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ABSTRACT. The paper is devoted to the study of regular attractors of dissipative
semigroups with discrete and continuous time and their nonautonomous perturba-
tions. The results obtained are applied to the model example of a reaction diffusion
system in a bounded domain of R?® with the nonautonomous external forces.

INTRODUCTION.

It is well known that longtime behavior of dissipative systems generated by
the PDEs of mathematical physics can be described in terms of global attractors
which are, by definition, compact invariant sets of the phase space attracting the
images of all bounded subsets of the initial data, see [2-4], [14] and references
therein. Moreover, very often these attractors occur (in a sense) finite-dimensional
although the initial phase space of such dynamical systems is infinite dimensional
(e.g., ® = L*(Q) or ® = L>(N)). Thus, the concept of a global attractor allows
to reduce the study of the initial infinite dimensional dynamics to the associated
finite-dimensional dynamics on the attractor. We however note that usually the
attractor A is not a submanifold of the phase space and can have rather complicated
fractal structure, so, obtaining a reasonable description of this structure becomes
crusial for further investigation of the associated dynamics. Unfortunately, up to the
moment, very few is known about the structure of the global attractors in general.
Moreover, as elementary examples show, this structure can be very sensitive to the
perturbations of the dynamical system considered and the rate of attraction to the
global attractor can be arbitrarily slow.
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Nevertheless, the exists rather wide model class of dynamical systems (which
includes reaction-diffusion equations, damped wave equations, Cahn-Hilliard equa-
tion, etc.) whose attractors possess more or less complete description. These are
the so-called regular (global) attractors introduced in [2-3] (see also [11] for the
particular cases). According to the theory developed there, the regularity of the
global attractor requires the existence of a Lyapunov function for the dynamical
system {S¢,t > 0} considered and the finitness and hyperbolicity of all its equilibria
29 € Ro. Then, under the additional technical assumptions, its global attractor A4
will be a finite union of of the unstable manifolds Mg, ~of that equilibria:

(0.1) A= UZOEROMS_,ZO'

The regular attractors are exponential in the following sense: for every bounded
subset B of the phase space, we have

(0.2) dist(S;B, A) < Q(lIBl)e™",

where the monotonic function () and the positive constant « are independent of ¢
and B and dist(+,-) denotes the nonsymmetric Hausdorff distance between sets.
Moreover, the regular attractors are robust with respect to the perturbations,
i.e., if A. is the global attractor of the perturbed semigroup {Si,t > 0}, € € [0, 1]
and the global attractor Ajg is regular then, under natural assumptions on the form
of the pertubation, the attractors A. are also regular for sufficiently small ¢ and

(0.3) dist®¥™ (A, Ag) < Ce”,

where the positive constants C' and & are independent of ¢ and dist®™™ (-, ) denotes
the symmetric Hausdorff distance between sets.

In the present paper, we consider the nonautonomous perturbations of regular
attractors. To be more precise, we study the longtime behavior of the trajectories
of the nonautonomous dynamical processes {Uc(t,7),t > 7} which tend as ¢ — 0
to the autonomous dynamical semigroup S; under the assumption that this limit
semigroup possesses a regular attractor Ag. The main aim of the paper is to verify
that the regular structure preserves under the nonautonomous perturbations as
well. Some particular results in this direction have been obtained in [6] and [8-9].

We however note that the concept of a global attractor is not directly applica-
ble to the nonautonomous problems and sholuld be modified. Up to the moment,
there exist two main possibilities to generalize this concept to the nonautonomous
problems. The first one is based on the reducing the initial nonautonomous prob-
lem to the autonomous one acting on the (properly) extended phase space. This
approach naturally leads to the so-called uniform attractor A" which remains
time-independent (as in the autonomous case, see [4]). The alternative approach
treats the attractor of the nonautonomous problem as a time-dependent set as well
(t - A.(t), t € R). This assumption leads to the so-called pullback attractor (or
which is the same the theory of kernel sections in the terminology of [4], see also
[5] and [13]). Analogously to the autonomous case, the attractors ¢t — A.(t) are
generated by all bounded trajectories of the process Uc(t,7) concidered. Namely,
let . be the set of all bounded trajectories of U(¢, 7). Then

(0.4) Ac(r) =Ko,
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i.e., A:(7) consists of values at ¢ = 7 of all bounded trajectories of U.(t, ), see [4].

As we show below (see Section 4 and 5), the generalization of the regular at-
tractors theory to the nonautonomous case can be naturally formulated in terms
of the time-dependent attractors ¢t — A.(¢). To be more precise, we assume that
the limit semigroup S; possesses the regular attractor Ag. Then, under natural as-
sumptions on the perturbation (see Sections 4 and 5), for all sufficiently small £ and
every equilibrium zy € Ry of the limit semigroup S;, there exists a unique trajectory
e,z (t) of the process U.(t, 7) belonging to small neighborhood of z;. The solutions
e,z (1), 20 € Ro, play the role of the equilibria for the nonautonomous dynamical

process Ue(t,7). Moreover, the (nonautonomous) unstable sets ¢ — M7 (t) of
that solutions are the C''-submanifolds for every ¢ € R diffeomorphed to M({ ., and

the following generalization of (0.1) holds:

(0.5) A (7) = Usper, MT

£,20 (T)v TE R:
see Sections 4 and 5. The attractors A.(7) are uniformly exponential, i.e., for every
bounded subset B of the phase space and every sufficiently small £, we have

(0.6) dist(U.(t + 7,7)B, A-(t + 7)) < Q(||B])e ", T €R, t>0,

where the positive constant C' and the monotonic function @) are independent of ¢,
t and 7 (compare with (0.2)) and close to the limit regular attractor Ay:

(0.7) dist™™ (A (£), Ag) < Cc®, teR,

where positive constants C' and & are independent of € and ¢ (compare with (0.3)).

In order to obtain these results, we first consider (analogously to (3)) the case
of discrete time ({U:(¢,7), t,7 € Z}) and obtain, using the abstract generalization
of the method suggested in [6], the discrete version n — A.(n), n € Z, of the
nonautonomous regular attractor. After that (in Section 5), we extend this result
to the case of continuous time.

The paper is organized as follows. Some auxiliary results on the exponential
dichotomy of linear difference equations generated by linear hyperbolic maps are
recalled in Section 1. The local autonomous and nonautonomous unstable manifolds
for the dicrete cascades and the associated difference equations are inverstigated in
Section 2. The regular attractor for the limit autonomous semigroup {S,,n € N}
is constructed in Section 3 and its nonautonomous perturbations are studied in
Section 4. These results are extended to the case of continuous time in Section 5.

The above results are illustrated (in Section 6) on a model example of a reaction-
diffusion system

(0.8) O = alzu — f(u) + go + g:(t), u|t:0 = up, u|3Q =0

in a bounded domain € of R® which has been also investigated in [8-9]. More
complicated applications of the above theory will be considered in the forthcoming
papers [15] and [17].
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§1 EXPONENTIAL DICHOTOMY OF LINEAR DIFFERENCE EQUATIONS.

In this section, we formulate several results on difference equations associated
with a linear hyperbolic map L of a Banach space H which will be used in the next
section for constructing the invariant manifolds in the nonlinear map. To be more
precise, the hyperbolicity of the map L € L(H, H) means that its spectrum does
not intersect the unit circle:

(1.1) oL)N{XeC, |\ =1}=@.

Then, as known, the space H can be splited in a direct sum H = Hy + H_ of two
invariant spectral subspaces H4 such that

(1.2) U(L|H+) =o(L)N{|A| > 1}, O'(L|H7) =o(L)N{A <1}

and, consequently, the map L is invertible on H, and the following estimates are
valid:

L"h_||g < C||h_||g, Yh_ € H_, n €N,
w3 {1l < Ol "

||L_nh+||H < C||h+||H7 Vh+ € H+7 ne Na

where the positive constants C' and « are independent of n and h.. We denote by
I+ : H — H. the spectral projectors associated with the spectral subspaces H4
and by Ly := IIL L the restrictions of L to its spectral subspaces.

We now study the following linear difference equation, associated with the oper-
ator L:

(1.4) u(n)— Lu(n—1)=h(n—-1), n€Z

in the space [°°(Z, H) of bounded H-valued sequences. The following proposition
gives the solvability of problem (1.4) in this space for every h € [*°(Z, H).

Proposition 1.1. Let the operator L € L(H, H) be hyperbolic. Then, for every
h € I°(Z,H), equation (1.4) possesses a unique bounded solution u € I*°(Z,H)
and, thus the linear solving operator T € L(1°°,1°) is well defined via (Th)(n) :=
u(n). Moreover, the solution u € 1°°(Z,H) of equation (1.4) satisfies the following
estimate:

(1.5) lu(m)llzr < C" supyez, {e= 1|1 (1) | }

where the positive constants C and § < « depend only only on constants C' and o
introduced in (1.4) (and independent of n, | and h).

Proof. Indeed the solution u(n) := (uy(n),u_(n)) € Hy x H_ can be defined by
the following standard expression:

+oo n
(16)  wi(n) =) (L) " Thal), u—(n):= Y (L) 'ho(1).
l=n l=—00
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Obviously, the sequence u(n) thus defined solves (1.4) and we only need to verify
estimate (1.5). To this end, we note that, due to (1.3)(1),

lu—(m)llr <C Y e IRl <

l=—00

n
<o ( > e“’“"”) S RO

[=—00
< O supyez {e "R}
The estimate for the H; component of u can be obtained analogously and Propo-
sition 1.1 is proven.

We now consider the analogue of equation (1.4) on a finite segment {M, N} :=
ZN[M,N], M,N € Z. To this end, we need to add the ’boundary conditions’ at
n =M and n = N as follows:

{ u(n) — Lu(n—1)=h(n-1), n={M+1,--- N},

(1.7)
O_u(M)=v_, ODyu(N)=vy, vy € Hy.

The following proposition is the analogue of Proposition 1.1 for problem (1.7).

Proposition 1.2. Let L € L(H,H) be a hyperbolic map. Then, for every initial
data (vy,v_) € H and every h € [*°({M,N},H), problem (1.7) has a unique
solution u € I°({M, N}, H) which can be presented in the following form:

(1.8) u =Ty nh+Thv_ +Thoy,

where the linear operator Tprny € LUI®({M,N},H),I*°({M,N},H)) gives the
solution of (1.7) with zero boundary conditions (vo = v— = 0), the operator
Th, : L(H_,1°({M, N}, H)) solves problem (1.7) with h = vy = 0 and the opera-
tor Th : L(H4,l®({M,N}, H)) is the solving operator for (1.7) with h = v— = 0.
Moreover, the following estimates hold:

L A(Ta,nB) ()l < € supyeqar,ny {e™ ROk},
(1.9) 2. |(Thyo)(m)l|lu < Ce Mo,

3. [(Tho)(m)|la < Ce PN oy |u,
where n € {M, N} and the positive constants C' and 5 depend only on C and «
introduced in (1.3) (and independent of v, h, M, N and n).

Proof. Indeed, it is not difficult to verify that the operators in (1.8) can be expressed
as follows:

(1.10) (Thv-)(n) := (L)" Moo, (Thoy)(n) = L)V "oy

and, denoting by h the extension by zero of the sequence h € [*({M,N}, H) to
the space [*°(Z, H),

(L.11) (Tarvh)(n) = (Th)(n) — (L-)" =™ (Th)(M) — (L4 )N ~"(Th)(N),
5



where the operator T is defined in Proposition 1.1. Applying estimates (1.3) and
(1.5) to (1.10) and (1.11), we deduce estimates (1.9) and finish the proof of Propo-
sition 1.2.

We will also need (in the next section) to consider operators in (1.8) in weighted
spaces of H-valued sequences. To this end, we define, for every v € R, the space
Ly ({M,N}, H) by the following norm

(1.12) lwllize ((nr, Ny, 1) 2= SUDc s, Ny {e7 " u()]u}-

The following corollary gives the norms of operators introduced in (1.8) in the
weighted spaces (1.12).

Corollary 1.1. Let L be a hyperbolic map and operators Ty n, Th, and T and
the constant B be as in Proposition 1.2. Then,

1. For every vy such that |y| < B, the operator Ty n maps I5°({M, N}, H) to
itself and

(1.13) I Tar,w Il case (N, ) age (0N 1)) < CF

where the constant C" depend only on C' and o from (1.3) and is independent of
M,N € Z and || < 8.
2. For every 0 <y < 8, we have

(1.14) 1T e er_ iz ((ar.ny.my) < Cle W,
- ||Tl1\/[||£(H+7li°7({M7N},H)) <Cle'M,

where the constant C" depend only on C' and o from (1.3) and is independent of
M,N €Z and 0 <~y < S.

Indeed, estimates (1.13) and (1.14) are immediate corollaries of (1.9).

§2 LOCAL INVARIANT MANIFOLDS NEAR THE HYPERBOLIC EQUILIBRIUM.

In this section, we consider the nonlinear and nonautonomous analogue of equa-
tion (1.4) in a small neighborhood of the hyperbolic equilibrium zy € H (without
loss of generality, we may assume that zo = 0). To be more precise, we study the
following nonlinear difference equation in a small neighborhood of zero:

(2.1) u(n) — Lu(n — 1) = So(u(n — 1)) + P-(n,u(n — 1))

where L € L(H, H) is a hyperbolic linear map, the map Sy € C'(H, H) satisfies
(2.2) S0(0) = S(0) = 0

and its Frechet derivative v — S} (v) is uniformly continuous on bounded subsets of
H and the map P.(n,v) belongs to C'(H, H), for every n € Z and every ¢ € [0, o],

and for every v € H, ||v||g < 1, these operators satisfy the following estimate

(2.3) |1Pe(n,0) |l + [|1PL(n, o)l 2y < C,
6



where the constant C' is independent of €, n and v and the Frechet derivatives v —
P!(n,v) are uniformly (with respect to n and v) continuous on bounded subsets of H
and n € Z. In particular, (2.3) implies that Py(n,v) = Pj(n,v) = 0, consequently,
(2.1) can be interpreted as a small (if ¢ < 1) nonautonomous perturbation of the
limit autonomous equation

(2.4) u(n) — Lu(n — 1) = Sp(u(n — 1)).

We recall that, due to our assumptions the limit autonomous equation (2.4) has
the (hyperbolic) equilibrium @g(n) = 0. Our first task is to construct the analogue
of this equilibrium for the nonautonomous equation (2.1) for small positive .

Theorem 2.1. Let L be a hyperbolic linear map and the nonlinear operators Sy and
P. satisfy (2.2) and (2.3). Then, there exist a positive 9 and a small positive Ry
such that, for every e < g, equation (2.1) possesses a unique solution . € 1°°(Z, H)
satisfying

(2.5) [|ts(n)||lg < Ro, Vn € Z.
Moreover, the following estimate holds:
(2.6) [a(n)lla < C'e

where C' is independent of n and € and, thus, the solution u.(n) tends to the limit
equilibrium @o(n) =0 as e — 0.

Proof. In order to solve equation (2.1) in [*°(Z, H), we first invert the linear part
of it using Proposition 1.1. Then, we have

(2.7) u="ToSy(u) +ToP(u),

where Sp(u)(n — 1) := Sp(u(n — 1)), P-(u)(n — 1) := P.(n,u(n — 1)) and the
operator T is defined in Proposition 1.1. Then, conditions (2.2) and (2.3) imply
that Sy, P- € C1(I>°(Z, H),I>°(Z, H)) (to this end, we need the assumption on the
uniform continuity of Frechet derivatives), Sp(0) = S4(0) = 0 and

(2.8) 1P (W)l 2y + IPL()| 1 (2) 402 (2)) < C,

for all v such that [|v|;~z) < 1. We are going to solve (2.7) using the implicit
function theorem. To this end, for every € € [0,1], we set

(2.9) ®.(v):=v—ToSy(v)—ToP(v), velI®(Z,H)

Then, the desired trajectory u. solves the equation ®.(u.) = 0. Moreover, obvi-
ously, ®9(0) = 0. In order to construct this solution for positive £, we need to
verify that 1) ®. € C*(I>°,1°°); 2) The linear operator ®((0) is invertible in H;
3) Functions ®.(v) and ®.(v) are Lipschitz continuous with respect to € at ¢ = 0.
Then, thanks to the implicit function theorem (see e.g., [16]), for every sufficiently
small £ > 0 we will have a unique solution v = @, of equation ®.(v) = 0 which will
be also Lipschitz continuous with respect to .
7



Let us verify that assumptions. Indeed ®. € C(I°°(Z),1°°(Z)), since Sp and
P. belong to this space; definition (2.9) immediately implies that ®{(0) = Id and,
thus, the second condition is also verified. Moreover, due to (2.8), we have

(2.10) 19 (v) — Ro(v)llie (z) + |RL(v) = Bp (V)| L= (2) 100(2)) < C'e

and the third condition is also verified. Consequently, the implicit function theorem
is indeed applicable to equation (2.7) and, consequently, for every € € [0,¢e9], there
exists a solution @. of (2.7) which is unique in a sufficiently small neighborhood
of zero in [*°(Z,H). Moreover, obviously, 1o = 0 and, therefore, (2.10) implies
estimate (2.6) and Theorem 2.1 is proven.

Remark 2.1. It is not difficult to verify that, if the operator P:(n,v) is au-
tonomous, periodic, quasiperiodic or almost-periodic with respect to n, the same
will be true for the solution @.(n) constructed in Theorem 2.1.

Our next task is to construct the local unstable manifolds for problem (2.1)
near zero diffeomorphed to linear space Hy. We start our exposition with the
autonomous case € = 0 (which corresponds to equation (2.4)).

Definition 2.1. For a given § > 0, the local unstable set M1 = MP' is
defined as follows:

(211) MM :={ug € H, Fu€l™(Z_,H), |Julli=z_) <5,
u(n) solves (2.4) for n € Z_, u(0) = up and Em u(n) = 0},
n — 00

i.e., MTlo¢ consists of all ug € H for which there exists a backward solution u(n),
n € Z_ of problem (2.4) belonging to the §-neighborhood of zero for every n € Z_
and tending to zero as n — —oo such that «(0) = wp.

It is well known that, if the map L is hyperbolic and the § > 0 is small enough,
then sets M™1+1°¢ are, in fact, C'-submanifolds of H diffeomorphed to H,. To be
more precise, the following result holds.

Theorem 2.2. Let L be a linear hyperbolic map, € = 0 and the map Sy satisfy the
assumptions of Theorem 2.1. Then, there exist § > 0, a neighborhood V. of zero
in the space Hy and a C'-map M : V, — H_ such that M(0) = M'(0) = 0 and
(2.12) MV x Ho) = {og +M(vy), vy € Vi),
i.e., MPlen (V. x H ) is a graph of the function M : Vy — H_.

The proof of this theorem can be found, e.g. in [3]. Nevertheless, we below give
an independent proof of this fact in more general nonautonomous case.

We are now ready to introduce the unstable manifolds for problem (2.1) with
sufficiently small positive £. To this end, we recall that, in contrast to (2.4) this

problem is nonautonomous, consequently, the unstable manifolds should also de-
pend explicitly on .

Definition 2.2. Let € < gy where ¢ is defined in Theorem 2.1 and let @.(n) be a
bounded solution of (2.1) defined in Theorem 2.1. For a given neighborhood § > 0
and every [ € Z, the local unstable set MI-1°¢(]) = M:;jloc(l) is defined as follows:
(213) M;hloc(l) = {U’l €H, Ju € loo({_ooal}aH)a ||U’||l°°({foo,l}) < 67

u(n) solves (2.1) for n <1, u(l) = uy,

and lim {lu(n) —u.(n)|lx =0},



i.e., M>lo¢(l) consists of all w; € H for which there exists a backward solution
u(n), n <1 of problem (2.1) belonging to d-neighborhood of zero for every n <1
and tending to @.(n) as n — —oo such that u(l) = u;.

The following theorem is the nonautonomous analogue of Theorem 2.2.

Theorem 2.3. Let the assumptions of Theorem 2.1 hold. Then, there exist positive
ey < eo and § > 0, a neighborhood Vy ~ Hy of zero in the space H, such that,
for every e < &), there exists a family of C'-maps ML, : V4 — H_ satisfying
My, (0) = Mg, (0) =0 and

(2.14) ML, (v4) = M(vy )l + [IME , (v4) = M (vi)ll e, 1oy < C,

where M(vy) = My, (v4), v+ € Vi, the constant C is independent of €, n and
v. Moreover, the set M:;;loc(l) N (a:(l) + V4 x H_) is a graph of the function
MEJ : V+ - H_:

(2.15) M:;;l“(l) N(ue(l) + Ve x H-) = {a:(1) + vg + Moy (vy), vy € Vi)

Proof. We first give the proof of Theorem 2.3 for the case I = 0. The general case
will be considered below. We now recall that, according to Definition 2.2, in order
to construct the unstable set MZ(}!OC(O), one needs to find all backward solutions
u € 1%°(Z_), ||ulljez_y < 6 of problem (2.1) which tend to u.(n) as n — —oo.
To this end, it is more convenient to change the independent variable u in (2.1)
as follows: w = w — @.. Then, the sequence w satisfies the following difference
equation:

(2.16) w(n) — Lw(n —1) = [So(a:(n — 1) + w(n — 1)) — Sp(a:(n — 1))]+
+ [P:(n,t.(n — 1)+ w(n — 1)) — P.(t@.(n — 1))].
In order to solve equation (2.16), we invert the linear part of it using Proposition

1.2 with M = —oo and N = 0. To this end, we need to impose the additional
’boundary condition’ IT;w(0) = v, vo € H4, at n = 0. Then, (2.16) reads

(2.17) w = Thvy + T a0 0 [So(w + @) — So(@2)] + T—vo0 0 [Pe(w + ) — P (@.)]

where the operators T_ ., o and T( are defined in Proposition 1.2 and the operators
Sp and P. are the same as in (2.7). We are going to apply the implicit function
theorem to equation (2.17). To this end, we set

(2.18) ®.(vg,w) :=w — Toug — T_wo 0 © [So(w + Te) — So(U:)]—
— T w00 [Pe(w + @) — Pe(tic)]
Then, since the operators Sy and P, are C'-differentiable, we have ®. € C'(Hy x

[°(Z-),1°(Z -)). Moreover, due to (2.10), (2.8) and the fact that Sp(0) = S{(0) =
0, we have ®.(0,0) = 0, 0,,%0(0,0) = Id and

(219) ||(I)E(U0,U}) - <I>0(v0,w)||loo(z_) S C”E.

Thus, the implicit function theorem is indeed applicable to equation (2.17) and,
due to this theorem, for every e < € and every vg belonging to a sufficiently small
9



(but independent of €) neighborhood V4 ~ H equation (2.17) possesses a unique
solution u = U (vp) belonging to the dp-neighborhood of zero in [°°(Z). Moreover,
the function vy — U.(wvp) belongs to C1(Vy,1°°(Z_)) and, thanks to (2.19)

(2.20) 1U-(vo) = Uo(vo)lli== (z) + UL (v0) = Up(vo)llc(rry 1 (z)) < Cie
Moreover since ®.(0,0) = 0, then U.(0) = 0 and, consequently,

(2.21) U= (o)1 (z_y < Cllvolle,

where the constant C' is independent of . Let us now consider the function vy —
U%(vg) := U-(v0)(0) which gives the initial value at n = 0 for the sequence U, (vp).
Then, due to equation (2.17) and the definition of the operator T_ o, we have
I, U2 (vp) = vp and I U2(0) = 0, consequently, we may define the desired function
M. o : Hy — H_ as follows:

(222) M&"O (U[)) = H,Ug(’l}o).

Furthermore, since 0y, ®0(0,0)(0) = I, then M ,(0) = 0 and estimates (2.14)
follow from (2.20). Let us now define

(2.23) M_(0) := @(0) + US(Vy) = @ (0) + {vo + ML g (vo), vo € Vi }.

Then, on the one hand (2.23) is a C'-submanifold of H diffeomorphed to V, ~ H_
(since it is a graph of the C'-function M. ) and, on the other hand set (2.22)
consists of all initial data at n = 0 for which there exists a backward solution u(n)
of (2.1), belonging to the dp-neighborhood of zero for every n € Z_ and satisfying
u(0) € u-(0) + V4 x H_. Thus, in order to verify the equality

(2.24) MEe(0) N (a:(0) + Vi x H_) = M.(0)

and finish the proof of Theorem 2.3, it is sufficient to verify that the solution
U:(vo) of equation (2.16) tends to zero as n — —oo. In fact, we verify more
strong assertion that Ue(vo) € [3°(Z~) where 3 > 0 is the same as in Proposition
2.2 and the weighted space [3° is defined by (1.12). To this end, we note that ,
due to our assumptions on Sy and P., the operators w — Sp(w + @.) — So(ue)
and w — P.(w + u:) — P(u.) are well defined not only in the space [*°(Z_)
of bounded sequences, but also in the space [3°(Z-) of exponentially decaying
sequences and belong to the class C'! (I3°(Z-),15°(Z-)). Thus, thanks to Corollary
1.1, the function ®. (vo,w) is also belongs to C* (Hy x13°(Z),13°(Z -)). Therefore,
we may apply the implicit function theorem to this function not only in the space
[°°(Z-), but also in the space I3°(Z_) which, for every vy € V., gives a solution

W = U.(vo) of equation (2.16) which belong to 3°(Z_). Since bounded backward

solution of (2.16) is unique, then necessarily U, (vg) = U.(vp) and estimate (2.21)
can be improved as follows:

(2.25) 1U=(vo)llize z—y < Cllvolla,.

therefore the sequence U, (vg) exponentially tends to zero as n — —oo and, in the
case [ = 0, Theorem 2.3 is proven. In order to reduce the case of general | € Z
10



to that one, we change the independent variable n' := n — [. Then, equation (2.1)
reads

(2.26) u(n') — Lu(n' — 1) = So(u(n’ — 1)) + P-(n',u(n’ — 1)),

where P.(n',v) := P.(n —[,v). Then, constructing as above the unstable manifold
at n' = 0 for this equation, we obtain the desired unstable manifold at n = [ for the
initial equation (2.1). Moreover, since our assumptions on P.(n,v) are uniform with
respect to n € Z, the operator P.(n',v) satisfies the same conditions as P-(n,v).
Thus, all the constants and estimates of Theorem 2.3 also will be uniform with
respect to [ € Z and Theorem 2.3 is proven.

Corollary 2.1. Let the assumptions of Theorem 2.1 hold. Then, there exists 6o > 0
such that, for every bounded backward solution u(n), n <1, of (2.1) with e < g
which satisfies ||ul|j({—oo}) < b0, u(l) necessarily belongs to the unstable manifold
MEee(l). Thus, u(n) converges exponentially to @.(n) asn — —oo:

(2.27) lu(n) —a(m)||m < Ce" D ju(l) —a-(D))|m, n <1
where the positive constants C' and 8 are independent of u, €, n and .

Indeed, without loss of generality we may assume that [ = 0 (see the end of the
proof of Theorem 2.3) and, in this case the equality v = @, + U-(I14u(0)) follows
from the fact that the bounded backward solution of (2.16) is unique in a small
neighborhood of zero. Consequently, u(0) € MZX!°¢(0). Estimate (2.27) is now an
immediate corollary of (2.25).

Remark 2.2. Analogously to Remark 2.1, if the operator P.(n,v) is autonomous,
periodic, quasiperiodic or almost-periodic with respect to n the same will be true
for the operators M ,,. In particular, if € = 0 then the corresponding equation (2.4)
is autonomous and, consequently, My ,, is independent of n and, thus, coincide with
the map M defined in Theorem 2.2.

Remark 2.3. Analogously to unstable manifolds MZ1+°¢(I), one can consider the
(local) stable manifolds MZ!°¢(]) which consist of the initial values at n = [ of all
forward solutions of (2.1) (defined for n > [) which belong to the small neighborhood
of zero for all n > [ and tend to @.(n) as n — +o00. Obviously, this manifold will
be diffeomorphed to H_. We however note that only the unstable manifolds are
important for regular attractors, that is why we do not consider the stable manifolds
here.

We now note that the manifolds MZT+!°¢(1) obtained above consist of the back-
ward solutions of equation (2.1). To be more precise, the following result holds.

Remark 2.4. Let the above assumptions hold. Then, there exists §o > 0 such
that, for every v; € MD1°¢(1) satisfying ||v;||gz < do there exists a unique backward
solution v(n), n < [ of problem (2.1) which tends to @.(n) asn — —oo and v(l) = v;.
Moreover,

v(n) € MH¢(n), VYn <1,

Indeed, this assertion is an immediate corollary of Definition 2.2 and Theorem 2.3.
We conclude this section by proving that every (forward) solution of (2.1) tends
exponentially to the appropriate unstable manifold while it remains in a d-neigh-
bourhood of zg. This result is crucial for establishing the exponential rate of at-
traction to the regular attractors (see Sections 3 and 4).
11



Theorem 2.4. Let the assumptions of Theorem 2.1 hold. Then, there exist § > 0
and positive e < e such that for every e < ef, every | € Z and every (forward)
solution u(n), n > 1 of equation (2.1), belonging to the §-neighborhood of zero in
H forl <n <1+ N, n €N, there exists a backward solution v(n), n <[+ N,
of equation (2.1) belonging to the unstable manifold of u. (i.e., v(n) € MI!°¢(n),
n <1+ N) such that

(2.28) lu(n) = o)l < Ce PO Dlu@t) = v, 1<n<I+N,
where the positive constants C' and 8 are independent of I, n, N, u and &

Proof. We first note that, without loss of generality we may assume that [ = 0 (see
the trick at the end of the proof of Theorem 2.3). We now recall that, according
to Theorem 2.3 (and Remark 2.4), there exists a unique backward solution v(n),
n < I+ N such that

(2.29) v(n) € MH¢(n), Yn<I+ N and T v+ N)=Tu(l+ N)

if ef > 0 and § > 0 is small enough (in the case N = oo we set v(n) := 4.(n)).
We claim that the solution v(n) thus defined satisfies (2.28). Indeed, since the
sequences u(n) and v(n) solve (2.1), then the difference 6 := u — v satisfies

(230) 0= I']I‘(LN o [So(u) — S()(’U)]+
+To,n © [P=(u) = P=(v)] + Tg o L (u(0) — v(0)).

(we recall that, due to boundary condition (2.29), I u(N) = IILv(N)). Comput-
ing the 1°%({0, N'})-norm of the both parts of (2.30) (where 8 is the same as in
Proposition 1.1) and using Corollary 1.1, we have

(2.31)  [Blli=, (fo,n1) < ClIS0(u) = So(v)lli==, (fo,np+
+ 1P=(w) = Pz (v)lli=s, (f0,n1) + [T (w(0) = v(0))[|x)

where the constant C' is independent of £, N u and v. We also recall that, thanks
to (2.6), (2.27) and our assumption that |[ul[;~(o,n}) < 6, we have

(2.32) lulli (f0,8y) + 01l (fo,33) < C1(0 + &)
and, consequently, using that S}(0) = 0, we can fix ¢ and £j so small that

(2.33)  [1So(u) = So(v)llis, (0,5} <

1
1
< [ 135+ (1 = 0)lemim) s u = vl o0 < 7518l 0.

Estimating the term with P. analogously and using (2.32) and (2.3), we can finally
fix § and ej so small that

1
(2.34) IP=(u) = P=(v)lli=, (fo,n}) < Eneuli"B({O,N})
inserting (2.33) and (2.34) into the right-hand side of (2.31), we deduce that
(2.35) 1011, (0,3} < 2C| T (u(0) — v(0))]|&-
Estimate (2.28) is an immediate corollary of (2.35) and Theorem 2.4 is proven.

In the following corollary, we study the particular case N = oo of Theorem 2.4.
12



Corollary 2.2. Let the assumptions of Theorem 2.4 hold, € < e and let u(n),
n > 1 be a solution of (2.1) which remains in the §-neighborhood of zero for all
n > 1. Then, this solution stabilizes exponentially to u:(n) as n — +oo:

(2.36) lu(n) = @ ()|l < Ce*"Du(l) — @-)lla, n>1

where the positive constants C and B are independent of n, [, € and u.

Indeed, by definition v(n) = @.(n) in the case N = oo.

§3 REGULAR ATTRACTORS: THE AUTONOMOUS CASE.

In this section, we start to study the global behavior of solutions of difference
equations of the form (2.1) as n — oo. For simplicity, we first consider the au-
tonomous case:

(3.1) u(n) =Sl —1)), u(0)=ug, n€N

and the nonautonomous case will be considered in the next section.

We impose three groups of assumptions on the nonlinear map S:

I) Analytic properties: a) S € C'(H, H) and its Frechet derivative v — S’(v) is
uniformly continuous on bounded subsets of H; b) the map S : H — H is injective
and ker S'(v) = {0} for all v € H.

II. Hyperbolicity assumptions: we assume that equation

(3.3) Sw) =

possesses only finite number of solutions Ry = {v1, - ,on} € H (which are the
equilibria for problem (3.1)) and all of them are hyperbolic, i.e. the maps S'(v;) €
L(H, H) are hyperbolic for all i = 1,--- | N (see (1.1)).

ITI. Some kind of regularity assumptions on the associated dynamics. Let us
consider the solving semigroup S,, : H — H, n € Z, generated by equation (3.1)
via

(3.4) Spug = u(n) where u(n) solves (3.1) with «(0) = ug.

a) We suppose that semigroup (3.4) possesses a global attractor .4 in the phase
space H. The latter means that

1) The set A is compact in H;

2) Tt is strictly invariant: S, A= A for alln € Z4;

3) A is an attracting set for the semigroup {Sy, n € Z.}, i.e., for every bounded
subset B of H and every neighborhood O(A) there exists N = N(A, O) such that

(3.5) SpB C O(A), forall n>N.

b) We also assume that every solution u(n), u(0) = ug € A, of problem (3.1)
belonging to the attractor stabilizes as n — oo to some equilibrium v = v, € Rp:

(3.6) lim,, o0 ||u(n) — v||g = 0.
13



c) Equation (3.1) does not possess any homoclinic structures, i.e., if uy,--- ,ux €
[°(Z) be arbitrary sequence of bounded solutions of (3.1) such that

(3.7) limy—oo ||ui(n) —villgr =0, limpoqoo ||us(n) —viga|lgr =0, i=1,--- K,

for some equilibria {v; fill C Ry, then necessarily all of v; are different.

Remark 3.1. It is well known that conditions IIL. b) and III. ¢) are satisfied if
equation (3.1) possesses a global Lyapunov function.

We also note that, due to assumptions I and II, all of the assumptions of Section
2 (with e = 0) are satisfied in sufficiently small neighborhood of every equilibrium
v € Rp. Consequently, we have the locall description of the dynamics associated
with (3.1) in a small neighborhood of every equilibrium vy € Rg, see Theorems
2.1-2.4. Our task in this section is to give the detailed description of the global dy-
namics associated with of (3.1) (under the assumptions I, IT and IIT). The following
standard lemmata are crucial for that purposes.

Lemma 3.1. Let the assumptions II, III a) and III b) be satisfied. Then, for every
bounded subset B C H and every positive 8, there exists T = T(B,d) € N such that
every solution u € 1°°({0,T}) defined on the interval n € {0,T} with the initial
data belonging to B (u(0) € B) necessarily visits the 6-neighborhood Os(Ro) of the
equilibria Ro:

(3.8) (Un=o{u(n)}) N 0s(Ro) # @, O5(Ro) = UL, 05(vi)
Proof. Assume that the assertion of the lemma is wrong. Then, there exists positive

dp, bounded By C H, a sequence T — +oo and a sequence of solutions uj €
1°°({0,T}}) of equation (3.1) such that u(0) € By and

(39) diStH(Uk(TL),R()) > 8y, n€E {O,Tk}

We now define a new sequence of solutions g (n) := ug(n + [T /2]) on the interval
ke {—[T,/2],[Tx/2]}. Then, thanks to (3.9),

(310) diStH(ﬂk(n),Ro) Z (50, RS {—[Tk/Q], [Tk/Q]}

On the other hand, since semigroup (3.4) associated with equation (3.1) possesses
the global attractor A and T}, — 400, then, for every fixed n € Z, we have

(311) limkﬁoo diStH(ﬂk (n), A) =0.

Consequently, since A is compact in H, the sequence {ix(n)}7>, is precompact for
every fixed n € Z. Then, using the Cantor’s diagonal procedure, we may assume
without loss of generality that iy (n) — @(n) € A, for every fixed n € Z. Moreover,
passing to the limit ¥ — oo in equations (3.1) for uy, we obtain that the sequence
@ € [*°(Z) solves (3.1) (and belongs to the attractor .4). Finally, passing to the
limit & — oo in (3.10), we have

diStH(ﬂ(n),Ro) > 8y, n€E7L.
which contradicts assumption III b). Thus, Lemma 3.1 is proven.
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Lemma 3.2. Let the assumptions II and III be satisfied. Then, for every (suf-
ficiently small) § > 0 there exists positive 0' < & such that every solution u(n)
of equation (3.1) which starts from the Og (v;) of some equilibrium v; € Ry (i.e.,
u(0) € Oy (v;)) and such that u(T) ¢ Os(v;) never returns again in the neighbor-
hood Og: (v;) of the same equilibrium for n > T, i.e.

(3.12) u(n) ¢ Oy (vi), ¥Yn>T.

Proof. Let us assume that the assertion of the lemma is wrong. Then, there exist
an equilibrium vy its neighborhood Os, (vg), sequences Ty, € N and T} > T}, and a
sequence u* of solutions of equation (3.1) such that

(3.13) uk(0),u*(T}) € O1/k(v0), uk (Ty) ¢ O, (vo)-

Moreover, without loss of generality we may assume that T} is the first time when
u*(n) is out of O, (vo), i.e.,

(3.14) uk(n) € Os,(v0),n < Ty,

We recall that vy is equilibrium of equation (3.1), consequently, since S € C!, we
have T}, — +00. We now define another sequence @*(n) := @*(n + T). Then, due
to (3.13) and (3.14), we have

L. @*(0) ¢ Os,(vo),
(3.15) 2. @k(n) € Os,(v9), —Ti <n <0,

3. aF(T}) € Oy (vo), Tj =T, — Ty > 0.

Arguing as in the proof of Lemma 3.1, we can assume without loss of generality
that @*(n) converges as k — oo to some solution u;(n), n € 7, belonging to the
attractor A:

(3.16) limy_s o ||@*(n) —ui(n)||g =0, Vn€Z
and conditions 1) and 2) of (3.15) imply that ui(n) € Os,(vg) for n < 0 and,
consequently, due to Corollary 2.2 with e = 0 (without loss of generality, we may

assume that dg > 0 is small enough that the assumptions of Corollary 2.2 be
satisfied), we have

(3.17) limy— —oo [|u1(n) = vollm = 0.
Moreover, due to assumption III b), we also have
(318) lim, 400 ||’LL1(1’L) - Ué||H =0,

for some v} € Ro. Furthermore, if vy = v}, then wu; is a homoclinic orbit to the
equilibrium vg which is not allowed due to assumption III ¢). Thus, vy # v§. Then,
due to (3.15)(3) and (3.16), we also have a sequence T} < T} such that

(3.19) dist g (% (T}L), vd) < 0k
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such that §; — 0 as £ — oo and taking a subsequence if necessary, we may assume
without loss of generality that d, = 1/k. Moreover, due to (3.15) and the fact that
T} < T7, the solution u*(n) cannot stay in Og, (v}) for all n > T"). Consequently,
we also have a sequence T,§2), T,gl) < T,§2) < Ty, such that

(3.20) (1Y) ¢ Os, (vd)

Thus, scaling the time n — n + T,gl) in the sequence i*(n), we obtain a new se-
quence of solutions which satisfies (3.13) (with vg replaced by v}) and, consequently,
repeating the above arguments, we construct the second heteroclinic orbit us(n):

(3.21) limy, o [Ju(n) —vgllg =0, lim,_io |[u*(n) —vi|lg =0

for some equilibrium v3 € Ry and again v = vp is not allowed thanks to III c).
Therefore, we can repeat the above procedure once more and so on. Finally, we
can construct arbitrarily long sequence v of equilibria and a sequence u; of the
heteroclinic orbits

(3.22) vo = vh = vl = = o).

Moreover, thanks to III ¢), all of v} should be different which contradicts the fact
that the set Rg of equilibria is finite. This contradiction proves Lemma 3.2.

We now verify that every solution of (3.1) (with the initial data ug belonging to
all H and not only for ug € A) stabilizes as n — +00 to one of the equilibria.

Corollary 3.1. Let the assumptions I, II and III hold. Then, for every ug € H,
the corresponding solution u(n), n > 0 of problem (3.1) stabilizes to one of the
equilibria Rg as n — +oo:

(3.23) lim,, 4 oo ||u(n) —vullg =0, vy, € Rpo.

Moreover, every complete solution u € [°°(Z) belonging to the attractor A is a
heteroclinic orbit between two different equilibria of Ro:

(3.24) lim, oo |lu(n) —vi|lg =0, lim,_o ||u(n) —v_||g =0,

for some vy € Ro, vy #v_.

Proof. Indeed, let § > 0 be so small that in the d-neighborhood of every vy € Rg
the assumptions of Corollaries 2.1 and 2.2 (with e = 0) be satisfied (this § exists
since the number of equilibria is finite). We also fix ¢’ in such way that the assertion
of Lemma 3.2 be satisfied.

Let now u(n) be an arbitrary solution of (3.1). Then, thanks to Lemma 3.1, there
exists positive T such that solution u(n) visits the neighborhood Oy (vg) of some
equilibrium vy € Ry at every time interval n € {K, K + T} of length T'. On the
other hand, due to Lemma 3.2, if that solution goes out from the §-neighborhood
of vy it never visits Oy (vg) again. Since the number of equilibria is finite, these
two assertions imply that there exist v, € Ry such that

(3.25) u(n) € O5(vy), Yn>Ty
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and, thanks to Corollary 2.2, we have convergence (3.23).

Let us now u(n), n € Z be a complete solution of (3.1) belonging to the attractor.
Then, arguing analogously, we deduce that there exist two equilibria vy ,v_ € Ry
such that

(3.26) u(n) € Os5(v_), ¥Yn <T_; u(n)e Os(vy), Vn>Ty;

and, thanks to Corollaries 2.1 and 2.2, we have convergences (3.23). Corollary 3.1
is proven.

In order to describe the global structure of the attractor A, we need the following
global version of the unstable sets M™*:/°¢ = /\/lvt’l"C introduced in Definition 2.1.

Definition 3.1. For a given equilibrium v € Ry, its (global) unstable set M0+,v is
defined as follows:

(3.27) ngv ={up € H, Fu €l*°({—00,0}, H), such that

u(n) solves (3.1) for n <0, u(l) =up and lim |lu(n) —v|lg =0},
n——oo

ie., M({v consists of all ug € H for which there exists a backward solution u(n),
n < 0 of problem (2.1) tending to v as n — —oo such that u(l) = u; (the difference
with Definition 2.1 is we do not require now that this solution belongs to the small
neighborhood of v.

Corollary 3.2. Let the assumptions I, II and III hold. The the attractor A of
problem (3.1) possesses the following description:

(3.28) A= Unero Mg,
Indeed, due to the classical description of global attractors, we have

(3.29) A=K|, _,
where K consists of all solutions u € I°°(Z) of equation (3.1). Then, (3.24) is an
immediate corollary of (3.28) and Definition 3.1 of the unstable sets.

The following theorem is a global version of Theorem 2.2.

Theorem 3.1. Let the assumptions I, II and III hold. Then, for every v € Ry, the
corresponding unstable set MK,U is a finite-dimensional C'-submanifold of H dif-
feomorphed to H(v) where H, (v) is the unstable subspace of the linear hyperbolic
map S'(v). In particular,

(3.30) ind; (v) := dim Hy (v) < 00, Yo € Ro.

Proof. We first prove assertion (3.30). Indeed, let v € Ry, then thanks to Theorem
2.2, the corresponding local unstable set M (v) := M;’loc N(Vy x H )isa C!-
submanifold of H diffeomorphed to V4 ~ H;. On the other hand, thanks to (2.29),
this set belongs to the attractor A. Moreover, since the attractor A is compact,
then the manifold M(v) is also (locally) compact and, consequently, it should be
finite-dimensional. Thus, (3.30) is verified.
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Let us now verify that ngv is a manifold. To this end, we recall that, due to
Definitions 2.1 and 3.1, we have

(3.31) MG, = UploSeM(v).

Moreover, since every trajectory belonging to M(v) diverges exponentially, see
Corollary 2.1, then (decreasing the neighborhood V. if necessary), we deduce the
existence of kg € N such that

(3.32) M(v) C Sy M(0)

For simplicity, we below assume that kg = 1 (in fact, it is possible to fix the
neighborhood V; ~ H, in the definition of M (v) such that (3.32) be satisfied with
ko = 1, but we do not give the proof of this fact here).

Moreover, since M(v) is a finite-dimensional C'-submanifold of H (thanks to
Theorem 2.2), consequently, since the map S is injective and the kernel ker S’(u)
is trivial for any uw € H (thanks to assumption I), then the restriction of the map
S to the manifold M (v) is a diffeomorphism:

(3.33) S : M(v) = SM(v)

Thus, all of the sets My (v) := SpM(v) are Cl-submanifolds of H diffeomorphed
to Hy ~ Rind+()  Moreover, according to (3.31) and (3.32) with kg = 1, we have

(3.34) Mg, = Uiy My (v), Mi(v) C Mg (v)

and, consequently, the set M({ , Dossesses the structure of a C'-manifold diffeomor-
phed to Hy ~ Ri*d+(®) Thus, we only need to verify that M{, is a submanifold
of H, i.e., that the topology induced on /\/la',v by that C''-structure coincides with

the topology induced by the embedding M({ »(v) C H. To this end, it is sufficient
to verify that, for every n > 0

(3.35) lim inf dir (M (v), Mig1 (v)\ My (v)) > 0.

where dg (X,Y) := inf(, yyeme ||z — yl|z is a (usual) distance between sets in the
space H. In order to verify (3.35), we recall that the map S is injective and the
global attractor A is compact in H, consequently, the restriction of S to attractor
is a homeomorphism and, therefore, there exists a (uniformly) continuous inverse
S_ll

(3.36) ST:A— A

Thus, the restriction of semigroup {S,,n € Z,} associated with equation (3.1) to
the attractor can be extended to a group {S,,n € Z} of homeomorphisms acting
on the attractor. In particular, since M({ , is an invariant subset of the attractor,
this group of homeomorphisms also acts on M(J{v.

We also recall that, according to the definition of the sets My, (v), we have

(3.37) SIM,(v) = Mn+l(v), VieZ,neN, n+1>0
18



and, consequently, applying the homeomorphism S,_ps to the sets M, (v) and
M1 (v)\ Mg (v), we deduce that assertion (3.35) is equivalent to the following
one: for every M € N,

(3.38) lim inf du(S—pM(v), M1 (v)\ Mg (v)) > 0.

We now note that, due to Lemma 3.2, there exists §’-neighborhood of v in H such
that any solution u belonging to the unstable manifold M(J{v never returns to Oy
after its exiting of the set M(v). On the other hand, according to Corollary 2.1
(with e = 0), there exists M > 0 such that

(3.39) S M, (v) C Og o)

and, consequently, since all of the sets M (v) consists of the solutions of (3.1) which
stabilize to v as n — —o0, we have the following estimate:

A (S— M), Miy1(v)\Mi(v)) >6"/2, Yk > 0.

Thus, estimate (3.38) (or which is the same (3.35)) is proven and, consequently,
Mg:v is indeed a C'-submanifold of H diffeomorphed to H,. Theorem 3.1 is proven.

Remark 3.2. As it follows from the proof of Theorem 3.1, we need not the as-
sumptions IIT b) and III c) in order to introduce the structure of a C''-manifold
on the global unstable set M({ » (and only the hyperbolicity of v is essential for
that fact). In contrast to this, these assumptions are essential for proving that this
structure gives a C'-submanifold of H. Indeed, if M({U contains a homoclinic orbit
to v then, obviously, it cannot be a C'-submanifold in H.

Corollary 3.3. Let the assumptions of Theorem 3.1 hold. Then, the attractor A
consists of the finite collection (3.28) of finite-dimensional C'-submanifolds in H.
The latter means that the attractor A is regular in the terminology of [3].

Indeed, this fact is an immediate corollary of (3.28) and Theorem 3.1.
We conclude this section by proving that the rate of attraction of bounded sets
to the attractor A is, in fact, exponential.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold. Then there ezists a
positive number o and a monotonic function Q such that, for every bounded subset
B of H, the following estimate is valid:

(3.40) disty (SnB,A) < Q(|Bllz)e ", neN

where disty (X,Y) is a nonsymmetric Hausdorff (semi)distance between the sets X
andY in H.

Proof. We first note that, since system (3.40) possesses a global attractor, then
every neighborhood Os(A) will be an absorbing set for the associated semigroup.
Consequently, it is sufficient to prove estimate (3.40) for B = By := Os,(A) only
(where §p > 0 is some fixed number). In order to verify that estimate, we need the
following lemma which improves the assertions of Lemmata 3.1 and 3.2.
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Lemma 3.3. Let the above assumptions hold. Then, for every sufficiently small
0 > 0, there exists T = T(5) > 0 such that, for every solution u(n), n € Z,, one can
find two sequences of numbers {T*}M and {TL}M,, where M = M, < N := #R,
and a sequence of different equilibria {v;}, C Ro such that

(3.41) TO—0, Ti—T' <T, TM = 400, i=1,---,M
and
(3.42) u(n) € Os(v;), Vn € {Ti,Ti}, i=1,---,M.

Proof. Let positive constant §' < § be the same as in Lemma 3.2, i.e. every trajec-
tory which starts from the §’-neighborhood of some equilibrium v € Rq and goes
out from its d-neighborhood never returns again to the initial neighborhood. We
also fix, according to Lemma 3.1, T' = T'(§', By) such that every trajectory starting
from By visits the ¢'-neighborhood of Ry at every time period {K, K 4+ T'} of length
T. We claim that T satisfies all the assumptions of the lemma.

Indeed, let u(n), n > 0, be an arbitrary solution of equation (3.1) such that
u(0) € Bg. Then, according to Lemma 3.1, this trajectory visits Os (Rp) on the
time interval {0,T'}. We denote the equilibrium which satisfies this property by v;.
Then, by definition T'} will be the first time, for which u(n) € Os (v1). Obviously,
Ti — Ty < T. If the trajectory u(n) stays in Os(vy) for all n > T, then we set
T! = 400 and the assertion of the lemma holds with M = 1. Otherwise, we denote
by T* the first time for which u(T1) € Os (v1) and (Tt + 1) ¢ Os(v1). Applying
Lemma 3.1 again, we find 75" € {T,, 7, + T} and the equilibrium v> € Rg such
that u(T,") € Os(v2) and so on. Moreover, all of the equilibria thus obtained
should be different, due to Lemma 3.2 and our choice of §’. Consequently, iterating
the above arguments, we can construct only finite number of equilibria {v;}}£,
with M < #R, and the trajectory stays inside of Os(vys) for all n > Tj_” (i.e.,
TM = +00) and Lemma 3.3 is proven.

Thus, in order to verify (3.40), we need to control the distance to the attractor
inside of O5(Ro) and outside of it. Moreover, since the time which the trajectory
spend outside of O5(Ry) is finite and uniformly bounded by T#R,, we can use
exponentially divergent estimate for this part of the trajectory which is formulated
in the next lemma.

Lemma 3.4. Let the above assumptions hold. Then, there exists positive constants
C and K such that for every solution u(n) starting from By and every | > 0,

(3.43) dist g (u(n +1), A) < CeX™ distg (u(l), A), n >0

where the constants C' and K are independent of n, | and u.

Proof. Indeed, since (thanks to assumption I) the map S belongs to the class C! and
(thanks to the existence of a global attractor) all the trajectories starting from the
bounded set By are uniformly bounded in I°°(Z ), we have the Lipschitz continuity
of the semigroup S,, on By, i.e., there exist positive constants C' and K such that,
for every two solutions u(n) and u;(n) starting from By and every | > 0, we have

(344)  Juln+0) —w(+ Dl < CeXlul) —w @)lg, n >0
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where the constants C and K are independent of [, u, u; and n. Since A C By
and A is invariant with respect to Sy, then (3.44) implies (3.43) and Lemma 3.4 is
proven.

In order to control the distance to the attractor for the part of the trajectory
belonging to Os(Ro), we will essentially use the local description of the dynamics
near the hyperbolic equilibrium obtained in the previous section.

Lemma 3.5. Let the above assumptions hold and let the constant 0 is chosen in
such way that the assumptions of Theorem 2.4 (with e = 0) be satisfied (in the J-
neighborhood) for every equilibrium v € Ro. Then, for every solution u(n) starting
from By and satisfying

(3.45) u(n) € Os(w), ne{l,l+Ty}, Tpe€ {0,00},
the following estimate is valid:
(3.46) distg(v(l + n), A) < Ce™"" (dist g (u(l), A))”

where the positive constants C, v and 0 < 8 < 1 are independent of I, n, Ty, v
and u.

Proof. Indeed, due to Theorem 2.4 (with £ = 0) estimate (2.28) and our choice of
the constant §, we have

(3.47) distpr(u(n +1), A) < distgr(u(n +1), M{,) < Ce 7"

where the positive constants C' and 3 are independent of n, [ Ty, v and u. On the
other hand, thanks to Lemma 3.4, we have

(3.48) distgr(u(n +1), A) < Cef™ dist g (u(l), A).

Combining estimates (3.47) and (3.48), we deduce that

(3.49)  distg(u(n+1), A) < Ce /2 min{eF+8/2" dist g (u(l), A), e=?"/2}
Computing the minimum into the right-hand side of (3.49), we obtain

(3.50) min{e "8/ dist  (u(l), A), e "2} < 1P (dist g (u(l), A))?

where 6 := % Inserting (3.50) into the right-hand side of (3.49), we derive

(3.46) and finish the proof of Lemma 3.5.

We are now ready to finish the proof of Theorem 3.2. Indeed, let u(n), n > 0, be
an arbitrary solution of (3.1) starting from By and let § be the same as in Lemma
3.5 and the sequences T = T (u) and T% = T (u) be the same as in Lemma 3.3.
Thus, according to Lemma 3.5, on the intervals {Tj_, TiYi=1,---,M, we have

(3.51) dist (u(n), A) < Ce™" =T (dist (u(T?), A))’ .

On the other hand, since T_f_ — T < T, then, for n € {Tf_l,Tj_}, we have (due
to Lemma 3.4) the following estimate:

(3.52) dist g (u(n), A) < CeBT disty (u(Th), A).
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Iterating formulae (3.51) and (3.52) and using the evident estimates
(3.53) disty (u(0), A) < g, e~ ?ITE=BM=TL) < o=y > i
we finally have

(3.54) distzr(u(n), A) < 5o(C2eKT)M—70"n,

Since all of the constants in (3.54) is independent of u (we recall that M < #R,),
then (3.54) implies (3.40) and finish the proof of Theorem 3.2.

To conclude this section, we formulate the improved version of the exponential
attraction property (3.40) which gives some kind of the asymptotical completeness
of regular attractors. In order to do so we need to recall the following definition.

Definition 3.2. A sequence u € [*°(Z) is an N-composed trajectory of the semi-
group S, if there exists a sequence {T;};—=1 C Z, Ty < T> < --- < Tn, such that
u(n) solves (3.1) at every interval {—oo, Ty — 1}, {T;+1,T;41 — 1} fori=1,--- |N
and {Tn + 1,00}. Thus, every N-composed trajectory u(n) of the semigroup S,
consists of V+1 pieces of ’ordinary’ trajectories of that semigroup with jump points
at Tp,--+ , Thn.

Corollary 3.4. Let the above assumptions hold. Then for every bounded subset B
of H and every trajectory u(n) := Spuo with ug € B there exists an N-composed
trajectory v = v,(n), n € Z, of that semigroup belonging to the attractor A (i.e.,
v(n) € A for all n € N) such that N < #Ro and

(3.55) lu(n) —v(n)llr < Cllu(0) —v(0)[|ze™*", n €N

where the positive constants C and o depend on B, but are independent of the
concrete choice of ug € B.

Indeed, the assertion of Corollary 3.4 can be obtained in a standard way from
Lemma 3.3 and Theorem 2.4 (with e = 0) (slightly modifying the proof of Theorem
3.4, see [3]).

§4 THE NONAUTONOMOUS CASE: PERTURBATIONS OF REGULAR ATTRACTORS.

In this section, we consider the following nonautonomous perturbation of equa-
tion (3.1)

(4.1) u(n) = S(u(n — 1)) + P-(n,u(n — 1)), u(l) =u;, n>1

and obtain the nonautonomous analogue of Theorems 3.1 and 3.2.

We assume that the operator S satisfies assumptions I-III of the previous sec-
tion and the family of nonautonomous perturbations U, (n,v) satisfy the following
additional assumptions:

IV. Analytic properties: a) Regularity. We assume that P.(n,-) belongs to
C'(H,H) for every fixed e € [0,1] and every n € N. Moreover, the Frechet de-
rivative v — P!(n,v) is uniformly continuous on every bounded subset of H and
its modulus of continuity is also uniform with respect to n € Z.
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b) Convergence as € — 0. We suppose that the following estimate holds:
(4.2) 1Pz (n, o)l + |1 P2, 0)l| 2,1y < Ce

where the constant C' depends (monotonically) on ||v||g, but is independent of &
and n.

c) Injectivity. We assume that, for every £ € [0,1] and every n € Z, the map
S(v) + P.(n,v) is injective in H and the kernel of it Frechet derivative is trivial for
every v € H:

(4.3) ker{S'(v) + P!(n,v)} = {0}, Vn€Z, ¢€]0,1].

V. Uniform dissipativity. Let us consider the dynamical (semi)process {U.(n,l), | €
Z, n > 1} associated with problem (4.1) via

(4.4) Us(n, Dy == u(n), where u(n) solves (4.1) with u(l) = u;.

We finally assume that process (4.4) possesses a compact uniformly attracting set
B cC H. The latter means that, for every bounded subset B C H and every
neighborhood O(B) of the set B, there exists T' = T'(B, O) such that, for every
l€Zand e €[0,1],

(4.5) U(l+n,)BCOB), Vn>T.

We now formulate the nonautonomous analogues of Lemmata 3.1 and 3.2.

Lemma 4.1. Let the assumptions -V be satisfied. Then, for every bounded subset
B C H and every § > 0, there exist g = £o(B,0) and T = T(B, ) such that, for
every € < g9 and every l € Z, every solution u(n), n > 1, visit the §-neighborhood
O5(Ro) of the equilibria Ry at every time interval n € {K, K + T} of length T':

(4.6) (UpZiu(n)) N O5(Ro) # 2.

Proof. Assume, analogously to the proof of Lemma 3.1, that the assertion of the
lemma, is wrong. Then, there exist §o > 0, a sequence of £, — 0, sequences
Iy, Ky, € 7,1 < Ky, asequence Ty, — oo and a sequence uy, of solutions of equation
(4.1) with € = g, such that

(4.7) uk(lk) € B, distH(uk(n),(’)(;(Ro)) >0, k€ {Kn,Kn +Tn}.

As in the proof of Lemma 3.1, we define a new sequence of solutions ig(n) :=
ug(n + Ki + [Tk/2]). To be more precise, ty(n) satisfies the following ’shifted’
version of equation (4.1):

(4.8) ap(n) = S(ug(n=1))+ P, (n,dr(n—1)), P\ (n,0):= P (n+Kp+[Tk/2],v).
Moreover, assumption (4.7) implies that

(49) distH(ﬁk(n),O,;(Ro) Z (50, n e {—[Tk/Q], [Tk/2]}
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We also note that, since T — oo and the dynamical process (4.5) associated with
(4.1) possesses the uniform attracting set B, then

(4.10) limg o0 dist g (g (n), B) =0, for every fixed n € Z.

Thus, the sequence {ay(n)}32, is precompact in H, for every fixed n and, con-
sequently, due to Cantor’s diagonal procedure, we may assume without loss of
generality that ug(n) — u(n) for some u(n) € B, for every n € Z. Then, on the
one hand, passing to the limit & — oo (using (4.2)), we find that u € 1*°(Z) solves
the limit autonomous equation (3.1) and, consequently, u(n) € A, for every n € Z.
On the other hand passing to the limit in (4.9), we obtain that

distH(u(n), 05(7?,0)) > (50, Vn € Z

which contradicts assumption III b) of Section 3. Thus, Lemma 4.1 is proven.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then, for every sufficiently
small § > 0, there exist eg = €9(0) and &' = 0'(d) such that, for every e < eo,
every solution u(n) of equation (4.1) which belongs to the §'-neighborhood of some
equilibrium v € Ro at time n =1 and which goes out from the §-neighborhood of v
at time n =1" > 1, never again returns to the initial neighborhood:

(4.11) u(n) ¢ Os (v), Yn >1.

Proof. Let us assume that the assertion of the lemma is wrong. Then, there exist
do > 0, a sequence € — 0, three sequences Iy, [}, I} € Z, I <1, <, and a
sequence of solutions ug(n), n > i, of equation (4.1) with e = g such that

(4.12) uk(lk),uk(lZ) € Ol/k(’l}), uk(l}e) §§ an(v).

Passing to the limit & — oo in (4.12), exactly as in the proof of Lemma 3.2 and
4.1, we obtain, for every M € N, a sequence of heteroclinic connections

v U= oy, U0 € Ro,

for the limit autonomous equation (3.1). Since #Ro < 0o, then (for M > #Ry), we
should have v; = v;, for some i # j which gives a homoclinic structure for equation
(3.1). This contradicts assumption III ¢) and Lemma 4.2 is proven.

In order to formulate the analogue of Theorem 3.1 for the nonautonomous case,
we first need the analogue of equilibria set R for the case of positive €. To this
end, we assume from now on that £ < g is small enough that the assumptions of
Theorem 2.1 hold for every equilibrium v € Ry. Then, for every v € Ro and every
e < g9, there exists a unique solution @, , € [°°(Z) of equation (4.1) which belongs to
a small neighborhood of v for every n € Z. We interpret the solutions {@. ,, v € Ro}
as the ’equilibria’ of the nonautonomous equation (4.1) and, consequently, we set

(4.13) Re :={ley, v € Ro} CI™®(Z).

Then the nonautonomous analogue of Corollary 3.1 can be formulated as follows.
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Theorem 4.1. Let the assumptions -V hold. Then, there exists eg > 0 such that,
for every € < gq, the following assertions hold:

1) Every solution u(n), n > [ of equation (4.1) stabilizes as n — 0o to one of the
solutions R.:

(4.14) limy, oo ||u(n) — we(n)||gr =0,

for some ’equilibrium’ w. € R..
2) Every complete solution u € I°(Z) is a heteroclinic orbit between two different
‘equilibria’ w_,wy € R.:

(4.15) Timp, oo [Ju(m)=w (0l = 0, Timy o0 l[u(m)=ws (n) | = 0, W # ws.

Proof. Let us verify the first assertion of the theorem. To this end, we first note
that, every bounded neighborhood O(B) is a uniform absorbing set for dynamical
process associated with equation (4.2), consequently, it is sufficient to verify (4.14)
only for the solutions u of this equation whose initial data u(l) belong to some
fixed neighborhood By := O(B) of the attracting set B. The rest of the proof of
Theorem 4.1 is analogous to the proof of Corollary 3.1. Indeed, let 6 > 0 and
€o > 0 be so small that in the d-neighborhood of every vg € Ry the assumptions
of Corollaries 2.1 and 2.2 (with € < gg) be satisfied (this § exists since the number
of equilibria is finite). We also fix ¢’ in such way that the assertion of Lemma
4.2 be satisfied. Then, thanks to Lemma 4.1, there exist positive T = T'(Bp) and
€0 = €0(Bo) such that, for € < &g, every solution u(n), n > 1 of (4.1) with u(l) € By
visits the neighborhood Og (vg) of some equilibrium vy € Rg at every time interval
n € {K,K+T} oflength T. On the other hand, due to Lemma 4.2, if that solution
goes out from the d-neighborhood of vy it never visits Og (vg) again. Since the
number of equilibria is finite, these two assertions imply that, for every such wu,
there exist v, € Ry such that

(4.16) u(n) € Os(vy), VYn>Ty

and, thanks to Corollary 2.2, we have convergence (4.14) where w, := G, ,, € Re.
Let us now u(n), n € Z be a complete bounded solution of (4.1) Then, arguing
analogously, we deduce that there exist two equilibria vy ,v_ € Ry such that

(4.17) u(n) € Os5(v_), ¥Yn <T_; u(n)e Os(vy), Vn>Ty;

and, thanks to Corollaries 2.1 and 2.2, we have convergences (4.15) with wy :=
Uy, - Theorem 4.1 is proven.

In order to formulate the nonautonomous analogue of formula (3.28), we first
need to find the nonautonomous analogue of the global attractor A and the global
unstable manifolds Mg ,. Since, in contrast to (3.1), equation (4.1) depends ex-
plicitly on time n, it is natural to seek for the analogues of the sets A and M(J{v
for equation (4.1) in the class of time dependent sets (i.e., in the form A.(l) and
MZ,(1), I € Z). Then, analogously to (3.29), we give the following definition.

Definition 4.1. A kernel K. C I°°(Z) of equation (4.1) (or which is the same, of
the dynamical process (4.4) associated with this equation) is a set of all bounded
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solutions u € [°°(Z) of (4.1). Let us define the nonautonomous analogue A.(l) of
the attractor A for equation (4.1) as follows:

(4.18) A () :==A{u(l), veK.}

i.e., the attractor A. () is a section of the kernel K at time n = [ in the terminology
of [4].

As we will show below, (4.18) gives indeed a natural generalization of the global
attractor’s concept to the case of nonautonomous perturbations of regular attrac-
tors.

The following definition generalizes Definition 3.1 to the nonautonomous case.

Definition 4.2. Let € < g9 and €¢ be small enough that assumptions of Theorem
2.1 are satisfied for every v € Rg. Then, for every v € Ry (and the corresponding
solution @, , € R.) and and every [ € 7, the (global) unstable set M7 (1) is defined
as follows:

(419) MI (1) :={w € H, Juel>®({—o0,l}, H),u(n) solves (4.1) for n <1,

u(l) =w and_lm_[ju(n) —.,(n)][n = 0},

i.e., M, (I) consists of all u; € H for which there exists a backward solution u(n),
n < [ of problem (4.1) tending to @ ,(n) as n — —oo such that u(l) = u;. The
difference with Definition 2.2 is that we do not require in (4.19) the solution u to
belong to the small neighborhood of v.

Corollary 4.1. Let the assumptions -V be satisfied. Then, there exists positive
o such that, for every e < e¢ and everyl € Z the attractor A-(l) of equation (4.1)
(in the sense of Definition 4.1) has the following structure:

(420) As(l) = UDEROMZU(Z)

Indeed, (4.20) is an immediate corollary of the second assertion of Theorem 4.1
and Definitions 4.1 and 4.2.

The next theorem shows that the sets M7, (I) remain to be C''-submanifolds if
€ > 0 is small enough.

Theorem 4.2. Let the assumptions I-V hold. Then, there exists small €9 > 0 such
that, for every € < gy and every v € Ry, the sets M;‘:v(l) are the finite dimensional
C'-submanifolds of H diffeomorphed to Hy (v), for every fized | € 7. In particular,

(4.21) ML) ~ M, ~ Hy(v) = R+,

Proof. The proof of this assertion is completely analogous to the proof of Theorem
3.1, so, we only indicate the main steps of this proof resting the details to the
reader.

We first recall that, according to Theorem 2.3, we may fix €9 and § such small
that, for every £ < go and every equilibrium v € Ry (and for the corresponding
Uew € Re), the associated local unstable sets

(4.22) Meo(l) := MELC() N (T, (1) + Vi x H-)
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(for some neighborhood V; =V, (v) C H4 (v)) are the C!-submanifolds diffeomor-
phed to Hy (v) ~ R"4+() for every | € Z. Moreover, thanks to estimate (2.27),
we may assume, without loss of generality that the constants ¢g and § and the
neighborhood V; are chosen in such way that

(4.23) M., (1) cU(, 1 — DM, ,(1—-1), VIEZ

and, consequently, in order to introduce a structure of a C'-manifold on the global
unstable set M7 (1), it is sufficient to use the following obvious decomposition:

(4.24) M (1) = U2 UL (1,1 = m)M. o (1 = n)

Finally, in order to verify that the topology induced on M7, (1) by this structure
coincides with the usual one induced by the embedding M7, (I) C H, it is sufficient
to use Lemma 4.1 instead of Lemma 3.1 and the homeomorphisms

(4.25) Ul —n, ) = [U(L,1 =n)] 7' s A(l) = A(I—n), n€N

instead of the homeomorphisms S_,, : A — A (we recall that, due to assumption
IV c) the maps U.(l,] — n) are injective and, due to assumption V, the sets .A.(I)
are compact for all ¢ < gg and I € Z, so (4.25) are indeed the homeomorphisms).
Thus, Theorem 4.2 is proven.

Corollary 4.2. Let the assumptions of Theorem 4.2 hold. Then, for every e <
eo and every | € 7 the attractor A:(l) consists of the finite union of the finite-
dimensional (unstable) C'-submanifolds of H. Thus, the regular structure of the
attractor preserves under small nonautonomous perturbations.

Indeed, this assertion is an immediate corollary of (4.20) and Theorem 4.2.

Recall that, up to the moment, we know nothing about the attraction properties
of the *attractor’ A (I). The next theorem shows that the rate of attraction remains
exponential for sufficiently small positive € and, thus, the attractors A. (/) are indeed
natural generalization of the concept of regular attractor to the nonautonomous
case.

Theorem 4.3. Let the assumptions I-V hold. Then, there exists positive g and
a and a monotonic function QQ such that, for every e < g9 and bounded subset B
of H and every | € 7, the following estimate holds:

(4.26) disty (U(I + n,1)B, A-(n + 1)) < Q|| Bll)e™".

We emphasize that the constant a and the function Q are independent of £, n and l.

Proof. We first note that, as in Theorem 3.2, it is sufficient to verify (4.26) for one
fixed sufficiently small neighborhood By of the attracting set B. The rest of the
proof of estimate (4.26) is completely analogous to the proof of Theorem 3.2, so
we below only formulate the analogues of Lemmata 3.3-3.5 for the nonautonomous
case resting the details to the reader.
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Lemma 4.3. Let the above assumptions hold. Then, for every sufficiently small
0 > 0, there exist eg = 9(0) and T = T'(0) > 0 such that, for every e < ey and every
solution u(n) of equation (4.1) with the initial data u(l) belonging to By, one can
find two sequences of numbers {T:}M  and {T% M. where M = M, < N := #Ry
and a sequence of different equilibria {v;}}£, C Ro such that

(4.27) 0 =1, T, -T7'<T, TM =400, i=1,--,M
and
(4.28) u(n) € O5(vi), VYne{Ti,T'}, i=1,---,M.

Indeed, this assertion is a standard corollary of Lemma 4.1 and 4.2 (see the proof
of Lemma 3.3 for the details).

Lemma 4.4. Let the above assumptions hold. Then, there exists positive constants
C and K such that for every solution u(n) starting from By and every k > 1,
(4.29) distg (u(n + k), A-(n + k) < CeX™ distg (u(k), A-(k)), n >0

where the constants C' and K are independent of n, €, [ and u.

Indeed, this assertion is an immediate corollary of the fact that the operators
S(+) + P-(n,-) are uniformly Lipschitz continuous on bounded subsets of H (due to
assumption IV a)) (see the proof of Lemma 3.4 for the details).

Lemma 4.5. Let the above assumptions hold and let the constants § and g9 are
chosen in such way that the assumptions of Theorem 2./ be satisfied (in the §-
neighborhood) for every equilibrium v € Ro. Then, for every ¢ < €9 and every
solution u(n) of equation (4.1) starting from By at n =1 and satisfying

(4.30) u(n) € Os(v), ne{l',l' +Ty}, To€ {0,00}, 1" >1,

the following estimate is valid:

(4.31) disty (v(l' + k), A-(I' + k)) < Ce™ " (distz (u(l'), A- (1))’

where the positive constants C, v and 0 < 6 < 1 are independent of €, I, l', k, Ty,

v and u.

Indeed, this assertion is a standard corollary of Lemma 4.4 and Corollary 2.2
(see the proof of Lemma 3.5 for the details).

Finally, having Lemmata 4.3-4.5, we can verify (4.26) exactly as at the end of
the proof of Theorem 3.2. Thus, Theorem 4.3 is proven.

The next corollary gives the estimate for the symmetric distance between the
attractors A.(n) and the limit autonomous regular attractor A.

Corollary 4.3. Let the assumptions I-V hold. Then, for every € < gg, the sym-
metric distance between A.(l) and A possesses the following estimate:

(4.32) dist3y™™ (A.(1), A) < Ce®, 1€,
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where the positive C and 0 < k < 1 are independent of € and [.

Proof. Let u; € A.(I) be an arbitrary point of A.(I). Then, for every k € N, there
exists u;_y € A-(l — k) such that U.(I,] — k)u;_, = u;. Let us consider a solution
w(n), n > 1 — k of the limit autonomous equation (3.1) such that a(l — k) = uj—.
Then, on the one hand, since the operator S is uniformly Lipschitz continuous on
B and the operator P. satisfies (4.2), we have

(4.33) lla(l) = wll < Cee™,

where the positive constants C' and L are independent of £, u; and k. On the other
hand, since the attractor A is exponential, then, according to (3.40), we have

(4.34) dist 7 (@(1), A) < Ce™*

where the positive C' and « are also independent of k£ and u;. Combining (4.33)
and (4.34) and using that u; € A.(I) and k are arbitrary, we deduce that

(4.35) distpr(A=(1), A) < Cmingey (ce™* + e72%) .

Fixing the parameter k in the right-hand side of (4.35) in an optimal way (i.e., such
that ce’* ~ e~**), we have

(4.36) disty (A: (1), A) < Ce”
where Kk = L;:_a Thus, the first part of estimate (4.32) is proven. The second part
(4.37) distr (A, A: (1)) < Ce”

can be proven analogously, only instead of (3.30), we now need to use (4.26). Corol-
lary 4.3 is proven.

Remark 4.1. Analogously to the autonomous case, estimates (4.26) can be slightly
improved using the concept of N-composed trajectories introduced in Definition 3.2.
Namely, for every bounded B, | € Z and every trajectory u(n) := U.(n,l)u;, n > 1,
there exists an N-composed trajectory v,;(n) of the process U.(n,l) such that
N < #R, and

lu(r) = v (m)llzr < Cllu(l) = vug(D)lle™" ",

where the positive constants C' and « depend on B, but are independent of £ < g,
[ € Z and u; € B. The proof of this estimate can be obtained analogously to (3.55),
see [3] and [8-9] for the details.

Moreover, estimate (4.32) also can be improved using the N-composed trajec-
tories. Namely, for every complete trajectory u. € {°°(Z) of the perturbed process
U:(t, ), there exists an N-composed trajectory ug € [°°(Z) of the limit semigroup
S; belonging to the attractor A such that

[|luc(n) —uo(n)||g < Ce™, n € Z,

where the positive constants C' and k are independent of ¢ and € € [0,&0]. This
estimate can be obtained in a standard way based on Lemma 4.3 and the local
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analysis of the perturbed dynamics in the small neighborhood of the equilibria
2o € Rp (analogous to Theorems 2.2-2.4, see [3] and [8-9]).

In conclusion of this section, we clarify the relations between the nonautonomous
regular attractor A.(l) obtained above and the known generalizations of the con-
cept of a global attractor to the nonautonomous case. We recall that, up to the
moment, there exist two main possibilities to generalize the global attractor to
nonautonomous dynamical systems (see [4-5], [10], [13] and the references therein).
The first one is the so-called pullback attractor’s approach which treats the attrac-
tor for a nonautonomous equation as a time dependent set as well and the second
one is the so-called uniform attractor’s approach where the attractor for a nonau-
tonomous equation remains time independent. For the convenience of the reader,
we below recall the definitions of the attractors mentioned above.

Definition 4.3. Let U.(n,l) be a dynamical (semi)process associated with equa-
tion (4.1). Then, a time dependent set [ — AP*(1), | € Z, is a pullback attractor if
the following assumptions are satisfied:

1) For every [ € Z, the set AP’() is compact in H;

2) The sets AP®(1) are strictly invariant, i.e., U.(n,1)AP*(1) = AP®(n);

3) The sets AP’(I) possess the following pullback attraction property: for every
bounded subset B C H, every | € Z and every neighborhood O(A. (1)) there exists
T =T(l,B,O) such that

(4.38) U-(l,1 —n)B C O(AP(1)), VYn>T.

Definition 4.4. Let U.(n,l) be a dynamical (semi)process associated with equa-
tion (4.1). Then, a (time independent) set AY™ C H is a uniform attractor if the
following assumptions are satisfied:

1) The set AY™ is compact in H;

2) The set A%" possesses a uniform attraction property: for every bounded set
B C H and every neighborhood O(AY") of A" there exists T' = T'(B) such that,
for every [ € Z,

(4.39) Us(l +n,l)B C O(AZ"), ¥n>T.

3) The set AY™ is a minimal set which satisfies assumptions 1) and 2).

We emphasize that, in contrast to (4.39), the attractors AP%(l) possess only the
pullback attraction property (4.38) and, in general, the set U.(l + k,!)B may not
converge to AP’ (I + k) as k — +oo. The next corollary shows that it is not the case
for the nonautonomous perturbations of regular attractors.

Corollary 4.4. Let the assumptions [-V hold. Then, there exists €9 > 0 such that,
for every e < gg the following assertions are valid:

1) The pullback attractor AP*(1) of the dynamical process associated with equation
(4.1) coincides with the nonautonomous regular attractor A.(l) obtained above:

(4.40) AP (D) = A(D), 1€

and, consequently, the pullback attractor AP®(l) possesses a uniform exponential
attraction property (4.26) and representation (4.20) as a finite union of the finite-
dimensional C'-submanifolds of H.
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2) The uniform attractor AY" of the dynamical process associated with problem
(4.1) can be described as follows:

(4.41) A = [Uez A (D] = [Urez AP ()] 4,

where []H stands for the closure in the space H.

Proof. Indeed, equality (4.40) is an immediate corollary of Definitions 4.1 and 4.2
and estimate (4.26). Let us verify equality (4.41). To this end, we note that the first
assumption of Definition 4.3 holds, since A (I) C B for all | € Z and the attracting
set is compact in H. The second assumption is also satisfied due to estimate (4.26)
and, finally, the third assumption is satisfied, since all the sets which satisfy 1) and
2) should contain A, (I) for all I € Z. Corollary 4.4 is proven.

§5 NONAUTONOMOUS REGULAR ATTRACTORS: THE CASE OF CONTINUOUS TIME.

In this section, we extend the results obtained above to the case of continuous
time. To be more precise, we consider a family {U.(¢t,7), t,7 € R, t > 7} of
dynamical processes (with continuous time ¢ € R) in the space H depending on
the parameter ¢ € [0,1]. It is now worth to recall that, by the definition of the
dynamical process, the operators U.(¢t,7) : H — H should satisfy the following
generalization of the semigroup identity:

(5.1) Ue(t,7) =U:(t,8) o Uc(s,7), Vt>s>T,

which is naturally satisfied for solving operators of nonautonomous evolution prob-
lems, see [4] and [10] and Section 6 below.

As in the previous section, we assume that the processes U.(t,7) tend as € — 0
to the limit autonomous semigroup S;_,. That is the reason why we split the
operators U (t,7) as follows:

(5.2) U.(t,7) = Si_r + P.(t,7),

where {S;,¢ > 0} is the limit autonomous semigroup and P.(t,7) : H — H is a
perturbation.

Then, in order to handle the case of continuous time, we modify the assumptions
I-V as follows.

VI. We assume that the operators S(v) := Syv and P.(n,v) := P.(n,n — 1)v,
n € Z, satisfy the assumptions I-V of Sections 3 and 4 and, in addition,

a) Every equilibrium z5 € Ry of the map S(v) := Sjv is also an equilibrium of
the continuous semigroup S; (i.e., S;zo = zg, for all t € Ry );

b) The operators U.(t,7) € C'(H, H) for all t > 7 and, for every e € [0,1], 7 € R
and s € [0, 1], we have

(5.3) 1U:(7 + s, ")l + VAT + 5, 7) | ey < Qolllvlla)

where the monotonic function ()g is independent of €, v, 7 and s;
c) The operator U.(T + s,7) is injective for every fixed € € [0,1] 7 € R and
s € [0,1] and the kernel of its derivative U.(T + s,7)(v) is trivial for all v € H;
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d) The operators P-(t,7) are uniformly small in the following sense:
(5.4) |P-(1 + s, 7)v||ir + || PL(T + 5, 7)),y < Ce, g,5€[0,1], TER,

where the constant C depends (monotonically) on ||[v||fr, but is independent of ¢,
v, T and s.

We are going to apply the theory developed in the previous sections for in-
vestigating the processes {U.(t,7), 7 € R, ¢ > 7} with continuous time. To this
end, we first consider the restriction of these processes to discrete time, namely,
{U:(m,n), m,n € Z, m > n}. We then note that, thanks to identity (5.1), every
trajectory u(n) = Us(n,)uy, ug € H, n > 1 of that processes satisfies the following
difference equation:

(5.5) u(n)=U.(n,n— Du(n—1) = S(u(n — 1)) + P-(n,u(n — 1)), u(l) = u,

where S(v) := Sjv and P.(n,v) := P.(n,n — 1)v and, vise versa, every solution
of (5.5) is a trajectory of U.(n,l). Thus, studying of the trajectories of U.(n,l) is
equivalent to the study of solutions of the difference equation (5.5).

We now note that equation (5.5) has the form of (4.1) and (due to VI) the opera-
tors S(-) and P.(n,-) satisfy assumptions I-V of Sections 3 and 4. Thus, according
to Section 3, the limit autonomous semigroup {S,,n € N} possesses the regular
attractor Ap and there exists 9 > 0 such that, for every € < g¢, the corresponding
process U.(m,n) possesses the nonautonomous regular attractors n — A.(n). In
particular, for every equilibrium zg € R of the map .S, we have a unique trajectory
Ue,z, € 1°°(Z) of the process U-(m,n) belonging to the small neighborhood of zg,
the unstable sets n — MZ_ (n) of u. ., are the C'-submanifolds in H and the
attractor A.(n) is a finite union of that unstable manifolds, see (4.20) and (4.21).
Moreover, the attractors A.(n) satisfy estimates (4.26) and (4.29).

Our task now is to extend this result to the case of continuous time. To this
end, for everyt =n+s,n € Z and 0 < s <1, we set

(5.6) e,z (t) :=Us(n + s,n)0sc 2, (n),

Mo () :=Us(n + s,m)MZI (n), Ac(t) := Uz(n + 5,n) A=(n).

Obviously, U.(t,T)te z (T) = e, (t) and analogous formulae hold for the sets
MZ_ (t) and AF(t). The following theorem shows that the sets ¢ — A (t) thus
defined are indeed the nonautonomous regular attractors for the processes U, (t, T)

with continuous time.

Theorem 5.1. Let assumption VI be satisfied. Then, for every € € [0,&9], the
following conditions hold:

The second assumption is an immediate corollary of the analogous fact

1) The setst — A.(t) defined by (5.6) are the nonautonomous regular attractors
for the process U.(t,T) with continuous time and

(5.7) A (t) = Usperg M, (1), tER

where the sets MT, (t) are the unstable manifolds of continuous trajectory e -, (t).
2) Every trajectory u(t), t > 7 of that process stabilizes as t — +o0o to one of the
trajectories belonging to Re = {tc (), 20 € Ro} and every complete bounded
trajectory is a heteroclinic orbit between the trajectories belonging to R..
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3) The attractors t — A.(t) are uniformly exponential in the following sense:
for every bounded subset B of H and every T € R, we have

(5.8) distg (U.(1 +t,7)B, A (T + 1)) < Q(||B|lg)e ", teRy

where the positive constant o and the monotonic function Q@ are independent of €,
T,t and B.
4) The attractors t — A (t) tend as € — 0 to the limit attractor Ao, i.e.,

(5.9) disti /™ (A:(t), Ao) < Ce®, teR

where the positive constants C' and k are independent of € and t.

Proof. We first note that, due to the uniform boundedness of the operators U. (7 +
s,7) (see (5.3)), every bounded trajectory u(n), n € Z of Us(m,n) (with discrete
time) generates a bounded trajectory of U (¢, ) (with continuous time) via

(5.10) u(n+s):=U.(n+s,n)u(n), n€Z, se(0,1)

and, vise versa, every bounded continuos trajectory u(t), t € R, obviously generates
a bounded discrete trajectory u(n), n € Z. Moreover, according to Definition 4.1,
the discrete attractors A.(n) are generated by all bounded discrete trajectories of
U:(m,n). Then, due to (4.18) and (5.6), the sets t — A.(t), t € R, are generated
by all bounded trajectories of U, (¢, 7) (with continuous time), i.e.,

(5.11) As (1) = K&, _,

where K™ is a set of all bounded trajectories of U.(t,7) (with continuous time).
Thus, the sets t — A.(t) defined by (5.6) satisfy the continuos analogue of Definition
4.1.

Analogously, due to the uniform boundedness of the derivatives U.(T + s, 7), we
have

(5.12) lui(n 4+ 8) —ua(n+ s)||lar < Cllur(n) — uz(n)||g, n€Z, s€l0,1]

for every two trajectories u; and ug of U.(t,7). Consequently, u(t) tends to . ., (t)
as t — —oo (continuous time, ¢ € R) if and only if u(n) tends to @. .,(n) (discrete
time, n € 7). This shows that the sets t — MZ, (t), t € R, defined by (5.6)
are indeed the unstable sets of the continuous trajectory e .,(t). We now recall
that, due to Theorem 4.2, the sets M7, (n) (with integer n) are finite-dimensional
C'-submanifolds of H. Then, the injectivity of U. (7 + s, 7), the fact that the kernel
ker Ul(7 +s,7)(v) = {0} for all v € H and the continuation formulae (5.6) imply in
a standard way that the sets M7 _ (t) are C*-submanifolds of H diffeomorphed to
M({ ., for the noninteger ¢ as well. Finally, formula (5.7) is an immediate corollary
of the analogous representation of the attractors for discrete time and the con-
tinuation formulae (5.6). Thus, we have verified that ¢t — A.(t) are indeed the
nonautonomous regular attractors for U, (¢, 7) (with continuous time) and assertion
1) of Theorem 5.1 is verified.

The second assumption is an immediate corollary of the analogous fact for dis-
crete time (see Theorem 4.1) and estimate (5.12). The exponential attraction prop-
erty (5.8) also follows from the analogous estimate (4.26) for discrete time, uniform
boundedness (5.3) and estimate (5.12).
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Thus, it only remains to verify estimate (5.9). To this end, we note that, if
ue(t) and ug(t) be the trajectories of U.(¢,7) and S;_, respectively, then (thanks
to estimates (5.3) and (5.4)) we have

(5.13) llue(l + 8) — uo(l + 9)||rr < Clluc(l) — uo(D)||zr + Ce

where the constant C is independent of the trajectories u. and ug (belonging to
some bounded subset of H) and of | € Z. Estimate (5.9) is now an immediate
corollary of the analogous estimate (4.32) for discrete time and inequality (5.13).
Thus, Theorem 5.1 is proven.

Remark 5.1. In particular, fixing ¢ = 0 in Theorem 5.1, we obtain that Ay is a
regular attractor for the semigroup S; with continuous time. The only difficulty
here is that the continuation zo(t) := Sz of the equilibrium zo € R of the map
S = S is a priori a 1-periodic trajectory (and not necessarily an equilibrium of the
semigroup S; with continuous time). In order to exclude this case we impose the
additional assumption VIa). We also note that this assumption is automatically
satisfied if S; possesses a global Lyapunov function (or if all of the trajectories of
Sy are continuous with respect to t).

Remark 5.2. Let us assume that we are given a family of processes U, ¢(¢,7) :=
Si—r + P. ¢(t,7) depending on the additional parameter ¢ € A (or, more general,
& € A. where the sets A. can be different for different ) such that all of the
assumptions I-VI are satisfied uniformly with respect to £ (i-e., the set attraction
set B from condition V is also uniform with respect to £ (i.e., (4.5) holds uniformly
with respect to £ € A) and estimates (5.3) and (5.4) are also uniform with respect
to &€ € A. Then, it is not difficult to verify analyzing the proofs given above that
estimates (5.8) and (5.9) for the corresponding regular attractors hold uniformly
with respect to £&. This simple observation allows to apply the above theory for
constructing the regular attractors for the skew-product systems, see [6], (15) and
[17].

§6 AN EXAMPLE: REACTION DIFFUSION SYSTEM.

In this concluding section, we illustrate the abstract results obtained above on a
simplest model example of a reaction-diffusion system in a bounded domain  C R3:

{ 0w = aAzu — f(u) + 9o+ SgE(t)a

(6.1) .

u|t:‘l’ = Ur, “|39

(more complicated applications will be considered in the forthcoming papers [15]
and [17]). Here u = (u!,--- ,u*) is an unknown vector-valued function, A, is the
Laplacian with respect to the variables z = (2!, 22, 23), a is a given diffusion matrix
which satisfies a = a* > 0, ¢ > 0 is a small parameter and f(u) and go + £g.(¢) are
given nonlinear interaction function and the external forces respectively.

It is assumed that the nonlinearity f € C?(R*, R¥) has a gradient structure:
(6.2) f(v) =V,F(v), FeC*R"R)
and satisfies the following standard dissipativity and growth restrictions:

63) L flv)v>-C, 2. f'llv) >-K, 3. |[f"(0)| <C(L+]ol"), p<3.
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Here and below u.v denotes the standard inner product in R*¥ and f'(v) > —K
means that f'(v)0.6 > —K||6]|? for all § € R¥.

We also assume that the autonomous external forces go € [L?(Q)]* and the
nonautonomous external forces g.(t) belong to the space L (R,L*(Q2)) and are
uniformly bounded (with respect to ) in this space, i.e.,

(6.4) lg=1l Lo m,22(0)) < C,

where C' is independent of €.

Let us first consider the limit autonomous case € = 0. It is well known (see [3])
that, under above assumptions, equation (6.1) generates a dissipative semigroup
{S;,t >0} in the phase space H := [W}(Q)]* via

(6.5) Siug = u(t), wu(t) is a unique solution of (6.1) with «(0) = ug

which possesses a compact global attractor 4 = Ay in H. Moreover, according to
[3, Chapter VII], this semigroup belongs to the class C1*®(H, H) for all 0 < o < 1
and

(6.6) IS¢ (v)|or+e < Q(|[v]|mr)e

where the positive constant K and the monotonic function () are independent of ¢.

Let us verify the map S = S; satisfies the assumptions of Section 3. Indeed, since
S € C'**(H, H) then the Frechet derivative S’ is uniformly bounded on bounded
subsets of H. Thus, assumption [a) and assumption (5.3) (with € = 0) are satisfied.
The injectivity assumptions Ib) and VIc) (with € = 0) are standard corollaries of
the backward uniqueness theory for the solutions of parabolic equations, see e.g.,
[1] and [3]. Thus assumption I is verified.

In contrast to this, the hyperbolicity assumption II is not automatically satisfied
for all external forces go. Nevertheless, it is known (see [3]) that II is satisfied for
generic external forces go in L2(Q2) (i.e., the set of gos for which II is satisfied is
open and dense in L%(f2)). Thus, we assume from now on that g is chosen in such
way that II is satisfied.

Let us verify assumption III. Indeed, ITTa) holds since the semigroup S; possesses
the global attractor A in H. Moreover, since the nonlinearity f is gradient, then
the functional

L(u) := /QaVu(a:).Vu(a:) + 2F (u(z)) — 2go.u(z) dx

gives the global Lyapunov function for the semigroup S, see [3]. Thus, assumptions
IIb) and IIlc) are also verified.

Applying the abstract result of Section 3 to the semigroup S, generated by
equation (6.1) and noting that the continuation assumptions VI (with € = 0) are
also satisfied for the limit semigroup S, we obtain the following result of [3].

Theorem 6.1. Let the above assumptions hold. Then, for generic external forces

Jo, the attractor Ay of the semigroup S; associated with problem (6.1) is regular

(i.e., consists of a finite union of the finite dimensional unstable manifolds of the
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equilibria zo € Ro) and exponential (i.e., the image of every bounded set is attracted
exponentially to the attractor Ay, see Section 3).

We now return to the nonautonomous problem (6.1). Then, as proven, e.g., in
[4], for every u, € H and every 7 € R equation (6.1) possesses a unique solution
u(t) which satisfies

(6.7) lu()lla < Q(lurllmr)e =) + Co

where the positive constants Cyp and « are independent of € € [0,1], 7 € R and
t > 7. Consequently, the solving operators u, — U.(t, T)ug are well defined via

(6.8) Ue(t, T)ur := u(t), where u(t) is a unique solution of (6.1).

Moreover, as known (see e.g., [4]), the operators U.(t, ) satisfy identity (5.1) for
every fixed € € [0, 1] and, thus, generate indeed a dynamical process in H (for every
fixed €). Let us verify that these processes satisfy the assumptions of Sections 4
and 5.

Indeed, arguing exactly as in the autonomous case, see [3, Chapter VII|, we
deduce that U.(t,7) € C**%(H, H) for every 7 € Ry and ¢ > 7 and, analogously
to (6.6),

(6.9) 1U=(7 + 5,7) (@) llor+e < QIlvllm)e™*

where the positive constant C' and the monotonic function @ are independent of
e € [0,1], 7 € R and s € Ry.. Thus, the regularity assumption IVa) and estimate
(5.3) are satisfied.

Moreover, arguing in a standard way, see e.g. [3] and [4], we can check that

(6.10) IU-(7 + s, 7)v = Syvllm + |UL(r + 5,7)(v) = Sy ()l cem,my < eQ(llvllz)e™

where the positive constant K and the monotonic function @ are independent of ¢,
s and 7. Thus, assumptions IVb) and (5.4) is also satisfied. As in the autonomous
case, the injectivity assumptions IVc) and VIc) are corollaries of the standard
backward uniqueness theory for the parabolic equations, see [1] and [3-4]. Thus,
assumption IV is verified.

Let us verify assumption V of Section 4. To this end, we note that, thanks to
(6.9) the R-ball Br of H centered at zero will be a uniformly (with respect to € and
7) absorbing set for the family of processes U.(t,7) if R is large enough, but this
set is not compact in H. In order to construct the compact one, we recall that, due
to the standard smoothing property for parabolic equations, for every 0 < 6 < 1
and every solution u(t) of (6.1), we have

(6.11) lu(r + Dl s o) < Qs([lu(r)]lar)

where the monotonic function s depends on ¢, but is independent of £ € [0, 1],
7 € R and u(r) € H, see [3], [4] and [7] for the details. Thus, the Qs(R)-ball of
H't(Q) (for some fixed positive §) centered at zero will be the desired compact
uniformly absorbing set for the family U, (¢,7) and assumption V is verified.

It remains to note that the continuation assumption VI is automatically satisfied
due to (6.9) and (6.10). Thus, all of the assumptions of Sections 3—5 are verified
for problem (6.1) and, consequently, the following result holds.
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Theorem 6.2. Let the above assumptions hold and let the external forces gg is
chosen in such way that the hyperbolicity assumption II is satisfied (and, conse-
quently, the limit autonomous equation (6.1) possesses a reqular attractor). Then,
there exists g = eo(f, g0, 2) > 0 such that, for every e < eg the dynamical process
U-(t,T) possesses the nonautonomous regular attractors t — A.(t), t € R. Thus,

1) For every equilibrium zo € Ro of the limit autonomous equation (6.1) there
exist a unique solution . ., (t) of the nonautonomous problem (6.1) belonging to
small neighborhood of z.

2) The unstable setst — MT_ (t) of every such solution are the C" -submanifolds
of H diffeomorphed to R=0 where k., is the instability index of the equilibrium zo
and the attractors A.(t) possess the following description:

(6.12) A (t) = Uspero M7, (1), teR

3) The attractors t — A:(t) are uniformly exponential in the following sense: for
every bounded subset B of H

(6.13) distr (Ue (T +t,7)B, A= (t + 7)) < Q(|Bllw)e™",

where the positive constant o and the monotonic function Q@ are independent of €,
t and T.
4) The attractors t — A(t) are close to the limit autonomous attractor Agy:

(6.14) dist /™ (A= (t), Ag) < Ce",
where the positive constants C' and k are also independent of €, £, t and T.
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