R, L? (w)) and be almost-periodic with respect to ¢ with
values in LP(w) (the latter means that the hull 7 (g) is compact in Cp(R, L? (w)),
according to the Bochner-Amerio criterium, see [21]). Then, assumption (3.29) is
satisfied, due to the Kronecker-Weyl theorem, see [21]. Thus, the uniform attractors
A® of elliptic problems (3.18) with the rapidly oscillating external forces g.(t) :=
g(e=1t) (g is now almost-periodic) converge as € — 0 to the global attractor A° of
the limit autonomous parabolic equation with the averaged external forces gy = g.

In conclusion, we give an example of oscillating external forces g € L7 () which
are not almost-periodic with respect to time, but satisfy the assumptions of Propo-
sition 3.2, see [9] for further examples.

Example 3.3. Let g1(¢) and g2(t) be two different 1-periodic functions with respect
to t which belong to L (R, L” (w)) and have zero mean. We set

(3.30) g(t) = { g1(t), fort € [4k*, (2k +1)%) and k € Z,

L g2(t), forte[(2k—1)2,4k?) and k € Z.

Then, obviously, this function is not almost-periodic with respect to ¢ (even in the
case where g; and go are smooth), but condition (3.29) is obviously satisfied with
g = 0, since the periodic functions g; and g have zero mean. Thus, in this case,
the attractors A of equations (3.18) with non almost-periodic rapidly oscillating
external forces g.(t) := g(e~'t) converge as € — 0 to the attractor A° of the limit
parabolic equation with zero external forces.

84 LOCAL CONVERGENCE AS € — 0 OF THE INDIVIDUAL SOLUTIONS.

In this section, we obtain several auxiliary results on the convergence of the
solution wue(t) := Uy (t,7)u; as ¢ — 0 to the corresponding solution wug(t) :=
Ug (t, T)u, of the limit parabolic problem which will be essentially used in the next
sections. We also assume (for simplicity) that condition (3.20) is satisfied with the
autonomous limit function go = g € LP(w). Then, equations (3.18) converge as
¢ — 0 to the following autonomous reaction-diffusion problem:

(41) 'yﬁtuo = aAwUO - f(U(]) + g’ U’O‘aw = 0’ uO‘t:‘r’

which generates a dissipative semigroup S; := Ug (t,0) in the phase space V{'(w)
and possesses the global attractor A° C VF(w), see Theorems 1.1, 2.1 and 3.1.
The following theorem gives the estimate for the L?(w)-norm of distance between
Us (t,7) and S;—.

Theorem 4.1. Let the assumptions of Theorem 3.2 hold, p > 2ppmin and go(t) =
g € LP(w). Then, for every e <ef, he € H(ge), T €ER, t > 7 and u, € V¥ (w), the
following estimate holds:

(42) ||U}Z (ta T)U'r - St—TuT||L2(w) < C(gz + a(&))l/zeKO(t_T)7
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where the function a(e) is defined in (3.20) and the constants C' and K, depend on
the VI (w)-norm of ug, but are independent of €, t and 7.

Proof. We set uc(t) := Uj_(t,T)ur, uo(t) := Si—ru, and ve(t) 1= ue(t) — uo(t).
Then, the last function satisfies

(4.3) YO — algve + 1 (t)ve = ac®0Puc(t) + (he(t) — 7), ve‘aw =0, v =0,

‘t:’r
where [ ( fo (sue(t) + (1 — s)ug(t)) dt. Multiplying equation (4.3) by wvc(t),
1ntegrat1ng over (1,t) X Q and using that [.(t) > —K and v = ~4* > 0, we have

(4.4)  (y(),v(t)) — 2K |Jo(t)||7. < 262\/ (aduc(s), Opue(s) — Opuo(s)) ds|+
+ 26| (adyuec (1) |+2|/ o(s)) ds|.

We now note that, due to the assumption p > 2p.,in, we may apply estimate (1.7)
with the exponent p/2 > 2 instead of p to equations (3.18). Then, using estimate
(3.19) and embedding (2.28), we have

T+1
@5 [ (1000l + (032 e+
+ &0 (1) 3 + 0o () 3 + [lue (1) 3 + o (D132 < €

where the constant C’ depends on ||u0||V0p, but is independent of ¢, h., 7 and T.
Thus, there only remains to estimate the last term in (4.4). To this end, we recall
that the limit function go(t) = g in (3.20) is now independent of ¢. Consequently,
due to (3.22) and (4.5), we have

46) [ (hets) = .06 s = (w00, [ ) =515 -

—/: <8tv(3)7/78(h5(/<;) —9) d,_@> ds <

t
< (t+1—=7)alEe)(||v(t)] e +/ 10pv(8)||z2ds) < C"(t +1—7)%ale).
Inserting estimates (4.6) and (4.5), to inequality (4.4), we infer

(4.7) (vo(t),v(t)) = Klo(®)[[72 < Ci(e® + (t — 7+ 1)%a(e)),

Using now that 4 > 0 and applying the Gronwall’ inequality to (4.7), we finally
deduce that

(4.8) lo®)lZ2 @) < C2e (2 + ale)).

for some positive constants C'y and K. Theorem 4.1 is proven.

The following corollary reformulates estimate (4.2) in terms of discrete cascades
(2.27) acting on the phase space V' (w).
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Corollary 4.1. Let the assumptions of Theorem 4.1 hold and let, in addition, the
external forces g. be uniformly bounded in L§+5(Q), for some § > 0, i.e.

(49) ||g€||L€+6(Q) S 07
where C' is independent of €. Then, the following estimate is valid:
(4.10) U5 (1, m)tm — Si—mtm ||y ) < CeX 0™ (€2 + afe))",

where the positive constant j depends only on p and n and the constants K' and C
depend on [[uo||yp, but are independent of €, he and l,m € Z (with | > m).

Proof. Since the functions g. are assumed to be uniformly bounded in L’;H(w),
then (replacing the exponent p by p+d) we derive from Theorem 1.1 and Corollary
1.2 (analogously to (2.29)) that

(4.11) U (l,m)um||vop+5(w) + ||Sl_mum||vop+5(w) <,

where the constant C"' is independent of €, he, I, m and u,,. Estimate (4.10) is an
immediate corollary of (4.2), (4.11) and the following interpolation inequality:

K . 1—kKs
(4.12) lllvgw) < Cllwli, - llwlli5 )

for the appropriate 0 < k5 < 1 (see, e.g. [28]) and Corollary 4.1 is proven.

Our next task is to obtain the analogue of Theorem 4.1 and Corollary 4.1 for
the Frechet derivatives of the processes U, (¢, 7).

Theorem 4.2. Let the assumptions of Theorem 4.1 hold. Then, for every u, €
[urllve (), the following estimate is valid:

(413) ||DuU}iE (t, T)(UT) — DuSt—T(uT)||L(V0p(w),L2(w)) S CGK”(t_T) (52 + Ck(af;‘))l/z7
where the constants K" and C depend on ||U0||V0p+5(w), but are independent of €,

he and t,7 € R (witht > 7).

Proof. We set we(t) := DUy _(t,7)(ur)§ and wo(t) := DySi—(ur)€, where § €
V¥ (w) is an arbitrary vector. Then, according to Theorem 2.2, these functions
satisfy the equations

a(e?0?w, + Aywe) — vOwe — f'(ue(t))we =0, we|,, =0, w, =¢,
(4.14){ (2 )~ 3. — 1 (0.(0) s =0, i, =

algwy — 0wy — f'(uo(t))wo =0, wol,, =0, wol,__ =¢,

where ug(t) and uc(t) are the same as in the proof of Theorem 4.1. Then, according
to Lemma 2.1 (where p is now replaced by p/2) embeddings (2.28) and the fact that

Vop/2 C L*°, we have, analogously to (4.5),

T+1
(4.15) /T (10swe (1)]|Z2 + [10swo (1) Z2) dt + e*[|0we (T) L)+

 llwo g oy + el < Cre® T lEly ),
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where the constant C1 depend on [Ju ||y (., but is independent of €, he, § € Vi (w),
TeRandT > T.
We now set 0.(t) := we(t) — wo(t). Then, this function satisfies

V00 — alole + f'(ue(t))0e = ac0fwe (t) — [f (ue(t)) — f (uo()]we(t), fe[,_, = 0.

Multiplying this equation by 0.(t), integrating over (T, 7) X w and using that f’ >
—K and the functions u.(t) and ug(t) are uniformly bounded in the L*°-norm, we
have (analogously to (4.4))

T
(4.16) ||9e(t)||i2(w)—K3/ 10=()]1Z2 oy dt <

T
<e [ (Jomwa(Oltaie) + 100(Ola) e + OO (T) [y +

T
+02/ e (£) = w0 (E) |72 e 1w (D Lo (o

where the constants C', K3 and C; are independent of £ and T'. Inserting estimates
(4.2) and (4.15) to the right-hand side of (4.16), we have

T
(4.17) ||9e(T)||i2(w)—K3/ 1012 dt <

< CYT — 7+ D)(E + afe) e T [¢| 2.

Applying the Gronwall inequality to this estimate, we derive estimate (4.13) and
finish the proof of Theorem 4.2.

The following corollary is the analogue of Corollary 4.1 for the Frechet deriva-
tives.

Corollary 4.2. Let the assumptions of Theorem 4.1 hold and let, in addition, the
external forces g. be uniformly bounded in L§+5(Q), for some § > 0 (i.e., (4.9) be
satisfied) Then, the following estimate is valid:

(4.18) |IDu U (1;m) (tm) = DSt ()| (v ),ve o)) < CeX 7™ (€ +ale))#,

where the positive constant u is the same as in Corollary 4.1 and constants C' and
K' depend on ||um||VOp+5, but are independent €, he and l,m € Z (with | > m).

Indeed, analogously to (2.29) and (4.5), we have
(4.19) | DUy (I, m) () — DuSl_m(um)||£(V0p(w),vop+5(w)) < (' eholi=m)

where [ > m + 1 and the constant C’ depends on ||ty |y»+s, but is independent of
0

g, [ and m. Estimate (4.18) is an immediate corollary of (4.19), (4.13) and (4.12).

We now recall that the all of the estimates obtained in Theorems 4.1 and 4.2 and

Corollaries 4.1 and 4.2 essentially depend on the function a(e) introduced in (3.20).

To conclude this section, we formulate the additional assumptions on g.(¢) which

guarantee that this function is linear with respect to €. For simplicity, we assume

that the external forces g.(t) satisfy (3.26) (i.e., ge(t) := g(e~'t)) and g € Lf+5(Q).
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Proposition 4.1. Let the assumptions of Theorem 4.1 hold and (3.26) be satisfied

for some g € L€+5(Q), d > 0. Assume also that the function g(t) — g has a bounded
primitive, i.e.

(4.20) g9(t) =g = 0G(t),

for some G € Cy(R, L?(w)). Then, the functions g.(t) satisfy (3.20) with a(e) := Ce
where C' is independent of €.

Proof. Indeed, thanks to (4.20) and (3.26), we have

t+s
(4.21) /t (9-(7) — g) dr = (Gl (t + 5)) — G(e~11)).

Since G € Cy(R, L?(w)) then (4.21) implies the estimate

t+s
|| / (9:(7) — 9) drl o) < Ce

and Proposition 4.1 is proven.

§5 THE NONAUTONOMOUS REGULAR ATTRACTOR.

In this section, based on the theory of nonautonomous perturbations of regular
attractors (see [11] and [13]), we obtain the detailed description of the structure of
attractors of equations (3.18) with e < 1 in case where the limit parabolic equation
(4.1) is autonomous and possesses a global Liapunov function. For simplicity, we
restrict ourselves to consider only the case of rapidly oscillating external forces
ge(t) := g(e7't) where g is an almost-periodic function with respect to ¢ with
values in LPF(w):

(5.1) g € AP(R, LP*%(w)), p > 2min, 0> 0,

The general case will be considered in the forthcoming paper. In order to have the
explicit expression for the Liapunov function, we also assume that

(5.2) a=a* and f(u):=V,F(u), forsome F e CR" R).

Indeed, in this case, the global Liapunov function for problem (4.1) can be intro-
duced as follows:

(5.3) L(ug) := / aV zuo.Vgug + 2F (ug) + 2g.up dz.

Let R C VJ(w) be the set of equilibria of problem (4.1), i.e.

(5.4) R :={z € V¥ (w), al,z— f(2)+g=0}.

Our final assumption is that all of the equilibria of R are hyperbolic, i.e.
(5.5) R={z}¥, and o(y taA, =y ' f'(z))NiR=@, i =1,---, N,

where o (L) denotes the spectrum of the operator L (as known, see [4], assumption
(5.5) is satisfied for generic g € LP(w) (belonging to some open and dense subset of
LP(w))). Tt is also well-known that, under above assumptions, the global attractor
A° of problem (4.1) possesses the following description.
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Theorem 5.1. Let the assumptions of Theorem 1.1 hold and let, in addition,
(5.2-5.5) be satisified. Then,

1. Every solution u(t), t € R, of (4.1) belonging to the attractor A° stabilizes as
t — 400 to different equilibria z4+ € R:

(5.6) lim (Ju(t) = z&llvr @) = 0,

t—+oo

where z4 # z_.
2. The attractor A° possesses the following description:

(5.7) A° = UL M,

where M;LZ 1s finite-dimensional unstable manifold of the equilibrium z; € R. More-
over, MZ is a Cl-submanifold of V¥ (w) which is diffeomorphic to RF: , where Iﬁ;l—
15 the unstability index of the equilibrium z;.

3. The set A° is an exponential attractor of the semigroup Sy associated with
equation (4.1), i.e. there exist a positive constant o and a monotonic function Q
such that, for every bounded subset B C VJ'(w), the following estimate holds:

(5.8) distyp (o) (S:B,A%) < QI Blvrw))e ™"

The proof of this theorem can be found, e.g. in [4].

The main task of this section is to obtain the analogue of Theorem 5.1 for
equations (3.18) with small positive e. We recall that, in contrast to the case ¢ = 0,
for positive ¢, we have the nonautonomous equation (3.18) and, consequently, the
natural analogue of Theorem 5.1 can be formulated in terms of pullback attractors
Aj,_(t) of equations (3.18) (or, which is the same, the kernel sections Kj, _(t), see
Definitions 3.2 and 3.3 and Proposition 3.1). To this end, we first need the analogue
of the equilibria set (5.4) for nonautonomous system (3.18).

Proposition 5.1. Let the assumptions of Theorem 1.1 hold and (5.1-5.5) be satis-
fied. Then there exist €9 > 0 and g > 0 such that, for every e < &y, h € H(g) and
zi € R, there exists a unique solution u,i’i(t) of the problem

(5.9) a(e?02u + Agu) — yOu — f(u) = he(t), t €R, he(t) := h(e™'t),

which satisfies the condition [|uf, ; — zillc,®, v w)) < do- Moreover, this solution is
almost-periodic with respect to t:

(5.10) uj, ;i € AP(R, VP (w)) and |[uf, ; — zillo, @ vz () < Cle” + ae))”,

where the constants C' is independent of € and h, the function a(e) is introduced in
(3.20) and p > 0 is the same as in Corollaries 4.1 and 4.2. In particular, Uy, ; = %
as € — 0.

Proof. Instead of solving (5.9), we first solve the following discrete analogue of this

equation:

(5.11) u(n+1) = U, (n+1,n)u(n)
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in the space of sequences u € L*(Z,V} (w)). We are going to solve (5.11) near
the constant sequence u(n) = zg using the implicit function theorem. Indeed, due
Corollaries 2.4, 4.1 and 4.2, the operators U;_(n+1,n) are close to Sy together with
their Frechet derivatives as e — 0 (uniformly with respect to n and h). Moreover,
the linearized problem (which corresponds to (5.11) at ¢ = 0 and u = z)

(5.12) w(n) — D, S1(z)w(n) = h(n)

is uniquely solvable in L>(Z, V¥ (w)) for every h € L= (Z, V¥ (w)) (due to hyperbol-
icity of the equilibrium z;, see [12]). Thus, the implicit function theorem is indeed
applicable to equation (5.11) and gives the existence and uniqueness of the solution
uj, ; € L(Z, Vg (w)) of (5.11), for sufficiently small € > 0, which belongs to a small
neighborhood of the equilibrium z,. Moreover, due to (2.30) (4.10) and (4.18), the
implicit function theorem also gives that

(5.13) 5, .(n) = zillvr() < C(e2 + a(e))¥, Vn € Z,

where C' is independent of h, ¢ and ¢, a(e) is defined in (3.20) and g > 0 is the
same as in Corollary 4.1. The desired continuous function uj,_, (t), t € R, can be
now defined as follows:

(5.14) Ui (1) := g, p,i(0).

Obviously, (5.14) is a solution of (5.9) which belongs to the space Cy(R, V1 (w))
(due to Corollary 1.2) and satisfies

(5.15) [,

|cb(R,vg’+5(w)) <C,

where the constant C'is independent of €,  and h. The uniqueness of this solutions
(in a small neighborhood of zp) is an immediate corollary of the uniqueness of the
discrete solution uj, ;(m). The almost-periodicity of this function is a standard
corollary of that uniqueness, see e.g. [21]). Proposition 5.1 is proven.

Now we are ready to define the analogues of the unstable sets M, for problem
(5.9). Since this problem is 'nonautonomous’ then these manifolds also depend on ¢.

Definition 5.1. Let the assumptions of Proposition 5.1 hold. For every ¢ < &g,
h € H(g) and t € R, we define the set Mj,”(T) as follows:
(5.16) M:—hz(T) = {u, € VP(w), Ju € Cy(R, VP (w)), which solves (5.9)

and such that u(7) = u, and t_l}lr_noo Ju(t) = uf, ;()||vr W) = 0},

where uj, ;(#) is the solution of (5.9) constructed in Proposition 5.1. Thus, set (5.16)
consists of the values u(7) at moment 7 of all solutions u € Cy(R, VP (w)) of (5.9)
which tend to uj, ;(t) as t — —oo.

Obvously, the sets (5.16) are strictly invariant with respect to the dynamical
process Uy (t,T) generated by equation (5.9):

(5.17) M:,h’i(t) = Uy (t,T)M::h,i(T), t,TeER, t>T.

We are now ready to formulate the analogue of Theorem 5.1 for the pullback at-
tractors Aj,_(t) associated with equations (5.9).
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Theorem 5.2. Let the assumptions of Proposition 5.1 hold. Then, there exists
gy > 0,0 < &) <&y <1 such that for every e <€) and h € H(g), the following
conditions are satisfied:

1. Every bounded solution u € Cy(R,VP(w)) of problem (5.9) stabilizes as t —
+oo to different almost-periodic ’equilibria’ of (5.9) constructed in Proposition 5.1:

(518) t—l)lflznoo ||U(t> - U?L,ii (t)HVEp(w) =0, 1€ {17 e 7N}7 i 7é it

and, consequently, for every t € R, the pullback attractor AZE (t) possesses the
following description:

(5.19) A (1) = K (1) = U, ME, (1),

e,h,i

(compare with (5.7)).
2. For every fized T € R, the sets M} _.(1) are C'-submanifolds of VF(w)

and are C*-diffeomorphic to the unstable manifolds MZ of the limit autonomous
parabolic problem (4.1) (which are independent of T and h).

3. The sets A;:LE (1), 7 € R, attract exponentially the images of all bounded subsets
of VE(g), i.e, there exist a positive number o and a monotonic function Q (which
are independent of €, h, t and T) such that

5200 disturi (UF(,7)B, 47 (0) < QUIBlvr )¢,
for every bounded subset B C VP(w), h € H(g) and t, 7 € R, t > T.

Sketch of proof. The result of Theorem 5.2 is a corollary of the nonautonomous
perturbation theory of regular attractors developed in [12] and [14]. In order to
apply this theory to equation (5.9), we consider the discrete processes

(5.21) Uy (I,m): Ve (w) = VP (w)

associated with this problem in phase space V' (w) which is independent of e. Then,
it follows Corollaries 2.4, 4.1 and 4.2 then these processes tend (together with their
Frechet derivative) as ¢ — 0 to the semigroup S;_,, associated with the limit
parabolic equation (4.1) in the phase space V¥ (w) and this convergence is uniform
with respect to h € H(g). Moreover, estimate (2.29) guarantees the uniform (with
respect to € and h € H(g)) dissipativity of these processes and Theorem 2.3 gives
the injectivity of all the operators (5.21). We also recall that the limit discrete
semigroup Sy, n € N, possesses the regular attractor A° (due to Theorem 5.1).
Then, thanks to the theory of nonautonomous perturbations of regular attractors,
see [12] and [14]), the pullback attractors Aj (n), n € Z, h € H(g), of discrete
processes (5.21) satisfy the discrete analogue of Theorem 5.2 (in the phase space
VY (w) instead of VP (w)).

The continuous case can be reduced to that discrete case using the obvious
relation:

(5.22) Ap t+1) = A7, (1), teR, 1€Z

and, finally, the phase space V¥ (w) can be replaced by V?(w), due to smoothing
property (1.15) and embeddings (2.28). Thus, Theorem 5.2 is proven.

The following simple corollary gives the estimate for the symmetric distance
between the nonautonomous attractors Aj (t) and the limit autonomous attrac-
tor A°.
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Corollary 5.1. Let the assumptions of Theorem 5.1 hold. Then, the attractors
Aj, () tend to A° as e — 0 in the following sense:

(5.23) SUD, R SUPLe(g) distf}éﬁ?w) (A5 (1), A4°%) < Cle? + ale)]”,

where the constants C, Ry and 0 < k < 1 are independent of ¢ and a(e) is the same
as in Corollaries 4.1 and 4.2 and

(5.24) dist}Y™ (X, Y) := max{disty (X,Y), disty (Y, X)}

is the symmetric Hausdorff distance between sets X andY in V.

Proof. We first note that, thanks to (5.22), it is sufficient to verify (5.23) for 7 € Z
only. Assume now that u; € Aj (1) = K _(I) for some [ € Z and h € H(g). Then,
for every n € N there exists u;_, € Kj,_ (I —n) such that u; = U, (1,1 —n)u;_y. We
set u) := S,u;_y,, where S; is the semigroup associated with the limit parabolic
equation (4.1). Then, since Kj () are uniformly bounded in Vi’(w), then, due to
Corollary 4.1, we have

(5.25) lur — uf|lyr < C(e% + a(e)) ek

where the constants C' and K are independent of €, [ and h. On the other hand,
since the attractor A% is exponential (see (5.8)), then

(5.26) distyr (uy, A%) < Ce".

Combining (5.25) and (5.26), and taking into account that u; € Aj (I) and n € N
are arbitrary, we have

(5.27) disty» (A5 (1), A°) < Cinfpen (67" + (% + afe)) ") .

Fixing the parameter n = n(e) in the right-hand side of (5.27) in an optimal way
(i.e. as a solution of the equation e=®" = (2 + a(e))*eX™), we finally deduce that

disty,» (A5_(1), A%) < C1(e” + a(e))",

where the positive constants C'y and « are independent of [, € and h. The inequality
for distyr (A% A5 (1)) can be proven analogously (using the uniform exponential
attraction property (5.20) instead of (5.8)). Thus, Corollary 5.1 is proven.

Corollary 5.2. Let the assumptions of Theorem 5.2 hold. Assume also that the
almost-periodic function g(t) — g (where g is a mean value of g(t)) has a bounded
primitive (i.e, (4.20) is satisfied) Then, estimate (5.23) can be improved as follows:

(5.28) SUD, R SUPKe(g) distf};pnzw) (Acn(r), A% < Cre™,

where Cy is independent of €, K1 1= k.

Indeed, (5.28) is an immediate corollary of (5.24) and Proposition 4.1.
We now return to the uniform attractor A° associated with problem (5.9).
27



Corollary 5.3. Let the assumptions of Theorem 5.2 hold. Then the nonautonomous
reqular attractor A; (t), t € R, of (5.9) and its uniform attractor A® (constructed
in Theorem 3.1) satisfy the following relation:

(5.29) A = Unen(g)Ah. (1) = [Uter A5 (1)) )
and, consequently

rab SYMm € 0 ~[.2 K
(5.30) distyh ) (A%, A%) < Cle* + a(e)]”.
In particular, the uniform attractors A tend to A° (upper and lower semicontinu-
ous) as e — 0.

Indeed, the first equality in (4.20) is an immediate corollary the first assertion of
Theorem 5.2 and description (3.7) of uniform attractor .A°. The second inequality
in (5.29) can be easily verified using the exponential attraction property (5.23)
and the alternative definition of the uniform attractor A% which is formulated in
Remark 3.1. Estimate (5.30) follows immediately from (5.24) and (5.29).

Remark 5.1. The first assertion of Theorem 5.2 can be reformulated as follows:
problem (5.9) has exactly N almost-periodic solutions u§ ,(¢) which are local-
ized near the equilibria z; € R, 2+ = 1,--- , N, and every other bounded solution
u € Cp(R, V¥ (w)) is a heterclinic connection between two different almost periodic
solutions of this problem.

Remark 5.2. We note that condition (5.27) is, obviously, always satisifed if the
external force g(t) is periodic with respect to ¢t. Thus, in case of periodic g, we
have estimate (5.28) for the symmetric distance between the perturbed (Aj (%))
and nonperturbed (A°) regular attractors without any additional assumptions and
(as a corollary) the following estimate is satisfied for the uniform attractors:

(5.30) disty?ye ) (A%, A%) < Cre™.

Unfortunately, in more general case of quasiperiodic or almost-periodic external
forces, condition (5.27) is not satisfied automatically and should be verified, see
e.g. [8], and [17] for various sufficient conditions.

APPENDIX A. PROOF OF LEMMA 1.1

In this Appendix, we give the proof of the L2?-estimate (1.7) for equation (1.1).
To this end, we first recall the standard regularity estimate for the following linear
equation of the form (1.1) with v = 0:

(A.1) a(e0fu + Ayu) = h(t), (t,r)€Qy, heLP(Qy)

Lemma A.1. Let u be a solution of (A.1). Then, the following estimate holds:

(A.2) e|07ullLeoy)+lullr e, w2rw) < C (81/p||uo||w2—1/m(w) + ||h||LP(Q+)) ;

where the constants C and C' are independent of ¢.

Proof. Indeed, rescaling the time ¢ = et’ and introducing the functions u(t') :=
u(t/e) and h(t") := h(t/e), we deduce that the function u satisfies equation (A.1)
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with € = 1 and with the right-hand side h. Applying the standard elliptic regularity
theorem to this equation, see e.g. [28], we infer

(A3)  lillznqeywerey + 10l oy < € (IRllzrn) + luollws-smog )

Returning to the time variable ¢, we derive estimate (A.2).

We now proof estimate (1.7) for the nonlinear equation (1.1). To this end, we
set ¢p(t) := e~ *I*=Tl where T € R and a > 0 is a small parameter which will be
specified below, multiply equation (1.1) by ¢7(t)u(t) and integrate over Q7. Then,
integrating by parts and using that v = v*, we have

(A4) <€2a8tu-atu + avaju-vmua ¢T>T + <f(U)U, ¢T>7- = - <gu7 ¢T>7- +

b s, i) =2 (adyan, )+ 5 (), w(r)) o () (adyu(r), () (7),

where (v,w), == [~ [ v(t,z).w(t,z) dzdt (we also note that all of the integrals in
(1.9) have a sense sinse the solution u is assumed to belong to Wff(Qi)) Esti-

mating the right-hand side of (A.4) by Schwartz inequality and using the obvious
inequality

(A.5) 67(t)] < adr(t), tER,

and the facts that f(v).v > —C and a + a* > 0, we derive that, for sufficiently
small (but independent of €) « > 0, the following estimate is valid:

(A6)  (®|0pul? + |Voul’, ér)_ <
C (14 lglBaqap) + Sr(n)lhurlZag + 267 lur 22 10(n) | 20
where the constant C is independent of €, 7 and T'. We now set,
Lou = e202u+ Agu, Lou:=e*0y(prosu) + dprAgu = prLou + P (t)oyu,

multiply equation (1.1) by £.u and integrate over Q7. Then, integrating by parts,
using that v = v* > 0, we have

(A7) (alou.Low, pr), + %62 (YOuu(T), Ogu(T)) + €% (f'(u)Opu, Opu), +
+ (f' (w)Vyu, Vyu), = —e* (al.u, gp0pu) + (g, EE’U,>T +

+ 52 (000, ), + 5 (V7 50(r), V() () + 2(F(u(r), () b ()

Estimating now the right-hand side of (A.7) by Schwartz inequality and using (A.5)
and the facts that a +a* > 0,y > 0 and f'(u) > —K, we infer

(A.8) (|Lcuf, o) _+ 62¢T(7')||8tu(7')||%2(w) + (?|0ul® + |Vaul, ¢r)_ <
< C(e?|9ul® + [Vaul?, ) +

+ (14192007 + Sr() ur 3100 + 2601 ()22 )
29



where the constant C' is independent of ¢, 7 and T'. Aplying estimate (A.6) in order
to estimate the first term in the right-hand side of (A.8) and using the Schwartz
inequality in order to estimate the last term into the right-hand side of (A.6), we
have

(A.9)  (|Lcul, ¢r), + &b (T)|0pu(r) T2 () + (€2100ul® + [Vaul?, ¢r) | <
< (14192 az) + dr(Dllurlyra) + 200N ) F2) )
where the constant C is independent of €, 7 and T. We now claim that
(A10) |07 ullZ o) + 1AsullZ (@ <
< Cs ((ILeul?, ), + e (100l + [ul, dr), + edr (D)o )

where Cy is independent of €, 7 and T > 7. Indeed, let ¢(t) € C5°(R) be a cut-off
function such that ¢(t) = 1, for t € [0, 1], and ¢(t) = 0, for ¢ ¢ [—1,2]. For every
T > 7, we set or(t) := o(t — T) and urp(t) := @r(t)u(t). Then, the last function
satisfies the following equation:

Leur(t) = hu(t) = o1 () Lou(t) + 26207 ()Du(t) + 26 (t)ult)
Applying Lemma A.1 with p = 2 to this equation, and using that ¢r(t) > e=2* for
te[T—1,T + 2], we have
(A11) |0Rur]3aor) + [1Aeur3agar ) < C (I1hull3ear) + ellur (s )

< (<|ﬁgu|27 o)+ e (|0pul® + Jul?, 7))+ 5¢T(r)||uT||§V3/2,2(w))
Using now (A.11) together with obvious estimate

07 ulls @ + 180ulls (o, <
< CeMOFur iz (o) + |1 Asurl72r ) + € (0wul*, dr))
we deduce estimate (A.10).
Combining now estimats (A.9) and (A.10) and using that W2(=1/P)»(y) C C(w)
(we recall that p > (n + 2)/2), we have
(A12)  Y|0fullLs o) + 1AsullZe @, + *llOwu(n)Z: <
<O+ NglZzar)) + QUInrllve wy)e ™7,
where the constant C' and the monotonic function ) are independent of €, 7 and
T>rT.

Thus, there only remains to estimate the L2-norm of d;u. In order to do so, we
rewrite elliptic system (1.1) in the following form:

(A.13) yOru = alAgzu — f(u) + hy(t), u‘aw =0, hy(t) :=cad?u(t) — g(t).

Equation (A.13) has the form of a nonlinear reaction-diffusion system in the boun-
ded domain w with the nonautonomous external forces h,,(t) belonging to L7 (Q7)
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(due to estimate (A.12)). Moroeover, the nonlinearity f(u) satisfies the quasimono-
tonicity assumption f’(v) > —K. Consequently, multiplying (A.13) by A u(t),
integrating over x and applying the Gronwall’s inequality, we derive (in a standard
way, see e.g. [9]) that

T
(A14) [lu(T) Iy 20) < C||Ur||%v1,2(w)€_°‘(T_T)+C+/ e Ty (1) 122 ) dt

T

where the positive constants o and C' are independent of h,,. Using estimate (A.12)
for estimating the last term in the right-hand side of (A.14), we have

(A15)  e107ullFe o + el Fe iy woe ) + Ul ((mriny wiew) <
<C(l+ ||9||i§(521)) + Q(lurllvr (e T,

where the constant C' and the monotonic function @ are independent of e, 7 and T'.
We now recall that, according to the embedding theorem, see e.g. [20] and [28]

(A16)  ull2amas (2r) < C (Ul (@1 w2 @) + el r1),w22w)) »

where the exponent ¢q, is the same as in (1.2). Estimates (A.15) and (1.16),
together with the growth restriction (1.2), imply that

(A.17) 1f (@)llz>@r) < Qu(llur|

where the constant a > 0 and the monotonic function (); are independent of ¢, 7
and T > 7. Expressing now d;u from equation (1.1) and using estimates (A.15) and
(A.17), we obtain the desired estimate for d;u and finish the proof of Lemma 1.1.

pr(w))e_a(T_T) + Q1(||9||L§(er)),

Remark 1.1. We note that estimate (1.7) is valid with p = 2 (in the norm of the
initial data) although we have formally proved it only for p > pp,i,. Indeed, we have
used the last assumtion only in order to estimate the term e¢(7)| f(u(7)[|75,) in
(A.8) which, in turns, appears after applying the Schwartz inequality to the term
e2¢(1) (Opu(T), f(u(7)))r2(y,)- But the growth restriction (1.2)(3), Lemma A.1 and
the appropriate interpolation inequality allow to estimate this term in more accurate
way:
2 (Ouu(r), S () g2y | < s 2 122 + Qulllur )

where the parameter p can be arbitarily small and a function @), depends on g,
but is independent of € (see [26] for the details). Inserting this estimate to the
right-hand side of (A.8), we can easily derive (1.7) with p = 2.

APPENDIX B. UNIFORM ELLIPTIC REGULARITY IN LP-SPACES.

In this Appendix, we consider the following singular perturbed elliptic boundary
value problem in a half-cylinder Q2 =R} x w:

(B.1) a(e?0?u + Ayu) — yOu = h(t), =0, u = Uy,

“‘aw t=0

where u = (ul,--- u¥) is a vector-valued function, a and v are given constant

matricies such that a +a* > 0 and v = v* > 0 and the right-hand side h belongs
to LP(Q4), 2 <p < 0.
The main result of this appendix is the following uniform (with respect to )
maximal regularity estimate for the solutions of (B.1).
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Theorem B.1. Let u € W2P(Q,) be a solution of (B.1). Then, the following
estimate holds:

(B.2) [ullwzr @,y < C (luollvew) + 17l @y))

where the constant C' is independent of e € [0,e0]. In particular, VP (w) is a uniform
(with respect to €) trace space for functions belonging to W2P ().

Proof. The proof of estimate (B.2) is based on the classical localization technique
and on the multiplicators theorems in Fourier spaces and is more or less standard
(see e.g. [20], [28]). That is the reason why, in order to show that constant C' is
indeed independent of e, we discuss below only the principal points of this proof
resting the details to the reader. We start with the most simple case v = 0. We
start with the Hilbert case p = 2.

Lemma B.1. Let p=2 and u € W22(Qy). Then, estimate (B.2) holds.

Proof. Indeed, equation (B.1) is a particular case of equation (1.1) with f = 0, so
estimate (B.2) with p = 2 can be proven exactly as Lemma 1.1 (see Apendix A).

We are now ready to consider the general case p > 2. We first note that, due
to the classical localization technique and estimate (B.2) for p = 2 (which is neces-
sary in order to estimate the subordinated terms appearing under the localization
technique), it is sufficient to verify estimate (B.2) only for equation

(B.3) a(e®0?u + Agu — u) — yOuu = h, U"t:o = Uy, “O‘aw =0

and only for two choices of the domain €2, namely, for 1) w = R” and 2) w, =
R x Re-L . (see e.g. [20] and [28]). Moreover, we also note that the second
case of semi-space w, can be easily reduced to the first one of the the whole space
w = R™ by considering the odd (with respect to z1) solutions of (B.3) in w = R".
Thus, there only remains to verify estimate (B.2) for solutions of (B.3) in w = R”.

In the next step, we reduce the problem of studying the elliptic system of equa-
tions (B.3) to the analogous problem for the scalar equation. In order to do so,
it is convenient to extend the class of admissible solutions of (B.3) and consider
also the complez-valued solutions u(t,r) = Reu(t,z) + iImu(t,x) € Ck, for every
(t,z) € Q4. Then, equation (B.3) is equivalent to the following one:

(B.4) e 07u+ Agu —u— ' Oyu = h, U‘ =0, u"t:O = Uo;

Ow

where 7' := a~v. Moreover, without loss of generality we may assume that the
matrix 7 is reduced to its Jordan normal form. Then, our conditions on matrices
a and 7y guaranties that the real parts of all eigenvalues of 4 are strictly positive:

(B.5) o(y)c{ e C, Rel>0}.

Thus, (B.4) is a cascade system of scalar elliptic equations coupled by the terms
v'0yu and ' is in Jordan normal form. That is why, it is sufficient to verify estimate
(B.2) only for scalar complex-valued elliptic equations of the form

(B.6) e202u + Agu —u — 2(a + i) Ogu = h, ul, =0, ul,_, = uo,

where a, 5 € R and a > 0. We start with the case h = 0.
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Lemma B.2. Let ug € VP(R™) and let u be a solution of (B.6) with h = 0. Then,
it satisfies uniform estimate (B.2).

Proof. Indeed, factorizing equation (B.6) (with A = 0), we obtain that the function
u(t) satisfies the following pseudodifferential equation:

(B.7) Ou = —A(1 — Ay)u, u‘t:(] = uyg,
where
(B) A(z)_:_a+iﬁ—\/(a+iﬁ)2+8zz: 2
' S g2 Ca+if+(a+if)? + ez

and we take the branch of /- which is positive on R. Let us study equation (B.7).

Proposition B.1. The solution of (B.7) satisfies

(B.9) 10¢ullr(ay) + 1Ae(1 = Ag)ull Lo,y < Clluollwaa-1/m0@n),

where C' is independent of €.

Proof. We first consider the following nonhomogeneous analogue of equation (B.7):

(B.10) dw + Ac(1— Ap)w = h(t), w|,_, =0, w|, =0, heLl(Q)

ow
and verify that

(B.11) |0rwl| e,y < CsllhllLe@y).,
where C5 is independent of . Indeed, let us extend functions w(t) and h(t) by

zero for ¢t < 0 and apply the Fourier transform ((¢,z) — & := (), &) € R x R"”) to
equation (B.10). Then, we have

B12) DO = K hE), Kl =

According to the multiplicators theorem (see e.g. [28]), in order to verify estimate
(B.11), it is sufficient to prove that

(B.13) ~sup SUDgepn+t i -"&kagl,...,gik K:(§)] < C < o0,
1<i1 <<t <n+1

where C' is independent of €. So, we need to verify (B.13). To this end, we note
that, due to the assumption o > 0, the following estimates hold:

(B.14) [Imy/(a+if)2 +e2(|E'P +1)| < sy1+2(1+[E]) <
< w2 Re /(o +if)? +2(|¢'2 + 1) < kav/1+2(1+[¢'?)
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where 1; > 0,7 = 1,2,3, are independent of £ (indeed, these estimates can be easily
verified by direct computations based on the fact that o > 0). Estimates (A.17),
the fact that & > 0 and definition (A.11) immediately imply that

P+
VI+e(EP+1) ~

< Ky Re AL(€ +1) < iy lEL ]
VireEer )

(B.15) wki|ImA(IE')>+1)| <

and, consequently
(B.16) &Y (IAl+ [A(€']2 + D) < [id+ A€ +1)] < w5 (1A + [A(1€17 + 1)) ,

where the positive constants x, and x; are independent of e. Moreover, due to
(B.14) and (B.15)

(BAT) [&, &, 08 ¢, A€ +1)] =

Ck(€2|§i1 |2) e (82|§ik71 |2) |§lk |2 / 12
. CL1A, +
@+ iB)2+ 2P+ DT e if)? + 2EP T Dl | A=(€'F + 1)

holds, for every 2 < 4y < -+ < i < n + 1, where the constants Cj, and Cj}, are
independent of €. There remains to note that estimates (B.16) and (B.17) imply
(B.13). Thus, estimate (B.11) is verified.

Let us now prove estimate (B.9). To this end, we fix an extention v(t) of the
initial data ug inside of €24 in such way that

(B.18) 10wl ze(ey) + [0llLe @, w2 ) < Cilluollwza-1/.0@ny,

where C1 is independent of ug (such an extention exists due to the classical trace
theorems, see [28]) and introduce a function w(t) := u(t) — v(t) which, obviously,
satisfies equation (B.10) with h(t) := Ow(t) + Ac(1 — Ay)v(t). Thus, thanks to
(B.11) and (B.18), it is sufficient to verify that

(B.19) 1Ac(1 = Ap)v(B)l| o @ny < Callo(®)llw2r@n,

where C'y is independent of ¢ and ¢. But this estimate can be easily verified using
the multiplicators theorem and estimates (B.14), (B.15) and (B.19) (in the same
way as it was done in the proof of estimate (B.11)). Proposition B.1 is proven.

We are now able to finish the proof of Lemma B.2. Indeed, according to Propo-
sition B.1, every solution u(t) of (B.6) with h = 0 satisfies estimate (B.9). Inter-
preting now the term 2(« + i8)Jyu in equation (B.6) as the right-hand side and
using Lemma A.1, we derive that u(t) satisfies indeed estimate (B.2) with h = 0
which finishes the proof of Lemma B.2.

In particular, Lemma B.2 implies that V?(R™) is a uniform trace space for func-
tions from W2P(Q,) at t = 0. Indeed, the solving operator T : ug — u for (B.6)
with h = 0 can be considered as uniform (with respect to €) extention operator for
functions from V2?(R") to W2P(€,) and the inverse estimate

(B.20) [w(O)llvz ®ny < Cllullyzrq, )
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is an immediate of Lemma A.1 and the standard trace theorem for the 'parabolic’
space W(12):2(Q),

We are now ready to finish the proof of Theorem B.1. As it was shown before,
in order to do so, it is sufficient to verify estimate (B.2) for equation (B.6) in
Q4 = Ry x R*. Moreover, due to Lemma B.2 and due to the fact that V2 is
a uniform trace space for functions from W27, it is sufficient to verify that every
solution u € W2P(R"*1) of

(B.21) e20;u+ Agu —u — 2(a+iB)0yu = h(t), t€R, x € R"
satisfies the estimate
(B.22) lullyzr gy < Cllelzogansay,

where C' is independent of . Applying the Fourier transform to (B.21), we infer

(B.23) A€ = (222 + €2 + 1 - 2(a +iB)i) " B\ ¢)

Applying the multiplicators theorem to (B.23) (as we did in the proof of Proposition
B.1), we derive estimate (B.22) which finishes the proof of Theorem B.1.

To conclude, we formulate several standard corollaries of the proved theorem the
rigorous proof of which is left to the reader.

Corollary B.1. Let h € Ly(Q2y) and let u € Wi’f(QjL) be a solution of (B.1).
Then, the following estimate holds for every T > 0:

(B24)  lul Clluol e~ +C / TR0, d.

p
W2 (Qr) =

where positive constants C' and o are independent of €, ug, T and wu.

Indeed, multiplying equation (B.1) by ¢4 (t) := 1/ cosh(a(T —t)), where oz > 0
is a sufficiently small number, and applying Theorem B.1 to the function wr 4 () :=
¢7,0(t)u(t), we obtain (B.24) after the standard estimations.

The next corollary gives the standard interior (with respect to t) estimate for
solutions of (B.1).

Corollary B.2. Let h € LP(Q4) and let u € W2P(Q) be a solution of (B.1).
Then, the following estimate holds for every T > 0:

(B25) Ilullyzagq,, <
< CUMLr@rsnrrsye) + Nl 20 srrssn) + XA = 2T) oy ),

where Qr, 1, := [max{T1,0}, To]xXw, x(z) is the Heaviside function and the constant
C' is independent of e, T and u.

Indeed, the prove of (B.25) is based on multiplication of equation (B.1) by the
special cut-off function 7 (t) which vanishes for ¢ ¢ [T'— 1/2,T + 3/2] and equals
one for t € [T, T + 1] and on application of Theorem B.1 to the function ur(t) :=
Yr(t)u(t) and can be derived in a standard way.
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