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t to the variable t 
orresponding tothe axis of the 
ylinder. We prove that, under natural assumptions on the nonlinearintera
tion fun
tion f and the external for
es g(t), this problem possesses the uniformattra
tor A" and that these attra
tors tend as "! 0 to the attra
tor A0 of the limitparaboli
 equation. Moreover, in 
ase where the limit attra
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ription of the stru
ture of the uniform attra
tor A", if " > 0 is smallenough, and estimate the symmetri
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 boundary value problem in an in-�nite 
ylinder 
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; u���! = 0;where ! �� Rn is a bounded domain of Rn , u = (u1; � � � ; uk) is an unknown ve
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Ellipti
 boundary problems of the form (0.1) appear, e.g. under studying theequilibria or the travelling waves for the 
orresponding evolution equations of math-emati
al physi
s. For instan
e, let us 
onsider the following rea
tion-di�usion sys-tem in the unbounded 
ylindri
al domain 
:(0.2) ��v = a�(t;x)v � "�1
�tv � f(v)� g(t); (t; x) 2 
; u���
 = 0with the strong drift along the axis of the 
ylinder (whi
h is des
ribed by thetransport term "�1
�tv, here the variable t 2 R remains to be spatial and thevariable � plays the role of physi
al time). Then, (0.1) is the equation on equilibriafor problem (0.2).Another natural example is the following rea
tion-di�usion system in the 
ylin-der 
:(0.3) ��v = a�(t;x)v � f(v)� g(t� "�1
�); v���
 = 0;where 
 is a diagonal matrix. Thus, the external for
es g(�; t; x) := g(t� "�1
�; x)in (0.2) have the form of a fast travelling (along the axis of the 
ylinder) wave(with the wave speed "�1
 � 1). Then, the problem of �nding the travelling wavesolution v(�; t; x) := u(t � "�1
�; x) of equation (0.3) whi
h is modulated by thetravelling wave external for
ing, obviously, redu
es to the study of problem (0.1).It is 
onvenient to s
ale from the very beginning the variable t as follows: t0 :="�1t. Then, problem (0.1) reads(0.4) a("2�2t u+�xu)� 
�tu� f(u) = g"(t); u���! = 0; g"(t) := g("�1t);where we denote the new variable t0 by t again for simpli
ity.We are interested in the global stru
ture of the set of bounded (with respe
t tot ! �1) solutions of problem (0.4). To this end, we use the so-
alled dynami
alapproa
h for the study of ellipti
 boundary value problems in 
ylindri
al domainswhi
h has been initiated in [6℄ and [18℄, see also [2-3℄, [7℄, [11℄, [13℄, [22-26℄, [29-31℄and the referen
es therein for its further development. Following this approa
h, weintrodu
e, for every � 2 R, the auxiliary ellipti
 boundary value problem:(0.5) � a("2�tu+�xu)� 
�tu = g"(t); (t; x) 2 
�+;u���! = 0; u��t=� = u� ;in the half-
ylinder 
�+ := (�;+1)�! equipped by the additional boundary 
ondi-tion ujt=� = u� at the origin of the half-
ylinder 
�+ and the fun
tion u� is assumedto belong to the appropriate fun
tional spa
e V p" (!) whi
h will be spe
i�ed in Se
-tion 1. If problem (0.5) possesses a unique (bounded as t ! +1) solution (in
ertain fun
tional 
lass), for every u� 2 V p" (!), then (0.5) de�nes a dynami
alpro
ess fU"g"(t; �); t; � 2 R; t � �g via(0.6) U"g"(t; �)u� := u(t); where u(t) solves (0.5); U"g"(t; �) : V p" (!)! V p" (!):Moreover, if this dynami
al pro
ess possesses a global (uniform) attra
tor A", thenthis attra
tor is generated by all bounded (with respe
t to t! �1) solutions of theinitial problem (0.4) (and all its shifts along the t axis, together with their 
losure2



in the 
orresponding topology, see Se
tion 3 for the details). Thus, studying of thebounded solutions of (0.4) is, in a sense, equivalent to the study of the attra
torA" of auxiliary dynami
al pro
ess (0.6).In the present paper, we give a detailed study of auxiliary problems (0.5) in 
ase" is small enough and investigate their behavior as "! 0. The paper is organizedas follows. The existen
e of a bounded solution u(t) of problem (0.5) and severalestimates are derived in Se
tion 1. The uniqueness of this solution is veri�ed inSe
tion 2 under the assumption that " is small enough. Moreover, we show therethat the dynami
al pro
ess (0.6) asso
iated with problem (0.5) is uniformly (withrespe
t to ") Fre
het di�erentiable with respe
t to the 'initial data' u� 2 V p" (!).The existen
e of the uniform attra
tor A" for the pro
ess (0.6) is established inSe
tion 3. Moreover, we prove there that, for rather wide 
lass of the externalfor
es g, the attra
tors A" 
onverge as "! 0 (in the sense of upper semi
ontinuity)to the attra
tor A0 of the limit paraboli
 problem(0.7) 
�tu� a�xu+ f(u) = g0(t); u���! = 0; u��t=� = u� ;where the limit external for
es g0(t) average the external for
es g"(t) := g("�1t) ofproblems (0.5). In parti
ular, the 
lass of admissible external for
es g 
ontains theautonomous external for
es: g(t) � g0, hetero
lini
 pro�les:(0.8) g(t)! g� as t! �1 and g� are independent of t;solitary waves (g+ = g� in (0.8)), periodi
, quasiperiodi
 and almost-periodi
 withrespe
t to t external for
es g and even some 
lasses of non almost-periodi
 os
illa-tions, see Examples 3.1{3.3.Furthermore, in Se
tion 4, we prove that dynami
al pro
esses (0.6) tend as "! 0to the pro
ess U0g0(t; �) asso
iated with limit paraboli
 problem (0.7) and obtainthe quantitative bounds for that 
onvergen
e in terms of the parameter ".In Se
tion 5 , we restri
t ourselves to 
onsider only the 
ase of almost-periodi
external for
es g(t) in the right-hand side of equation (0.5). In this 
ase, limitparaboli
 equation (0.7) is autonomous(0.9) g0(t) := �g;where �g is the mean of almost-periodi
 fun
tion �g. We also assume that the globalattra
tor A0 of the limit paraboli
 equation is regular (it will be so if this equationpossesses a global Liapunov fun
tion and all of the equilibria are hyperboli
, seeSe
tion 5 for the details). Then, using the theory of nonautonomous perturbationsof regular attra
tors developed in [12℄ and [14-15℄, we establish the existen
e ofthe nonautonomous regular attra
tor for problems (0.6) if " is small enough. Inthis 
ase, the attra
tors A" are o

urred to be not only upper semi
ontinuous, butalso lower semi
ontinuous as " ! 0 and we give the quantitative bounds for thesymmetri
 distan
e between them in terms of the perturbation parameter ". In par-ti
ular, we prove there that equation (0.4) possesses the �nite number of di�erentalmost-periodi
 (with respe
t to t) solutions and that every other bounded solu-tion of that equation is a hetero
lini
 orbit between two di�erent almost-periodi
solutions. We also re
all that the regular attra
tor for system (0.5) with " = 1,
 � 1 and autonomous external for
es g" has been 
onsidered in our previous pa-per [30℄. Moreover, the estimates for the nonsymmetri
 Hausdor� distan
e betweenthe attra
tors A" and A0 in terms of the parameter " have been obtained in [31℄.3



Finally, several uniform (with respe
t to ") estimates for the linear and nonlinearequation of the form (0.4) whi
h are systemati
ally used throughout of the paperare obtained in Appendixes A and B.A
knowledgements. This resear
h was partially supported by INTAS proje
tno. 00-899, CRDF grant of RM1-2343 and RFFI grant no. 02-01-00277.x1 Uniform (with respe
t to " ! 0) a priori estimates.In this se
tion, we 
onsider the following nonlinear ellipti
 boundary value prob-lem in a half 
ylinder 
�+ := [�;+1)� !, � 2 R:(1.1) � a("2�2t u+�xu)� 
�tu� f(u) = g(t); (t; x) 2 
�+;u���! = 0; u��t=� = u� ;where ! �� Rn is a bounded domain of Rn with a suÆ
iently smooth boundary,u = (u1; � � � ; uk) is an unknown ve
tor-valued fun
tion, �x is the Lapla
ian withrespe
t to x, a and 
 are given 
onstant k � k-matri
es satisfying a + a� > 0and 
 = 
� > 0, f(u) is a given nonlinear fun
tion whi
h satis�es the followingassumptions:(1.2) 8><>: 1: f 2 C2(Rk ;Rk );2: f(v):v � �C; f 0(v) � �K; 8v 2 Rk ;3: jf(v)j � C(1 + jvjq); 8v 2 Rk ; q < qmax := n+2n�2 ;(here and below v:w stands for the inner produ
t of the ve
tors v 2 Rk and w 2 Rkand the exponent q may me arbitrarily large if n � 2). In order to formulate ourassumptions on the solution u(t), the external for
es g(t) and the initial data u0,we need to de�ne the appropriate fun
tional spa
es.De�nition 1.1. For every l 2 R+ and s 2 [1;1), we de�ne the following spa
es:(1.3) W l;sb (
�+) := fu 2 D0(
�+); kukW l;sb := supT�� kukW l;s(
T ) <1g;where 
T := (T; T+1)�! andW l;s denotes the ordinary Sobolev spa
e of fun
tionswhose derivatives up to order l belong to Ls, see [28℄. In parti
ular, we write in thesequel Lsb(
�+) instead of W 0;sb (
�+).Moroeover, we also introdu
e the following spa
es asso
iated with the linear partof equation (1.1):(1.4) W 2;s" (
T ) := fu 2 D0(
T ); kukW 2;s" :== "2k�2t ukLs(
T ) + k�tukLs(
T ) + kukLs([T;T+1℄;W 2;s(!)) <1; u���! = 0gand, analogously to (1.3)W 2;s";b (
�+) := fu 2 D0(
�+); kukW 2;s";b := supT�� kukW 2;s" (
T ) <1; u���! = 0g:We also introdu
e the uniform with respe
t to " tra
e spa
e (at t = �) of fun
tionsbelonging to the spa
e (1.4):(1.5) V s" (!) := fu 2 D0(!);kukV s" := kukW 2(1�1=s);s(!) + "1=skukW 2�1=s;s(!) <1; u���! = 0g;4



see Appendix B below. We note that, for " > 0, the spa
e W 2;s";b (
�+) is equivalentto W 2;sb (
�+) and, for " = 0 this spa
e 
oin
ides with the anisotropi
 Sobolev spa
eW (1;2);sb (
�+) whi
h 
orresponds to a se
ond order paraboli
 operator, see e.g. [5℄.We assume from now on that the external for
es g in the right-hand side of (1.1)belong to the spa
e Lpb(
�+), for some p > pmin := maxf2; (n+ 2)=2g. Moreover,we restri
t ourselves to 
onsider only su
h solutions u(t) of problem (1.1) whi
hbelong to the spa
e W 2;p";b (
�+) and assume, 
onsequently, that the initial data u0belongs to V p" (!). The main result of this se
tion is the following theorem.Theorem 1.1. Let the above assumptions hold. Then, for every " 2 [0; 1℄ andu� 2 V p" (!), problem (1.1) has at least one solution u 2 W 2;p";b (
�+) and the followingestimate hold, for every su
h solution:(1.6) kukW 2;p" (
T ) � Q(ku�kV p" (!))e��(T��) +Q(kgkLpb(
�+));where the 
onstant � > 0 and the monotoni
 fun
tion Q : R+ ! R+ are independentof " 2 [0; 1℄, u0 2 V p" (!), � 2 R, T � � and g 2 Lpb(
�+).Proof. We �rst prove the analogue of estimate (1.6) for p = 2.Lemma 1.1. Let u(t) be a solution of (1.1). Then, the following estimate holds:(1.7) kuk2W 2;2" (
T ) + "2k�tu(�)k2L2(!) � Q(ku�kV p" (!))e��(T��) +Q(kgkL2b(
�+));where the 
onstant � > 0 and the monotoni
 fun
tion Q are independent of � 2 R,T � � , " 2 [0; 1℄, u0 and g.The proof of Lemma 1.1 is more or less known (see e.g. [26℄, [30-31℄). Neverthe-less, for the 
onvenien
e of the reader, we give it in Appendix A.We are now ready to prove estimate (1.6), for p > 2. In order to do so, we re
allthat the nonlinearity f(u) satis�es growth restri
tion (1.2)(3) where the exponentq is stri
tly less than qmax and qmax is 
hosen su
h that W 2;20 (
T ) � L2qmax(
)(see [5℄ and [20℄). Consequently, (1.7) implies that(1.8) kf(u)kL2+Æ0(
T ) � Q(ku�kV p" (!))e��(T��) +Q(kgkL2b(
�+));where Æ0 := 2(qmax�q)q > 0 and the 
onstant � > 0 and the fun
tion Q are indepen-dent of ", � and T . We now rewrite equation (1.1) in the following way:(1.9) a("2�2t u+�xu)� 
�tu = Hu(t) := g(t) + f(u(t)); u���! = 0; u��t=� = u�and apply the ellipti
 Lp-regularity estimate (see Corollary B.1 in Appendix B) tothis linear equation. Then, a

ording to estimates (B.24) and (1.8), we have(1.10) ku(T )k2+Æ0W 2;2+Æ0" (
T ) � Cku�k2+Æ0V p" (!)e��(T��)++C Z 1� e��(T�s)kHu(s)k2+Æ0L2+Æ0 ds � Q1(ku�kV p" (!))e��(T��)+Q1(kgkL2+Æ0b (
�+));where the 
onstant C and the fun
tion Q1 are indepndent of ", � and T . We nowre
all that W 2;s" (
T ) �W (1;2);s0 (
T ) � (W (1;2);s(
T ) \ fu���! = 0g)5



and, due to the embedding theorem for anisotropi
 Sobolev spa
es(1.11) W (1;2);s(
T ) � Lr(s)(
T ); where 1r(s) = 1s � 2n+ 2 ;see [28℄. Consequently, a

ording to (1.2)(3), (1.10) and (1.11)(1.12) kf(u)kL2+Æ1(
T ) � Q2(ku�kV p" (!))e��(T��) +Q2(kgkL2+Æ0b (
�+));where � > 0 and Q2 are independent of ", � and T and(1.13) 2 + Æ1 := r(2 + Æ0)q > r(2 + Æ0)qmax = (2 + Æ0) n� 2n� 2� 2Æ0 > 2 + Æ0:Iterating the above pro
edure, we �nally derive estimates (1.10) and (1.12) withthe exponent 2 + Æl � p. Indeed, formulae (1.11) and (1.13) guarantee that thenumber l of the iterations will be �nite. Thus, estimate (1.6) is proven.In order to �nish the proof of Theorem 1.1, there remains to note that theexisten
e of a solution u 2W 2;p";b (
�+) of problem (1.1) 
an be proved in a standardway based on a priori estimate (1.6) (see e.g. [29-30℄ for the details). Theorem 1.1is proven.Remark 1.1. If we need not estimate (1.6) to be uniform with respe
t to "! 0, itis possible to relax the growth restri
tion (1.2)(3) till q < q0max := n+1n�3 . Indeed, inthis 
ase, it is suÆ
ient to use the embedding W 2;2(
0) � L2q0max(
0) in the proofof Theorem 1.1 and Lemma 1.1.Corollary 1.1. Let the assumptions of Theorem 1.1 hold and let u 2W 2;p";b (
�+) bea solution of (1.1). Then, the following estimate holds:(1.14) ku(t)kV p" (!) � Q(ku�kV p" (!))e��(t��) +Q(kgkLpb(
�+));where the 
onstant � > 0 and the fun
tion Q are indepndent of ", � , t � � and u.Indeed, (1.14) is an immediate 
orollary of (1.6) and the fa
t that V p" (!) is theuniform (with respe
t to ") tra
e spa
e of fun
tions belonging to W 2;p";b (
�+), seeApendix B.Corollary 1.2. Let the assumptions of Theorem 1.1 hold and let, in addition,the external for
es g belong to Lp1b (
�+), for some p1 > p. Then, every solutionu 2W 2;p";b (
�+) of problem (1.1) satis�es the following estimate:(1.15) kukW 2;p1" (
T ) � Q(ku�kV p" (!))e��(T��) +Q(kgkLp1b (
�+)); T � � + 1;where the 
onstant � > 0 and the fun
tion Q are independent of ", � , T and u.Indeed, sin
e W (1;2);p(
T ) � C(
T ) (due to our 
hoi
e of the exponent p) then,estimate (1.6) implies that(1.16) kf(u)kL1(
T ) � Q(ku�kV p" (!))e��(T��) +Q(kgkLp(
�+));where the 
onstant � > 0 and the fun
tion q are independent of ", � , T and u.Rewriting now equation (1.1) in the form of (1.9) and applying the uniform (withrespe
t to ") interior Lp1-regularity estimate to this equation (see Corollary B.2and estimate (B.25)), we derive estimate (1.15).6



x2 Uniqueness of the solutions.In this se
tion, we prove that the solution u(t) of problem (1.1) 
onsidered inTheorem 1.1 is unique if " > 0 is small enough. Moreover, we also verify thedi�erentiability of that solution with respe
t to the initial data u� 2 V p" (!) in the
orresponding fun
tional spa
es. We start with the following theorem.Theorem 2.1. Let the assumptions of Theorem 1.1 hold and let, in addition, " �"0 := "0(a; f; 
) is small enough. Then, for every two solutions u1(t) and u2(t) ofproblem (1.1), the following estimate holds:(2.1) ku1 � u2kW 2;p" (
T ) � Ce�0(T��)ku1(�)� u2(�)kV p" (!);where the 
onstant �0 is independent of " � "0, � 2 R, T � � , u1 and u2 andthe 
onstant C depends on kui(�)kV p" (!), but is independent of ", � and T . Inparti
ular, the solution of (1.1) is unique if " � "0.Proof. We set v(t) := u1(t) � u2(t). Then, this fun
tion satis�es the followingequation:(2.2) a("2�2t v +�xv)� 
�tv � l(t)v = 0; v���! = 0; v��t=� = u1(�)� u2(�);where l(t) = l(t; x) := R 10 f 0(su1(t) + (1� s)u2(t)) dt. Moreover, due to assumption(1.2)(3), estimate (1.6) and the embedding W (1;2);p(
T ) � C(
T ), we have(2.3) l(t; x) � �K; kl(t; x)kL1(
�+) �M;where the 
onstant K is de�ned in (1.2)(3) and the 
onstant M depends on thenorms kui(�)kV p" (!), i = 1; 2, and kgkLpb(
�+), but is independent of " and � . It ishowever 
onvenient to 
onsider more general (than (2.2)) problem(2.4) a("2�2tw +�xw)� 
�tw � l(t)w = h(t); w���! = 0; w��t=� = w� ;where the given matrix-valued fun
tion l(t) satis�es (2.3) and h(t) = h(t; x) aregiven external for
es.Lemma 2.1. Let �0 be a nonnegative number whi
h satis�es the following 
ondi-tion:(2.5) �0
 � "2�20(a+ � 2a�(a+)�1a�)�K � 0;where a+ := 1=2(a+ a�) and a� = 1=2(a� a�). Then, for every w� � V p" (!) andevery external for
es h satisfying(2.6) e��0th(t) 2 Lpb(
�+);problem (2.4) has a unique solution w(t) belonging to the 
lass(2.7) e��0tw(t) 2W 2;p";b (
�+)7



and the following estimate holds:(2.8) kwkpW 2;p" (
T ) � Ckw�kpV p" (!)ep(�0��)(T��)++ C Z 1� e�p�jT�tj+p�0(T�t)kh(t)kpLp(!) dt;where the positive 
onstants � and C depend on M and �0, but are independent of", � and T � � .Proof. We �rst note that, due to the fa
t that V p" (!) is the uniform (with respe
t to") tra
e spa
e for fun
tions belonging to W 2;p" (
� ), it is suÆ
ient to verify Lemma2.1 for the 
ase w� = 0 only. In order to do so, we set �(t) := e��0tw(t). Then, thisfun
tion belongs to W 2;p";b (
�+) (due to assumption (2.7)) and satis�es the followingequation:(2.9) a("2�t� +�x�)� (
 � 2"2�0a)�t��� (�0
 � "2�20a+ l(t))� = ~h(t) := e��0th(t); ����! = ���t=� = 0:Multiplying now this equation by �T (t)�(t) (where the weight fun
tion �T (t) :=e��jT�tj) and integrating over 
�+, we obtain after the standard transformations(integrating by parts and using that 
 = 
�, l(t) � �K and j�t�T (t)j � ��T (t))that(2.10) "2 ha+�t�:�t�; �T i� + ha+rx�:rx�; �T i� + 
(�0
 � "2�20a+ �K)v:v; �T ��� jD~h; �T �E� j+ C"2� 
j�t�j2 + j�j2; �T �� + 2"2�0j ha��t�:�; �T i� j;where the 
onstant C depends only on a and 
 and hu; vi� := R
�+ u(t; x):v(t; x) dx dtstands for the inner produ
t in L2(
�+). Estimating the last term in the right-handside of (2.10) as follows:2"2�0ja��t�:�j � 1=2"2�20a+�t�:�t� � 2a�(a+)�1a��:�;�xing the parameter � > 0 to be small enough and using the Friedri
hs andS
hwartz inequalities, we have"2 ha+�t�:�t�; �T i� + ha+rx�:rx�; �T i� ++ 4 
(�0
 � "2�20(a+ � 2a�(a+)�1a�)�K)v:v; �T�� � C1 Dj~hj2; �TE� :Using assumption (2.5), positivity of a+ and the obivious inequality �T (t) � e��for t 2 [T; T + 1℄, we have"2k�t�k2L2(
T ) + krxwk2L2(
T ) � C2 Dj~hj2; �TE�Returning to the variable w(t) = e�0t�(t), we derive(2.11) "2k�twk2L2(
T ) + krxwk2L2(
T ) � C3 Z 1� e��jT�tj+2�0(T�t)kh(t)k2L2(!) dt;8



Estimate (2.8) (with w� = 0) 
an be now derived from (2.11) iterating the maximalellipti
 regularity estimate (B.24) exa
tly as in the end of the proof of Theorem1.1. The existen
e of the solution 
an be then veri�ed in a standard way based ona priori estimate (2.8), see e.g. [29-30℄. Lemma 2.1 is proved.We are now ready to �nish the proof of Theorem 2.1. To this end, we notethat the left-hand side of (2.5) tends to �0
 � K as " ! 0 and, 
onsequently,for every suÆ
iently large �0 > 0, we may �x (due to positivity of the matrix 
)"0 = "0(�0; K; a; 
) su
h that (2.5) is satis�ed, for every " � "0. Applying thenestimate (2.8) (with h � 0) to equation (2.2), we �nish the proof of Theorem 2.1.Let us assume from now on that(2.13) g 2 Lpb(
); where 
 := R � !:Then, under the assumptions of Theorem 2.1, problem (1.1) de�nes a two-paramet-ri
al family of solving operators fU"g (t; �); � 2 R; t � �g via(2.14) U"g (t; �) : V p" (!)! V p" (!); u(t) := U"g (t; �)u� ;where u(t) solves (1.1) and u(�) = u� whi
h, obviously, generates a dynami
alpro
ess on V p" (!), i.e.(2.15) U"g (t; �1) Æ U"g (�1; �) = U"g (t; �); t � �1 � � 2 R:Moreover, Theorem 2.1 shows that these operators are uniformly (with respe
t to ")Lips
hitz 
ontinuous in V p" (!). Our next task is to prove their Fre
het di�erentia-bility with respe
t to the initial data u� 2 V p" (!). To this end, we 
onsider thefollowing formal equation of variations asso
iated with a solution u(t) := U"g (t; �)u� :(2.16) a("2�2t v +�xv)� 
�tv � f 0(u(t))v = 0; v���! = 0; v��t=� = v� :Then, due to Lemma 2.1, we have(2.17) kv(t)kV p" (!) � Ckv�kV p" (!)e(�0��)(t��);where the solution v(t) satis�es (2.7) and the 
onstants � > 0 and C are independentof ", � and T . The following theorem shows that (2.16) de�nes indeed the Fre
hetderivative of the pro
ess U"g (t; �) at u� .Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Let also u(t) and u1(t)be two solutions of (1.1) and v(t) be a solution of (2.16) with v� := u(�) � u1(�)(asso
iated with u(t)). Then, there exists "00 = "00(f; a; 
) > 0 su
h that "00 � "0 andfor every " � "00 the following estimate is valid:(2.18) ku(t)� u1(t)� v(t)kW 2;p" (
T ) � Ce(2�0��)(T��)ku(�)� u1(�)k2V p" (!);where the 
onstants C and � > 0 depend on ku(�)kV p" (!) and ku1(�)kV p" (!), but areindependent of ", � and T .Proof. We set w(t) := u(t)�u1(t)�v(t). Then, this fun
tion satis�es the followingequation:(2.19) a("2�2tw +�xw)� 
�tw � f 0(u(t))w = hu;u1(t); w���! = 0; w��t=� = 0;9



where hu;u1(t) := R 10 [f 0(u(t))�f 0(u(t)+s(u1(t)�u(t)))℄ ds(u(t)�u1(t)). Moreover,sin
e V p0 (!) � C(!) and f 2 C2, then estimates (1.6) and (2.1) implies that(2.20) khu;u1(t)kL1(!) � Cku(t)� u1(t)k2L1(!) �� C1ku(�)� u1(�)k2V p" (!)e2(�0��)(t��);where the 
onstants Ci depend on ku(�)kV p" (!) and ku1(�)kV p" (!), but are indepen-dent of ", � and t � � . Fixing now "00 > 0 small enough that assumption (2.5)holds with �0 repla
ed by 2�0 and applying Lemma 2.1 (with 2�0 instead of �0)to equation (2.19), we derive estimate (2.18) and �nish the proof of Theorem 2.2.Corollary 2.1. Let the assumptions of Theorem 2.2 hold and let u(t), u1(t) andv(t) be the same as in Theorem 2.2. Then, for every q � p, q < 1 and everyT � � + 1, the following estimate holds:(2.21) ku(t)� u1(t)� v(t)kW 2;q" (
T ) � Cqe(2�0��)(T��)ku(�)� u1(�)k2V p" (!);where the 
onstants Cq and � > 0 depend on ku(�)kV p" (!), ku1(�)kV p" (!) and q, butare independent of ", � and T .Indeed, rewriting equation (2.19) in the form(2.22) a("2�2tw +�xw)� 
�tw = f 0(u(t))w(t) + hu;u1(t); w���! = w��t=� = 0;applying the maximal regularity estimate (B.24) (where the exponent p is repla
edby q) and using estimates (2.18) and (2.20) for estimating the Lq-norm of theright-hand side of (2.22), we derive estimate (2.21).Corollary 2.2. Let the assumptions of Theorem 2.2 hold. Then, the operatorsU"g (t; �) are Fre
het di�erentiable with respe
t to the initial data, their Fre
het de-rivative is de�ned by DuU"g (t; �)(u�)� := v(t), where v(t) is the solution of (2.16)with v� = �, and the following estimates hold:(2.23) kU"g (t; �)u1� � U"g (t; �)u2� �DuU"g (t; �)(u1� )(u1� � u2� )kV p" (!) �� Ce2�0(t��)ku1� � u2�k2V p" (!)for every u1� ; u2� 2 V p" (!) and, 
onsequently(2.24) kDuU"g (t; �)(u1�)�DuU"g (t; �)(u2�)kL(V p" (!);V p" (!)) �� Ce2�0(t��)ku1� � u2�kV p" (!);where the 
onstant C depends on ku1�kV p" (!), ku2�kV p" (!) and kgkLpb , but is indepen-dent of ", � and t.Indeed, estimate (2.23) is an immediate 
orollary of (2.18) and estimate (2.24)is a standard 
orollary of (2.23).Arguing analogously, but using estimate (2.21) instead of (2.18), we derive thefollowing result. 10



Corollary 2.3. Under the assumptions of Corollary 2.2 the following estimateshold, for every q � p and t � � + 1:(2.25) kU"g (t; �)u1� � U"g (t; �)u2� �DuU"g (t; �)(u1� )(u1� � u2� )kV q" (!) �� Cqe2�0(t��)ku1� � u2�k2V p" (!)for every u1� ; u2� 2 V p" (!) and, 
onsequently(2.26) kDuU"g (t; �)(u1�)�DuU"g (t; �)(u2�)kL(V p" (!);V q" (!)) �� Cqe2�0(t��)ku1� � u2�kV p" (!);where the 
onstant Cq depends on q, ku1�kV p" (!), ku2�kV p" (!) and kgkLpb , but is inde-pendent of ", � and t.We now re
all that, for " > 0, operators U"g (t; �) are de�ned on the spa
e V p" (!) �W 2�1=p;p(!) and, for " = 0, the limit pro
ess U0g (t; �) is de�ned on the di�erentspa
e V p0 (!) � W 2(1�1=p);p(!) 6= V p" (!) whi
h is not 
onvenient for the study of thelimit "! 0. In order to over
ome this diÆ
ulty, we 
onsider the following dis
reteanalogue of pro
ess (2.14):(2.27) U"g (l;m) : V p" (!)! V p" (!); l;m 2 Z; l � m:Moreover, we assume, in addition, that the exponent p satis�es p � 2pmin and usethe following obvious embeddings:(2.28) V p" (!) � V p0 (!) � V p=2" (!);whi
h are, in fa
t, uniform with respe
t to ", see De�nition 1.1. Then, we havep=2 > pmin and, 
onsequently, all previous results remain true if we repla
e p byp=2. In parti
ular, Theorems 1.1-1.2 and embeddings (2.28) imply that(2.29) kU"g (l;m)umkV p0 (!) � kU"g (l;m)umkV p" (!) � Q(kumkV p=2" (!))e��(l�m)++Q(kgkLpb(
)) � Q(2kumkV p0 (!))e��(l�m) +Q(kgkLpb(
));for every um 2 V p0 (!), and the 
onstant � > 0 and the monotoni
 fun
tion Q areindependent of 0 � " � "00, l;m 2 Z and l � m. Moreover, using Corollaries 2.2-2.3and arguing analogously, we derive the following result.Corollary 2.4. Let the assumptions of Theorem 2.2 hold and let, in addition,p > 2pmin. Then the following estimates hold:(2.30) kU"g (l;m)u1m � U"g (l;m)u2m �DuU"g (l;m)(u1m)(u1m � u2m)kV p0 (!) �� Ce�2�0(l�m)ku1m � u2mk2V p0 (!);for every u1m; u2m 2 V p0 (!) and l;m 2 Z, l � m, 
onsequently(2.31) kDuU"g (l;m)(u1m)�DuU"g (l;m)(u1m)kL(V p0 (!);V p0 (!)) �� Cqe2�0(l�m)ku1m � u2mkV p0 (!);where the 
onstant C depends on ku1mkV p0 (!), ku2mkV p0 (!) and kgkLpb , but is inde-pendent of ", l and m.Thus, in 
ontrast to the 
ontinuous dynami
s fU"g (t; �); � 2 R; t � �g, dis
rete
as
ades (2.27) are well de�ned on the spa
e V p0 (!) whi
h is independent of ".To 
on
lude, we formulate the result on inje
tivity of operators U"g (t; �).11



Theorem 2.3. Let the assumptions of Theorem 2.1 hold and letU"g (t; �)u1� = U"g (t; �)u2� ;for some � 2 R, t � � and u1� ; u2� 2 V p" (!). Then, ne
essarily, u1� = u2� .The proof of this Theorem is based on the logarithmi
 
onvexity results (see [1℄)for solutions of (1.1) and 
an be found, e.g. in [30℄.x3 Attra
tors and their 
onvergen
e as " ! 0.In this se
tion, we 
onstru
t the global attra
tors A" for problems (1.1) andinvestigate their behavior as " ! 0. Sin
e the external for
es g(t) in (1.1) (whi
hare assumed from now on to be de�ned on the whole 
ylinder 
 and to belong to thespa
e Lpb(
)) depend expli
itly on t, then we use below the skew-produ
t te
hniquein order to redu
e the nonautonomous dynami
al pro
ess (2.14) asso
iated withproblem (1.1) to the autonomous semigroup on the extended phase spa
e. Followingthe general pro
edure des
ribed in [9℄ (see also [16℄), we de�ne a hull H(g) of theexternal for
es g as follows:(3.1) H(g) := �Thg; h 2 R�Lplo
;w(
); (Thg)(t) := g(t+ h):Here [�℄Lplo
;w(
) stands for the 
losure in the spa
e Lplo
;w(
) whi
h is the spa
eLplo
(
) endowed by the weak topology. We re
all that a sequen
e gk ! g inLplo
;w(
) as k ! 1 if and only if gk��
T ! g��
T weakly in Lp(
T ), for everyT 2 R. It is also well-known, that every bounded subset of Lplo
;w(
) is pre
ompa
tand metrizable and, 
onsequently (due to the assumption g 2 Lpb(
)), hull (3.1) isa 
ompa
t metrizable subset of Lplo
;w(
). Thus, a fun
tion �(t) belongs to H(g) ifand only if there exists a sequen
e fhng1n=1 2 R su
h that(3.2) � = limn!1Thng in the spa
e Lplo
;w(
).Moreover, it is also obvious that the group fTh; h 2 Rg of temporal translationsa
ts on H(g), i.e.(3.3) Th : H(g)!H(g); ThH(g) = H(g); h 2 R:In order to 
onstru
t the attra
tor of (1.1), we 
onsider the following family ofequations of type (1.1) whi
h 
orrespond to all external for
es � 2 H(g):(3.4) a("2�2t u+�xu)� 
�tu� f(u) = �(t); u��t=� = u� ; u���! = 0; � 2 H(g)and generates the family fU"� (t; �); � 2 H(g)g of dynami
al pro
esses in V p" (!)(under the assumptions of Theorem 2.1). This family of pro
esses generates asemigroup fS"t; t � 0g on the extended phase spa
e �" := V p";w(!)�H(g) (as usualV p";w(!) denotes the spa
e V p" (!) endowed by the weak topology) by the followingexpression:(3.5) S"t(u0; �) := (U"� (t; 0)u0; Tt�); S"t : �" ! �"; t � 0; (u0; �) 2 �"12



(see [9℄ for the details). Thus, we des
ribe the 'longtime' behavior of solutions of(3.4) in terms of the global attra
tor of semigroup (3.5) in the extended phase spa
e�". For the 
onvenien
e of the reader, we re
all below the de�nition of the attra
toradapted to our 
ase, see e.g. [4℄, [9℄ and [27℄ for the detailed exposition.De�nition 3.1. A set A " � �" is a global attra
tor for the semigroup S"t if thefollowing 
onditions are satis�ed:1. The set A " is 
ompa
t in �".2. This set is stri
tly invariant with respe
t to St, i.e. StA " = A " .3. For every bounded subset B � �" and every neighborhood O(A ") of the setA " in the topology of �", there exists T = T (B ;O) su
h that(3.6) S"tB � O(A "); for t � T:A proje
tion A" := �1A " of the global attra
tor A " to the �rst 
omponent is 
alleda uniform attra
tor of family (3.4).In order to des
ribe the stru
ture of the uniform attra
tor, we need one morede�nition.De�nition 3.2. Let K"� � Cb(R; V p" (!)) (� 2 H(g)) be a set of all solutions ofproblem(3.4) (with the right-hand side � 2 H(g)) whi
h are de�ned for all t 2 Rand belong to Cb(R; V p" (!)). Then, this set is 
alled a kernel of problem (3.4) and,for every � 2 R, the set K"�(�) := fu(�)u 2 K"�gis a se
tion of the kernel K"� at time t = � , see [9℄.The next theorem establishes the existen
e of the attra
tor des
ribed above.Theorem 3.1. Let the assumptions of Theorem 2.1 hold and let g 2 Lpb(
). Then,semigroup (3.5) possesses a global attra
tor A " in the phase spa
e �" and, 
onse-quently, family of problems (3.4) possesses a uniform attra
tor A" whi
h 
an bedes
ribed as follows:(3.7) A" = [�2H(g)K"�(0);Proof. A

ording to the abstra
t theorem on the global (and uniform) attra
torsexisten
e (see [4℄, [9℄ and [27℄), it is suÆ
ient to verify the following 
onditions:1. The semigroup S"t possesses a 
ompa
t absorbing set B in �".2. The operators S"t are 
ontinuous on B , for every �xed t � 0.Let us verify these 
onditions. It follows from estimate (1.25) that the set(3.8) B := f(u0; �) 2 �"; ku0kV p" (!) � 2Q(kgkLpb(
)); � 2 H(g)gis an absorbing set for the semigroup S"t (here we have impli
itly used the obviousfa
t that k�kLpb(
) � kgkLpb(
), for every � 2 H(g)). Moreover, sin
e the spa
eV p" (!) is re
exive, then bounded subsets of it are pre
ompa
t in a weak topology.Using the fa
t that H(g) is also 
ompa
t, we derive that set (3.8) is 
ompa
t in �".Thus, the �rst 
ondition is veri�ed.In order to verify the se
ond one, we �rst note that the set B is metrizable,
onsequently, it is suÆ
ient to verify only the sequential 
ontinuity of S"t on B .Indeed, let (un0 ; �n) 2 B be an arbitrary (weakly) 
onvergent sequen
e in B and let13



(u0; �0) 2 B be its (weak) limit. We set un(t) := U"�n(t; 0)un0 . Then, by de�nition,these fun
tions satisfy the equations:(3.9) a("2�2t un(t)+�xun(t))�
�tun(t)�f(un(t))=�n(t); un��t=0 = un0 ; un���! = 0:In order to verify the desired 
ontinuity, we need to prove that un(t)! u0(t) weaklyin V p" (!), for every t � 0, where u0(t) := U"� (t; 0)u0 is a solution of the limit (asn!1) equation of (3.9). We note that the sequen
e un0 is uniformly bounded inV p" (!) (sin
e it 
onverges weakly to u0), 
onsequently, due to Theorem 1.1, we have(3.10) kunkW 2;p" (
T ) � C;where C is independent of T � 0 and n 2 N . Therefore, the sequen
e of thesolutions un(t) is pre
ompa
t in a weak topology of the spa
e W 2;p";lo
(
0+) (sin
ethis spa
e is re
exive). Let �u := �u(t) 2 W 2;p";lo
(
0+) be an arbitrary limit point ofthis sequen
e. Then, due to estimate (3.10), the fun
tion �u(t) belongs toW 2;p";b (
0+).Moreover, due to 
ompa
tness of the embedding W 2;p" (
T ) � C(
T ), we have(3.11) unk ! �u; strongly in C(
T ); T 2 R+ ;for the appropriate subsequen
e fnkg1k=1 2 N . Passing now to the limit k ! 1in equations (3.9) and using (3.11) and that �n ! � weakly in Lplo
(
), we derivethat �u is a bounded solution of the limit equation of (3.9). Sin
e, due to Theorem2.1, this solution is unique, then, ne
essarily, �u(t) � u0(t) := U"� (t; 0)u0. Moreover,sin
e the limit point �u is arbitrary, then we have proved that un ! u0 weakly inW 2;p" (
T ), for every T 2 R+ and, 
onsequently, un(t)! u0(t) weakly in V p" (!), forevery t 2 R+ . Thus, the se
ond 
ondition of the abstra
t theorem on the attra
torsexisten
e is also veri�ed and, therefore, a

ording to this theorem, the semigroupS"t possesses indeed the global attra
tor A " in �" and the family of problems (3.4)possesses the uniform attra
tor A" := �1A " 2 V p" (!). Des
ription (3.7) is also astandard 
orollary of that theorem, see [4℄ and [9℄. Theorem 3.1 is proved.Remark 3.1. There exists an alternative way to introdu
e the 
on
ept of theuniform attra
tor of equation (1.1) without using the skew-produ
t 
ow on theextended phase spa
e �". Namely, the set A" is a uniform attra
tor for equation(1.1) if the following 
onditions are satis�ed:1. The set A" is 
ompa
t in V p" (!).2. For every bounded subset B � V p" (!) and every neighborhood O(A") of A"in a weak topology of V p" (!) there exists T = T (B;O) su
h that(3.12) U"g (t+ �; �)B � O(A"); for every � 2 R and t � T :3. The set A" is a minimal set whi
h satis�es 1) and 2).The equivalen
e of this de�nition to De�nition 3.1 is proved in [9℄.Remark 3.2. If the initial external for
es g satisfy the additional assumption(3.13) H(g) is 
ompa
t in a strong topology of Lplo
(
);then, arguing in a standard way (see, e.g. [9℄ and [29℄), we 
an prove that theattra
tor A " attra
ts the bounded subsets of �" not only in a weak topology, but14



also in more natural strong topology of �" and A" is 
ompa
t in a strong topologyof V p" (!). Nevertheless, we prefer to use the weak topology in De�nition 3.1, sin
ethe 
hoi
e of the weak topology is more 
onvenient for what follows.Remark 3.3. Sin
e the embeddings V p" (!) � V p�Æ" (!), Æ > 0 and V p" (!) � C(!)are 
ompa
t, then (3.12) implies the following 
onvergen
e:(3.14) limt!1 sup�2RdistV p�Æ" (!)\C(!) �U"g (t+ �; �)B;A"� = 0;for every bounded set B � V p" (!) and every Æ > 0. Here an below distV (X;Y )denotes the nonsymmetri
 Hausdor� distan
e between sets X and Y in the spa
e V :(3.15) distV (X;Y ) := supx2X infy2Y kx� ykV :We now re
all that there exists an alternative way to generalize the 
on
ept of aglobal attra
tor to nonautonomous dynami
al systems, namely, the so-
alled pull-ba
k attra
tor's approa
h whi
h does not use the redu
tion of the system under 
on-sideration to the autonomous one and treats the attra
tor for the nonautonomoussystem as a time dependent set as well.De�nition 3.3. Let U"� (t; �) (� 2 H(g) is �xed) be the dynami
al pro
ess asso-
iated with equation (3.4). Then, a family of sets fA"�(�); � 2 Rg is a pullba
kattra
tor of this pro
ess if the following assumptions are satis�ed:1) The sets A"�(�) are 
ompa
t in V p";w(!) for every � 2 R;2) They are stri
tly invariant in the following sense: U"� (t; �)A"�(�) = A"�(t);3) The following pullba
k attra
tion property is satis�ed: for every �xed � 2 R,bounded set B � V p" (!) and every neighborhood O(A"�(�)) of the set A"�(�) (in theweak topology of V p" (!)) there exist T = T (�; B;O) su
h that(3.16) U"� (�; � � t)B � O(A"�(�)); 8t � T;see [10℄, [19℄.Proposition 3.1. Let the assumptions of Theorem 3.1 hold. Then, for every� 2 H(g) the dynami
al pro
ess U"� (t; �) asso
iated with system (3.4) possessesa pullba
k attra
tor A"�(�) and the following equality holds:(3.17) A"�(�) = K"�(�); 8� 2 Rwhere K"�(�) are the kernel se
tions introdu
ed in De�nition 3.2.It is well known (see e.g., [9℄) that the existen
e of a uniform attra
tor A" impliesthe existen
e of pullba
k attra
tors A"�(�) and equality (3.17). Thus, Proposition3.1 is an immediate 
orollary of Theorem 3.1.Remark 3.4. It is worth to note that, in 
ontrast to the uniform attra
tor's ap-proa
h, the set U"� (t+ �; �)B does not 
onvegre, in general, to A"�(t+ �) as t!1and we only have the pullba
k attra
tion property (3.16). This is, in fa
t, the maindisadvantadge of the pullba
k attra
tor's approa
h. Nevertheless, there are impor-tant parti
ular 
ases where that forward 
onvergen
e takes pla
e (and even 
an15



be uniform with respe
t to � , see [10℄, [12℄). One of su
h parti
ular 
ases will be
onsidered in Se
tion 5.The rest of this se
tion is devoted to study the behavior of the attra
tors A" as" ! 0. To this end, keeping in mind equation (0.4), it is 
onvenient to 
onsiderslightly more general family of equations of the form (1.1):(3.18) a("2�2t u+�xu)� 
�tu� f(u) = g"(t); u���! = 0; u��t=� = u� ;where the external for
es depend expli
itly on ". We assume that these externalfor
es are uniformly bounded in Lpb(
):(3.19) kg"kLpb (
) � C;where C is independent of ", and 
onverge to the limit external for
es g0 2 Lpb(
)in the following weak sense: there exists a monotoni
 fun
tion � : R+ ! R+ , su
hthat, lim"!0+ �(") = 0 and for all � 2 R and s 2 [0; 1℄,(3.20) 

 Z �+s� (g"(t)� g0(t)) dt

L2(!) � �("):The main result of this se
tion is the following theorem.Theorem 3.2. Let the assumptions of Theorem 3.1 hold and let, in addition, theexternal for
es g"(t) satisfy (3.19) and (3.20). Let also A", 0 � " � "0, be theuniform attra
tors of equations (3.18). Then, A" tends to A0 in the followingsense: for every neighborhood O(A0) of A0 in a weak topology of V p0 (!) thereexists "0 = "0(O) su
h that(3.21) A" � O(A0); if " � "0:Proof. The proof of this theorem is based on the following lemma whi
h 
lari�esthe nature of 
onvergen
e (3.20).Lemma 3.1. Let fun
tions g", 0 � " � 1, belong to Lpb(
) and satisfy (3.19) and(3.20). Then, the following 
onditions hold:1. For every "0 > 0 and every � 2 H(g"0) there exists �g 2 H(g0) su
h that(3.22) 

 Z �+s� (�(t)� �g(t)) dt

L2(!) � �("0);for every � 2 R.2. For every sequen
es "n ! 0 and �n 2 H(g"n) su
h that �n ! � weakly inLplo
(
), the fun
tion � ne
essarily belongs to H(g0).Proof of Lemma 3.1. Let us verify the �rst assumption. To this end, we note that,a

ording to (3.2), we have � = limn!1 Thng"0 , for some sequen
e hn. Moreover,due to the weak 
ompa
tness of H(g0), we may assume without loss of generalitythat �g := limn!1 Thng0, for some �g 2 H(g0). Then

 Z �+s� (�(t)� �g(t)) dt

L2(!) � lim infn!1 

 Z ��hn+s��hn (g"0(t)� g0(t)) dt

L2(!) � �("0)16



and estimate (3.22) is proven. Let us now prove the se
ond assertion of Lemma 3.1.Indeed, let "n ! 0 and �n 2 H(g"n) be arbitrary sequen
es su
h that �n 
onvergesto some � weakly in Lplo
(
). We need to 
he
k that � 2 H(g0). To this end, dueto the �rst assertion, we �nd �gn 2 H(g0) su
h that �n and �gn satisfy (3.22) (where"0 is repla
ed by "n). Then, without loss of generality, we may assume that �gn
onverge to some �g 2 H(g0) as n ! 1. We 
laim that � = �g. Indeed, for everyT 2 R and every � 2 C10 (
T ), we haveZ T+1T (�(s)� �g(s); �(s)) ds == limn!1 Z T+1T f(�n(s)� �gn(s); �(s)) + (�gn(s)� �g(s); �(s))g ds == � limn!1 Z T+1T  �t�(s); Z T+sT (�n(t)� �gn(t)) dt! ds++ limn!1 Z T+1T (�gn(s)� �g(s); �(s)) ds = 0(the �rst limit in the right-hand side of this formula equals zero due to our 
hoi
eof fun
tions �gn (and sin
e �("n)! 0 as n!1) and the se
ond one vanishes sin
e�gn ! �g). Thus, � = �g 2 H(g0) and Lemma 3.1 is proven.We are now ready to prove Theorem 3.2. We �rst note that, due to Theorem 1.1,Corollary 1.1 and estimate (3.19), we have(3.23) kA"kV p" (!) + sup�2H(g") kK"�kW 2;p";b (
) � C;where the 
onstant C is independent of ". Thus, in order to prove the theorem,it is suÆ
ient to verify that, if u0n 2 A"n , "n ! 0 as n ! 1, be an arbitrarysequen
e whi
h 
onverges weakly in V p0 (!) to some u0 2 V p0 (!), then u0 2 A0, see[9℄. Taking into a

ount des
ription (3.7), estimates (3.19) and (3.23) and the weak
ompa
tness of bounded sets in re
exive spa
es, this assertion 
an be reformulatedas follows: if "n ! 0, �n 2 H(g"n) and un 2 K"n�n be arbitrary sequen
es su
hthat un ! u weakly in W 2;p0;lo
(
) and �n ! � weakly in Lplo
(
), then � 2 H(g0)and u 2 K0� . Let us verify this assertion. Indeed, the fa
t that � 2 H(g0) is animmediate 
orollary of Lemma 3.1. Thus, there only remains to pass to the weaklimit (in the sense of distributions) in the following equations:(3.24) a("2nun(t) + �xun(t))� 
�tun(t)� f(un(t)) = �n(t); t 2 R; un���! = 0:We re
all that the embedding W 2;p0 (
T ) � C(
T ) is 
ompa
t, 
onsequently, theweak 
onvergen
e un ! u in W (1;2);plo
 (
) implies the strong 
onvergen
e un ! u inClo
(
). This allows to pass to the limit in the nonlinear term f(un(t)). Passingto the limit n ! 1 in the linear terms of (3.24) (in the sense of distributions) isevident and, 
onsequently, we prove that the fun
tion u 2W 2;p0;b (
) and satis�esa�xu(t)� 
�tu(t)� f(u(t)) = �(t); t 2 R17



and, therefore, u 2 K0� and Theorem 3.2 is proven.Remark 3.5. Sin
e the embedding V p0 (!) � V p�Æ0 (!) \ C(!) is 
ompa
t, then(3.21) implies that(3.25) lim"!0 distV p�Æ0 (!)\C(!) �A";A0� = 0;for every Æ > 0.To 
on
lude this se
tion, we 
onsider the appli
ations of Theorem 3.2 to equation(0.4) and, 
onsequently, we assume from now on that(3.26) g"(t) := g("�1t); for some g 2 Lpb(
):Example 3.1. Let the assumptions of Theorem 3.1 hold, (3.26) be satis�ed andthe fun
tion g 2 Lpb(
) have the following hetero
lini
 pro�le stru
ture: there existg� := g�(x) 2 Lp(!) su
h that(3.27) limh!�1 kThg � g�kLp(
0) = 0:Then, obviously, g" ! g0 as "! 0 in Lpb(
), where(3.28) g0(t) := � g+; for t � 0,g�; for t < 0and, 
onsequently, (3.19) and (3.20) are also satis�ed. Thus, due to Theorem 3.2,the uniform attra
tors A" of equations (3.18) (or, whi
h is the same, the attra
torsof (0.4)) tend as "! 0 (in the sense of (3.21)) to the uniform attra
tor of the limitparaboli
 equation with the external for
es (3.28). In parti
ular, if g+ = g� thenthe limit paraboli
 problem is autonomous.In order to 
onsider the next examples, we need the following proposition whi
his adopted to the study of os
illating in time external for
es g" in (3.18).Proposition 3.1. Let g 2 L1(R; Lp(
)) and g" be de�ned by (3.26). We alsoassume that there exists �g = �g(x) 2 Lp(!) and a monotoni
 fun
tion ~�(T ) su
hthat limT!1 ~�(T ) = 0 and(3.29) T�1



 Z t+Tt (g(s)� �g) ds



L2(!) � ~�(T );for all T 2 R+ and t 2 R. Then, the fun
tions g"(t) := g("�1t), " 6= 0 and g0(t) � �gsatisfy 
onditions (3.19) and (3.20).Proof. Indeed, 
ondition (3.19) is obviously satis�ed sin
e g 2 Lpb(
) and g"(t) :=g("�1t). So, we only need to verify that (3.29) implies (3.20). We �rst 
onsider the
ase where s � "1=2 in (3.20). In this 
ase, integral in the left-hand side of (3.20)
an be estimates by Cs � C"1=2 where the 
onstant C is independent of � and "(sin
e g 2 L1(R; Lp(!))). We now 
onsider the 
ase 1 � s � "1=2. In this 
ase,(3.29) imply thatZ �+s� (g("�1t)� �g) dt = s (s=")�1 Z "�1(�+s)"�1� (g(v)� �g) dv � s~�(s=") � ~�("�1=2)18



and, 
onsequently (sin
e limT!1 ~�(T ) = 0), estimate (3.20) hold with �(") :=C"1=2 + ~�("�1=2). Proposition 3.2 is proven.Example 3.2. Let the assumptions of Theorem 3.1 hold, (3.26) be satis�ed andthe fun
tion g belong to Cb(R; Lp(!)) and be almost-periodi
 with respe
t to t withvalues in Lp(!) (the latter means that the hull H(g) is 
ompa
t in Cb(R; Lp(!)),a

ording to the Bo
hner-Amerio 
riterium, see [21℄). Then, assumption (3.29) issatis�ed, due to the Krone
ker-Weyl theorem, see [21℄. Thus, the uniform attra
torsA" of ellipti
 problems (3.18) with the rapidly os
illating external for
es g"(t) :=g("�1t) (g is now almost-periodi
) 
onverge as "! 0 to the global attra
tor A0 ofthe limit autonomous paraboli
 equation with the averaged external for
es g0 � �g.In 
on
lusion, we give an example of os
illating external for
es g 2 Lpb(
) whi
hare not almost-periodi
 with respe
t to time, but satisfy the assumptions of Propo-sition 3.2, see [9℄ for further examples.Example 3.3. Let g1(t) and g2(t) be two di�erent 1-periodi
 fun
tions with respe
tto t whi
h belong to L1(R; Lp(!)) and have zero mean. We set(3.30) g(t) := � g1(t); for t 2 [4k2; (2k + 1)2) and k 2 Z,g2(t); for t 2 [(2k � 1)2; 4k2) and k 2 Z.Then, obviously, this fun
tion is not almost-periodi
 with respe
t to t (even in the
ase where g1 and g2 are smooth), but 
ondition (3.29) is obviously satis�ed with�g = 0, sin
e the periodi
 fun
tions g1 and g2 have zero mean. Thus, in this 
ase,the attra
tors A" of equations (3.18) with non almost-periodi
 rapidly os
illatingexternal for
es g"(t) := g("�1t) 
onverge as "! 0 to the attra
tor A0 of the limitparaboli
 equation with zero external for
es.x4 Lo
al 
onvergen
e as " ! 0 of the individual solutions.In this se
tion, we obtain several auxiliary results on the 
onvergen
e of thesolution u"(t) := U"g"(t; �)u� as " ! 0 to the 
orresponding solution u0(t) :=U0g0(t; �)u� of the limit paraboli
 problem whi
h will be essentially used in the nextse
tions. We also assume (for simpli
ity) that 
ondition (3.20) is satis�ed with theautonomous limit fun
tion g0 � �g 2 Lp(!). Then, equations (3.18) 
onverge as"! 0 to the following autonomous rea
tion-di�usion problem:(4.1) 
�tu0 = a�xu0 � f(u0) + �g; u0���! = 0; u0��t=� ;whi
h generates a dissipative semigroup St := U0�g (t; 0) in the phase spa
e V p0 (!)and possesses the global attra
tor A0 � V p0 (!), see Theorems 1.1, 2.1 and 3.1.The following theorem gives the estimate for the L2(!)-norm of distan
e betweenU"g"(t; �) and St�� .Theorem 4.1. Let the assumptions of Theorem 3.2 hold, p > 2pmin and g0(t) ��g 2 Lp(!). Then, for every " � "00, h" 2 H(g"), � 2 R, t � � and u� 2 V p0 (!), thefollowing estimate holds:(4.2) kU"h"(t; �)u� � St��u�kL2(!) � C("2 + �("))1=2eK0(t��);19



where the fun
tion �(") is de�ned in (3.20) and the 
onstants C and K0 depend onthe V p0 (!)-norm of u0, but are independent of ", t and � .Proof. We set u"(t) := U"h"(t; �)u� , u0(t) := St��u� and v"(t) := u"(t) � u0(t).Then, the last fun
tion satis�es(4.3) 
�tv" � a�xv" + l"(t)v" = a"2�2t u"(t) + (h"(t)� �g); v"���! = 0; v"��t=� = 0;where l"(t) := R 10 f 0(su"(t) + (1� s)u0(t)) dt. Multiplying equation (4.3) by v"(t),integrating over (�; t)� 
 and using that l"(t) � �K and 
 = 
� > 0, we have(4.4) (
v(t); v(t))� 2Kkv(t)k2L2 � 2"2�� Z t� (a�tu"(s); �tu"(s)� �tu0(s)) dsj++ 2"2j(a�tu"(t); v(t))j+ 2j Z t� (h"(s)� �g; v(s)) dsj:We now note that, due to the assumption p > 2pmin, we may apply estimate (1.7)with the exponent p=2 > 2 instead of p to equations (3.18). Then, using estimate(3.19) and embedding (2.28), we have(4.5) Z T+1T �k�tu"(t)k2L2(!) + k�tu0(t)k2L2� dt++ "2k�tu"(T )k2L2 + "2k�tu0(T )k2L2 + ku"(T )k2L2 + ku0(T )k2L2 � C 0;where the 
onstant C 0 depends on ku0kV p0 , but is independent of ", h", � and T .Thus, there only remains to estimate the last term in (4.4). To this end, we re
allthat the limit fun
tion g0(t) � �g in (3.20) is now independent of t. Consequently,due to (3.22) and (4.5), we have(4.6) Z t� (h"(s)� �g; v(s)) ds = �v(t); Z t� (h"(s)� �g) ds��� Z t� ��tv(s); Z s� (h"(�)� �g) d�� ds �� (t+ 1� �)�(")(kv(t)kL2 + Z t� k�tv(s)kL2 ds) � C 00(t+ 1� �)2�("):Inserting estimates (4.6) and (4.5), to inequality (4.4), we infer(4.7) (
v(t); v(t))�Kkv(t)k2L2 � C1("2 + (t� � + 1)2�("));Using now that 
 > 0 and applying the Gronwall' inequality to (4.7), we �nallydedu
e that(4.8) kv(t)k2L2(!) � C2eK0(t��)("2 + �(")):for some positive 
onstants C2 and K0. Theorem 4.1 is proven.The following 
orollary reformulates estimate (4.2) in terms of dis
rete 
as
ades(2.27) a
ting on the phase spa
e V p0 (!). 20



Corollary 4.1. Let the assumptions of Theorem 4.1 hold and let, in addition, theexternal for
es g" be uniformly bounded in Lp+Æb (
), for some Æ > 0, i.e.(4.9) kg"kLp+Æb (
) � C;where C is independent of ". Then, the following estimate is valid:(4.10) kU"h"(l;m)um � Sl�mumkV p0 (!) � CeK0(l�m)("2 + �("))�;where the positive 
onstant � depends only on p and n and the 
onstants K 0 and Cdepend on ku0kV p0 , but are independent of ", h" and l;m 2 Z (with l � m).Proof. Sin
e the fun
tions g" are assumed to be uniformly bounded in Lp+Æb (!),then (repla
ing the exponent p by p+Æ) we derive from Theorem 1.1 and Corollary1.2 (analogously to (2.29)) that(4.11) kU"h"(l;m)umkV p+Æ0 (!) + kSl�mumkV p+Æ0 (!) � C 00;where the 
onstant C 00 is independent of ", h", l;m and um. Estimate (4.10) is animmediate 
orollary of (4.2), (4.11) and the following interpolation inequality:(4.12) kwkV p0 (!) � Ckwk�ÆL2(!) � kwk1��ÆV p+Æ0 (!);for the appropriate 0 < �Æ < 1 (see, e.g. [28℄) and Corollary 4.1 is proven.Our next task is to obtain the analogue of Theorem 4.1 and Corollary 4.1 forthe Fre
het derivatives of the pro
esses U"g"(t; �).Theorem 4.2. Let the assumptions of Theorem 4.1 hold. Then, for every u� 2ku�kV p0 (!), the following estimate is valid:(4.13) kDuU"h"(t; �)(u�)�DuSt�� (u� )kL(V p0 (!);L2(!)) � CeK00(t��)("2 + �("))1=2;where the 
onstants K 00 and C depend on ku0kV p+Æ0 (!), but are independent of ",h" and t; � 2 R (with t � �).Proof. We set w"(t) := DuU"h"(t; �)(u�)� and w0(t) := DuSt�� (u� )�, where � 2V p0 (!) is an arbitrary ve
tor. Then, a

ording to Theorem 2.2, these fun
tionssatisfy the equations(4.14) ( a("2�2tw" +�xw")� 
�tw" � f 0(u"(t))w" = 0; w"���! = 0; w"��t=� = �;a�xw0 � 
�tw0 � f 0(u0(t))w0 = 0; w0���! = 0; w0��t=� = �;where u0(t) and u"(t) are the same as in the proof of Theorem 4.1. Then, a

ordingto Lemma 2.1 (where p is now repla
ed by p=2) embeddings (2.28) and the fa
t thatV p=20 � L1, we have, analogously to (4.5),(4.15) Z T+1T (k�tw"(t)k2L2 + k�tw0(t)k2L2) dt+ "2k�tw"(T )k2L2(!)++ kw0k2L1(
T ) + kw"k2L1(
T ) � C1e2�0(T��)k�k2V p0 (!);21



where the 
onstant C1 depend on ku0kV p0 (!), but is independent of ", h", � 2 V p0 (!),� 2 R and T � � .We now set �"(t) := w"(t)� w0(t). Then, this fun
tion satis�es
�t�"� a�x�"+ f 0(u"(t))�" = a"2�2tw"(t)� [f(u"(t))� f(u0(t))℄w"(t); �"��t=� = 0:Multiplying this equation by �"(t), integrating over (T; �)� ! and using that f 0 ��K and the fun
tions u"(t) and u0(t) are uniformly bounded in the L1-norm, wehave (analogously to (4.4))(4.16) k�"(t)k2L2(!) �K3 Z T� k�"(t)k2L2(!) dt �� C"2 Z T� �k�tw"(t)k2L2(!) + k�tw0(t)k2L2(!)� dt+ C"4k�tw"(T )k2L2(!)++ C2 Z T� ku"(t)� u0(t)k2L2(!)kw"(t)k2L1(!) dt;where the 
onstants C, K3 and C2 are independent of " and T . Inserting estimates(4.2) and (4.15) to the right-hand side of (4.16), we have(4.17) k�"(T )k2L2(!) �K3 Z T� k�"(t)k2L2(!) dt �� C 02(T � � + 1)("2 + �("))e4�0(T��)k�k2V p0 (!):Applying the Gronwall inequality to this estimate, we derive estimate (4.13) and�nish the proof of Theorem 4.2.The following 
orollary is the analogue of Corollary 4.1 for the Fre
het deriva-tives.Corollary 4.2. Let the assumptions of Theorem 4.1 hold and let, in addition, theexternal for
es g" be uniformly bounded in Lp+Æb (
), for some Æ > 0 (i.e., (4.9) besatis�ed) Then, the following estimate is valid:(4.18) kDuU"h"(l;m)(um)�DuSl�m(um)kL(V p0 (!);V p0 (!)) � CeK0(l�m)("2+�("))�;where the positive 
onstant � is the same as in Corollary 4.1 and 
onstants C andK 0 depend on kumkV p+Æ0 , but are independent ", h" and l;m 2 Z (with l � m).Indeed, analogously to (2.29) and (4.5), we have(4.19) kDuU"h"(l;m)(um)�DuSl�m(um)kL(V p0 (!);V p+Æ0 (!)) � C 0e�0(l�m);where l � m+ 1 and the 
onstant C 0 depends on kumkV p+Æ0 , but is independent of", l and m. Estimate (4.18) is an immediate 
orollary of (4.19), (4.13) and (4.12).We now re
all that the all of the estimates obtained in Theorems 4.1 and 4.2 andCorollaries 4.1 and 4.2 essentially depend on the fun
tion �(") introdu
ed in (3.20).To 
on
lude this se
tion, we formulate the additional assumptions on g"(t) whi
hguarantee that this fun
tion is linear with respe
t to ". For simpli
ity, we assumethat the external for
es g"(t) satisfy (3.26) (i.e., g"(t) := g("�1t)) and g 2 Lp+Æb (
).22



Proposition 4.1. Let the assumptions of Theorem 4.1 hold and (3.26) be satis�edfor some g 2 Lp+Æb (
), Æ > 0. Assume also that the fun
tion g(t)� �g has a boundedprimitive, i.e.(4.20) g(t)� �g = �tG(t);for some G 2 Cb(R; L2(!)). Then, the fun
tions g"(t) satisfy (3.20) with �(") := C"where C is independent of ".Proof. Indeed, thanks to (4.20) and (3.26), we have(4.21) Z t+st (g"(�)� �g) d� = "(G("�1(t+ s))�G("�1t)):Sin
e G 2 Cb(R; L2(!)) then (4.21) implies the estimatek Z t+st (g"(�)� �g) d�kL2(!) � C"and Proposition 4.1 is proven.x5 The nonautonomous regular attra
tor.In this se
tion, based on the theory of nonautonomous perturbations of regularattra
tors (see [11℄ and [13℄), we obtain the detailed des
ription of the stru
ture ofattra
tors of equations (3.18) with "� 1 in 
ase where the limit paraboli
 equation(4.1) is autonomous and possesses a global Liapunov fun
tion. For simpli
ity, werestri
t ourselves to 
onsider only the 
ase of rapidly os
illating external for
esg"(t) := g("�1t) where g is an almost-periodi
 fun
tion with respe
t to t withvalues in Lp+Æ(!):(5.1) g 2 AP (R; Lp+Æ (!)); p > 2pmin; Æ > 0;The general 
ase will be 
onsidered in the forth
oming paper. In order to have theexpli
it expression for the Liapunov fun
tion, we also assume that(5.2) a = a� and f(u) := ruF (u); for some F 2 C1(Rk ;R):Indeed, in this 
ase, the global Liapunov fun
tion for problem (4.1) 
an be intro-du
ed as follows:(5.3) L(u0) := Z! arxu0:rxu0 + 2F (u0) + 2�g:u0 dx:Let R � V p0 (!) be the set of equilibria of problem (4.1), i.e.(5.4) R := fz 2 V p0 (!); a�xz � f(z) + �g = 0g:Our �nal assumption is that all of the equilibria of R are hyperboli
, i.e.(5.5) R = fzigNi=1 and �(
�1a�x � 
�1f 0(zi)) \ iR = ?; i = 1; � � � ; N;where �(L) denotes the spe
trum of the operator L (as known, see [4℄, assumption(5.5) is satis�ed for generi
 �g 2 Lp(!) (belonging to some open and dense subset ofLp(!))). It is also well-known that, under above assumptions, the global attra
torA0 of problem (4.1) possesses the following des
ription.23



Theorem 5.1. Let the assumptions of Theorem 1.1 hold and let, in addition,(5.2-5.5) be satisi�ed. Then,1. Every solution u(t), t 2 R, of (4.1) belonging to the attra
tor A0 stabilizes ast! �1 to di�erent equilibria z� 2 R:(5.6) limt!�1 ku(t)� z�kV p0 (!) = 0;where z+ 6= z�.2. The attra
tor A0 possesses the following des
ription:(5.7) A0 = [Ni=1M+zi ;whereM+zi is �nite-dimensional unstable manifold of the equilibrium zi 2 R. More-over, M+zi is a C1-submanifold of V p0 (!) whi
h is di�eomorphi
 to R�+i , where �+iis the unstability index of the equilibrium zi.3. The set A0 is an exponential attra
tor of the semigroup St asso
iated withequation (4.1), i.e. there exist a positive 
onstant � and a monotoni
 fun
tion Qsu
h that, for every bounded subset B � V p0 (!), the following estimate holds:(5.8) distV p0 (!) (StB;A") � Q(kBkV p0 (!))e��t:The proof of this theorem 
an be found, e.g. in [4℄.The main task of this se
tion is to obtain the analogue of Theorem 5.1 forequations (3.18) with small positive ". We re
all that, in 
ontrast to the 
ase " = 0,for positive ", we have the nonautonomous equation (3.18) and, 
onsequently, thenatural analogue of Theorem 5.1 
an be formulated in terms of pullba
k attra
torsA"h"(t) of equations (3.18) (or, whi
h is the same, the kernel se
tions K"h"(t), seeDe�nitions 3.2 and 3.3 and Proposition 3.1). To this end, we �rst need the analogueof the equilibria set (5.4) for nonautonomous system (3.18).Proposition 5.1. Let the assumptions of Theorem 1.1 hold and (5.1-5.5) be satis-�ed. Then there exist ~"0 > 0 and Æ0 > 0 su
h that, for every " � ~"0, h 2 H(g) andzi 2 R, there exists a unique solution u"h;i(t) of the problem(5.9) a("2�2t u+�xu)� 
�tu� f(u) = h"(t); t 2 R; h"(t) := h("�1t);whi
h satis�es the 
ondition ku"h;i � zikCb(R;V p0 (!)) � Æ0. Moreover, this solution isalmost-periodi
 with respe
t to t:(5.10) u"h;i 2 AP (R; V p" (!)) and ku"h;i � zikCb(R;V p0 (!)) � C("2 + �("))�;where the 
onstants C is independent of " and h, the fun
tion �(") is introdu
ed in(3.20) and � > 0 is the same as in Corollaries 4.1 and 4.2. In parti
ular, u"h;i ! zias "! 0.Proof. Instead of solving (5.9), we �rst solve the following dis
rete analogue of thisequation:(5.11) u(n+ 1) = U"h"(n+ 1; n)u(n)24



in the spa
e of sequen
es u 2 L1(Z; V p0 (!)). We are going to solve (5.11) nearthe 
onstant sequen
e u(n) � z0 using the impli
it fun
tion theorem. Indeed, dueCorollaries 2.4, 4.1 and 4.2, the operators U"h"(n+1; n) are 
lose to S1 together withtheir Fre
het derivatives as "! 0 (uniformly with respe
t to n and h). Moreover,the linearized problem (whi
h 
orresponds to (5.11) at " = 0 and u = z0)(5.12) w(n)�DuS1(zi)w(n) = ~h(n)is uniquely solvable in L1(Z; V p0 (!)) for every ~h 2 L1(Z; V p0 (!)) (due to hyperbol-i
ity of the equilibrium zi, see [12℄). Thus, the impli
it fun
tion theorem is indeedappli
able to equation (5.11) and gives the existen
e and uniqueness of the solution�u"h;i 2 L1(Z; V p0 (!)) of (5.11), for suÆ
iently small " > 0, whi
h belongs to a smallneighborhood of the equilibrium z0. Moreover, due to (2.30) (4.10) and (4.18), theimpli
it fun
tion theorem also gives that(5.13) k�u"h;i(n)� zikV p0 (!) � C("2 + �("))�; 8n 2 Z;where C is independent of h, i and ", �(") is de�ned in (3.20) and � > 0 is thesame as in Corollary 4.1. The desired 
ontinuous fun
tion u"h";z0(t), t 2 R, 
an benow de�ned as follows:(5.14) u"h;i(t) := u"Tth;i(0):Obviously, (5.14) is a solution of (5.9) whi
h belongs to the spa
e Cb(R; V p+Æ" (!))(due to Corollary 1.2) and satis�es(5.15) ku"h;ikCb(R;V p+Æ" (!)) � C;where the 
onstant C is independent of ", i and h. The uniqueness of this solutions(in a small neighborhood of z0) is an immediate 
orollary of the uniqueness of thedis
rete solution �u"h;i(m). The almost-periodi
ity of this fun
tion is a standard
orollary of that uniqueness, see e.g. [21℄). Proposition 5.1 is proven.Now we are ready to de�ne the analogues of the unstable sets Mzi for problem(5.9). Sin
e this problem is 'nonautonomous' then these manifolds also depend on t.De�nition 5.1. Let the assumptions of Proposition 5.1 hold. For every " � b"0,h 2 H(g) and t 2 R, we de�ne the set M+";h;i(�) as follows:(5.16) M+";h;i(�) := �u� 2 V p" (!); 9u 2 Cb(R; V p" (!)); whi
h solves (5.9)and su
h that u(�) = u� and limt!�1 ku(t)� u"h;i(t)kV p" (!) = 0	;where u"h;i(t) is the solution of (5.9) 
onstru
ted in Proposition 5.1. Thus, set (5.16)
onsists of the values u(�) at moment � of all solutions u 2 Cb(R; V p" (!)) of (5.9)whi
h tend to u"h;i(t) as t! �1.Obvously, the sets (5.16) are stri
tly invariant with respe
t to the dynami
alpro
ess U"h"(t; �) generated by equation (5.9):(5.17) M+";h;i(t) = U"h"(t; �)M+";h;i(�); t; � 2 R; t � �:We are now ready to formulate the analogue of Theorem 5.1 for the pullba
k at-tra
tors A"h"(t) asso
iated with equations (5.9).25



Theorem 5.2. Let the assumptions of Proposition 5.1 hold. Then, there existsb"00 > 0, 0 < b"00 � b"0 � 1 su
h that for every " � b"00 and h 2 H(g), the following
onditions are satis�ed:1. Every bounded solution u 2 Cb(R; V p" (!)) of problem (5.9) stabilizes as t !�1 to di�erent almost-periodi
 'equilibria' of (5.9) 
onstru
ted in Proposition 5.1:(5.18) limt!�1 ku(t)� u"h;i�(t)kV p" (!) = 0; i� 2 f1; � � � ; Ng; i� 6= i+and, 
onsequently, for every t 2 R, the pullba
k attra
tor A"h"(t) possesses thefollowing des
ription:(5.19) A"h"(t) � K"h"(t) = [Ni=1M+";h;i(t);(
ompare with (5.7)).2. For every �xed � 2 R, the sets M+h;";i(�) are C1-submanifolds of V p" (!)and are C1-di�eomorphi
 to the unstable manifolds M+zi of the limit autonomousparaboli
 problem (4.1) (whi
h are independent of � and h).3. The sets A"h"(�), � 2 R, attra
t exponentially the images of all bounded subsetsof V p0 ("), i.e, there exist a positive number � and a monotoni
 fun
tion Q (whi
hare independent of ", h, t and �) su
h that(5.20) distV p" (!) �U"h"(t; �)B;A"h"(t)� � Q(kBkV p" (!))e��(t��);for every bounded subset B � V p" (!), h 2 H(g) and t; � 2 R, t � � .Sket
h of proof. The result of Theorem 5.2 is a 
orollary of the nonautonomousperturbation theory of regular attra
tors developed in [12℄ and [14℄. In order toapply this theory to equation (5.9), we 
onsider the dis
rete pro
esses(5.21) U"h"(l;m) : V p0 (!)! V p0 (!)asso
iated with this problem in phase spa
e V p0 (!) whi
h is independent of ". Then,it follows Corollaries 2.4, 4.1 and 4.2 then these pro
esses tend (together with theirFre
het derivative) as " ! 0 to the semigroup Sl�m asso
iated with the limitparaboli
 equation (4.1) in the phase spa
e V p0 (!) and this 
onvergen
e is uniformwith respe
t to h 2 H(g). Moreover, estimate (2.29) guarantees the uniform (withrespe
t to " and h 2 H(g)) dissipativity of these pro
esses and Theorem 2.3 givesthe inje
tivity of all the operators (5.21). We also re
all that the limit dis
retesemigroup Sn, n 2 N , possesses the regular attra
tor A0 (due to Theorem 5.1).Then, thanks to the theory of nonautonomous perturbations of regular attra
tors,see [12℄ and [14℄), the pullba
k attra
tors A"h"(n), n 2 Z, h 2 H(g), of dis
retepro
esses (5.21) satisfy the dis
rete analogue of Theorem 5.2 (in the phase spa
eV p0 (!) instead of V p" (!)).The 
ontinuous 
ase 
an be redu
ed to that dis
rete 
ase using the obviousrelation:(5.22) A"h"(t+ l) = A"Tth"(l); t 2 R; l 2 Zand, �nally, the phase spa
e V p0 (!) 
an be repla
ed by V p" (!), due to smoothingproperty (1.15) and embeddings (2.28). Thus, Theorem 5.2 is proven.The following simple 
orollary gives the estimate for the symmetri
 distan
ebetween the nonautonomous attra
tors A"h"(t) and the limit autonomous attra
-tor A0. 26



Corollary 5.1. Let the assumptions of Theorem 5.1 hold. Then, the attra
torsA"h"(�) tend to A0 as "! 0 in the following sense:(5.23) sup�2R suph2H(g) distsymV p0 (!) �A"h"(�);A0� � �C�"2 + �(")��;where the 
onstants �C, R0 and 0 < � < 1 are independent of " and �(") is the sameas in Corollaries 4.1 and 4.2 and(5.24) distsymV (X;Y ) := maxfdistV (X;Y ); distV (Y;X)gis the symmetri
 Hausdor� distan
e between sets X and Y in V .Proof. We �rst note that, thanks to (5.22), it is suÆ
ient to verify (5.23) for � 2 Zonly. Assume now that ul 2 A"h"(l) � K"h"(l) for some l 2 Z and h 2 H(g). Then,for every n 2 N there exists ul�n 2 K"h"(l�n) su
h that ul = U"h"(l; l�n)ul�n. Weset u�l := Snul�n, where St is the semigroup asso
iated with the limit paraboli
equation (4.1). Then, sin
e K"h"(t) are uniformly bounded in V p0 (!), then, due toCorollary 4.1, we have(5.25) kul � u�l kV p0 � C("2 + �("))�eKnwhere the 
onstants C and K are independent of ", l and h. On the other hand,sin
e the attra
tor A0 is exponential (see (5.8)), then(5.26) distV p0 �u�l ;A0� � Ce��n:Combining (5.25) and (5.26), and taking into a

ount that ul 2 A"h"(l) and n 2 Nare arbitrary, we have(5.27) distV p0 �A"h"(l);A0� � C infn2N �e��n + ("2 + �("))�eKn� :Fixing the parameter n = n(") in the right-hand side of (5.27) in an optimal way(i.e. as a solution of the equation e��n = ("2 + �("))�eKn), we �nally dedu
e thatdistV p0 �A"h"(l);A0� � C1("2 + �("))�;where the positive 
onstants C1 and � are independent of l, " and h. The inequalityfor distV p0 (A0;A"h"(l)) 
an be proven analogously (using the uniform exponentialattra
tion property (5.20) instead of (5.8)). Thus, Corollary 5.1 is proven.Corollary 5.2. Let the assumptions of Theorem 5.2 hold. Assume also that thealmost-periodi
 fun
tion g(t)� �g (where �g is a mean value of g(t)) has a boundedprimitive (i.e, (4.20) is satis�ed) Then, estimate (5.23) 
an be improved as follows:(5.28) sup�2R suph2H(g) distsymV p0 (!) �A";h(�);A0� � �C1"�1 ;where �C1 is independent of ", �1 := ��.Indeed, (5.28) is an immediate 
orollary of (5.24) and Proposition 4.1.We now return to the uniform attra
tor A" asso
iated with problem (5.9).27



Corollary 5.3. Let the assumptions of Theorem 5.2 hold. Then the nonautonomousregular attra
tor A"g"(t), t 2 R, of (5.9) and its uniform attra
tor A" (
onstru
tedin Theorem 3.1) satisfy the following relation:(5.29) A" = [h2H(g)A"h"(t) = � [t2R A"g"(t)�V p0 (!)and, 
onsequently(5.30) distsymV p0 (!) �A";A0� � �C�"2 + �(")℄�:In parti
ular, the uniform attra
tors A" tend to A0 (upper and lower semi
ontinu-ous) as "! 0.Indeed, the �rst equality in (4.20) is an immediate 
orollary the �rst assertion ofTheorem 5.2 and des
ription (3.7) of uniform attra
tor A". The se
ond inequalityin (5.29) 
an be easily veri�ed using the exponential attra
tion property (5.23)and the alternative de�nition of the uniform attra
tor A" whi
h is formulated inRemark 3.1. Estimate (5.30) follows immediately from (5.24) and (5.29).Remark 5.1. The �rst assertion of Theorem 5.2 
an be reformulated as follows:problem (5.9) has exa
tly N almost-periodi
 solutions u"h;i(t) whi
h are lo
al-ized near the equilibria zi 2 R, i = 1; � � � ; N , and every other bounded solutionu 2 Cb(R; V p0 (!)) is a heter
lini
 
onne
tion between two di�erent almost periodi
solutions of this problem.Remark 5.2. We note that 
ondition (5.27) is, obviously, always satisifed if theexternal for
e g(t) is periodi
 with respe
t to t. Thus, in 
ase of periodi
 g, wehave estimate (5.28) for the symmetri
 distan
e between the perturbed (A"h"(t))and nonperturbed (A0) regular attra
tors without any additional assumptions and(as a 
orollary) the following estimate is satis�ed for the uniform attra
tors:(5.30) distsymV p0 (!) �A";A0� � �C1"�1 :Unfortunately, in more general 
ase of quasiperiodi
 or almost-periodi
 externalfor
es, 
ondition (5.27) is not satis�ed automati
ally and should be veri�ed, seee.g. [8℄, and [17℄ for various suÆ
ient 
onditions.Appendix A. Proof of Lemma 1.1In this Appendix, we give the proof of the L2-estimate (1.7) for equation (1.1).To this end, we �rst re
all the standard regularity estimate for the following linearequation of the form (1.1) with 
 = 0:(A.1) a("�2t u+�xu) = h(t); (t; x) 2 
+; h 2 Lp(
+)Lemma A.1. Let u be a solution of (A.1). Then, the following estimate holds:(A.2) "2k�2t ukLp(
+)+kukLp(R+;W 2;p(!)) � C �"1=pku0kW 2�1=p;p(!) + khkLp(
+)� ;where the 
onstants C and C 0 are independent of ".Proof. Indeed, res
aling the time t = "t0 and introdu
ing the fun
tions ~u(t0) :=u(t=") and ~h(t0) := h(t="), we dedu
e that the fun
tion ~u satis�es equation (A.1)28



with " = 1 and with the right-hand side ~h. Applying the standard ellipti
 regularitytheorem to this equation, see e.g. [28℄, we infer(A.3) k~ukLp(R+;W 2;p(!)) + k�2t0 ~ukLp(
+) � C �k~hkLp(
+) + ku0kW 2�1=p;p(!)� :Returning to the time variable t, we derive estimate (A.2).We now proof estimate (1.7) for the nonlinear equation (1.1). To this end, weset �T (t) := e��jt�T j, where T 2 R and � > 0 is a small parameter whi
h will bespe
i�ed below, multiply equation (1.1) by �T (t)u(t) and integrate over 
�+. Then,integrating by parts and using that 
 = 
�, we have(A.4) 
"2a�tu:�tu+ arxu:rxu; �T �� + hf(u):u; �T i� = �hg:u; �T i� ++12 h
u:u; �0T i��"2 ha�tu:u; �0T i�+12(
u(�); u(�))�T (�)+"2(a�tu(�); u(�))�T (�);where hv; wi� := R1� R! v(t; x):w(t; x) dx dt (we also note that all of the integrals in(1.9) have a sense sinse the solution u is assumed to belong to W 2;p";b (
�+)). Esti-mating the right-hand side of (A.4) by S
hwartz inequality and using the obviousinequality(A.5) j�0T (t)j � ��T (t); t 2 R;and the fa
ts that f(v):v � �C and a + a� > 0, we derive that, for suÆ
ientlysmall (but independent of ") � > 0, the following estimate is valid:(A.6) 
"2j�tuj2 + jrxuj2; �T �� �C �1 + kgk2L2b(
�+) + �T (�)ku�k2L2(!) + "2�T (�)ku�kL2(!)k�tu(�)kL2(!)� ;where the 
onstant C is independent of ", � and T . We now setL"u := "2�2t u+�xu; �L"u := "2�t(�T �tu) + �T�xu � �TL"u+ "2�0T (t)�tu;multiply equation (1.1) by �L"u and integrate over 
�+. Then, integrating by parts,using that 
 = 
� > 0, we have(A.7) haL"u:L"u; �T i� + 12"2 h
�tu(�); �tu(�)i+ "2 hf 0(u)�tu; �tui� ++ hf 0(u)rxu;rxui� = �"2 haL"u; �0T �tui+ 
g; �L"u�� ++ 12"2 h
�tu:�tu; �0T i� + 12(
rxu(�);rxu(�))�T (�) + "2(f(u(�)); �tu(�))�T (�)Estimating now the right-hand side of (A.7) by S
hwartz inequality and using (A.5)and the fa
ts that a+ a� > 0, 
 > 0 and f 0(u) � �K, we infer(A.8) 
jL"uj2; �T �� + "2�T (�)k�tu(�)k2L2(!) + 
"2j�tuj2 + jrxuj2; �T �� �� C 
"2j�tuj2 + jrxuj2; �T �� ++ C �1 + kgk2L2b(
�+) + �T (�)ku�k2W 1;2(!) + "2�T (�)kf(u�)k2L2(!)� ;29



where the 
onstant C is independent of ", � and T . Aplying estimate (A.6) in orderto estimate the �rst term in the right-hand side of (A.8) and using the S
hwartzinequality in order to estimate the last term into the right-hand side of (A.6), wehave(A.9) 
jL"uj2; �T �� + "2�T (�)k�tu(�)k2L2(!) + 
"2j�tuj2 + jrxuj2; �T �� �� C1 �1 + kgk2L2b(
�+) + �T (�)ku�k2W 1;2(!) + "2�T (�)kf(u�)k2L2(!)� ;where the 
onstant C1 is independent of ", � and T . We now 
laim that(A.10) "4k�2t uk2L2(
T ) + k�xuk2L2(
T ) �� C2 �
jL"uj2; �T �� + "2 
j�tuj2 + juj2; �T �� + "�T (�)ku�k2W 3=2;2(!)� ;where C2 is independent of ", � and T � � . Indeed, let '(t) 2 C10 (R) be a 
ut-o�fun
tion su
h that '(t) = 1, for t 2 [0; 1℄, and '(t) = 0, for t =2 [�1; 2℄. For everyT � � , we set 'T (t) := '(t � T ) and uT (t) := 'T (t)u(t). Then, the last fun
tionsatis�es the following equation:L"uT (t) = hu(t) := 'T (t)L"u(t) + 2"2'0T (t)�tu(t) + "2'00T (t)u(t)Applying Lemma A.1 with p = 2 to this equation, and using that �T (t) � e�2� fort 2 [T � 1; T + 2℄, we have(A.11) "4k�2t uT k2L2(
�+) + k�xuT k2L2(
�+) � C �khuk2L2(
�+) + "kuT (�)k2W 3=2;2(!)�� C 0 �
jL"uj2; �T �� + "2 
j�tuj2 + juj2; �T �� + "�T (�)ku�k2W 3=2;2(!)�Using now (A.11) together with obvious estimate"4k�2t uk2L2(
T ) + k�xuk2L2(
T ) �� C("4k�2t uT k2L2(
�+) + k�xuTk2L2(
�+) + "4 
j�tuj2; �T �)we dedu
e estimate (A.10).Combining now estimats (A.9) and (A.10) and using thatW 2(1�1=p);p(!) � C(!)(we re
all that p > (n+ 2)=2), we have(A.12) "4k�2t uk2L2(
T ) + k�xuk2L2(
T ) + "2k�tu(�)k2L2 �� C(1 + kgk2L2b(
�+)) +Q(ku�kV p" (!))e��(T��);where the 
onstant C and the monotoni
 fun
tion Q are independent of ", � andT � � .Thus, there only remains to estimate the L2-norm of �tu. In order to do so, werewrite ellipti
 system (1.1) in the following form:(A.13) 
�tu = a�xu� f(u) + hu(t); u���! = 0; hu(t) := "2a�2t u(t)� g(t):Equation (A.13) has the form of a nonlinear rea
tion-di�usion system in the boun-ded domain ! with the nonautonomous external for
es hu(t) belonging to L2b(
�+)30



(due to estimate (A.12)). Moroeover, the nonlinearity f(u) satis�es the quasimono-toni
ity assumption f 0(v) � �K. Consequently, multiplying (A.13) by �xu(t),integrating over x and applying the Gronwall's inequality, we derive (in a standardway, see e.g. [9℄) that(A.14) ku(T )k2W 1;2(!) � Cku�k2W 1;2(!)e��(T��)+C+Z T� e��(T�t)khu(t)k2L2(!) dt;where the positive 
onstants � and C are independent of hu. Using estimate (A.12)for estimating the last term in the right-hand side of (A.14), we have(A.15) "4k�2t uk2L2(
T ) + kuk2L2((T;T+1);W 2;2(!)) + kuk2L1((T;T+1);W 1;2(!)) �� C(1 + kgk2L2b(
�+)) +Q(ku�kV p" (!))e��(T��);where the 
onstant C and the monotoni
 fun
tion Q are independent of ", � and T .We now re
all that, a

ording to the embedding theorem, see e.g. [20℄ and [28℄(A.16) kukL2qmax(
T ) � C �kukL1((T;T+1);W 1;2(!)) + kukL2((T;T+1);W 2;2(!))� ;where the exponent qmax is the same as in (1.2). Estimates (A.15) and (1.16),together with the growth restri
tion (1.2), imply that(A.17) kf(u)kL2(
T ) � Q1(ku�kV p" (!))e��(T��) +Q1(kgkL2b(
�+));where the 
onstant � > 0 and the monotoni
 fun
tion Q1 are independent of ", �and T � � . Expressing now �tu from equation (1.1) and using estimates (A.15) and(A.17), we obtain the desired estimate for �tu and �nish the proof of Lemma 1.1.Remark 1.1. We note that estimate (1.7) is valid with p = 2 (in the norm of theinitial data) although we have formally proved it only for p > pmin. Indeed, we haveused the last assumtion only in order to estimate the term "2�(�)kf(u(�)k2L2(!) in(A.8) whi
h, in turns, appears after applying the S
hwartz inequality to the term"2�(�) (�tu(�); f(u(�)))L2(!). But the growth restri
tion (1.2)(3), Lemma A.1 andthe appropriate interpolation inequality allow to estimate this term in more a

urateway: j"2 (�tu(�); f(u(�)))L2(!) j � �ku;
�k2W 2;2" (
� ) +Q�(ku�kV 2" (!));where the parameter � 
an be arbitarily small and a fun
tion Q� depends on �,but is independent of " (see [26℄ for the details). Inserting this estimate to theright-hand side of (A.8), we 
an easily derive (1.7) with p = 2.Appendix B. Uniform ellipti
 regularity in Lp-spa
es.In this Appendix, we 
onsider the following singular perturbed ellipti
 boundaryvalue problem in a half-
ylinder 
+ := R+ � !:(B.1) a("2�2t u+�xu)� 
�tu = h(t); u���! = 0; u��t=0 = u0;where u = (u1; � � � ; uk) is a ve
tor-valued fun
tion, a and 
 are given 
onstantmatri
ies su
h that a + a� > 0 and 
 = 
� > 0 and the right-hand side h belongsto Lp(
+), 2 � p <1.The main result of this appendix is the following uniform (with respe
t to ")maximal regularity estimate for the solutions of (B.1).31



Theorem B.1. Let u 2 W 2;p" (
+) be a solution of (B.1). Then, the followingestimate holds:(B.2) kukW 2;p" (
+) � C �ku0kV p" (!) + khkLp(
+)� ;where the 
onstant C is independent of " 2 [0; "0℄. In parti
ular, V p" (!) is a uniform(with respe
t to ") tra
e spa
e for fun
tions belonging to W 2;p" (
+).Proof. The proof of estimate (B.2) is based on the 
lassi
al lo
alization te
hniqueand on the multipli
ators theorems in Fourier spa
es and is more or less standard(see e.g. [20℄, [28℄). That is the reason why, in order to show that 
onstant C isindeed independent of ", we dis
uss below only the prin
ipal points of this proofresting the details to the reader. We start with the most simple 
ase 
 = 0. Westart with the Hilbert 
ase p = 2.Lemma B.1. Let p = 2 and u 2W 2;2" (
+). Then, estimate (B.2) holds.Proof. Indeed, equation (B.1) is a parti
ular 
ase of equation (1.1) with f = 0, soestimate (B.2) with p = 2 
an be proven exa
tly as Lemma 1.1 (see Apendix A).We are now ready to 
onsider the general 
ase p > 2. We �rst note that, dueto the 
lassi
al lo
alization te
hnique and estimate (B.2) for p = 2 (whi
h is ne
es-sary in order to estimate the subordinated terms appearing under the lo
alizationte
hnique), it is suÆ
ient to verify estimate (B.2) only for equation(B.3) a("2�2t u+�xu� u)� 
�tu = h; u��t=0 = u0; u0���! = 0and only for two 
hoi
es of the domain 
, namely, for 1) ! = Rn and 2) !+ =Rx1+ � Rn�1x2 ;��� ;xn (see e.g. [20℄ and [28℄). Moreover, we also note that the se
ond
ase of semi-spa
e !+ 
an be easily redu
ed to the �rst one of the the whole spa
e! = Rn by 
onsidering the odd (with respe
t to x1) solutions of (B.3) in ! = Rn .Thus, there only remains to verify estimate (B.2) for solutions of (B.3) in ! = Rn .In the next step, we redu
e the problem of studying the ellipti
 system of equa-tions (B.3) to the analogous problem for the s
alar equation. In order to do so,it is 
onvenient to extend the 
lass of admissible solutions of (B.3) and 
onsideralso the 
omplex-valued solutions u(t; x) = Reu(t; x) + i Imu(t; x) 2 C k , for every(t; x) 2 
+. Then, equation (B.3) is equivalent to the following one:(B.4) "2�2t u+�xu� u� 
0�tu = h; u���! = 0; u��t=0 = u0;where 
0 := a�1
. Moreover, without loss of generality we may assume that thematrix 
0 is redu
ed to its Jordan normal form. Then, our 
onditions on matri
esa and 
 guaranties that the real parts of all eigenvalues of 
0 are stri
tly positive:(B.5) �(
0) � f� 2 C ; Re� > 0g:Thus, (B.4) is a 
as
ade system of s
alar ellipti
 equations 
oupled by the terms
0�tu and 
0 is in Jordan normal form. That is why, it is suÆ
ient to verify estimate(B.2) only for s
alar 
omplex-valued ellipti
 equations of the form(B.6) "2�2t u+�xu� u� 2(�+ i�)�tu = h; u���! = 0; u��t=0 = u0;where �; � 2 R and � > 0. We start with the 
ase h = 0.32



Lemma B.2. Let u0 2 V p" (Rn) and let u be a solution of (B.6) with h = 0. Then,it satis�es uniform estimate (B.2).Proof. Indeed, fa
torizing equation (B.6) (with h � 0), we obtain that the fun
tionu(t) satis�es the following pseudodi�erential equation:(B.7) �tu = �A"(1��x)u; u��t=0 = u0;where(B.8) A"(z) := ��+ i� �p(�+ i�)2 + "2z"2 � z�+ i� +p(�+ i�)2 + "2zand we take the bran
h of p� whi
h is positive on R+ . Let us study equation (B.7).Proposition B.1. The solution of (B.7) satis�es(B.9) k�tukLp(
+) + kA"(1��x)ukLp(
+) � Cku0kW 2(1�1=p);p(Rn);where C is independent of ".Proof. We �rst 
onsider the following nonhomogeneous analogue of equation (B.7):(B.10) �tw +A"(1��x)w = h(t); w��t=0 = 0; w���! = 0; h 2 Lp(
+)and verify that(B.11) k�twkLp(
+) � C3khkLp(
+);where C3 is independent of ". Indeed, let us extend fun
tions w(t) and h(t) byzero for t < 0 and apply the Fourier transform ((t; x)! � := (�; �0) 2 R � Rn) toequation (B.10). Then, we have(B.12) \(�tw)(�) = K"(�)bh(�); K"(�) := i�i�+A"(j�0j2 + 1) :A

ording to the multipli
ators theorem (see e.g. [28℄), in order to verify estimate(B.11), it is suÆ
ient to prove that(B.13) sup1�i1<���<ik�n+1 sup�2Rn+1 ���i1 � � � �ik�k�i1 ;��� ;�ikK"(�)�� � C <1;where C is independent of ". So, we need to verify (B.13). To this end, we notethat, due to the assumption � > 0, the following estimates hold:(B.14) �� Imp(�+ i�)2 + "2(j�0j2 + 1)�� � �1p1 + "2(1 + j�0j2) �� �2 Rep(�+ i�)2 + "2(j�0j2 + 1) � �3p1 + "2(1 + j�0j2)33



where �i > 0, i = 1; 2; 3, are independent of " (indeed, these estimates 
an be easilyveri�ed by dire
t 
omputations based on the fa
t that � > 0). Estimates (A.17),the fa
t that � > 0 and de�nition (A.11) immediately imply that(B.15) �01�� ImA"(j�0j2 + 1)�� � j�0j2 + 1p1 + "2(j�0j2 + 1) �� �02 ReA"(j�0j2 + 1) � �03 j�0j2 + 1p1 + "2(j�0j2 + 1)and, 
onsequently(B.16) �001 �j�j+ jA"(j�0j2 + 1)j� � ��i�+A"(j�0j2+1)�� � �002 �j�j+ jA"(j�0j2 + 1)j� ;where the positive 
onstants �0i and �00i are independent of ". Moreover, due to(B.14) and (B.15)(B.17) ���i1 � � � �ik�k�i1 ����ikA"(j�0j2 + 1)�� =Ck("2j�i1 j2) � � � ("2j�ik�1 j2)j(�+ i�)2 + "2(j�0j2 + 1)jk�1 � j�ik j2pj(�+ i�)2 + "2(j�0j2 + 1)j � C 0k��A"(j�0j2 + 1)��holds, for every 2 � i1 < � � � < ik � n + 1, where the 
onstants Ck and C 0k areindependent of ". There remains to note that estimates (B.16) and (B.17) imply(B.13). Thus, estimate (B.11) is veri�ed.Let us now prove estimate (B.9). To this end, we �x an extention v(t) of theinitial data u0 inside of 
+ in su
h way that(B.18) k�tvkLp(
+) + kvkLp(R+;W 2;p(!)) � C1ku0kW 2(1�1=p);p(Rn);where C1 is independent of u0 (su
h an extention exists due to the 
lassi
al tra
etheorems, see [28℄) and introdu
e a fun
tion w(t) := u(t) � v(t) whi
h, obviously,satis�es equation (B.10) with h(t) := �tv(t) + A"(1 � �x)v(t). Thus, thanks to(B.11) and (B.18), it is suÆ
ient to verify that(B.19) kA"(1��x)v(t)kLp(Rn) � C2kv(t)kW 2;p(Rn);where C2 is independent of " and t. But this estimate 
an be easily veri�ed usingthe multipli
ators theorem and estimates (B.14), (B.15) and (B.19) (in the sameway as it was done in the proof of estimate (B.11)). Proposition B.1 is proven.We are now able to �nish the proof of Lemma B.2. Indeed, a

ording to Propo-sition B.1, every solution u(t) of (B.6) with h = 0 satis�es estimate (B.9). Inter-preting now the term 2(� + i�)�tu in equation (B.6) as the right-hand side andusing Lemma A.1, we derive that u(t) satis�es indeed estimate (B.2) with h = 0whi
h �nishes the proof of Lemma B.2.In parti
ular, Lemma B.2 implies that V p" (Rn) is a uniform tra
e spa
e for fun
-tions from W 2;p" (
+) at t = 0. Indeed, the solving operator T+ : u0 ! u for (B.6)with h = 0 
an be 
onsidered as uniform (with respe
t to ") extention operator forfun
tions from V p" (Rn) to W 2;p" (
+) and the inverse estimate(B.20) ku(0)kV p" (Rn) � CkukW 2;p" (
+)34



is an immediate of Lemma A.1 and the standard tra
e theorem for the 'paraboli
'spa
e W (1;2);p(
+).We are now ready to �nish the proof of Theorem B.1. As it was shown before,in order to do so, it is suÆ
ient to verify estimate (B.2) for equation (B.6) in
+ := R+ � Rn . Moreover, due to Lemma B.2 and due to the fa
t that V p" isa uniform tra
e spa
e for fun
tions from W 2;p" , it is suÆ
ient to verify that everysolution u 2W 2;p" (Rn+1) of(B.21) "2�tu+�xu� u� 2(�+ i�)�tu = h(t); t 2 R; x 2 Rnsatis�es the estimate(B.22) kukW 2;p" (R�Rn) � CkhkLp(Rn+1);where C is independent of ". Applying the Fourier transform to (B.21), we infer(B.23) bu(�; �0) = �"2�2 + j�0j2 + 1� 2(�+ i�)i���1 bh(�; �0)Applying the multipli
ators theorem to (B.23) (as we did in the proof of PropositionB.1), we derive estimate (B.22) whi
h �nishes the proof of Theorem B.1.To 
on
lude, we formulate several standard 
orollaries of the proved theorem therigorous proof of whi
h is left to the reader.Corollary B.1. Let h 2 Lpb(
+) and let u 2 W 2;p";b (
+) be a solution of (B.1).Then, the following estimate holds for every T � 0:(B.24) kukpW 2;p" (
T ) � Cku0kpV p" (!)e��T + C Z 10 e��jT�tjkh(t)kpLp(!) dt;where positive 
onstants C and � are independent of ", u0, T and u.Indeed, multiplying equation (B.1) by �T;�(t) := 1= 
osh(�(T � t)), where � > 0is a suÆ
iently small number, and applying Theorem B.1 to the fun
tion wT;�(t) :=�T;�(t)u(t), we obtain (B.24) after the standard estimations.The next 
orollary gives the standard interior (with respe
t to t) estimate forsolutions of (B.1).Corollary B.2. Let h 2 Lpb(
+) and let u 2 W 2;p";b (
+) be a solution of (B.1).Then, the following estimate holds for every T � 0:(B.25) kukW 2;p" (
T ) �� C(khkLp(
T�1=2;T+3=2) + kukL2(
T�1=2;T+3=2) + �(1� 2T )ku0kV p" (!));where 
T1;T2 := [maxfT1; 0g; T2℄�!, �(z) is the Heaviside fun
tion and the 
onstantC is independent of ", T and u.Indeed, the prove of (B.25) is based on multipli
ation of equation (B.1) by thespe
ial 
ut-o� fun
tion  T (t) whi
h vanishes for t =2 [T � 1=2; T + 3=2℄ and equalsone for t 2 [T; T + 1℄ and on appli
ation of Theorem B.1 to the fun
tion uT (t) := T (t)u(t) and 
an be derived in a standard way.35



Referen
es1. S. Agmon, L. Nirenberg, Lower bounds and uniqueness theorems for solutions of di�erentialequations in a Hilbert spa
e, Comm. Pure Appl. Math. 20 (1967), 207{229.2. A.V. Babin, Attra
tor of the generalized semigroup generated by an ellipti
 equation in a
ylindri
al domain, Russian A
ad. S
i. Izv. Math. 44 (1995), 207{223.3. A.V. Babin, Inertial manifolds for traveling-wave solutions of rea
tion-di�usion systems,Comm.Pure Appl.Math. 48 (1995), 167{198.4. A.V. Babin and M.I. Vishik, Attra
tors of evolutionary equations, Nauka, Mos
ow, 1989;English transl. Stud. Math. Appl., 25, North Holland, Amsterdam, 1992.5. O.V. Besov, V.P Ilyin and S.M. Nikolskij Integral representations of fun
tions and embeddingtheorems, M.: Nauka, 1996.6. �A. Calsina, X. Mora, J. Sol�a{Morales, The dynami
al approa
h to ellipti
 problems in 
ylindri-
al domains, and a study of their paraboli
 singular limit, J. Di�. Eqns. 102 (1993), 244{304.7. �A. Calsina, J. Sol�a{Morales and M. Val�en
ia, Bounded solutions of some nonlinear ellipti
equations in 
ylindri
al domains, J. Dynam. Di�. Eqns. 9 (1997), 343{372.8. V.V. Chepyzhov and M.I. Vishik Averaging of traje
tory attra
tors of evolution equationswith rapidly os
illating terms., Sb. Math 192 (2001), no. 1-2, 11{47.9. V.V. Chepyzhov and M.I. Vishik, Attra
tors for Equations of Mathemati
al Physi
s, AMS,Providen
e, RI, 2002.10. H. Crauel and Flandoli, Attra
tors for Random Dynami
al Systems, Prob. Th. Relat. Fields100 (1994), 1095-1113.11. G. Dangelmayr, B. Fiedler, K. Kir
hg�assner and A. Mielke, Dynami
s of nonlinear waves indissipative systems: redu
tion, bifur
ation and stability. Pitman Resear
h Notes in Mathe-mati
s Series, 352, Longman, Harlow, 1996.12. M. Efendiev and S. Zelik, The regular attra
tor for the rea
tion-di�usion system with a non-linearity rapidly os
illating in time and it's averaging, Universite de Poitiers, Dept. Mat.,preprint 152 (2001), 1{50.13. B. Fiedler, A. S
heel and M.I. Vishik, Large patterns of ellipti
 systems in in�nite 
ylinders,J. Math. Pures Appl. 77 (9) (1998), 879{907.14. A.Yu. Goritskij and M.I. Vishik, Integral manifolds for nonautonomous aquation, Rend. A
-
ad. Naz. XL, Mem di Math. e Appl. 115 (1997), 106{146.15. A.Yu. Goritskij and M.I. Vishik, Lo
al integral manifolds for a nonautonomous paraboli
equation, Journal of Math. S
i. 85 (1997), no. 6, 2428{2439.16. A. Haraux, Syst�emes dynamiques dissipatifs et appli
ations, Masson, 1991.17. A. Ilyin, Averaging for dissipative dynami
al systems with rapidly os
illating righ-hand sides,Mat. Sbornik 187(5) (1996), 15{58.18. K. Kir
hg�assner, Wave{solutions of reversible systems and appli
ations, J. Di�. Eqns. 45(1982), 113{127.19. P. Kloeden and B. S
hmalfuss, Nonautonomous systems, 
o
y
le attra
tors and variabletimestep dis
retization, Numer. Algorithms 14 (1997), 141{152.20. O.A. Ladyzhenskaya, O. Solonnikov and N.N. Uraltseva, Linear and Quasilinear Equationsof Paraboli
 Type, Translated from Russian, AMS, Providen
e, RI, 1967.21. B.M. Levitan and V.V Zhikov, Almost periodi
 fun
tions and di�erential equations, Cam-bridge University Press, Cambridge-New York, 1982.22. A. Mielke, Essential manifolds for an ellipti
 problem in an in�nite strip, J. Di�. Eqns. 110(1994), 322{355.23. D. Peterhof, B. Sandstede and A. S
heel, Exponential di
hotomies for solitary-wave solutionsof semilinear ellipti
 equations on in�nite 
ylinders, J. Di�. Eqns 140 (1997), 266{308.24. A. S
heel, Existen
e of fast travelling waves for some paraboli
 equations: a dynami
al systemsapproa
h, J. Dyn. Di�. Eqns. 8 (1996), no. 4, 469{547.25. B.{W. S
hulze, M.I. Vishik, I. Witt and S.V. Zelik, The traje
tory attra
tor for a nonlinearellipti
 system in a 
ylindri
al domain with pie
ewise smooth boundary, Rend. A

ad. Naz.S
i. XL Mem. Mat. Appl. 23 (1999), 125{166.26. A. Shapoval, Attra
tors and integral for ellipti
 equations with a small parameter, Dep. vVINITI 28.09.98, N 2864 - V98 (1998).27. R. Temam, In�nite{dimensional dynami
al systems in me
hani
s and physi
s, Springer{Ver-lag, New-York, 1988. 36



28. H. Triebel, Interpolation theory, fun
tion spa
es, di�erential operators, North-Holland, Ams-terdam-New York, 1978.29. M.I. Vishik and S.V. Zelik, The traje
tory attra
tor for a nonlinear ellipti
 system in a
ylindri
al domain, Math. Sbornik 187 (1996), 1755{1789.30. M.I. Vishik and S.V. Zelik, The regular attra
tor for a nonlinear ellipti
 system in a 
ylindri
aldomain, Math. Sbornik 190 (6) (1999), 23{58 (english 803{834).31. S. Zelik, The dynami
s of fast nonautonomous travelling waves and homogenization, in Pro
.of Conf. in Honor of R.Temam 60th annivesary, 7{10 of Mar
h 2000, Atlantique Editions del'A
tualite S
ienti�que, Poitou-Charents (2001), 131{142.

37


