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Nevertheless, the exists rather wide model lass of dynamial systems (whihinludes reation-di�usion equations, damped wave equations, Cahn-Hilliard equa-tion, et.) whose attrators possess more or less omplete desription. These arethe so-alled regular (global) attrators introdued in [2-3℄ (see also [11℄ for thepartiular ases). Aording to the theory developed there, the regularity of theglobal attrator requires the existene of a Lyapunov funtion for the dynamialsystem fSt; t � 0g onsidered and the �nitness and hyperboliity of all its equilibriaz0 2 R0. Then, under the additional tehnial assumptions, its global attrator Awill be a �nite union of of the unstable manifolds M+0;z0 of that equilibria:(0.1) A = [z02R0M+0;z0 :The regular attrators are exponential in the following sense: for every boundedsubset B of the phase spae, we have(0.2) dist(StB;A) � Q(kBk)e��t;where the monotoni funtion Q and the positive onstant � are independent of tand B and dist(�; �) denotes the nonsymmetri Hausdor� distane between sets.Moreover, the regular attrators are robust with respet to the perturbations,i.e., if A" is the global attrator of the perturbed semigroup fS"t ; t � 0g, " 2 [0; 1℄and the global attrator A0 is regular then, under natural assumptions on the formof the pertubation, the attrators A" are also regular for suÆiently small " and(0.3) distsym(A";A0) � C"�;where the positive onstants C and � are independent of " and distsym(�; �) denotesthe symmetri Hausdor� distane between sets.In the present paper, we onsider the nonautonomous perturbations of regularattrators. To be more preise, we study the longtime behavior of the trajetoriesof the nonautonomous dynamial proesses fU"(t; �); t � �g whih tend as " ! 0to the autonomous dynamial semigroup St under the assumption that this limitsemigroup possesses a regular attrator A0. The main aim of the paper is to verifythat the regular struture preserves under the nonautonomous perturbations aswell. Some partiular results in this diretion have been obtained in [6℄ and [8-9℄.We however note that the onept of a global attrator is not diretly applia-ble to the nonautonomous problems and sholuld be modi�ed. Up to the moment,there exist two main possibilities to generalize this onept to the nonautonomousproblems. The �rst one is based on the reduing the initial nonautonomous prob-lem to the autonomous one ating on the (properly) extended phase spae. Thisapproah naturally leads to the so-alled uniform attrator Aun" whih remainstime-independent (as in the autonomous ase, see [4℄). The alternative approahtreats the attrator of the nonautonomous problem as a time-dependent set as well(t ! A"(t), t 2 R). This assumption leads to the so-alled pullbak attrator (orwhih is the same the theory of kernel setions in the terminology of [4℄, see also[5℄ and [13℄). Analogously to the autonomous ase, the attrators t ! A"(t) aregenerated by all bounded trajetories of the proess U"(t; �) onidered. Namely,let K" be the set of all bounded trajetories of U"(t; �). Then(0.4) A"(�) = K"��t=� ;2



i.e., A"(�) onsists of values at t = � of all bounded trajetories of U"(t; �), see [4℄.As we show below (see Setion 4 and 5), the generalization of the regular at-trators theory to the nonautonomous ase an be naturally formulated in termsof the time-dependent attrators t ! A"(t). To be more preise, we assume thatthe limit semigroup St possesses the regular attrator A0. Then, under natural as-sumptions on the perturbation (see Setions 4 and 5), for all suÆiently small " andevery equilibrium z0 2 R0 of the limit semigroup St, there exists a unique trajetory�u";z0(t) of the proess U"(t; �) belonging to small neighborhood of z0. The solutions�u";z0(t), z0 2 R0, play the role of the equilibria for the nonautonomous dynamialproess U"(t; �). Moreover, the (nonautonomous) unstable sets t ! M+";z0(t) ofthat solutions are the C1-submanifolds for every t 2 R di�eomorphed toM+0;z0 andthe following generalization of (0.1) holds:(0.5) A"(�) = [z02R0M+";z0(�); � 2 R;see Setions 4 and 5. The attrators A"(�) are uniformly exponential, i.e., for everybounded subset B of the phase spae and every suÆiently small ", we have(0.6) dist(U"(t+ �; �)B;A"(t+ �)) � Q(kBk)e��t; � 2 R; t � 0;where the positive onstant C and the monotoni funtion Q are independent of ",t and � (ompare with (0.2)) and lose to the limit regular attrator A0:(0.7) distsym(A"(t);A0) � C"�; t 2 R;where positive onstants C and � are independent of " and t (ompare with (0.3)).In order to obtain these results, we �rst onsider (analogously to (3)) the aseof disrete time (fU"(t; �); t; � 2 Zg) and obtain, using the abstrat generalizationof the method suggested in [6℄, the disrete version n ! A"(n), n 2 Z, of thenonautonomous regular attrator. After that (in Setion 5), we extend this resultto the ase of ontinuous time.The paper is organized as follows. Some auxiliary results on the exponentialdihotomy of linear di�erene equations generated by linear hyperboli maps arerealled in Setion 1. The loal autonomous and nonautonomous unstable manifoldsfor the direte asades and the assoiated di�erene equations are inverstigated inSetion 2. The regular attrator for the limit autonomous semigroup fSn; n 2 Ngis onstruted in Setion 3 and its nonautonomous perturbations are studied inSetion 4. These results are extended to the ase of ontinuous time in Setion 5.The above results are illustrated (in Setion 6) on a model example of a reation-di�usion system(0.8) �tu = a�xu� f(u) + g0 + "g"(t); u��t=0 = u0; u���
 = 0in a bounded domain 
 of R3 whih has been also investigated in [8-9℄. Moreompliated appliations of the above theory will be onsidered in the forthomingpapers [15℄ and [17℄.Aknowledgements. This researh was partially supported by INTAS projetno. 00-899, CRDF grant of RM1-2343 and RFFI grant no. 02-01-00277.3



x1 Exponential dihotomy of linear differene equations.In this setion, we formulate several results on di�erene equations assoiatedwith a linear hyperboli map L of a Banah spae H whih will be used in the nextsetion for onstruting the invariant manifolds in the nonlinear map. To be morepreise, the hyperboliity of the map L 2 L(H;H) means that its spetrum doesnot interset the unit irle:(1.1) �(L) \ f� 2 C ; j�j = 1g = ?:Then, as known, the spae H an be splited in a diret sum H = H+ +H� of twoinvariant spetral subspaes H� suh that(1.2) �(L��H+) = �(L) \ fj�j > 1g; �(L��H�) = �(L) \ fj�j < 1gand, onsequently, the map L is invertible on H+ and the following estimates arevalid:(1.3) � kLnh�kH � Ckh�kH ; 8h� 2 H�; n 2 N;kL�nh+kH � Ckh+kH ; 8h+ 2 H+; n 2 N;where the positive onstants C and � are independent of n and h�. We denote by�� : H ! H� the spetral projetors assoiated with the spetral subspaes H�and by L� := ��L the restritions of L to its spetral subspaes.We now study the following linear di�erene equation, assoiated with the oper-ator L:(1.4) u(n)� Lu(n� 1) = h(n� 1); n 2 Zin the spae l1(Z; H) of bounded H-valued sequenes. The following propositiongives the solvability of problem (1.4) in this spae for every h 2 l1(Z; H).Proposition 1.1. Let the operator L 2 L(H;H) be hyperboli. Then, for everyh 2 l1(Z;H), equation (1.4) possesses a unique bounded solution u 2 l1(Z; H)and, thus the linear solving operator T 2 L(l1; l1) is well de�ned via (Th)(n) :=u(n). Moreover, the solution u 2 l1(Z;H) of equation (1.4) satis�es the followingestimate:(1.5) ku(n)kH � C 0 supl2Z�e��jn�ljkh(l)kH	where the positive onstants C and � < � depend only only on onstants C and �introdued in (1.4) (and independent of n, l and h).Proof. Indeed the solution u(n) := (u+(n); u�(n)) 2 H+ �H� an be de�ned bythe following standard expression:(1.6) u+(n) := +1Xl=n(L+)n�1�lh+(l); u�(n) := nXl=�1(L�)n�1�lh�(l):4



Obviously, the sequene u(n) thus de�ned solves (1.4) and we only need to verifyestimate (1.5). To this end, we note that, due to (1.3)(1),ku�(n)kH � C nXl=�1 e��(n�1�l)kh(l)kH �� Ce��  nXl=�1 e�(���)(n�1�l)! supl�n �e��(n�l)kh(l)kH	 �� C 0 supl2Z�e��jn�ljkh(l)kH	:The estimate for the H+ omponent of u an be obtained analogously and Propo-sition 1.1 is proven.We now onsider the analogue of equation (1.4) on a �nite segment fM;Ng :=Z\ [M;N ℄, M;N 2 �Z. To this end, we need to add the 'boundary onditions' atn =M and n = N as follows:(1.7) � u(n)� Lu(n� 1) = h(n� 1); n = fM + 1; � � � ; Ng;��u(M) = v�; �+u(N) = v+; v� 2 H�:The following proposition is the analogue of Proposition 1.1 for problem (1.7).Proposition 1.2. Let L 2 L(H;H) be a hyperboli map. Then, for every initialdata (v+; v�) 2 H and every h 2 l1(fM;Ng; H), problem (1.7) has a uniquesolution u 2 l1(fM;Ng; H) whih an be presented in the following form:(1.8) u = TM;Nh+ TlMv� + TrNv+;where the linear operator TM;N 2 L(l1(fM;Ng; H); l1(fM;Ng; H)) gives thesolution of (1.7) with zero boundary onditions (v+ = v� = 0), the operatorTlM : L(H�; l1(fM;Ng; H)) solves problem (1.7) with h = v+ = 0 and the opera-tor TrN : L(H+; l1(fM;Ng; H)) is the solving operator for (1.7) with h = v� = 0.Moreover, the following estimates hold:(1.9) 1: k(TM;Nh)(n)kH � C 0 supl2fM;Ng �e��jn�ljkh(l)kH	;2: k(TlMv�)(n)kH � Ce��(n�M)kv�kH ;3: k(TrNv+)(n)kH � Ce��(N�n)kv+kH ;where n 2 fM;Ng and the positive onstants C 0 and � depend only on C and �introdued in (1.3) (and independent of v�, h, M , N and n).Proof. Indeed, it is not diÆult to verify that the operators in (1.8) an be expressedas follows:(1.10) (TlMv�)(n) := (L�)n�Mv�; (TrNv+)(n) := (L+)N�nv+and, denoting by �h the extension by zero of the sequene h 2 l1(fM;Ng; H) tothe spae l1(Z; H),(1.11) (TM;Nh)(n) := (T�h)(n)� (L�)n�M (T�h)(M)� (L+)N�n(T�h)(N);5



where the operator T is de�ned in Proposition 1.1. Applying estimates (1.3) and(1.5) to (1.10) and (1.11), we dedue estimates (1.9) and �nish the proof of Propo-sition 1.2.We will also need (in the next setion) to onsider operators in (1.8) in weightedspaes of H-valued sequenes. To this end, we de�ne, for every  2 R, the spaeL1 (fM;Ng; H) by the following norm(1.12) kukl1 (fM;Ng;H) := supl2fM;Ng �e�lku(l)kH	:The following orollary gives the norms of operators introdued in (1.8) in theweighted spaes (1.12).Corollary 1.1. Let L be a hyperboli map and operators TM;N , TlM and TrN andthe onstant � be as in Proposition 1.2. Then,1. For every  suh that jj � �, the operator TM;N maps l1 (fM;Ng; H) toitself and(1.13) kTM;NkL(l1 (fM;Ng;H);l1 (fM;Ng;H)) � C 00where the onstant C 00 depend only on C and � from (1.3) and is independent ofM;N 2 �Z and jj � �.2. For every 0 �  � �, we have(1.14) kTrNkL(H�;l1 (fM;Ng;H)) � C 0e�N ;kTlMkL(H+;l1�(fM;Ng;H)) � C 0eM ;where the onstant C 00 depend only on C and � from (1.3) and is independent ofM;N 2 �Z and 0 �  � �.Indeed, estimates (1.13) and (1.14) are immediate orollaries of (1.9).x2 Loal invariant manifolds near the hyperboli equilibrium.In this setion, we onsider the nonlinear and nonautonomous analogue of equa-tion (1.4) in a small neighborhood of the hyperboli equilibrium z0 2 H (withoutloss of generality, we may assume that z0 = 0). To be more preise, we study thefollowing nonlinear di�erene equation in a small neighborhood of zero:(2.1) u(n)� Lu(n� 1) = S0(u(n� 1)) + P"(n; u(n� 1))where L 2 L(H;H) is a hyperboli linear map, the map S0 2 C1(H;H) satis�es(2.2) S0(0) = S00(0) = 0and its Frehet derivative v ! S00(v) is uniformly ontinuous on bounded subsets ofH and the map P"(n; v) belongs to C1(H;H), for every n 2 Z and every " 2 [0; "0℄,and for every v 2 H , kvkH � 1, these operators satisfy the following estimate(2.3) kP"(n; v)kH + kP 0"(n; v)kL(H;H) � C";6



where the onstant C is independent of ", n and v and the Frehet derivatives v !P 0"(n; v) are uniformly (with respet to n and v) ontinuous on bounded subsets ofHand n 2 Z. In partiular, (2.3) implies that P0(n; v) � P 00(n; v) � 0, onsequently,(2.1) an be interpreted as a small (if " � 1) nonautonomous perturbation of thelimit autonomous equation(2.4) u(n)� Lu(n� 1) = S0(u(n� 1)):We reall that, due to our assumptions the limit autonomous equation (2.4) hasthe (hyperboli) equilibrium �u0(n) � 0. Our �rst task is to onstrut the analogueof this equilibrium for the nonautonomous equation (2.1) for small positive ".Theorem 2.1. Let L be a hyperboli linear map and the nonlinear operators S0 andP" satisfy (2.2) and (2.3). Then, there exist a positive "0 and a small positive R0suh that, for every " � "0, equation (2.1) possesses a unique solution �u" 2 l1(Z; H)satisfying(2.5) k�u"(n)kH � R0; 8n 2 Z:Moreover, the following estimate holds:(2.6) k�u"(n)kH � C 0"where C 0 is independent of n and " and, thus, the solution �u"(n) tends to the limitequilibrium �u0(n) � 0 as "! 0.Proof. In order to solve equation (2.1) in l1(Z; H), we �rst invert the linear partof it using Proposition 1.1. Then, we have(2.7) u = T Æ S0(u) + T Æ P"(u);where S0(u)(n � 1) := S0(u(n � 1)), P"(u)(n � 1) := P"(n; u(n � 1)) and theoperator T is de�ned in Proposition 1.1. Then, onditions (2.2) and (2.3) implythat S0;P" 2 C1(l1(Z; H); l1(Z; H)) (to this end, we need the assumption on theuniform ontinuity of Frehet derivatives), S0(0) = S 00(0) = 0 and(2.8) kP"(v)kl1(Z)+ kP 0"(v)kL(l1(Z);l1(Z)) � C";for all v suh that kvkl1(Z) � 1. We are going to solve (2.7) using the impliitfuntion theorem. To this end, for every " 2 [0; 1℄, we set(2.9) �"(v) := v � T Æ S0(v)� T Æ P"(v); v 2 l1(Z; H)Then, the desired trajetory �u" solves the equation �"(�u") � 0. Moreover, obvi-ously, �0(0) = 0. In order to onstrut this solution for positive ", we need toverify that 1) �" 2 C1(l1; l1); 2) The linear operator �00(0) is invertible in H ;3) Funtions �"(v) and �0"(v) are Lipshitz ontinuous with respet to " at " = 0.Then, thanks to the impliit funtion theorem (see e.g., [16℄), for every suÆientlysmall " > 0 we will have a unique solution v = �u" of equation �"(v) = 0 whih willbe also Lipshitz ontinuous with respet to ".7



Let us verify that assumptions. Indeed �" 2 C1(l1(Z); l1(Z)), sine S0 andP" belong to this spae; de�nition (2.9) immediately implies that �00(0) = Id and,thus, the seond ondition is also veri�ed. Moreover, due to (2.8), we have(2.10) k�"(v)��0(v)kl1(Z)+ k�0"(v)��00(v)kL(l1(Z);l1(Z)) � C 0"and the third ondition is also veri�ed. Consequently, the impliit funtion theoremis indeed appliable to equation (2.7) and, onsequently, for every " 2 [0; "0℄, thereexists a solution �u" of (2.7) whih is unique in a suÆiently small neighborhoodof zero in l1(Z; H). Moreover, obviously, �u0 = 0 and, therefore, (2.10) impliesestimate (2.6) and Theorem 2.1 is proven.Remark 2.1. It is not diÆult to verify that, if the operator P"(n; v) is au-tonomous, periodi, quasiperiodi or almost-periodi with respet to n, the samewill be true for the solution �u"(n) onstruted in Theorem 2.1.Our next task is to onstrut the loal unstable manifolds for problem (2.1)near zero di�eomorphed to linear spae H+. We start our exposition with theautonomous ase " = 0 (whih orresponds to equation (2.4)).De�nition 2.1. For a given Æ > 0, the loal unstable set M+;lo = M+;loÆ isde�ned as follows:(2.11) M+;lo := fu0 2 H; 9u 2 l1(Z�; H); kukl1(Z�) � Æ;u(n) solves (2.4) for n 2 Z�, u(0) = u0 and limn!�1u(n) = 0g;i.e., M+;lo onsists of all u0 2 H for whih there exists a bakward solution u(n),n 2 Z� of problem (2.4) belonging to the Æ-neighborhood of zero for every n 2 Z�and tending to zero as n! �1 suh that u(0) = u0.It is well known that, if the map L is hyperboli and the Æ > 0 is small enough,then sets M+;lo are, in fat, C1-submanifolds of H di�eomorphed to H+. To bemore preise, the following result holds.Theorem 2.2. Let L be a linear hyperboli map, " = 0 and the map S0 satisfy theassumptions of Theorem 2.1. Then, there exist Æ > 0, a neighborhood V+ of zeroin the spae H+ and a C1-map M : V+ ! H� suh that M (0) = M 0 (0) = 0 and(2.12) M+;loÆ \ (V+ �H�) = �v+ + M (v+ ); v+ 2 V+	;i.e., M+;lo \ (V+ �H�) is a graph of the funtion M : V+ ! H�.The proof of this theorem an be found, e.g. in [3℄. Nevertheless, we below givean independent proof of this fat in more general nonautonomous ase.We are now ready to introdue the unstable manifolds for problem (2.1) withsuÆiently small positive ". To this end, we reall that, in ontrast to (2.4) thisproblem is nonautonomous, onsequently, the unstable manifolds should also de-pend expliitly on n.De�nition 2.2. Let " � "0 where "0 is de�ned in Theorem 2.1 and let �u"(n) be abounded solution of (2.1) de�ned in Theorem 2.1. For a given neighborhood Æ > 0and every l 2 Z, the loal unstable set M+;lo" (l) =M+;lo";Æ (l) is de�ned as follows:(2.13) M+;lo" (l) := ful 2 H; 9u 2 l1(f�1; lg; H); kukl1(f�1;lg) � Æ;u(n) solves (2.1) for n � l, u(l) = ul;and limn!�1 ku(n)� �u"(n)kH = 0g;8



i.e., M+;lo" (l) onsists of all ul 2 H for whih there exists a bakward solutionu(n), n � l of problem (2.1) belonging to Æ-neighborhood of zero for every n � land tending to �u"(n) as n! �1 suh that u(l) = ul.The following theorem is the nonautonomous analogue of Theorem 2.2.Theorem 2.3. Let the assumptions of Theorem 2.1 hold. Then, there exist positive"00 � "0 and Æ > 0, a neighborhood V+ � H+ of zero in the spae H+ suh that,for every " � "00, there exists a family of C1-maps M ";n : V+ ! H� satisfyingM 0;n(0) = M 00;n (0) = 0 and(2.14) kM ";n (v+)� M (v+ )kH� + kM 0";n(v+)� M 0 (v+)kL(H+;H�) � C";where M (v+ ) := M 0;n (v+), v+ 2 V+, the onstant C is independent of ", n andv. Moreover, the set M+;lo";Æ (l) \ (�u"(l) + V+ � H�) is a graph of the funtionM ";l : V+ ! H�:(2.15) M+;lo";Æ (l) \ (�u"(l) + V+ �H�) = ��u"(l) + v+ + M ";l (v+); v+ 2 V+	:Proof. We �rst give the proof of Theorem 2.3 for the ase l = 0. The general asewill be onsidered below. We now reall that, aording to De�nition 2.2, in orderto onstrut the unstable set M+;lo";Æ (0), one needs to �nd all bakward solutionsu 2 l1(Z�), kukl1(Z�) � Æ of problem (2.1) whih tend to �u"(n) as n ! �1.To this end, it is more onvenient to hange the independent variable u in (2.1)as follows: w = u � �u". Then, the sequene w satis�es the following di�ereneequation:(2.16) w(n) � Lw(n� 1) = [S0(�u"(n� 1) + w(n � 1))� S0(�u"(n� 1))℄++ [P"(n; �u"(n� 1) + w(n� 1))� P"(�u"(n� 1))℄:In order to solve equation (2.16), we invert the linear part of it using Proposition1.2 with M = �1 and N = 0. To this end, we need to impose the additional'boundary ondition' �+w(0) = v0, v0 2 H+, at n = 0. Then, (2.16) reads(2.17) w = Tr0v0 +T�1;0 Æ [S0(w+ �u")�S0(�u")℄ +T�1;0 Æ [P"(w+ �u")�P"(�u")℄where the operators T�1;0 and Tr0 are de�ned in Proposition 1.2 and the operatorsS0 and P" are the same as in (2.7). We are going to apply the impliit funtiontheorem to equation (2.17). To this end, we set(2.18) �"(v0; w) := w � Tr0v0 � T�1;0 Æ [S0(w + �u")� S0(�u")℄�� T�1;0 Æ [P"(w + �u")�P"(�u")℄Then, sine the operators S0 and P" are C1-di�erentiable, we have �" 2 C1(H+ �l1(Z�); l1(Z�)). Moreover, due to (2.10), (2.8) and the fat that S0(0) = S 00(0) =0, we have �"(0; 0) = 0, �w�0(0; 0) = Id and(2.19) k�"(v0; w)��0(v0; w)kl1(Z�) � C 00":Thus, the impliit funtion theorem is indeed appliable to equation (2.17) and,due to this theorem, for every " � "00 and every v0 belonging to a suÆiently small9



(but independent of ") neighborhood V+ � H+ equation (2.17) possesses a uniquesolution u = U"(v0) belonging to the Æ0-neighborhood of zero in l1(Z). Moreover,the funtion v0 ! U"(v0) belongs to C1(V+; l1(Z�)) and, thanks to (2.19)(2.20) kU"(v0)� U0(v0)kl1(Z)+ kU 0"(v0)� U 00(v0)kL(H+;l1(Z)) � C1"Moreover sine �"(0; 0) = 0, then U"(0) = 0 and, onsequently,(2.21) kU"(v0)kl1(Z�) � Ckv0kH+ ;where the onstant C is independent of ". Let us now onsider the funtion v0 !U0" (v0) := U"(v0)(0) whih gives the initial value at n = 0 for the sequene U"(v0).Then, due to equation (2.17) and the de�nition of the operator T�1;0, we have�+U0" (v0) = v0 and �+U0" (0) = 0, onsequently, we may de�ne the desired funtionM ";0 : H+ ! H� as follows:(2.22) M ";0 (v0) := ��U0" (v0):Furthermore, sine �v0�0(0; 0)(0) = �+, then M 00;0 (0) = 0 and estimates (2.14)follow from (2.20). Let us now de�ne(2.23) �M"(0) := �u"(0) + U0" (V+) = �u"(0) + fv0 + M ";0 (v0); v0 2 V+g:Then, on the one hand (2.23) is a C1-submanifold of H di�eomorphed to V+ � H�(sine it is a graph of the C1-funtion M ";0 ) and, on the other hand set (2.22)onsists of all initial data at n = 0 for whih there exists a bakward solution u(n)of (2.1), belonging to the Æ0-neighborhood of zero for every n 2 Z� and satisfyingu(0) 2 �u"(0) + V+ �H�. Thus, in order to verify the equality(2.24) M+;lo" (0) \ (�u"(0) + V+ �H�) = �M"(0)and �nish the proof of Theorem 2.3, it is suÆient to verify that the solutionU"(v0) of equation (2.16) tends to zero as n ! �1. In fat, we verify morestrong assertion that U"(v0) 2 l1� (Z�) where � > 0 is the same as in Proposition2.2 and the weighted spae l1� is de�ned by (1.12). To this end, we note that ,due to our assumptions on S0 and P", the operators w ! S0(w + �u") � S0(u")and w ! P"(w + �u") � P"(�u") are well de�ned not only in the spae l1(Z�)of bounded sequenes, but also in the spae l1� (Z�) of exponentially deayingsequenes and belong to the lass C1(l1� (Z�); l1� (Z�)). Thus, thanks to Corollary1.1, the funtion �"(v0; w) is also belongs to C1(H+� l1� (Z�); l1� (Z�)). Therefore,we may apply the impliit funtion theorem to this funtion not only in the spael1(Z�), but also in the spae l1� (Z�) whih, for every v0 2 ~V+, gives a solution~w = ~U"(v0) of equation (2.16) whih belong to l1� (Z�). Sine bounded bakwardsolution of (2.16) is unique, then neessarily U"(v0) � ~U"(v0) and estimate (2.21)an be improved as follows:(2.25) kU"(v0)kl1� (Z�) � Ckv0kH+ ;therefore the sequene U"(v0) exponentially tends to zero as n ! �1 and, in thease l = 0, Theorem 2.3 is proven. In order to redue the ase of general l 2 Z10



to that one, we hange the independent variable n0 := n� l. Then, equation (2.1)reads(2.26) u(n0)� Lu(n0 � 1) = S0(u(n0 � 1)) + �P"(n0; u(n0 � 1));where �P"(n0; v) := P"(n� l; v). Then, onstruting as above the unstable manifoldat n0 = 0 for this equation, we obtain the desired unstable manifold at n = l for theinitial equation (2.1). Moreover, sine our assumptions on P"(n; v) are uniform withrespet to n 2 Z, the operator �P"(n0; v) satis�es the same onditions as P"(n; v).Thus, all the onstants and estimates of Theorem 2.3 also will be uniform withrespet to l 2 Z and Theorem 2.3 is proven.Corollary 2.1. Let the assumptions of Theorem 2.1 hold. Then, there exists Æ0 > 0suh that, for every bounded bakward solution u(n), n � l, of (2.1) with " � "00whih satis�es kukl1(f�1;lg) � Æ0, u(l) neessarily belongs to the unstable manifoldM+;lo" (l). Thus, u(n) onverges exponentially to �u"(n) as n! �1:(2.27) ku(n)� �u(n)kH � Ce�(n�l)ku(l)� �u"(l)kH ; n � lwhere the positive onstants C and � are independent of u, ", n and l.Indeed, without loss of generality we may assume that l = 0 (see the end of theproof of Theorem 2.3) and, in this ase the equality u = �u" + U"(�+u(0)) followsfrom the fat that the bounded bakward solution of (2.16) is unique in a smallneighborhood of zero. Consequently, u(0) 2 M+;lo" (0). Estimate (2.27) is now animmediate orollary of (2.25).Remark 2.2. Analogously to Remark 2.1, if the operator P"(n; v) is autonomous,periodi, quasiperiodi or almost-periodi with respet to n the same will be truefor the operators M ";n . In partiular, if " = 0 then the orresponding equation (2.4)is autonomous and, onsequently, M 0;n is independent of n and, thus, oinide withthe map M de�ned in Theorem 2.2.Remark 2.3. Analogously to unstable manifolds M+;lo" (l), one an onsider the(loal) stable manifolds M�;lo" (l) whih onsist of the initial values at n = l of allforward solutions of (2.1) (de�ned for n � l) whih belong to the small neighborhoodof zero for all n � l and tend to �u"(n) as n ! +1. Obviously, this manifold willbe di�eomorphed to H�. We however note that only the unstable manifolds areimportant for regular attrators, that is why we do not onsider the stable manifoldshere.We now note that the manifolds M+;lo" (l) obtained above onsist of the bak-ward solutions of equation (2.1). To be more preise, the following result holds.Remark 2.4. Let the above assumptions hold. Then, there exists Æ0 > 0 suhthat, for every vl 2 M+;lo" (l) satisfying kvlkH � Æ0 there exists a unique bakwardsolution v(n), n � l of problem (2.1) whih tends to �u"(n) as n! �1 and v(l) = vl.Moreover, v(n) 2M+;lo" (n); 8n � l:Indeed, this assertion is an immediate orollary of De�nition 2.2 and Theorem 2.3.We onlude this setion by proving that every (forward) solution of (2.1) tendsexponentially to the appropriate unstable manifold while it remains in a Æ-neigh-bourhood of z0. This result is ruial for establishing the exponential rate of at-tration to the regular attrators (see Setions 3 and 4).11



Theorem 2.4. Let the assumptions of Theorem 2.1 hold. Then, there exist Æ > 0and positive "000 � "0 suh that for every " � "000 , every l 2 Z and every (forward)solution u(n), n � l of equation (2.1), belonging to the Æ-neighborhood of zero inH for l � n � l + N , n 2 �N , there exists a bakward solution v(n), n � l + N ,of equation (2.1) belonging to the unstable manifold of �u" (i.e., v(n) 2 M+;lo" (n),n � l+N) suh that(2.28) ku(n)� v(n)kH � Ce��(n�l)ku(l)� v(l)kH ; l � n � l +N;where the positive onstants C and � are independent of l, n, N , u and "Proof. We �rst note that, without loss of generality we may assume that l = 0 (seethe trik at the end of the proof of Theorem 2.3). We now reall that, aordingto Theorem 2.3 (and Remark 2.4), there exists a unique bakward solution v(n),n � l+N suh that(2.29) v(n) 2M+;lo" (n); 8n � l+N and �+v(l +N) = �+u(l +N)if "000 > 0 and Æ > 0 is small enough (in the ase N = 1 we set v(n) := �u"(n)).We laim that the solution v(n) thus de�ned satis�es (2.28). Indeed, sine thesequenes u(n) and v(n) solve (2.1), then the di�erene � := u� v satis�es(2.30) � = T0;N Æ [S0(u)� S0(v)℄++ T0;N Æ [P"(u)�P"(v)℄ + Tl0 Æ��(u(0)� v(0)):(we reall that, due to boundary ondition (2.29), �+u(N) = �+v(N)). Comput-ing the l1��(f0; Ng)-norm of the both parts of (2.30) (where � is the same as inProposition 1.1) and using Corollary 1.1, we have(2.31) k�kl1��(f0;Ng) � C(kS0(u)� S0(v)kl1��(f0;Ng)++ kP"(u)�P"(v)kl1��(f0;Ng) + k��(u(0)� v(0))kH)where the onstant C is independent of ", N u and v. We also reall that, thanksto (2.6), (2.27) and our assumption that kukl1(f0;Ng) � Æ, we have(2.32) kukl1(f0;Ng) + kvkl1(f0;Ng) � C1(Æ + "000)and, onsequently, using that S 00(0) = 0, we an �x Æ and "000 so small that(2.33) kS0(u)� S0(v)kl1��(f0;Ng) �� Z 10 kS 00(su+ (1� s)v)kL(l1;l1) ds � ku� vkl1��(f0;Ng) � 14C k�kl1��(f0;Ng):Estimating the term with P" analogously and using (2.32) and (2.3), we an �nally�x Æ and "000 so small that(2.34) kP"(u)�P"(v)kl1��(f0;Ng) � 14C k�kl1��(f0;Ng)inserting (2.33) and (2.34) into the right-hand side of (2.31), we dedue that(2.35) k�kl1��(f0;Ng) � 2Ck��(u(0)� v(0))kH :Estimate (2.28) is an immediate orollary of (2.35) and Theorem 2.4 is proven.In the following orollary, we study the partiular ase N =1 of Theorem 2.4.12



Corollary 2.2. Let the assumptions of Theorem 2.4 hold, " � "000 and let u(n),n � l be a solution of (2.1) whih remains in the Æ-neighborhood of zero for alln � l. Then, this solution stabilizes exponentially to �u"(n) as n! +1:(2.36) ku(n)� �u"(n)kH � Ce��(n�l)ku(l)� �u"(l)kH ; n � lwhere the positive onstants C and � are independent of n, l, " and u.Indeed, by de�nition v(n) = �u"(n) in the ase N =1.x3 Regular attrators: the autonomous ase.In this setion, we start to study the global behavior of solutions of di�ereneequations of the form (2.1) as n ! 1. For simpliity, we �rst onsider the au-tonomous ase:(3.1) u(n) = S(u(n� 1)); u(0) = u0; n 2 Nand the nonautonomous ase will be onsidered in the next setion.We impose three groups of assumptions on the nonlinear map S:I) Analyti properties: a) S 2 C1(H;H) and its Frehet derivative v ! S0(v) isuniformly ontinuous on bounded subsets of H ; b) the map S : H ! H is injetiveand kerS0(v) = f0g for all v 2 H .II. Hyperboliity assumptions: we assume that equation(3.3) S(v) = vpossesses only �nite number of solutions R0 = fv1; � � � ; vNg 2 H (whih are theequilibria for problem (3.1)) and all of them are hyperboli, i.e. the maps S0(vi) 2L(H;H) are hyperboli for all i = 1; � � � ; N (see (1.1)).III. Some kind of regularity assumptions on the assoiated dynamis. Let usonsider the solving semigroup Sn : H ! H , n 2 Z+, generated by equation (3.1)via(3.4) Snu0 := u(n) where u(n) solves (3.1) with u(0) = u0:a) We suppose that semigroup (3.4) possesses a global attrator A in the phasespae H . The latter means that1) The set A is ompat in H ;2) It is stritly invariant: SnA = A for all n 2 Z+;3) A is an attrating set for the semigroup fSn; n 2 Z+g, i.e., for every boundedsubset B of H and every neighborhood O(A) there exists N = N(A;O) suh that(3.5) SnB � O(A); for all n � N:b) We also assume that every solution u(n), u(0) = u0 2 A, of problem (3.1)belonging to the attrator stabilizes as n!1 to some equilibrium v = vu 2 R0:(3.6) limn!1 ku(n)� vkH = 0:13



) Equation (3.1) does not possess any homolini strutures, i.e., if u1; � � � ; uk 2l1(Z) be arbitrary sequene of bounded solutions of (3.1) suh that(3.7) limn!�1 kui(n)� vikH = 0; limn!+1 kui(n)� vi+1kH = 0; i = 1; � � � ; k;for some equilibria fvigk+1i=1 � R0, then neessarily all of vi are di�erent.Remark 3.1. It is well known that onditions III. b) and III. ) are satis�ed ifequation (3.1) possesses a global Lyapunov funtion.We also note that, due to assumptions I and II, all of the assumptions of Setion2 (with " = 0) are satis�ed in suÆiently small neighborhood of every equilibriumv0 2 R0. Consequently, we have the loall desription of the dynamis assoiatedwith (3.1) in a small neighborhood of every equilibrium v0 2 R0, see Theorems2.1{2.4. Our task in this setion is to give the detailed desription of the global dy-namis assoiated with of (3.1) (under the assumptions I, II and III). The followingstandard lemmata are ruial for that purposes.Lemma 3.1. Let the assumptions II, III a) and III b) be satis�ed. Then, for everybounded subset B � H and every positive Æ, there exists T = T (B; Æ) 2 N suh thatevery solution u 2 l1(f0; Tg) de�ned on the interval n 2 f0; Tg with the initialdata belonging to B (u(0) 2 B) neessarily visits the Æ-neighborhood OÆ(R0) of theequilibria R0:(3.8) �[Tn=0fu(n)g� \OÆ(R0) 6= ?; OÆ(R0) = [Ni=1OÆ(vi)Proof. Assume that the assertion of the lemma is wrong. Then, there exists positiveÆ0, bounded B0 � H , a sequene Tk ! +1 and a sequene of solutions uk 2l1(f0; Tkg) of equation (3.1) suh that uk(0) 2 B0 and(3.9) distH(uk(n);R0) � Æ0; n 2 f0; Tkg:We now de�ne a new sequene of solutions ~uk(n) := uk(n+ [Tk=2℄) on the intervalk 2 f�[Tn=2℄; [Tn=2℄g. Then, thanks to (3.9),(3.10) distH(~uk(n);R0) � Æ0; n 2 f�[Tk=2℄; [Tk=2℄g:On the other hand, sine semigroup (3.4) assoiated with equation (3.1) possessesthe global attrator A and Tk ! +1, then, for every �xed n 2 Z, we have(3.11) limk!1 distH(~uk(n);A) = 0:Consequently, sine A is ompat in H , the sequene f~uk(n)g1k=1 is preompat forevery �xed n 2 Z. Then, using the Cantor's diagonal proedure, we may assumewithout loss of generality that ~uk(n)! ~u(n) 2 A, for every �xed n 2 Z. Moreover,passing to the limit k ! 1 in equations (3.1) for uk, we obtain that the sequene~u 2 l1(Z) solves (3.1) (and belongs to the attrator A). Finally, passing to thelimit k !1 in (3.10), we havedistH(~u(n);R0) � Æ0; n 2 Z:whih ontradits assumption III b). Thus, Lemma 3.1 is proven.14



Lemma 3.2. Let the assumptions II and III be satis�ed. Then, for every (suf-�iently small) Æ > 0 there exists positive Æ0 < Æ suh that every solution u(n)of equation (3.1) whih starts from the OÆ0(vi) of some equilibrium vi 2 R0 (i.e.,u(0) 2 OÆ0(vi)) and suh that u(T ) =2 OÆ(vi) never returns again in the neighbor-hood OÆ0(vi) of the same equilibrium for n � T , i.e.(3.12) u(n) =2 OÆ0(vi); 8n � T:Proof. Let us assume that the assertion of the lemma is wrong. Then, there existan equilibrium v0 its neighborhood OÆ0(v0), sequenes Tk 2 N and T 0k > Tk and asequene uk of solutions of equation (3.1) suh that(3.13) uk(0); uk(T 0k) 2 O1=k(v0); uk(Tk) =2 OÆ0(v0):Moreover, without loss of generality we may assume that Tk is the �rst time whenuk(n) is out of OÆ0(v0), i.e.,(3.14) uk(n) 2 OÆ0(v0); n � Tk:We reall that v0 is equilibrium of equation (3.1), onsequently, sine S 2 C1, wehave Tk ! +1. We now de�ne another sequene ~uk(n) := ~uk(n+ Tk). Then, dueto (3.13) and (3.14), we have(3.15) 1: ~uk(0) =2 OÆ0(v0);2: ~uk(n) 2 OÆ0(v0); �Tk � n � 0;3: ~uk( ~T 0k) 2 O1=k(v0); ~T 0k := T 0k � Tk > 0:Arguing as in the proof of Lemma 3.1, we an assume without loss of generalitythat ~uk(n) onverges as k ! 1 to some solution u1(n), n 2 Z, belonging to theattrator A:(3.16) limk!1 k~uk(n)� u1(n)kH = 0; 8n 2 Zand onditions 1) and 2) of (3.15) imply that u1(n) 2 OÆ0(v0) for n � 0 and,onsequently, due to Corollary 2.2 with " = 0 (without loss of generality, we mayassume that Æ0 > 0 is small enough that the assumptions of Corollary 2.2 besatis�ed), we have(3.17) limn!�1 ku1(n)� v0kH = 0:Moreover, due to assumption III b), we also have(3.18) limn!+1 ku1(n)� v10kH = 0;for some v10 2 R0. Furthermore, if v0 = v10 , then u1 is a homolini orbit to theequilibrium v0 whih is not allowed due to assumption III ). Thus, v0 6= v10 . Then,due to (3.15)(3) and (3.16), we also have a sequene T 1k � ~T 0k suh that(3.19) distH(~uk(T 1k ); v10) � Æk15



suh that Æk ! 0 as k !1 and taking a subsequene if neessary, we may assumewithout loss of generality that Æk = 1=k. Moreover, due to (3.15) and the fat thatT 1k � ~T 0k, the solution uk(n) annot stay in OÆ0(v10) for all n � T (1)k . Consequently,we also have a sequene T (2)k , T (1)k < T (2)k < ~Tk suh that(3.20) ~uk(T (2)k ) =2 OÆ0(v10)Thus, saling the time n ! n + T (1)k in the sequene ~uk(n), we obtain a new se-quene of solutions whih satis�es (3.13) (with v0 replaed by v10) and, onsequently,repeating the above arguments, we onstrut the seond heterolini orbit u2(n):(3.21) limn!�1 ku2(n)� v10kH = 0; limn!+1 ku2(n)� v20kH = 0for some equilibrium v20 2 R0 and again v20 = v0 is not allowed thanks to III ).Therefore, we an repeat the above proedure one more and so on. Finally, wean onstrut arbitrarily long sequene vi0 of equilibria and a sequene ui of theheterolini orbits(3.22) v0 ! v10 ! v20 ! � � � ! vM0 :Moreover, thanks to III ), all of vi0 should be di�erent whih ontradits the fatthat the set R0 of equilibria is �nite. This ontradition proves Lemma 3.2.We now verify that every solution of (3.1) (with the initial data u0 belonging toall H and not only for u0 2 A) stabilizes as n! +1 to one of the equilibria.Corollary 3.1. Let the assumptions I, II and III hold. Then, for every u0 2 H,the orresponding solution u(n), n � 0 of problem (3.1) stabilizes to one of theequilibria R0 as n! +1:(3.23) limn!+1 ku(n)� vukH = 0; vu 2 R0:Moreover, every omplete solution u 2 l1(Z) belonging to the attrator A is aheterolini orbit between two di�erent equilibria of R0:(3.24) limn!+1 ku(n)� v+kH = 0; limn!�1 ku(n)� v�kH = 0;for some v� 2 R0, v+ 6= v�.Proof. Indeed, let Æ > 0 be so small that in the Æ-neighborhood of every v0 2 R0the assumptions of Corollaries 2.1 and 2.2 (with " = 0) be satis�ed (this Æ existssine the number of equilibria is �nite). We also �x Æ0 in suh way that the assertionof Lemma 3.2 be satis�ed.Let now u(n) be an arbitrary solution of (3.1). Then, thanks to Lemma 3.1, thereexists positive T suh that solution u(n) visits the neighborhood OÆ0(v0) of someequilibrium v0 2 R0 at every time interval n 2 fK;K + Tg of length T . On theother hand, due to Lemma 3.2, if that solution goes out from the Æ-neighborhoodof v0 it never visits OÆ0(v0) again. Sine the number of equilibria is �nite, thesetwo assertions imply that there exist vu 2 R0 suh that(3.25) u(n) 2 OÆ(vu); 8n � T+16



and, thanks to Corollary 2.2, we have onvergene (3.23).Let us now u(n), n 2 Z be a omplete solution of (3.1) belonging to the attrator.Then, arguing analogously, we dedue that there exist two equilibria v+; v� 2 R0suh that(3.26) u(n) 2 OÆ(v�); 8n � T�; u(n) 2 OÆ(v+); 8n � T+;and, thanks to Corollaries 2.1 and 2.2, we have onvergenes (3.23). Corollary 3.1is proven.In order to desribe the global struture of the attratorA, we need the followingglobal version of the unstable sets M+;lo =M+;lovi introdued in De�nition 2.1.De�nition 3.1. For a given equilibrium v 2 R0, its (global) unstable set M+0;v isde�ned as follows:(3.27) M+0;v := fu0 2 H; 9u 2 l1(f�1; 0g; H); suh thatu(n) solves (3.1) for n � 0, u(l) = u0 and limn!�1 ku(n)� vkH = 0g;i.e., M+0;v onsists of all u0 2 H for whih there exists a bakward solution u(n),n � 0 of problem (2.1) tending to v as n! �1 suh that u(l) = ul (the di�erenewith De�nition 2.1 is we do not require now that this solution belongs to the smallneighborhood of v.Corollary 3.2. Let the assumptions I, II and III hold. The the attrator A ofproblem (3.1) possesses the following desription:(3.28) A = [v2R0M+0;v:Indeed, due to the lassial desription of global attrators, we have(3.29) A = K��n=0;where K onsists of all solutions u 2 l1(Z) of equation (3.1). Then, (3.24) is animmediate orollary of (3.28) and De�nition 3.1 of the unstable sets.The following theorem is a global version of Theorem 2.2.Theorem 3.1. Let the assumptions I, II and III hold. Then, for every v 2 R0, theorresponding unstable set M+0;v is a �nite-dimensional C1-submanifold of H dif-feomorphed to H+(v) where H+(v) is the unstable subspae of the linear hyperbolimap S0(v). In partiular,(3.30) ind+(v) := dimH+(v) <1; 8v 2 R0:Proof. We �rst prove assertion (3.30). Indeed, let v 2 R0, then thanks to Theorem2.2, the orresponding loal unstable set �M(v) := M+;loÆ \ (V+ � H�) is a C1-submanifold of H di�eomorphed to V+ � H+. On the other hand, thanks to (2.29),this set belongs to the attrator A. Moreover, sine the attrator A is ompat,then the manifold �M(v) is also (loally) ompat and, onsequently, it should be�nite-dimensional. Thus, (3.30) is veri�ed.17



Let us now verify that M+0;v is a manifold. To this end, we reall that, due toDe�nitions 2.1 and 3.1, we have(3.31) M+0;v = [1k=0Sk �M(v):Moreover, sine every trajetory belonging to �M(v) diverges exponentially, seeCorollary 2.1, then (dereasing the neighborhood V+ if neessary), we dedue theexistene of k0 2 N suh that(3.32) �M(v) � Sk0 �M(v)For simpliity, we below assume that k0 = 1 (in fat, it is possible to �x theneighborhood V+ � H+ in the de�nition of �M(v) suh that (3.32) be satis�ed withk0 = 1, but we do not give the proof of this fat here).Moreover, sine �M(v) is a �nite-dimensional C1-submanifold of H (thanks toTheorem 2.2), onsequently, sine the map S is injetive and the kernel kerS0(u)is trivial for any u 2 H (thanks to assumption I), then the restrition of the mapS to the manifold �M(v) is a di�eomorphism:(3.33) S : �M(v)! S �M(v)Thus, all of the sets �Mk(v) := Sk �M(v) are C1-submanifolds of H di�eomorphedto H+ � Rind+(v). Moreover, aording to (3.31) and (3.32) with k0 = 1, we have(3.34) M+0;v = [1k=1 �Mk(v); �Mk(v) � �Mk+1(v)and, onsequently, the setM+0;v possesses the struture of a C1-manifold di�eomor-phed to H+ � Rind+(v). Thus, we only need to verify that M+0;v is a submanifoldof H , i.e., that the topology indued on M+0;v by that C1-struture oinides withthe topology indued by the embedding M+0;v(v) � H . To this end, it is suÆientto verify that, for every n � 0(3.35) lim infk!1 dH( �Mn(v); �Mk+1(v)� �Mk(v)) > 0:where dH(X;Y ) := inf(x;y)2H2 kx � ykH is a (usual) distane between sets in thespae H . In order to verify (3.35), we reall that the map S is injetive and theglobal attrator A is ompat in H , onsequently, the restrition of S to attratoris a homeomorphism and, therefore, there exists a (uniformly) ontinuous inverseS�1:(3.36) S�1 : A ! AThus, the restrition of semigroup fSn; n 2 Z+g assoiated with equation (3.1) tothe attrator an be extended to a group fSn; n 2 Zg of homeomorphisms atingon the attrator. In partiular, sine M+0;v is an invariant subset of the attrator,this group of homeomorphisms also ats on M+0;v.We also reall that, aording to the de�nition of the sets �Mk(v), we have(3.37) Sl �Mn(v) = �Mn+l(v); 8l 2 Z; n 2 N; n+ l � 018



and, onsequently, applying the homeomorphism Sn�M to the sets �Mn(v) and�Mk+1(v)� �Mk(v), we dedue that assertion (3.35) is equivalent to the followingone: for every M 2 N,(3.38) lim infk!1 dH(S�M �M(v); �Mk+1(v)� �Mk(v)) > 0:We now note that, due to Lemma 3.2, there exists Æ0-neighborhood of v in H suhthat any solution u belonging to the unstable manifold M+0;v never returns to OÆ0after its exiting of the set �M(v). On the other hand, aording to Corollary 2.1(with " = 0), there exists M > 0 suh that(3.39) S�M �Mn(v) � OÆ0=2(v)and, onsequently, sine all of the sets �Mk(v) onsists of the solutions of (3.1) whihstabilize to v as n! �1, we have the following estimate:dH(S�M �M(v); �Mk+1(v)� �Mk(v)) � Æ0=2; 8k � 0:Thus, estimate (3.38) (or whih is the same (3.35)) is proven and, onsequently,M+0;v is indeed a C1-submanifold ofH di�eomorphed toH+. Theorem 3.1 is proven.Remark 3.2. As it follows from the proof of Theorem 3.1, we need not the as-sumptions III b) and III ) in order to introdue the struture of a C1-manifoldon the global unstable set M+0;v (and only the hyperboliity of v is essential forthat fat). In ontrast to this, these assumptions are essential for proving that thisstruture gives a C1-submanifold of H . Indeed, ifM+0;v ontains a homolini orbitto v then, obviously, it annot be a C1-submanifold in H .Corollary 3.3. Let the assumptions of Theorem 3.1 hold. Then, the attrator Aonsists of the �nite olletion (3.28) of �nite-dimensional C1-submanifolds in H.The latter means that the attrator A is regular in the terminology of [3℄.Indeed, this fat is an immediate orollary of (3.28) and Theorem 3.1.We onlude this setion by proving that the rate of attration of bounded setsto the attrator A is, in fat, exponential.Theorem 3.2. Let the assumptions of Theorem 3.1 hold. Then there exists apositive number � and a monotoni funtion Q suh that, for every bounded subsetB of H, the following estimate is valid:(3.40) distH (SnB;A) � Q(kBkH)e��n; n 2 Nwhere distH(X;Y ) is a nonsymmetri Hausdor� (semi)distane between the sets Xand Y in H.Proof. We �rst note that, sine system (3.40) possesses a global attrator, thenevery neighborhood OÆ(A) will be an absorbing set for the assoiated semigroup.Consequently, it is suÆient to prove estimate (3.40) for B = B0 := OÆ0(A) only(where Æ0 > 0 is some �xed number). In order to verify that estimate, we need thefollowing lemma whih improves the assertions of Lemmata 3.1 and 3.2.19



Lemma 3.3. Let the above assumptions hold. Then, for every suÆiently smallÆ > 0, there exists T = T (Æ) > 0 suh that, for every solution u(n), n 2 Z+, one an�nd two sequenes of numbers fT i�gMi=0 and fT i+gMi=1, where M =Mu � N := #R0and a sequene of di�erent equilibria fvigMi=1 � R0 suh that(3.41) T 0� = 0; T i+ � T i�1� � T; TM� = +1; i = 1; � � � ;Mand(3.42) u(n) 2 OÆ(vi); 8n 2 fT i+; T i�g; i = 1; � � � ;M:Proof. Let positive onstant Æ0 < Æ be the same as in Lemma 3.2, i.e. every traje-tory whih starts from the Æ0-neighborhood of some equilibrium v 2 R0 and goesout from its Æ-neighborhood never returns again to the initial neighborhood. Wealso �x, aording to Lemma 3.1, T = T (Æ0; B0) suh that every trajetory startingfrom B0 visits the Æ0-neighborhood of R0 at every time period fK;K+Tg of lengthT . We laim that T satis�es all the assumptions of the lemma.Indeed, let u(n), n � 0, be an arbitrary solution of equation (3.1) suh thatu(0) 2 B0. Then, aording to Lemma 3.1, this trajetory visits OÆ0(R0) on thetime interval f0; Tg. We denote the equilibrium whih satis�es this property by v1.Then, by de�nition T 1+ will be the �rst time, for whih u(n) 2 OÆ0(v1). Obviously,T 1+ � T�0 � T . If the trajetory u(n) stays in OÆ(v1) for all n � T 1+, then we setT 1� = +1 and the assertion of the lemma holds with M = 1. Otherwise, we denoteby T 1� the �rst time for whih u(T 1�) 2 OÆ0(v1) and u(T 1� + 1) =2 OÆ(v1). ApplyingLemma 3.1 again, we �nd T+2 2 fT�1 ; T�1 + Tg and the equilibrium v2 2 R0 suhthat u(T+2 ) 2 OÆ0(v2) and so on. Moreover, all of the equilibria thus obtainedshould be di�erent, due to Lemma 3.2 and our hoie of Æ0. Consequently, iteratingthe above arguments, we an onstrut only �nite number of equilibria fvigMi=1with M � #R0 and the trajetory stays inside of OÆ(vM ) for all n � TM+ (i.e.,TM� = +1) and Lemma 3.3 is proven.Thus, in order to verify (3.40), we need to ontrol the distane to the attratorinside of OÆ(R0) and outside of it. Moreover, sine the time whih the trajetoryspend outside of OÆ(R0) is �nite and uniformly bounded by T#R0, we an useexponentially divergent estimate for this part of the trajetory whih is formulatedin the next lemma.Lemma 3.4. Let the above assumptions hold. Then, there exists positive onstantsC and K suh that for every solution u(n) starting from B0 and every l � 0,(3.43) distH(u(n+ l);A) � CeKn distH(u(l);A); n � 0where the onstants C and K are independent of n, l and u.Proof. Indeed, sine (thanks to assumption I) the map S belongs to the lass C1 and(thanks to the existene of a global attrator) all the trajetories starting from thebounded set B0 are uniformly bounded in l1(Z+), we have the Lipshitz ontinuityof the semigroup Sn on B0, i.e., there exist positive onstants C and K suh that,for every two solutions u(n) and u1(n) starting from B0 and every l � 0, we have(3.44) ku(n+ l)� u1(n+ l)kH � CeKnku(l)� u1(l)kH ; n � 020



where the onstants C and K are independent of l, u, u1 and n. Sine A � B0and A is invariant with respet to Sn, then (3.44) implies (3.43) and Lemma 3.4 isproven.In order to ontrol the distane to the attrator for the part of the trajetorybelonging to OÆ(R0), we will essentially use the loal desription of the dynamisnear the hyperboli equilibrium obtained in the previous setion.Lemma 3.5. Let the above assumptions hold and let the onstant Æ is hosen insuh way that the assumptions of Theorem 2.4 (with " = 0) be satis�ed (in the Æ-neighborhood) for every equilibrium v 2 R0. Then, for every solution u(n) startingfrom B0 and satisfying(3.45) u(n) 2 OÆ(v); n 2 fl; l+ T0g; T0 2 f0;1g;the following estimate is valid:(3.46) distH(v(l + n);A) � Ce�n (distH(u(l);A))�where the positive onstants C,  and 0 < � < 1 are independent of l, n, T0, vand u.Proof. Indeed, due to Theorem 2.4 (with " = 0) estimate (2.28) and our hoie ofthe onstant Æ, we have(3.47) distH(u(n+ l);A) � distH(u(n+ l);M+0;v) � Ce��nwhere the positive onstants C and � are independent of n, l T0, v and u. On theother hand, thanks to Lemma 3.4, we have(3.48) distH(u(n+ l);A) � CeKn distH(u(l);A):Combining estimates (3.47) and (3.48), we dedue that(3.49) distH(u(n+ l);A) � Ce��n=2minfe(K+�=2)n distH(u(l);A); e��n=2gComputing the minimum into the right-hand side of (3.49), we obtain(3.50) minfe(K+�=2)n distH(u(l);A); e��n=2g � eK+� (distH(u(l);A))� ;where � := �2(K+�) . Inserting (3.50) into the right-hand side of (3.49), we derive(3.46) and �nish the proof of Lemma 3.5.We are now ready to �nish the proof of Theorem 3.2. Indeed, let u(n), n � 0, bean arbitrary solution of (3.1) starting from B0 and let Æ be the same as in Lemma3.5 and the sequenes T i� = T i�(u) and T i+ = T i+(u) be the same as in Lemma 3.3.Thus, aording to Lemma 3.5, on the intervals fT i+; T i�g i = 1; � � � ;M , we have(3.51) distH(u(n);A) � Ce�(n�T i+) �distH(u(T i+);A)�� :On the other hand, sine T i+ � T i�1� � T , then, for n 2 fT i�1� ; T i+g, we have (dueto Lemma 3.4) the following estimate:(3.52) distH(u(n);A) � CeKT distH(u(T i�1� );A):21



Iterating formulae (3.51) and (3.52) and using the evident estimates(3.53) distH(u(0);A) � Æ0; e��iT i+��(n�T i+) � e��in; n � T i+;we �nally have(3.54) distH(u(n);A) � Æ0(C2eKT )Me��Mn:Sine all of the onstants in (3.54) is independent of u (we reall that M � #R0),then (3.54) implies (3.40) and �nish the proof of Theorem 3.2.To onlude this setion, we formulate the improved version of the exponentialattration property (3.40) whih gives some kind of the asymptotial ompletenessof regular attrators. In order to do so we need to reall the following de�nition.De�nition 3.2. A sequene u 2 l1(Z) is an N -omposed trajetory of the semi-group Sn if there exists a sequene fTigi=1 � Z, T1 < T2 < � � � < TN , suh thatu(n) solves (3.1) at every interval f�1; T1� 1g, fTi+1; Ti+1� 1g for i = 1; � � � ; Nand fTN + 1;1g. Thus, every N -omposed trajetory u(n) of the semigroup Snonsists of N+1 piees of 'ordinary' trajetories of that semigroup with jump pointsat T1; � � � ; TN .Corollary 3.4. Let the above assumptions hold. Then for every bounded subset Bof H and every trajetory u(n) := Snu0 with u0 2 B there exists an N-omposedtrajetory v = vu(n), n 2 Z, of that semigroup belonging to the attrator A (i.e.,v(n) 2 A for all n 2 N) suh that N � #R0 and(3.55) ku(n)� v(n)kH � Cku(0)� v(0)kHe��n; n 2 Nwhere the positive onstants C and � depend on B, but are independent of theonrete hoie of u0 2 B.Indeed, the assertion of Corollary 3.4 an be obtained in a standard way fromLemma 3.3 and Theorem 2.4 (with " = 0) (slightly modifying the proof of Theorem3.4, see [3℄).x4 The nonautonomous ase: perturbations of regular attrators.In this setion, we onsider the following nonautonomous perturbation of equa-tion (3.1)(4.1) u(n) = S(u(n� 1)) + P"(n; u(n� 1)); u(l) = ul; n � land obtain the nonautonomous analogue of Theorems 3.1 and 3.2.We assume that the operator S satis�es assumptions I{III of the previous se-tion and the family of nonautonomous perturbations U"(n; v) satisfy the followingadditional assumptions:IV. Analyti properties: a) Regularity. We assume that P"(n; �) belongs toC1(H;H) for every �xed " 2 [0; 1℄ and every n 2 N. Moreover, the Frehet de-rivative v ! P 0"(n; v) is uniformly ontinuous on every bounded subset of H andits modulus of ontinuity is also uniform with respet to n 2 Z.22



b) Convergene as "! 0. We suppose that the following estimate holds:(4.2) kP"(n; v)kH + kP 0"(n; v)kL(H;H) � C"where the onstant C depends (monotonially) on kvkH , but is independent of "and n.) Injetivity. We assume that, for every " 2 [0; 1℄ and every n 2 Z, the mapS(v) +P"(n; v) is injetive in H and the kernel of it Frehet derivative is trivial forevery v 2 H :(4.3) kerfS0(v) + P 0"(n; v)g = f0g; 8n 2 Z; " 2 [0; 1℄:V. Uniform dissipativity. Let us onsider the dynamial (semi)proess fU"(n; l); l 2Z; n � lg assoiated with problem (4.1) via(4.4) U"(n; l)ul := u(n); where u(n) solves (4.1) with u(l) = ul:We �nally assume that proess (4.4) possesses a ompat uniformly attrating setB �� H . The latter means that, for every bounded subset B � H and everyneighborhood O(B) of the set B, there exists T = T (B;O) suh that, for everyl 2 Z and " 2 [0; 1℄,(4.5) U"(l + n; l)B � O(B); 8n � T:We now formulate the nonautonomous analogues of Lemmata 3.1 and 3.2.Lemma 4.1. Let the assumptions I{V be satis�ed. Then, for every bounded subsetB � H and every Æ > 0, there exist "0 = "0(B; Æ) and T = T (B; Æ) suh that, forevery " � "0 and every l 2 Z, every solution u(n), n � l, visit the Æ-neighborhoodOÆ(R0) of the equilibria R0 at every time interval n 2 fK;K + Tg of length T :(4.6) ([K+Tn=K u(n)) \OÆ(R0) 6= ?:Proof. Assume, analogously to the proof of Lemma 3.1, that the assertion of thelemma is wrong. Then, there exist Æ0 > 0, a sequene of "k ! 0, sequeneslk;Kk 2 Z, lk � Kk, a sequene Tk !1 and a sequene uk of solutions of equation(4.1) with " = "k suh that(4.7) uk(lk) 2 B; distH(uk(n);OÆ(R0)) � Æ0; k 2 fKn;Kn + Tng:As in the proof of Lemma 3.1, we de�ne a new sequene of solutions ~uk(n) :=uk(n + Kk + [Tk=2℄). To be more preise, ~uk(n) satis�es the following 'shifted'version of equation (4.1):(4.8) ~uk(n) = S(~uk(n�1))+ ~P"k (n; ~uk(n�1)); ~P"k (n; v) := P"k (n+Kk+[Tk=2℄; v):Moreover, assumption (4.7) implies that(4.9) distH(~uk(n);OÆ(R0) � Æ0; n 2 f�[Tk=2℄; [Tk=2℄g:23



We also note that, sine Tk !1 and the dynamial proess (4.5) assoiated with(4.1) possesses the uniform attrating set B, then(4.10) limk!1 distH(~uk(n);B) = 0; for every �xed n 2 Z:Thus, the sequene f~uk(n)g1k=1 is preompat in H , for every �xed n and, on-sequently, due to Cantor's diagonal proedure, we may assume without loss ofgenerality that uk(n) ! u(n) for some u(n) 2 B, for every n 2 Z. Then, on theone hand, passing to the limit k !1 (using (4.2)), we �nd that u 2 l1(Z) solvesthe limit autonomous equation (3.1) and, onsequently, u(n) 2 A, for every n 2 Z.On the other hand passing to the limit in (4.9), we obtain thatdistH(u(n);OÆ(R0)) � Æ0; 8n 2 Zwhih ontradits assumption III b) of Setion 3. Thus, Lemma 4.1 is proven.Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then, for every suÆientlysmall Æ > 0, there exist "0 = "0(Æ) and Æ0 = Æ0(Æ) suh that, for every " � "0,every solution u(n) of equation (4.1) whih belongs to the Æ0-neighborhood of someequilibrium v 2 R0 at time n = l and whih goes out from the Æ-neighborhood of vat time n = l0 > l, never again returns to the initial neighborhood:(4.11) u(n) =2 OÆ0(v); 8n � l00:Proof. Let us assume that the assertion of the lemma is wrong. Then, there existÆ0 > 0, a sequene "k ! 0, three sequenes lk; l0k; l00k 2 Z, lk � l0k � l00k , and asequene of solutions uk(n), n � lk, of equation (4.1) with " = "k suh that(4.12) uk(lk); uk(l00k) 2 O1=k(v); uk(l0k) =2 OÆ0(v):Passing to the limit k ! 1 in (4.12), exatly as in the proof of Lemma 3.2 and4.1, we obtain, for every M 2 N, a sequene of heterolini onnetionsv ! v1 ! � � � ! vM ; v; vi 2 R0;for the limit autonomous equation (3.1). Sine #R0 <1, then (forM > #R0), weshould have vi = vj , for some i 6= j whih gives a homolini struture for equation(3.1). This ontradits assumption III ) and Lemma 4.2 is proven.In order to formulate the analogue of Theorem 3.1 for the nonautonomous ase,we �rst need the analogue of equilibria set R0 for the ase of positive ". To thisend, we assume from now on that " � "0 is small enough that the assumptions ofTheorem 2.1 hold for every equilibrium v 2 R0. Then, for every v 2 R0 and every" � "0, there exists a unique solution �u";v 2 l1(Z) of equation (4.1) whih belongs toa small neighborhood of v for every n 2 Z. We interpret the solutions f�u";v; v 2 R0gas the 'equilibria' of the nonautonomous equation (4.1) and, onsequently, we set(4.13) R" := f�u";v; v 2 R0g � l1(Z):Then the nonautonomous analogue of Corollary 3.1 an be formulated as follows.24



Theorem 4.1. Let the assumptions I{V hold. Then, there exists "0 > 0 suh that,for every " � "0, the following assertions hold:1) Every solution u(n), n � l of equation (4.1) stabilizes as n!1 to one of thesolutions R":(4.14) limn!+1 ku(n)� w"(n)kH = 0;for some 'equilibrium' w" 2 R".2) Every omplete solution u 2 l1(Z) is a heterolini orbit between two di�erent'equilibria' w�; w+ 2 R":(4.15) limn!�1 ku(n)�w�(n)kH = 0; limn!+1 ku(n)�w+(n)kH = 0; w� 6= w+:Proof. Let us verify the �rst assertion of the theorem. To this end, we �rst notethat, every bounded neighborhood O(B) is a uniform absorbing set for dynamialproess assoiated with equation (4.2), onsequently, it is suÆient to verify (4.14)only for the solutions u of this equation whose initial data u(l) belong to some�xed neighborhood B0 := O(B) of the attrating set B. The rest of the proof ofTheorem 4.1 is analogous to the proof of Corollary 3.1. Indeed, let Æ > 0 and"0 > 0 be so small that in the Æ-neighborhood of every v0 2 R0 the assumptionsof Corollaries 2.1 and 2.2 (with " � "0) be satis�ed (this Æ exists sine the numberof equilibria is �nite). We also �x Æ0 in suh way that the assertion of Lemma4.2 be satis�ed. Then, thanks to Lemma 4.1, there exist positive T = T (B0) and"0 = "0(B0) suh that, for " � "0, every solution u(n), n � l of (4.1) with u(l) 2 B0visits the neighborhood OÆ0(v0) of some equilibrium v0 2 R0 at every time intervaln 2 fK;K+Tg of length T . On the other hand, due to Lemma 4.2, if that solutiongoes out from the Æ-neighborhood of v0 it never visits OÆ0(v0) again. Sine thenumber of equilibria is �nite, these two assertions imply that, for every suh u,there exist vu 2 R0 suh that(4.16) u(n) 2 OÆ(vu); 8n � T+and, thanks to Corollary 2.2, we have onvergene (4.14) where w" := �u";vu 2 R".Let us now u(n), n 2 Z be a omplete bounded solution of (4.1) Then, arguinganalogously, we dedue that there exist two equilibria v+; v� 2 R0 suh that(4.17) u(n) 2 OÆ(v�); 8n � T�; u(n) 2 OÆ(v+); 8n � T+;and, thanks to Corollaries 2.1 and 2.2, we have onvergenes (4.15) with w� :=�u";v� . Theorem 4.1 is proven.In order to formulate the nonautonomous analogue of formula (3.28), we �rstneed to �nd the nonautonomous analogue of the global attrator A and the globalunstable manifolds M+0;v. Sine, in ontrast to (3.1), equation (4.1) depends ex-pliitly on time n, it is natural to seek for the analogues of the sets A and M+0;vfor equation (4.1) in the lass of time dependent sets (i.e., in the form A"(l) andM+";v(l), l 2 Z). Then, analogously to (3.29), we give the following de�nition.De�nition 4.1. A kernel K" � l1(Z) of equation (4.1) (or whih is the same, ofthe dynamial proess (4.4) assoiated with this equation) is a set of all bounded25



solutions u 2 l1(Z) of (4.1). Let us de�ne the nonautonomous analogue A"(l) ofthe attrator A for equation (4.1) as follows:(4.18) A"(l) := fu(l); u 2 K"g;i.e., the attrator A"(l) is a setion of the kernel K" at time n = l in the terminologyof [4℄.As we will show below, (4.18) gives indeed a natural generalization of the globalattrator's onept to the ase of nonautonomous perturbations of regular attra-tors.The following de�nition generalizes De�nition 3.1 to the nonautonomous ase.De�nition 4.2. Let " � "0 and "0 be small enough that assumptions of Theorem2.1 are satis�ed for every v 2 R0. Then, for every v 2 R0 (and the orrespondingsolution �u";v 2 R") and and every l 2 Z, the (global) unstable setM+";v(l) is de�nedas follows:(4.19) M+";v(l) := ful 2 H; 9u 2 l1(f�1; lg; H); u(n) solves (4.1) for n � l;u(l) = ul and limn!�1 ku(n)� �u";v(n)kH = 0g;i.e., M+";v(l) onsists of all ul 2 H for whih there exists a bakward solution u(n),n � l of problem (4.1) tending to �u";v(n) as n ! �1 suh that u(l) = ul. Thedi�erene with De�nition 2.2 is that we do not require in (4.19) the solution u tobelong to the small neighborhood of v.Corollary 4.1. Let the assumptions I{V be satis�ed. Then, there exists positive"0 suh that, for every " � "0 and every l 2 Z the attrator A"(l) of equation (4.1)(in the sense of De�nition 4.1) has the following struture:(4.20) A"(l) = [v2R0M+";v(l)Indeed, (4.20) is an immediate orollary of the seond assertion of Theorem 4.1and De�nitions 4.1 and 4.2.The next theorem shows that the sets M+";v(l) remain to be C1-submanifolds if" > 0 is small enough.Theorem 4.2. Let the assumptions I{V hold. Then, there exists small "0 > 0 suhthat, for every " � "0 and every v 2 R0, the sets M+";v(l) are the �nite dimensionalC1-submanifolds of H di�eomorphed to H+(v), for every �xed l 2 Z. In partiular,(4.21) M+";v(l) �M+0;v � H+(v) = Rind+(v):Proof. The proof of this assertion is ompletely analogous to the proof of Theorem3.1, so, we only indiate the main steps of this proof resting the details to thereader.We �rst reall that, aording to Theorem 2.3, we may �x "0 and Æ suh smallthat, for every " � "0 and every equilibrium v 2 R0 (and for the orresponding�u";v 2 R"), the assoiated loal unstable sets(4.22) �M";v(l) :=M+;lo";v (l) \ (�u";v(l) + V+ �H�)26



(for some neighborhood V+ = V+(v) � H+(v)) are the C1-submanifolds di�eomor-phed to H+(v) � Rind+ (v), for every l 2 Z. Moreover, thanks to estimate (2.27),we may assume, without loss of generality that the onstants "0 and Æ and theneighborhood V+ are hosen in suh way that(4.23) �M";v(l) � U"(l; l� 1) �M";v(l � 1); 8l 2 Zand, onsequently, in order to introdue a struture of a C1-manifold on the globalunstable set M+";v(l), it is suÆient to use the following obvious deomposition:(4.24) M+";v(l) = [1n=1U"(l; l� n) �M";v(l � n)Finally, in order to verify that the topology indued on M+";v(l) by this strutureoinides with the usual one indued by the embeddingM+";v(l) � H , it is suÆientto use Lemma 4.1 instead of Lemma 3.1 and the homeomorphisms(4.25) U"(l � n; l) := [U"(l; l� n)℄�1 : A"(l)! A"(l � n); n 2 Ninstead of the homeomorphisms S�n : A ! A (we reall that, due to assumptionIV ) the maps U"(l; l � n) are injetive and, due to assumption V, the sets A"(l)are ompat for all " � "0 and l 2 Z, so (4.25) are indeed the homeomorphisms).Thus, Theorem 4.2 is proven.Corollary 4.2. Let the assumptions of Theorem 4.2 hold. Then, for every " �"0 and every l 2 Z the attrator A"(l) onsists of the �nite union of the �nite-dimensional (unstable) C1-submanifolds of H. Thus, the regular struture of theattrator preserves under small nonautonomous perturbations.Indeed, this assertion is an immediate orollary of (4.20) and Theorem 4.2.Reall that, up to the moment, we know nothing about the attration propertiesof the 'attrator' A"(l). The next theorem shows that the rate of attration remainsexponential for suÆiently small positive " and, thus, the attratorsA"(l) are indeednatural generalization of the onept of regular attrator to the nonautonomousase.Theorem 4.3. Let the assumptions I{V hold. Then, there exists positive "0 and� and a monotoni funtion Q suh that, for every " � "0 and bounded subset Bof H and every l 2 Z, the following estimate holds:(4.26) distH(U"(l + n; l)B;A"(n+ l)) � Q(kBkH)e��n:We emphasize that the onstant � and the funtion Q are independent of ", n and l.Proof. We �rst note that, as in Theorem 3.2, it is suÆient to verify (4.26) for one�xed suÆiently small neighborhood B0 of the attrating set B. The rest of theproof of estimate (4.26) is ompletely analogous to the proof of Theorem 3.2, sowe below only formulate the analogues of Lemmata 3.3{3.5 for the nonautonomousase resting the details to the reader. 27



Lemma 4.3. Let the above assumptions hold. Then, for every suÆiently smallÆ > 0, there exist "0 = "0(Æ) and T = T (Æ) > 0 suh that, for every " � "0 and everysolution u(n) of equation (4.1) with the initial data u(l) belonging to B0, one an�nd two sequenes of numbers fT i�gMi=0 and fT i+gMi=1, where M =Mu � N := #R0and a sequene of di�erent equilibria fvigMi=1 � R0 suh that(4.27) T 0� = l; T i+ � T i�1� � T; TM� = +1; i = 1; � � � ;Mand(4.28) u(n) 2 OÆ(vi); 8n 2 fT i+; T i�g; i = 1; � � � ;M:Indeed, this assertion is a standard orollary of Lemma 4.1 and 4.2 (see the proofof Lemma 3.3 for the details).Lemma 4.4. Let the above assumptions hold. Then, there exists positive onstantsC and K suh that for every solution u(n) starting from B0 and every k � l,(4.29) distH(u(n+ k);A"(n+ k)) � CeKn distH(u(k);A"(k)); n � 0where the onstants C and K are independent of n, ", l and u.Indeed, this assertion is an immediate orollary of the fat that the operatorsS(�)+P"(n; �) are uniformly Lipshitz ontinuous on bounded subsets of H (due toassumption IV a)) (see the proof of Lemma 3.4 for the details).Lemma 4.5. Let the above assumptions hold and let the onstants Æ and "0 arehosen in suh way that the assumptions of Theorem 2.4 be satis�ed (in the Æ-neighborhood) for every equilibrium v 2 R0. Then, for every " � "0 and everysolution u(n) of equation (4.1) starting from B0 at n = l and satisfying(4.30) u(n) 2 OÆ(v); n 2 fl0; l0 + T0g; T0 2 f0;1g; l0 � l;the following estimate is valid:(4.31) distH(v(l0 + k);A"(l0 + k)) � Ce�k (distH(u(l0);A"(l0)))�where the positive onstants C,  and 0 < � < 1 are independent of ", l, l0, k, T0,v and u.Indeed, this assertion is a standard orollary of Lemma 4.4 and Corollary 2.2(see the proof of Lemma 3.5 for the details).Finally, having Lemmata 4.3{4.5, we an verify (4.26) exatly as at the end ofthe proof of Theorem 3.2. Thus, Theorem 4.3 is proven.The next orollary gives the estimate for the symmetri distane between theattrators A"(n) and the limit autonomous regular attrator A.Corollary 4.3. Let the assumptions I{V hold. Then, for every " � "0, the sym-metri distane between A"(l) and A possesses the following estimate:(4.32) distsymmH (A"(l);A) � C"�; l 2 Z;28



where the positive C and 0 < � < 1 are independent of " and l.Proof. Let ul 2 A"(l) be an arbitrary point of A"(l). Then, for every k 2 N, thereexists ul�k 2 A"(l � k) suh that U"(l; l � k)ul�k = ul. Let us onsider a solution�u(n), n � l � k of the limit autonomous equation (3.1) suh that �u(l � k) = ul�k.Then, on the one hand, sine the operator S is uniformly Lipshitz ontinuous onB and the operator P" satis�es (4.2), we have(4.33) k�u(l)� ulk � C"eLk;where the positive onstants C and L are independent of ", ul and k. On the otherhand, sine the attrator A is exponential, then, aording to (3.40), we have(4.34) distH(�u(l);A) � Ce��kwhere the positive C and � are also independent of k and ul. Combining (4.33)and (4.34) and using that ul 2 A"(l) and k are arbitrary, we dedue that(4.35) distH(A"(l);A) � Cmink2N �"eLk + e��k� :Fixing the parameter k in the right-hand side of (4.35) in an optimal way (i.e., suhthat "eLk � e��k), we have(4.36) distH(A"(l);A) � C"�where � = �L+� . Thus, the �rst part of estimate (4.32) is proven. The seond part(4.37) distH(A;A"(l)) � C"�an be proven analogously, only instead of (3.30), we now need to use (4.26). Corol-lary 4.3 is proven.Remark 4.1. Analogously to the autonomous ase, estimates (4.26) an be slightlyimproved using the onept ofN -omposed trajetories introdued in De�nition 3.2.Namely, for every bounded B, l 2 Z and every trajetory u(n) := U"(n; l)ul, n � l,there exists an N -omposed trajetory vu;l(n) of the proess U"(n; l) suh thatN � #R0 and ku(n)� vu;l(n)kH � Cku(l)� vu;l(l)kHe��(n�l);where the positive onstants C and � depend on B, but are independent of " � "0,l 2 Z and ul 2 B. The proof of this estimate an be obtained analogously to (3.55),see [3℄ and [8-9℄ for the details.Moreover, estimate (4.32) also an be improved using the N -omposed traje-tories. Namely, for every omplete trajetory u" 2 l1(Z) of the perturbed proessU"(t; �), there exists an N -omposed trajetory u0 2 l1(Z) of the limit semigroupSt belonging to the attrator A suh thatku"(n)� u0(n)kH � C"�; n 2 Z;where the positive onstants C and � are independent of " and " 2 [0; "0℄. Thisestimate an be obtained in a standard way based on Lemma 4.3 and the loal29



analysis of the perturbed dynamis in the small neighborhood of the equilibriaz0 2 R0 (analogous to Theorems 2.2-2.4, see [3℄ and [8-9℄).In onlusion of this setion, we larify the relations between the nonautonomousregular attrator A"(l) obtained above and the known generalizations of the on-ept of a global attrator to the nonautonomous ase. We reall that, up to themoment, there exist two main possibilities to generalize the global attrator tononautonomous dynamial systems (see [4-5℄, [10℄, [13℄ and the referenes therein).The �rst one is the so-alled pullbak attrator's approah whih treats the attra-tor for a nonautonomous equation as a time dependent set as well and the seondone is the so-alled uniform attrator's approah where the attrator for a nonau-tonomous equation remains time independent. For the onveniene of the reader,we below reall the de�nitions of the attrators mentioned above.De�nition 4.3. Let U"(n; l) be a dynamial (semi)proess assoiated with equa-tion (4.1). Then, a time dependent set l ! Apb" (l), l 2 Z, is a pullbak attrator ifthe following assumptions are satis�ed:1) For every l 2 Z, the set Apb" (l) is ompat in H ;2) The sets Apb" (l) are stritly invariant, i.e., U"(n; l)Apb" (l) = Apb" (n);3) The sets Apb" (l) possess the following pullbak attration property: for everybounded subset B � H , every l 2 Z and every neighborhood O(A"(l)) there existsT = T (l; B;O) suh that(4.38) U"(l; l � n)B � O(Apb" (l)); 8n � T:De�nition 4.4. Let U"(n; l) be a dynamial (semi)proess assoiated with equa-tion (4.1). Then, a (time independent) set Aun" � H is a uniform attrator if thefollowing assumptions are satis�ed:1) The set Aun" is ompat in H ;2) The set Aun" possesses a uniform attration property: for every bounded setB � H and every neighborhood O(Aun" ) of Aun" there exists T = T (B) suh that,for every l 2 Z,(4.39) U"(l + n; l)B � O(Aun" ); 8n � T:3) The set Aun" is a minimal set whih satis�es assumptions 1) and 2).We emphasize that, in ontrast to (4.39), the attrators Apb" (l) possess only thepullbak attration property (4.38) and, in general, the set U"(l + k; l)B may notonverge to Apb" (l+k) as k ! +1. The next orollary shows that it is not the asefor the nonautonomous perturbations of regular attrators.Corollary 4.4. Let the assumptions I{V hold. Then, there exists "0 > 0 suh that,for every " � "0 the following assertions are valid:1) The pullbak attrator Apb" (l) of the dynamial proess assoiated with equation(4.1) oinides with the nonautonomous regular attrator A"(l) obtained above:(4.40) Apb" (l) = A"(l); l 2 Zand, onsequently, the pullbak attrator Apb" (l) possesses a uniform exponentialattration property (4.26) and representation (4.20) as a �nite union of the �nite-dimensional C1-submanifolds of H. 30



2) The uniform attrator Aun" of the dynamial proess assoiated with problem(4.1) an be desribed as follows:(4.41) Aun" = � [l2ZA"(l)�H = � [l2ZApb" (l)�H ;where � � �H stands for the losure in the spae H.Proof. Indeed, equality (4.40) is an immediate orollary of De�nitions 4.1 and 4.2and estimate (4.26). Let us verify equality (4.41). To this end, we note that the �rstassumption of De�nition 4.3 holds, sine A"(l) � B for all l 2 Z and the attratingset is ompat in H . The seond assumption is also satis�ed due to estimate (4.26)and, �nally, the third assumption is satis�ed, sine all the sets whih satisfy 1) and2) should ontain A"(l) for all l 2 Z. Corollary 4.4 is proven.x5 Nonautonomous regular attrators: the ase of ontinuous time.In this setion, we extend the results obtained above to the ase of ontinuoustime. To be more preise, we onsider a family fU"(t; �); t; � 2 R; t � �g ofdynamial proesses (with ontinuous time t 2 R) in the spae H depending onthe parameter " 2 [0; 1℄. It is now worth to reall that, by the de�nition of thedynamial proess, the operators U"(t; �) : H ! H should satisfy the followinggeneralization of the semigroup identity:(5.1) U"(t; �) = U"(t; s) Æ U"(s; �); 8t � s � �;whih is naturally satis�ed for solving operators of nonautonomous evolution prob-lems, see [4℄ and [10℄ and Setion 6 below.As in the previous setion, we assume that the proesses U"(t; �) tend as "! 0to the limit autonomous semigroup St�� . That is the reason why we split theoperators U"(t; �) as follows:(5.2) U"(t; �) = St�� + �P"(t; �);where fSt; t � 0g is the limit autonomous semigroup and �P"(t; �) : H ! H is aperturbation.Then, in order to handle the ase of ontinuous time, we modify the assumptionsI{V as follows.VI. We assume that the operators S(v) := S1v and P"(n; v) := �P"(n; n � 1)v,n 2 Z, satisfy the assumptions I{V of Setions 3 and 4 and, in addition,a) Every equilibrium z0 2 R0 of the map S(v) := S1v is also an equilibrium ofthe ontinuous semigroup St (i.e., Stz0 = z0, for all t 2 R+ );b) The operators U"(t; �) 2 C1(H;H) for all t � � and, for every " 2 [0; 1℄, � 2 Rand s 2 [0; 1℄, we have(5.3) kU"(� + s; �)vkH + kU 0"(� + s; �)kL(H;H) � Q0(kvkH)where the monotoni funtion Q0 is independent of ", v, � and s;) The operator U"(� + s; �) is injetive for every �xed " 2 [0; 1℄ � 2 R ands 2 [0; 1℄ and the kernel of its derivative U 0"(� + s; �)(v) is trivial for all v 2 H ;31



d) The operators �P"(t; �) are uniformly small in the following sense:(5.4) k �P"(� + s; �)vkH + k �P 0"(� + s; �)(v)kL(H;H) � C"; "; s 2 [0; 1℄; � 2 R;where the onstant C depends (monotonially) on kvkH , but is independent of ",v, � and s.We are going to apply the theory developed in the previous setions for in-vestigating the proesses fU"(t; �); � 2 R; t � �g with ontinuous time. To thisend, we �rst onsider the restrition of these proesses to disrete time, namely,fU"(m;n); m; n 2 Z; m � ng. We then note that, thanks to identity (5.1), everytrajetory u(n) = U"(n; l)ul, ul 2 H , n � l of that proesses satis�es the followingdi�erene equation:(5.5) u(n) = U"(n; n� 1)u(n� 1) � S(u(n� 1)) + P"(n; u(n� 1)); u(l) = ul;where S(v) := S1v and P"(n; v) := �P"(n; n � 1)v and, vise versa, every solutionof (5.5) is a trajetory of U"(n; l). Thus, studying of the trajetories of U"(n; l) isequivalent to the study of solutions of the di�erene equation (5.5).We now note that equation (5.5) has the form of (4.1) and (due to VI) the opera-tors S(�) and P"(n; �) satisfy assumptions I{V of Setions 3 and 4. Thus, aordingto Setion 3, the limit autonomous semigroup fSn; n 2 Ng possesses the regularattrator A0 and there exists "0 > 0 suh that, for every " � "0, the orrespondingproess U"(m;n) possesses the nonautonomous regular attrators n ! A"(n). Inpartiular, for every equilibrium z0 2 R0 of the map S, we have a unique trajetory�u";z0 2 l1(Z) of the proess U"(m;n) belonging to the small neighborhood of z0,the unstable sets n ! M+";z0(n) of �u";z0 are the C1-submanifolds in H and theattrator A"(n) is a �nite union of that unstable manifolds, see (4.20) and (4.21).Moreover, the attrators A"(n) satisfy estimates (4.26) and (4.29).Our task now is to extend this result to the ase of ontinuous time. To thisend, for every t = n+ s, n 2 Z and 0 � s � 1, we set(5.6) �u";z0(t) := U"(n+ s; n)�u";z0(n);M+";z0(t) := U"(n+ s; n)M+";z0(n); A"(t) := U"(n+ s; n)A"(n):Obviously, U"(t; �)�u";z0(�) = �u";z0(t) and analogous formulae hold for the setsM+";z0(t) and A+" (t). The following theorem shows that the sets t ! A"(t) thusde�ned are indeed the nonautonomous regular attrators for the proesses U"(t; �)with ontinuous time.Theorem 5.1. Let assumption VI be satis�ed. Then, for every " 2 [0; "0℄, thefollowing onditions hold:The seond assumption is an immediate orollary of the analogous fat1) The sets t! A"(t) de�ned by (5.6) are the nonautonomous regular attratorsfor the proess U"(t; �) with ontinuous time and(5.7) A"(t) = [z02R0M+";z0(t); t 2 Rwhere the setsM+";z0(t) are the unstable manifolds of ontinuous trajetory �u";z0(t).2) Every trajetory u(t), t � � of that proess stabilizes as t! +1 to one of thetrajetories belonging to R" := f�u";z0(t); z0 2 R0g and every omplete boundedtrajetory is a heterolini orbit between the trajetories belonging to R".32



3) The attrators t ! A"(t) are uniformly exponential in the following sense:for every bounded subset B of H and every � 2 R, we have(5.8) distH(U"(� + t; �)B;A"(� + t)) � Q(kBkH)e��t; t 2 R+where the positive onstant � and the monotoni funtion Q are independent of ",� , t and B.4) The attrators t! A"(t) tend as "! 0 to the limit attrator A0, i.e.,(5.9) distsymH (A"(t);A0) � C"�; t 2 Rwhere the positive onstants C and � are independent of " and t.Proof. We �rst note that, due to the uniform boundedness of the operators U"(� +s; �) (see (5.3)), every bounded trajetory u(n), n 2 Z of U"(m;n) (with disretetime) generates a bounded trajetory of U"(t; �) (with ontinuous time) via(5.10) u(n+ s) := U"(n+ s; n)u(n); n 2 Z; s 2 (0; 1)and, vise versa, every bounded ontinuos trajetory u(t), t 2 R, obviously generatesa bounded disrete trajetory u(n), n 2 Z. Moreover, aording to De�nition 4.1,the disrete attrators A"(n) are generated by all bounded disrete trajetories ofU"(m;n). Then, due to (4.18) and (5.6), the sets t ! A"(t), t 2 R, are generatedby all bounded trajetories of U"(t; �) (with ontinuous time), i.e.,(5.11) A"(�) = Kont" ��t=�where Kont" is a set of all bounded trajetories of U"(t; �) (with ontinuous time).Thus, the sets t! A"(t) de�ned by (5.6) satisfy the ontinuos analogue of De�nition4.1.Analogously, due to the uniform boundedness of the derivatives U 0"(� + s; �), wehave(5.12) ku1(n+ s)� u2(n+ s)kH � Cku1(n)� u2(n)kH ; n 2 Z; s 2 [0; 1℄for every two trajetories u1 and u2 of U"(t; �). Consequently, u(t) tends to �u";z0(t)as t! �1 (ontinuous time, t 2 R) if and only if u(n) tends to �u";z0(n) (disretetime, n 2 Z). This shows that the sets t ! M+";z0(t), t 2 R, de�ned by (5.6)are indeed the unstable sets of the ontinuous trajetory �u";z0(t). We now reallthat, due to Theorem 4.2, the setsM+";z0(n) (with integer n) are �nite-dimensionalC1-submanifolds of H . Then, the injetivity of U"(�+s; �), the fat that the kernelkerU 0"(� +s; �)(v) = f0g for all v 2 H and the ontinuation formulae (5.6) imply ina standard way that the setsM+";z0(t) are C1-submanifolds of H di�eomorphed toM+0;z0 for the noninteger t as well. Finally, formula (5.7) is an immediate orollaryof the analogous representation of the attrators for disrete time and the on-tinuation formulae (5.6). Thus, we have veri�ed that t ! A"(t) are indeed thenonautonomous regular attrators for U"(t; �) (with ontinuous time) and assertion1) of Theorem 5.1 is veri�ed.The seond assumption is an immediate orollary of the analogous fat for dis-rete time (see Theorem 4.1) and estimate (5.12). The exponential attration prop-erty (5.8) also follows from the analogous estimate (4.26) for disrete time, uniformboundedness (5.3) and estimate (5.12). 33



Thus, it only remains to verify estimate (5.9). To this end, we note that, ifu"(t) and u0(t) be the trajetories of U"(t; �) and St�� respetively, then (thanksto estimates (5.3) and (5.4)) we have(5.13) ku"(l + s)� u0(l + s)kH � Cku"(l)� u0(l)kH + C"where the onstant C is independent of the trajetories u" and u0 (belonging tosome bounded subset of H) and of l 2 Z. Estimate (5.9) is now an immediateorollary of the analogous estimate (4.32) for disrete time and inequality (5.13).Thus, Theorem 5.1 is proven.Remark 5.1. In partiular, �xing " = 0 in Theorem 5.1, we obtain that A0 is aregular attrator for the semigroup St with ontinuous time. The only diÆultyhere is that the ontinuation z0(t) := Stz0 of the equilibrium z0 2 R0 of the mapS = S1 is a priori a 1-periodi trajetory (and not neessarily an equilibrium of thesemigroup St with ontinuous time). In order to exlude this ase we impose theadditional assumption VIa). We also note that this assumption is automatiallysatis�ed if St possesses a global Lyapunov funtion (or if all of the trajetories ofSt are ontinuous with respet to t).Remark 5.2. Let us assume that we are given a family of proesses U";�(t; �) :=St�� + �P";�(t; �) depending on the additional parameter � 2 � (or, more general,� 2 �" where the sets �" an be di�erent for di�erent ") suh that all of theassumptions I-VI are satis�ed uniformly with respet to � (i.e., the set attrationset B from ondition V is also uniform with respet to � (i.e., (4.5) holds uniformlywith respet to � 2 �) and estimates (5.3) and (5.4) are also uniform with respetto � 2 �. Then, it is not diÆult to verify analyzing the proofs given above thatestimates (5.8) and (5.9) for the orresponding regular attrators hold uniformlywith respet to �. This simple observation allows to apply the above theory foronstruting the regular attrators for the skew-produt systems, see [6℄, (15) and[17℄. x6 An example: reation diffusion system.In this onluding setion, we illustrate the abstrat results obtained above on asimplest model example of a reation-di�usion system in a bounded domain 
 � R3 :(6.1) � �tu = a�xu� f(u) + g0 + "g"(t);u��t=� = u� ; u���
 = 0(more ompliated appliations will be onsidered in the forthoming papers [15℄and [17℄). Here u = (u1; � � � ; uk) is an unknown vetor-valued funtion, �x is theLaplaian with respet to the variables x = (x1; x2; x3), a is a given di�usion matrixwhih satis�es a = a� > 0, " � 0 is a small parameter and f(u) and g0 + "g"(t) aregiven nonlinear interation funtion and the external fores respetively.It is assumed that the nonlinearity f 2 C2(Rk ;Rk ) has a gradient struture:(6.2) f(v) = rvF (v); F 2 C3(Rk ;R)and satis�es the following standard dissipativity and growth restritions:(6.3) 1: f(v):v � �C; 2: f 0(v) � �K; 3: jf 00(v)j � C(1 + jvjp); p < 3:34



Here and below u:v denotes the standard inner produt in Rk and f 0(v) � �Kmeans that f 0(v)�:� � �Kk�k2 for all � 2 Rk .We also assume that the autonomous external fores g0 2 [L2(
)℄k and thenonautonomous external fores g"(t) belong to the spae L1(R; L2(
)) and areuniformly bounded (with respet to ") in this spae, i.e.,(6.4) kg"kL1(R;L2(
)) � C;where C is independent of ".Let us �rst onsider the limit autonomous ase " = 0. It is well known (see [3℄)that, under above assumptions, equation (6.1) generates a dissipative semigroupfSt; t � 0g in the phase spae H := [W 12 (
)℄k via(6.5) Stu0 := u(t); u(t) is a unique solution of (6.1) with u(0) = u0whih possesses a ompat global attrator A = A0 in H . Moreover, aording to[3, Chapter VII℄, this semigroup belongs to the lass C1+�(H;H) for all 0 < � < 1and(6.6) kSt(v)kC1+� � Q(kvkH)eKtwhere the positive onstant K and the monotoni funtion Q are independent of t.Let us verify the map S = S1 satis�es the assumptions of Setion 3. Indeed, sineS 2 C1+�(H;H) then the Frehet derivative S0 is uniformly bounded on boundedsubsets of H . Thus, assumption Ia) and assumption (5.3) (with " = 0) are satis�ed.The injetivity assumptions Ib) and VI) (with " = 0) are standard orollaries ofthe bakward uniqueness theory for the solutions of paraboli equations, see e.g.,[1℄ and [3℄. Thus assumption I is veri�ed.In ontrast to this, the hyperboliity assumption II is not automatially satis�edfor all external fores g0. Nevertheless, it is known (see [3℄) that II is satis�ed forgeneri external fores g0 in L2(
) (i.e., the set of g0s for whih II is satis�ed isopen and dense in L2(
)). Thus, we assume from now on that g0 is hosen in suhway that II is satis�ed.Let us verify assumption III. Indeed, IIIa) holds sine the semigroup St possessesthe global attrator A in H . Moreover, sine the nonlinearity f is gradient, thenthe funtional L(u) := Z
 aru(x):ru(x) + 2F (u(x))� 2g0:u(x) dxgives the global Lyapunov funtion for the semigroup St, see [3℄. Thus, assumptionsIIIb) and III) are also veri�ed.Applying the abstrat result of Setion 3 to the semigroup Sn generated byequation (6.1) and noting that the ontinuation assumptions VI (with " = 0) arealso satis�ed for the limit semigroup St, we obtain the following result of [3℄.Theorem 6.1. Let the above assumptions hold. Then, for generi external foresg0, the attrator A0 of the semigroup St assoiated with problem (6.1) is regular(i.e., onsists of a �nite union of the �nite dimensional unstable manifolds of the35



equilibria z0 2 R0) and exponential (i.e., the image of every bounded set is attratedexponentially to the attrator A0, see Setion 3).We now return to the nonautonomous problem (6.1). Then, as proven, e.g., in[4℄, for every u� 2 H and every � 2 R equation (6.1) possesses a unique solutionu(t) whih satis�es(6.7) ku(t)kH � Q(ku�kH)e��(t��) + C0where the positive onstants C0 and � are independent of " 2 [0; 1℄, � 2 R andt � � . Consequently, the solving operators u� ! U"(t; �)u0 are well de�ned via(6.8) U"(t; �)u� := u(t); where u(t) is a unique solution of (6.1):Moreover, as known (see e.g., [4℄), the operators U"(t; �) satisfy identity (5.1) forevery �xed " 2 [0; 1℄ and, thus, generate indeed a dynamial proess in H (for every�xed "). Let us verify that these proesses satisfy the assumptions of Setions 4and 5.Indeed, arguing exatly as in the autonomous ase, see [3, Chapter VII℄, wededue that U"(t; �) 2 C1+�(H;H) for every � 2 R+ and t � � and, analogouslyto (6.6),(6.9) kU"(� + s; �)(v)kC1+� � Q(kvkH)eKswhere the positive onstant C and the monotoni funtion Q are independent of" 2 [0; 1℄, � 2 R and s 2 R+ . Thus, the regularity assumption IVa) and estimate(5.3) are satis�ed.Moreover, arguing in a standard way, see e.g. [3℄ and [4℄, we an hek that(6.10) kU"(� + s; �)v � SsvkH + kU 0"(� + s; �)(v) � S0s(v)kL(H;H) � "Q(kvkH)eKtwhere the positive onstant K and the monotoni funtion Q are independent of ",s and � . Thus, assumptions IVb) and (5.4) is also satis�ed. As in the autonomousase, the injetivity assumptions IV) and VI) are orollaries of the standardbakward uniqueness theory for the paraboli equations, see [1℄ and [3-4℄. Thus,assumption IV is veri�ed.Let us verify assumption V of Setion 4. To this end, we note that, thanks to(6.9) the R-ball BR of H entered at zero will be a uniformly (with respet to " and�) absorbing set for the family of proesses U"(t; �) if R is large enough, but thisset is not ompat in H . In order to onstrut the ompat one, we reall that, dueto the standard smoothing property for paraboli equations, for every 0 < Æ < 1and every solution u(t) of (6.1), we have(6.11) ku(� + 1)kH1+Æ(
) � �QÆ(ku(�)kH)where the monotoni funtion QÆ depends on Æ, but is independent of " 2 [0; 1℄,� 2 R and u(�) 2 H , see [3℄, [4℄ and [7℄ for the details. Thus, the �QÆ(R)-ball ofH1+Æ(
) (for some �xed positive Æ) entered at zero will be the desired ompatuniformly absorbing set for the family U"(t; �) and assumption V is veri�ed.It remains to note that the ontinuation assumption VI is automatially satis�eddue to (6.9) and (6.10). Thus, all of the assumptions of Setions 3{5 are veri�edfor problem (6.1) and, onsequently, the following result holds.36



Theorem 6.2. Let the above assumptions hold and let the external fores g0 ishosen in suh way that the hyperboliity assumption II is satis�ed (and, onse-quently, the limit autonomous equation (6.1) possesses a regular attrator). Then,there exists "0 = "0(f; g0;
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