UPPER AND LOWER BOUNDS FOR THE
KOLMOGOROV ENTROPY OF THE ATTRACTOR
FOR AN RDE IN AN UNBOUNDED DOMAIN.

M.A. EFENDIEV AND S.V. ZELIK

ABSTRACT. The long-time behaviour of bounded solutions of a reaction-diffusion system
in an unbounded domain 2 C R", for which the nonlinearity f(u,Vgu) explicitly depends
on Vzu is studied. We prove the existence of a global attractor whose fractal dimension
is infinite, and give upper and lower bounds for the Kolmogorov entropy of the attractor
and analyze the sharpness of these bounds.

INTRODUCTION

In this paper, quasilinear second-order parabolic equations and systems of reaction-
diffusion type

(0.1) {3t“—Awu+f(u,Vmu)+Aou=gs z €

“‘t:o = Yo, “‘asz =0

are considered.
Here 2 C R™ is an unbounded domain in R® with a sufficiently smooth boundary

(see §1), u = (ul,---,u¥) is an unknown vector-valued function, A, is the Laplacian
with respect to x = (z1,--- ,x,), f and g are given functions and A¢ is a fixed positive
constant.

It is assumed also that the nonlinear term f(u, V,u) satisfies the conditions

1. f € CY(RF x R** RF)

2. f(u, Vyu)u>—-C

3. 1f (u, Vo) | + [, (w, Vau) | < Q(lul) (1 + [Veu[") 0 <7 <2
41fg,u(u, Vou)| < Q(ul)(1 + [Vaul)

(0.2)

Here and below we denote by u - v the inner product in the space RF.

It is well known that in many cases the longtime behavior of a dynamical system, gen-
erated by evolutionary equations of mathematical physics, can be naturally described
in terms of attractors of the corresponding semigroup (see [2], [10], [18]). In bounded
domains, the existence of the attractor has been established for a large class of equations
such as reaction-diffusion equations, nonlinear wave equations, the 2D Navier—Stokes
system, and many others. Under some natural assumptions, for all the equations men-
tioned above, it has been proved that the attractor in the autonomous case has finite
Hausdorf and fractal dimension (see [10], [18]).

The equations of mathematical physics which depend explicitly on ¢ in bounded
domains €2 are considered in [4], [5]. Moreover, it has been shown there that if the
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time-dependence of the right-hand side is in a certain sense ”infinite dimensional” (for
example, when the right—hand side is almost-periodic in ¢ with an infinite number
of independent frequences), then the uniform attractor of the corresponding equation
naturally has infinite Hausdorff and fractal dimension.

Thus — in contrast to the autonomous case — in the nonautonomous one the fractal
dimension is not a convenient quantitative characteristic of the ”size” of attractors and
consequently the question of finding another measure of the “size” arises.

One of possible approaches to handle this problem, which has been suggested in
[5], is to estimate Kolmogorov’s e-entropy of the attractor. Recall, that by definition
Kolmogorov’s e-entropy H; (A) of an attractor A is the logarithm of the minimal number
N:(A) of e-balls in the appropriate phase space which cover the attractor:

(0.3) He (A) = In Nc(A)

Note that since A is compact then (0.3) is well defined and finite for every ¢ > 0.

For unbounded domains €2, the behavior of solutions for (0.1) becomes much more
complicated. In this case even the problem of finding the appropriate phase space for
(0.1) becomes nontrivial. For instance, in [1], [3], [8] this equation has been studied
in weighted Sobolev spaces Wé)’p(Q) with ¢(2) = ¢o(r) = (1 + |2]?)*/2. The case of
general weights ¢ is considered in [9].

In the present paper, we assume that the solution u(t, x) is bounded as |z| — co. To
be more precise it is assumed that for every fixed ¢ > 0

I, _ . _
(0.4) u(t) € Wy (Q) = {v: [|vllyrr = 311€I;2||U||Wlm(szr13;0) < oo}
Zo

with the appropriate exponents [ and p. (Here and below we denote by Bf; the R-ball
in R¥ centered in xy.)

In the autonomous case g = g(z) reaction-diffusion equations and systems of the type
(0.1) under the assumptions (0.4) are considered in [6], [7], [15], [16], [17], [23], [24].

Recall that under the above assumptions the attractor A of the equation (0.1) may
have (and has in general) infinite Hausdorff and fractal dimension even in the au-
tonomous case (see [6], [9], [23], [24]). Thus, in contrast to the case of bounded domains
where the infinite dimensional attractor can appear only in the nonautonomous case
and only due to the ”infinite dimensional” external time-dependent forces, in the case
where €2 is unbounded, the infinite dimensionality appears even in the autonomous case
and has consequently the internal nature.

Note that in general the attractor A4 of the problem (0.1) is not compact in the
uniform topology of the space (0.4) but only in a local topology of the space W;(;’;(Q).

That is why the Kolmogorov entropy of an attractor A in a weighted Sobolev space

Wi’,m with an exponential decaying weight was considered in [23] (since the attractor
is bounded in the space Wb2 P(Q) and compact in leof(Q) then it is easy to verify that
it is compact in Wj;’le (2) as well and consequently it’s e-entropy is well defined).

It is proved there that if 2 = R™ and the nonlinearity f does not depends explicitly
on a gradient and (0.2) is valid then this entropy possesses the estimate

n+1
(0.5) H. (A, W, (R*)) < C <ln é)

Moreover, the examples which admit a lower bound of the entropy with the same type
of asymptotics were also constructed.



The entropy per unit volume for the attractors of complex Ginzburg-Landau equa-
tions in R™, n < 3 has been considered in [6]. It is proved there that

(0.6) Ciln- <H.(A) = lim

R—o00

He (A|gr)
# SCQ].H%

M | =

The topological entropy per unit volume for RDE in R™ has been introduced in [7].
A systematic study of the entropy HE(A‘ ONBR ) and it’s dependence on three pa-
ro=

rameters R.e, and x( of the attractors of the autonomous and nonautonomous reaction-
diffusion equations in unbounded domains © C R™ was given in [24] for the case
f = f(u). It was shown particularly that in the autonomous case g = g(z) the en-
tropy of the attractor A possesses the following estimate:

1 1
0.7 <Cvolg,o(R+ Kln—)ln—
(0.7) H. (Al ) < Cvolya(R+ K 1n ) ln

where volg, o(r) = vol(QNBY ), vol(-)= means the n-dimensional volume, and constants
C, K are independent of R, ¢ and xy. Moreover, if Q = R™, then (0.5) implies that

(0.8) H(A|..)< C(R+K1n§)n1n1

€

R
Bm0

The lower bounds of these values were also obtained for the case where 2 = R". It
is proved there that for a rather wide class of the nonlinearities f = f(u) which in-
clude for example the Chafee-Infante equation, Ginzburg-landau equations, and related
equations, this entropy possesses the following lower estimates.

(0.9) H. (A

1
> CiR"In -
Bfo)_ ! n&‘

for R > Ry and € < &g, and consequently the estimate (0.8) is sharp if R ~ ln% or
R>In % For the case where R < ln% (particularly for R = 1) it is proved that for
every 0 > 0 there exists Cs > 0 such that

1 n+1—4

(0.10) H. (A\B;O) > Cs <1n g)

The main aim of this paper is to extend all these results to the case when the nonlinear
term may depend explicitly on a gradient V,u. It will be shown below that the estimates
(0.7)—(0.10) remain valid for reaction-diffusion equations which depend explicitly on a
gradient V,u. Moreover, it has been recently proved that these estimates hold also
for a wide class of damped nonlinear wave equations in unbounded domains (see [25]).
Thus, the estimates (0.7) — (0.10) have a universal nature. From the other side, if 2 is
bounded then (0.7) implies that

1
H. (A, W??(Q)) < C vol(Q) In —
€
which reflects the well-known heuristic principle that the equations of mathematical
physics in bounded domains have finite-dimensional attractors. Thus, these estimates
may be considered as a natural generalization of this principle to the case of unbounded
3



domains. Note also that the estimates (0.7)—(0.10) imply particularly as the estimates
(0.5) as the estimates (0.6) obtained earlier.

The present paper is organized as follows.

Some auxiliary result about the weighted Sobolev spaces, spaces (0.4) and the regu-
larity in an unbounded domains which will be used throughout the paper is formulated
in Section 1.

The existence of a solution for the equation (0.1) in the appropriate phase space (0.4)
is proved in Section 2.

The uniqueness of this solution and a number of the estimates for a difference be-
tween two solutions of our problem are obtained in Section 3. These estimate are of
fundamental significance in our further study the entropy of the attractor.

The attractor for the nonlinear reaction diffusion equation (0.1) is constructed in
Section 4 in the phase space (0.4).

The definition and a number of useful examples of the entropy for typical sets in
function spaces are given in Section 5.

The upper and lower bounds for the Kolmogorov entropy of an attractor, as con-
structed above are obtained in Sections 6 and 7 correspondingly.

§1 FUNCTIONAL SPACES AND REGULARITY THEOREMS.

In this Section we introduce several clasess of Sobolev spaces in unbounded domains
and recall shortly some of their properties which will be essentially used below. For a
detailed study of these spaces see [9], [24].

Definition 1.1. A function ¢ € LS. (R™) is called a weight function with the rate of
growth > 0 if the condition

(1.1) d(x +y) < Cye!®lp(y), d(x) >0

15 satisfied for every x,y € R™.

Remark 1.1. [t is not difficult to deduce from (1.1) that

(1.2) pla +y) > Cylre g (y)

1s also satisfied for every x,y € R™.

Proposition 1.1. Let ¢1 and ¢ be weight functions with the rates of growth py and
Wa correspondingly. Then,

1. apy + Bpa, max{pi, P2}, and min{dy, P2} are the weight functions with the rate
of growth max{py, us} for every o, 8 > 0.

2. ¢1- b2 and ¢y - (p2)~ L are the weight functions with the rate of growth py + pz.

3. (¢p1)™ is the weight function with the rate of growth |alpy.

The assertions of this proposition are immediate corollaries of (1.1) and (1.2).
The following example of weight functions are of fundamental significance for our
purposes:

¢{5},w0 (.’17) = 6_6|m_m0|, € € R, o € R™

(Evidently this weight has the rate of growth |e|.)
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Definition 1.2. Let Q C R™ be some (unbounded) domain in R™ and let ¢ be a weight
function with the rate of growth p. Define the space

2@ = {ue D@ ¢ 0 oay = [ dellulo)? o < oo

Analogously the weighted Sobolev space Hé;p(Q), [ € N s defined as the space of distri-
butions whose derivatives up to the order | inclusively belong to LZ(Q).

For the simplicity of notations we will right throughout of the paper erz}) instead of
Wsap

8_5|$| ‘

We define also another class of weighted Sobolev spaces
I, ) —
Wbﬁ)(Q) = {u € D'(Q) : ||u,Q||]Z,¢,l’p = sgg d(xo)l|u, 2N B;OHJZP < oo}
o n

Here and below we denote by BE the ball in R" of radius R, centered in xo, and |ju, Vi,
means ||ul|w.r vy -

We will write W,f’p instead of Wlff

Proposition 1.1.
1. Let u € LQ(Q), where ¢ is a weight function with the rate of growth p. Then for
any 1 < q < oo the following estimate is valid

wy (ot ([ e-slm—wowu(a:)wdas)qdxo)l/qso [ st ds

for every € > p, where the constant C' depends only on e, p and Cy from (1.1) (and
independent of Q).
2. Let u € L2 (). Then the following analogue of the estimate (1.3) is valid

(1.4 sup {o(a0) suple= == u(e)]} } < € supo(o)luta)]}
o €N zeS zeS

The proof of this Proposition can be found in [9] or [24].

For the more detailed study of functional spaces defined above we need some regu-
larity assumptions on the domain {2 C R” which are assumed to be valid throughout of
the paper.

We suppose that there exists a positive number Ry > 0 such that for every point
xp € Q there exists a smooth domain V,, C €2 such that

R Ro+1
(1.5) B NQCV, CBH NG

Moreover it is assumed also that there exists a diffeomorphizm 6, : Bj — V,, such
that 0., () = ©o + Py, = () and

(1.6) Ipaolloy + llpzy lov < K

where the constant K is assumed to be independent of xy € Q2 and N is large enough.
For simplicity we suppose below that (1.5) and (1.6) hold for Ry = 2.

Note that in the case when 2 is bounded the conditions (1.5) and (1.6) are equivalent
to the condition: the boundary 02 is a smooth manifold, but for unbounded domains
the only smoothness of the boundary is not sufficient to obtain the regular structure
of Q@ when |z| — oo since some uniform with respect to zp € {2 smoothness conditions
are required. It is the most convenient for us to formulate these conditions in the form
(1.5) and (1.6).
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Proposition 1.2. Let the domain Q) satisfy the conditions (1.5) and (1.6), the weight
function — the condition (1.1) and let R be some positive number. Then the following
estimates are valid

(1.7) Cz/gz¢($)|u(:v)|pda:§ /gz¢(x0)/gszR |u(z)|P dx dxy §01/9¢(:L‘)|u($)|pdx

Proof. Let us change the order of integration in the middle part of (1.7)

) ot [ Ly MOy = [t ([ xanpsou)tan) da ) da

Here xonpr is the characteristic function of the set N BE.
It follows from the inequalities (1.1) and (1.2) that

(1.9) Cid(z) < infy,epr (o) < sup, epr ¢(z0) < C2¢(x)

and the assumptions (1.5) and (1.6) imply that
(1.10) 0 < Cp <mes(2N Bﬁ) < Oy

uniformly with respect to z € 2.
The estimate (1.7) is an immediate corollary of the estimates (1.8)—(1.10). Proposi-
tion 1.2 is proved. [

Corollary 1.1. Let (1.5) and (1.6) be valid. Then the equivalent norm in weighted
Sobolev space W(;’p(Q) 1s given by the following expression:

1/p
(111) . 0oap = ([ dlaw)u 0 BE L, dro)

Particularly, the norms (1.11) are equivalent for different R € R, .

To study the equation (0.1) we need also weighted Sobolev spaces with fractional
derivatives s € Ry (not only s € Z). For the first we recall (see [19] for details) that if
V is a bounded domain the norm in the space WsP(V), s =[s]+1,0< 1< 1, [s] € Z4
can be given by the following expression

Du(x) — D*u(y)[?
1.12 w, V|2, =|lu,V|E, + E / / | dzx dy
(1.12) e VI = e Vi, o /wev Jyev |z — y[n T

o] =[

It is not difficult to prove arguing as in Proposition 1.2 and using this representation
that for any bounded domain V' with a sufficiently smooth boundary

(113 [V, <€ [ VB, do < Callu VI,
To€

This justifies the following definition.



Definition 1.3. Define the space W;’p(Q) for any s € Ry by the norm (1.11).

It is not difficult to check that these norms are also equivalent for different R > 0.
Note now that the weight functions

(1.14) Pleymy = € 51770

satisfy the conditions (1.1) uniformly with respect to xg € R™, consequently all esti-
mates obtained above for the arbitrary weights will be valid for the family (1.14) with
constants, independent of z¢o € R™. Since these estimates are of fundamental significance
for us we write it explicitly in a number of corollaries formulated below.=

Corollary 1.2. Let u € L{&}( ) for 0 < § < e. Then the following estimate holds
uniformly with respect to y € R

q 1/q
(1.15) (/ e~ a0lzo—yl (/ eElE ol |y (z) [P da:) dx()) <
Q Q
<Cey [ T o) do
Q

Moreover if u € L33 (€2), 6 < e then

(1.16) sup {e-“wo—y' sup (e uo >|}} < O s supfe1" ¥ u(a) }
ToEQN rEQ TEQ

Corollary 1.3. Let u € Wéi(@) and ¢ be a weight function with the rate of growth
uw<e. Then

(1.17)  Cillu, QI b1

ap_

< sup {otan) [ emljuanBlE, dof < ol
TEQ

CE()EQ

6D

For the proof of this corollary see [24].
In conclusion of this Section we consider the auxiliary linear problem of type (0.1) and
formulate some regularity results which will be useful in studing the nonlinear problem.

Proposition 1.3. Let v(t) € C([0,T], VV1 2(9)) be a solution of the following problem

{ Oy — Azv + Agv = g(t);

(1.18) )

U‘t:o = Yo; U‘asz

Suppose also that g € L*°([0,T], L}(2)) for some 1 < p < oo and vy € Wlf_&’p(Q) for
some1l>¢d > 0. Then

(1.19) v € L([0, 7], W, ~"(€)) N O~ ([0, T), L} ()
and the following estimate holds when t < T

(1.20)  [jo(2), Qflp2-5p < Callv(0),

+ O sup,epo g (e 9(5) b0}
for some p = pu(Ao) > 0.

The regularity theorem in the spaces Wlf’p for solutions of the linear problem (1.18)
can be deduced from the apprpriate regularity theorem in weighted Sobolev spaces in
a standard way (see, for instance, [9], [24]).
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§2 THE NONLINEAR EQUATION: A PRIORI ESTIMATES, EXISTENCE OF SOLUTIONS.

In this Section we consider the nonlinear parabolic boundary problem (0.1) in the
unbounded domain €2 which is assumed to to satisfy the conditions (1.5) and (1.6)
formulated in Section 1. We suppose in this Section that the right-hand side g = g(z)
is from the space L7 () for some p > max{2, 2} and the initial date uo — from the space
sz_‘s’p(Q) N {UO‘BQ = 0}, where the exponent 6 > 0 will be defined below

A solution of the equation (3.1) is defined to be a function u which belongs to the
space

(2.1) ﬂ6>0{L ([0, 7], W?

oRE)) nwhe (0,7, I ()

and satisfies the equation (0.1) in the sense of distributions.
The main aim of this Section is to prove a number of a priori estimates for the
solutions of (3.1) and to derive the existence of solutions for this equation.

Theorem 2.1. Let u be a solution of (0.1) and let 6 < 2 — = Then the following
estimate s valid:

(2.2) [u(T)

for some positive v > 0.

< Cem M [u(0)[lp,2-5, + C( 2)

Proof. Let us consider the function w(t,z) = u(t, z).u(t,z). Then due to the equation

(0.1)
(2.3) Oww — Azw + 2 ow = =2V, u.Vu — 2f(u, Vyu).u + 2g.u < C 4 2g.u = hy,(t)

We consider also the auxiliary linear problem

940 — A + 2090 = hy (¢
(2.4) { W= Bgv £ 20w = hut)

=0

= w‘t:o = Uo-Uo; ”‘aQ

V],
Due to the comparison principle (see for instance [14] or [21]),

(2.5) w(t,z) <v(t,z), (t,z)€[0,T]xQ

Applying Proposition 1.3 to the linear equation (2.4) we obtain using Sobolev embedding
theorem W?2=9P Cc C'if § < 2 — % that

(2.6)  |w(T,20)[” < [o(T,0)|” < Cllv()If 5—5,Ce™ " [0(0)I]} 55, +

+C <1+/0 1D lg() - ult,2)|[f o 0 )

Estimating the last integral in (2.6) by Holder inequality and using the fact that the

space W2~%P is an algebra if § < 2 — % we derive that

7)) o < O O 5s + 1 50 DD o+ Cu (14 )
€10,

To complete the proof of Theorem 2.1 we need the following simple lemma
8



Lemma 2.1. Let the function Z(t) be a solution of the following inequality

(2.8) Z(T) < Cre™PT 4 Cy + p sup {PEDZ(1)}
te[0,T]

and let 4 <1/2 and > 0. Then
(2.9) Z(T) < 2C1e7PT + 20,

The proof of this lemma can be found, for instance in [9].
Applying the result of Lemma 2.1 to the estimate (2.7) with Z(t) = [lu(t)[[§ ., and
taking p small enough we obtain the assertion of the theorem.

Theorem 2.2. Let u be a solution of the problem (0.1) and let § < min{2 —r,2— 2}
Then the following estimate is valid:

(2.10) [u(T)l|b,2-5 < Q (1u(0)[lp,2-55) e +@Q (Ilg

Here v > 0 and @Q is a certain monotonic function independent of u(0).

b,O,p)

Proof. Let us rewrite the equation (0.1) in the form of linear one
(2.11) Oru = Agzu — Aou + hy(t)
where h¢(t) = g — f(u(t), Vyu(t)). Applying the estimate (1.20) to the equation (2.11)

we derive that

(212)  [[u(T)llo2-sp < Ce™ Ju(0)[lp,2-55 + Cllglln,0.p+

+ Csup{e? D f(u(t), Vau(t)) b0}

Estimating the last term in the right-hand side of (2.12) by using the assumptions (0.2)
we obtain that

(2.13) 1f (u(®), Vau®))llo.0.p < Qu([Jul)
The interpolation inequality [19] 1mphes that

1-
(2.14) [(@)b,1.p2-) < Cllu®)llo 7 ut )||b2 5.

Since 57 |ullp,1,rp < Cllullp,1,p2—s) and it follows from (2.13) and (2.14) that
for every p > 0 the following esimate is valid

(2.15) 1f (u(t), Vau()lp,0p < Qullle(®)lo,00) + pellu(t)

To complete the proof of Theorem 2.2 we need the following Lemma.

) (L + [lu(®)l51,0)

—0,p

Lemma 2.2. Let the function ¢ be continuous and the function u satisfy the estimate

(2.2). Then
(2.16) ()= (o) < Q(||u(0)

For a certain monotonic function Q).

- ,p)e_vT +Q(llg

b,O,p)

The proof of Lemma 2.2 is given in [20].
Inserting the estimates (2.15) and (2.16) into the inequality (2.12) we obtain that

(2.17)  [lu(T) » < Qullw(0)llb2-s55)e™" + Qullglln,op)+

+ psup{e D u(t)|[p,2—6.}

Applying now the assertion of Lemma 2.1 to (2.17) with g small enough we obtain
inequality (2.10) O




Remark 2.1. Note that all estimates derived above depend only on the constant K, Ry
which are defined in the assumptions (1.5) and (1.6). Thus if we consider a sequence
Qn which satisfy these assumptions uniformly with respect to N € N then the function
Q@ in (2.10) can be chosen independently of Qn .

Now we are in position to prove the existence of solutions for the problem (0.1). To
this end we prove firstly this existence in the case when the domain €2 is bounded.

Theorem 2.3. Let the above assumptions be valid and let ) be bounded. Then the
problem (3.1) has at least one solution in the space

(2.18) Wa([0,T]) = C(0,T], W22P(Q)) N C*=*/2([0, T], LF(%2))

and the following estimate is valid:

(2.19) [ellwe o,y < QUIu(0), 2llb,2-5.) + Q(llgllb,0.0)

Proof. A priori estimate (2.19) is an immediate corollary of the estimate (2.10) and
the existence of solutions for the equation (0.1) can be deduced from this estimate in a
standard way involving for instance Leray-Schauder principle (see [11] or [22]). Theorem
2.3 is proved.

Theorem 2.4. Let the above assumptions hold and let Q be an arbitrary unbounded
domain which satisfies the assumptions (1.5) and (1.6). Then the problem (0.1) has at
least one solution from the class (2.1).

Proof. Let Qn, N =1,2,--- be the sequence of smooth bounded domains, which satisfy
the conditions (1.5) and (1.6) uniformly with respect to N € N, such that

Qn CQ CcQ; Q=U_,Q
(2.20) { N N N=17N

QNBY cQy cQnBYT!

It is not difficult to check that such sequence exists.

Let us introduce the sequence of the cut—off functions ¢ (z) € C§°(R™) such that
Yn(z)=1ifz € BY ! on(x) =0if 2 ¢ BY and [[¢n]|c2 < C.

Let un be a solution of the following problem

diun — Agzun + Moun + f(un, Viun) =g
UN |0, = 05 un|,_o = Yo

(2.21) {

According to Remark 2.1 the estimates (2.10) with u replaced by uy are valid uniformly
with respect to N € N. Thus, for every M € N the sequence “N‘Qnt}“ N > M
is bounded in the space Wqnpu ([0,T]). Using Cantor’s diagonal procedure we can
extract from the sequence uy a subsequence (which we denote by uy also for simplicity)
converging *-weakly to u in L>([0,T], W2=2P(Q N B}M)) for every M € N. It follows
now from the standard reasonings (see, for example, [9]) that u is a solution of the
equation (0.1). Theorem 2.4 is proved.
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§3 THE NONLINEAR EQUATION. UNIQUENESS OF SOLUTIONS.

In this Section we prove the uniqueness problem for equation (0.1) and obtain a
number useful estimates for the difference between two solutions of this equation

Theorem 3.1. Let the assumptions of previous Section hold and let uy(t) and us(t) be
two solutions of the equation (0.1). Then the following esimate is valid

t
) ua(®) = w02 B o+ [ [Vo(5) = Vaua(s), 201 B s <
<Cre® [ el (0) - us(0), 20 BLR,
rEQ

where the constants C; depend on the initial values ||u;||p.2—s, ande > 0 is small enough.
Particularly the solution of the problem (0.1), constructed in previous Section is
unique.

Proof. Let uq,us be two solutions of (0.1) and v(t) = ua(t) — u1(t). Then

(3.2) { 0rv — Agv + Agv = — L1 (t, 2)v — La(t, 2) Vo
o],y = u2(0) —ur(0); v]y =0

Here

(3.3) { ?1(@ ) = foi 1 (uy + 0v, Y puy + 0V ,0) df
Lo(t,x) = [ f&,. (w1 + 00, Vaur + 6V ,v) dO

It follows from the conditions (0.2) that

{ 21(8)] < QU[u®)]lo,00) (1 + [Vau(t)]")
La(0)] < QUlu(®)llo,00) (1 + [ Vou(®)|" )
We denote here by |V,u(t)|” = |Vaur(t)|” + [Vauz(t)|"-

After multiplying the equation (3.2) by ve~¢/#=%l in the space L2(Q2)¥ for sufficiently
small € > 0 we obtain after simple transformations

(
3.4
(3.4) (

(3.5) (|v(t)|2,e‘€'”‘$°') + (|va(t)|2,e_5|m_”°> + o (|v(t)|2,e—e|w—mo|> N

+ (Elv,ve_‘g'm_mol) + (EZVZU,Ue_‘g'm_mO') <0

Let’s estimate the two nonlinear terms in (3.5) separately.
It follows from the estimate (2.2) that |u;(t,z)| < C for all t € [0,T], z € Q. Hence

(3.6)
L(t) = |<L11;,ve_6|””_”°|>| < Oy (|U(t)|2ve—e|w—mo|> + Cy (|Vmu|rv,ve—e|m_mo|>

Let us estimate the last integral at the right—hand side of (3.6). To this end we use a
trick based on (1.10), Holder inequality, and embedding Theorem W1'=%2 C L7 where

% = % — 1%9 and # > 0 is small enough and satisfies the equation
r 2(1-0) n r
—4+1l-—— =1, 1-0=—": <1
p(2—0) * n 2p 2—-90

11



Indeed,

(3.7) (|Vmu|’"v,ve_6|””_m°|> < C/ e~l7l|v v - |Vaul", Vi llo,1 dzo <
Q
< Cullus oy [ 1 o, Vel g o <
Q

S CZH“? Q

- 2
Z,1,p(2—5)/96 E|m0|||vvvmo||1—9,2 dxo
Using the inequality (2.14), interpolation inequality

(3-8) [][1-9,2 < Cllv

0.2llvl] 2 < CullvllF 2 + pllvll?

and the estimate (2.10) we finally obtain that
(3.9) 1(t) < Gy (lo@)P, e=l7=01) + (Vg ()2, el
Analogously
(3.10) In(t) = (Ezvmv,ve—elw—m) <c (|U|, |va|6_e|w_mo|> N
+C (|Vaul Vo], [o]e el

p(2-9)

Arguing as in (3.7) and using Holder inequality with exponents 2 and g where

r—1 7
% = % — 1%9 and the exponent 6 can be found from the equation
r—1 1 1 1-0 n 2r—-1) n T
—_t -t — =1, 1-f0=— — < — <1
p(2—5)+2+2 n 2p  2-—96 2p 2—9

we obtain that

(3.11)

(IV2ul" "0, Vaveslo=l) < € / e~ 1o =m0l o] - [V 0] - [Voul"Y, Vallo, da <
Q

< C1||U,Q||Z,_1,1p(2_5)/Q6_’5|”‘$°|||va,Vw||0,2||v,vm||0,q da <

|v, Vill1—6,2 dx

< / eV 10, Vi |0 2
Q

Using now the interpolation inequality (3.8) we finally get

(3.12) It) < Cy (|v(t)|2,e—€|f—m0|) +u (|va(t)|2,e_€|m_m0|>

Replace the integrals I; and I in (3.5) by their estimates (3.10) and (3.12).
(3.13) 0, (|v(t)|2, 6"“'”‘%') +8 (Iva(t)|2, e—'f'w—mol) <C <|v(t)|2,e—slm—wo|)

Applying the Gronwall inequality to (3.13) we obtain the assertion of the theorem [J

12



Theorem 3.2. Let the assumptions of previous Theorem hold. Then the following
esimate is valid

t
(3.14) Jlur(t) — ua(t), QN By, 172 + /0 lui(s) — ua(s), QN By, |[3 2 ds <

< 0yeCot / e~ =70 [y (0) — un(0), 2 N B2 yda
€N

where the constants C; depend on the initial values ||u;||p.2—s, and e > 0 is small enough.

Proof. Applying the L2-parabolic regularity theorem (see, for instance, [9]) to the equa-
tion (3.2) we obtain that

(3.15)
T
|o(T), QﬂBioH%,ﬁ/o lo(t), QN By, ||5 2dt < C (|v(0)|2 +|V,(0)%, 6_6|w—$0|> e—ot

+ c/OT (IZatu®)2,et==l) 4 (Lo () Vav (), 1o 1) at

So it remains to esimate the integrals into the right-hand side of the estimate (3.15).
Arguing as in the proof of previous Theorem we deduce the estimate

(316) (IO e 1*71) 4+ (IZ2() Van(t) o770l <

<O, / . e~cle=mol|ly (1), QN BL||3 odz + / . e~cle=2ol ||y (1), @ N BL|3 2dw
xT xT

Inserting this estimate to the inequality (3.15) and using the estimate (3.1) we will have

T
(317) |lo(T), QN B |2, + / lo(£), 2N BL |2 5t <

T
<Cue® [ e o), 0B pdap [ [ et o), 0B
TEQ 0 TES2

Multiplying (3.17) by e~*t/#=%l ¢, < ¢, integrating over zq € Q, using (1.15) and
taking p small enough we obtain

(3.18)

T
Lo o @R B oot [ et o). 00 B2, oot <
20EQ ’ 0 JzpeQ ’
C] .0
o EN ,

Theorem 3.2 is proved.

In conclusion of this Section we consider a smoothing property for the equation (3.2).
13



Theorem 3.3. Let the conditions of Theorem 3.1 hold. Then the following estimate is
valid

C —E|rT—T
(3.19) |Wﬂﬂ—w@%QﬂB;h3§?ém(mﬂm—uﬂmﬁe' oQ

where constants C' and Cy depends on ||u;(0)||p2—5, and e > 0.

Proof. Let w(t) = tv(t). Then

(3.20) { Orw — Apw + Aow = —fl(t, T)w — EQ(t, z)Vzw + v

w‘t:(]:(); w 0

o0 —

Arguing as in the proof of Theorem 3.2 we derive that
T
(3.21) lw(T), 2N By ll1,2 < OeCIT/O (lo()[2, el ) at

Estimating the right-hand side of (3.21) by (3.1) we obtain the assertion of the theorem.

Arguing analogously (see also [9], [24]) one can derive the following improved version
of smoothing property for the equation (3.1)

Theorem 3.4. Let the conditions of Theorem 3.1 hold. Then the following estimate is
valid

C p/2
(3.22) |1 (t) — ua(t), 2N B;O||12’_57p < Weclt (|u1(0) — u2(0)|2,6_6|m—w0|)

where constants C' and Cy depends on ||u;(0)||p.2—s.p, € > 0 and N is large enough.

Corollary 3.1. Let ui(t) and us(t) be two solutions of the equation (0.1) and let ¢ €
LY(R™) be a weight function which satisfied Definition 1.1. Then the following estimates
are valid

(3.23) |lu1 (1) —u2(1)|lp,g,1,2 < C1llur(0) — u2(0)[6,¢,0,2
and
(3.24) ur (1) = u2(1)|lp prr22-5p < C2llui(0) — u2(0)|lp,p,0,2

where the constants Cy and Cy depends on ||u;||p2—5, and Cy which is defined by (1.1).

Indeed, the estimates (3.23) and (3.24) are immedate corollaries of the inequalities
(3.19) and (3.22) and (1.17) (see also [24]).

64 THE ATTRACTOR FOR THE NONLINEAR EQUATION.

In this Section we prove the existence of the attractor for the equation (3.1) in the
2_571)
space W, ().
Note that Theorems 2.1 and 3.1 imply that under the conditions of Section 2 the
equation (0.1) generates a semigroup Sy : ®5(2) — Pp(£2), where $p(Q2) = sz_‘;’p(Q) N
{“0‘89 = 0}, by formula

(4.1) Stu(0) = u(t) where u(t) is a solution of (0.1)
14



Moreover, it follows from the estimate (2.10) that this semigroup possesses a bounded
absorbing set K in the space ®,(2), i.e. for any other bounded subset B C ®;(2) there
exists T' = T'(B) such that

SiBC Kift>T

It seems natural to consider the attractor of (4.1) in the "uniform’ topology of the space
®,(Q2) but, as it shown for instance in [24], in contrast to the case of bounded domains Q
in our situation the existence of a compact attractor for (4.1) in the 'uniform’ topology
of ®p(2) is very restrictive assumption which violates even in the simplest examples.
Indeed, as it shown in [24] the attractor A of the Chafee-Infante equation

O = Agu —u +u

in the whole space 2 = R" is not compact in ®y,.

That’s why we will construct below the attractor A of the semigroup (4.1) which
attracts bounded subsets of ®;,(£2) only in a local topology of the space ®;,. = Wi;‘s’p({l)
(i.e., A is the (®p, Pjoc)-attractor of (4.1) in notations of [2]).

Recall that the space ®;,.(£2) is reflexive metrizable F-space which defines by semi-
norms ||+, QN BE |l2—s,p, 2o € Q.

Definition 4.1. The set A C ®,(Q2) is defined to be the attractor of the semigroup S
if the following assumptions hold:

1. The set A is compact in @,.(Q).

2 The set A is strictly invariant with respect to Sy, i.e.

SiA=A fort>0

3. The set A is the attracting set for Sy in local topology, i.e. for every neighborhood
O(A) of A in the topology of the space ®io.(Q) and for every bounded in uniform topology
subset B C ®y(Q2) there exists T = T (O, B) such that

S,BC OA) ift>T

Recall that the first condition means that the restriction A‘ a, is compact in the space

W2A=1/p)2(Qy) for every bounded Q; C €.

Analogously, the third condition means that for every bounded €2; C €2, every bounded
B in ®,(Q2) and every W2~%P(Q;)-neighborhood O(A‘Ql) of the restriction A‘Ql there
exists T' = T'(Qq, O, B) such that

(SeB)|g, C O(Alg) ift>T

Theorem 4.1. Let the above assumptions be valid. Then the semigroup Si, defined by
(4.1), possesses an attractor A in the sense of Definition 4.1 which has the following
structure:

(4.2) A=K|,_,
where we denote by KC the set of all solutions of (0.1), defined and bounded for all t € R

(supser [[u(®)lla, @) < 00)-

Proof. According to the attractor’s existence theorem for abstract semigroups (see [2]),
it is sufficient to verify the following conditions:
15



1. The operators S; is ®;,.-continuous on every ®,-bounded set and for every fixed
t>0.

2. The semigroup S; possesses the precompact attracting set in ®;,.-topology.

The continuity of S; is an immediate corollary of Theorem 3.4. Since it remains only
to construct the compact attracting set.

According to Theorem 2.2, the set Br = {up € ®p : ||ug||ls, < R} is the absorbing
set, for the semigroup S; if R is large enough. Hence the set K = S; Bp is the absorbing
set also. So it remains to prove that K is precompact in ®;,..

According to Cantor’s diagonal procedure it is sufficient to prove that the restriction
K ‘ o is precompact for every bounded €2; C €2. To this end we fix an arbitrary bounded
subdomain ©; C €2 and consider an arbitrary sequence u, (1), n € N, u,(0) € Bg.

Since Q; is bounded that Q; C B} for a sufficiently large M. Let 1 (z) be the
cut-off function, such that ¢(z) = 1 if || < M and ¢(z) = 0 if || > M + 1. Then
| q, = 1. Let us consider now a sequence wy, (t) = ty(x)uy,(t) which evidently satisfy
the equations

Dywy, (1) — Agwn (t) + Aown (t) = —th(z) f(un(t), Vaun (t))+
(4.3) +tp(x)g — tALY(T)un(t) — 2tV ) (2).Vaun (t) + ¢ (2)un(t) = hy(t)
wy, (0) = 0; w"‘QM =0

where QM C 2 is bounded domain with smooth boundary such that QN Bé\/[“ - QM.
According to Corollary 3.2, the sequence u,,(t) is bounded in

(4.4) W = C([0,1], W25 (Qar)) U CT%/2(]0, 1], LP(Qar))

hence without loss of generality we may assume that u,, — u *-weakly in the space
L>(]0,1], W2=op)).

Using the compactness of embedding Wy, ¢ C([0,1], W (Qar)) N C([0,1] x Qpy)
one can easily derive that h, — h strongly in C([0,1] x Q). The parabolic regularity
theorem, applied to the equation (4.4), implies now that w, (1) — u(1) in W2=9P(Qy).
Theorem 4.1 is proved.

§5 KOLMOGOROV’S e-ENTROPY: DEFINITIONS AND TYPICAL EXAMPLES.

In this Section we recall briefly the definition of e-entropy and give the upper and
lower estimates of it when ¢ — 0 for the typical sets in functional spaces. For the
detailed study of this concept see [13], [19].

Definition 5.1. Let M be a metric space and let K be precompact subset of it. For
a given ¢ > 0 let No(K) = N(K,M) be the minimal number of e-balls in M which
cover the set K (this number is evidently finite by Hausdorff criteria). By definition,
Kolmogorov’s e-entropy of K in M is the following number

(5.1) H. (K) = H. (K, M) = In N.(K)

Example 5.1. Let K be compact n-dimensional Lipschitz manifold in M. Then the
evident estimates imply that

(5.2) Ch <1>n < Ne(K) < Cy (1>n

€ €
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and consequently

- 1
(5.3) H.(K)=(n+0o(1))In-
€
when ¢ — 0.
This example justifies the following definition

Definition 5.2. The fractal (boz-counting) dimension of the set K CC M is defined to
be the following number:

H, (K
(5.4) dimp (K) = dimp(K,M) = limsup (1 )

e—0 In

Note that the fractal dimension dimg(K) € [0, 00] is defined for any compact set in
M but may be not integer if K is not a manifold.

Example 5.2. Let M = [0, 1] and let K be the ternary Cantor set in M. Then it is
not difficult to obtain that

(5.5) o) <1>d < N.(K) < Cy <1>d =2

€ e " In3

and consequently dimp(K) = d = 22

Consider now the examples of infinite dimensional sets (i.e. dimp(K) = 00).
The following two examples give the typical asymptotics for the entropy in the spaces
of analitycal functions.

Example 5.3. Let K be the set of all analytic functions f in a ball B(R) of radius
R > 1 in C" such that ||f|lz~ps@r)) < 1 and let M be the space C(B%¢), where
BfEe = {z e C" :Imz = 0,]z] < 1}. Thus, K consists of all functions from C(B%¢)
which can be extended holomorphically to the ball B(R) C C* and the C-norm of this
extension is not, greater then one. Then

9 9

1 n+1 1 n+1
(5.6) ) <ln—> < H.(K,M) < Cs <ln—>

For the proof of this estimate see [13].

Example 5.4. Let M be the same as in previous example and let K be the set of all
functions f in M which can be extended to the entire function f in C™ which satisfy
the estimate

(5.7) 1F(2)| < K522l 2 e
Then, as proved in [13],
(1n l)n+1

1m < He(K) < Oy

(In 1)™*!

5.8 -—
(58) (ln In %)n
The next example gives the typical asymptotics for the entropy in the class of Sobolev
spaces in bounded domains.
17



Example 5.5. Let €2 be smooth bounded domain in R” and

Wllypl(Q) cC Wl2’p2(Q) , 0<1;<o0, 1 <p; <00, Iy > 15

i.e., according to the embedding theorem & — L > & _ L,
n P1 n P2

Let now M = W:P2(Q) and K be the unitary ball in W21 (Q). Then
1 l1212 1 llzlg
(5.9) a (—) <H.(K) <G, (—)
€ €

The proof of this estimate can be found in [19].
The following class of functions will be essentially used in the next Section in order
to obtain the lower bounds of e-entropy of attractors.

Definition 5.3. Let us denote by B, (R™) the subspace of L (R™) which consists of all
functions ¢ with the Fourier transform ¢ satisfying the condition
(5.10) supp ¢ C [0, o]"

It is well-known that every function ¢ € B, can be extended to entire function
¢(z) € A(C™) which satisfy the estimate

(5.11) sup |q~3(x +iy)| < C||d, R™ ||o,00€” 2= |yl
rER™

Moreover, every function ¢ € L°, which possesses the entire extension qNS which satisfies
(5.11) belongs in fact to the space B,.

Example 5.6. Let K = B(0,1,B,), M = C(B{). Then

1 1
(5.12) H. (B(0,1,B,), Cy(BE)) < C’(R—}-Klng)”lng

Moreover C' and K are independent of R.
For the proof of this estimate see for instance [24]. We formulate in conclusion the
lower bounds for the entropy form Example 5= =2E6.

Proposition 5.1. The following estimate is valid for R > Ry and e < g
1
(5.13) H. (B(0,1,B,),Cy(B§)) > CR™ In =

where the constant C' is independent of R and €.

For the proof of (5.13) see for instance [13]. Thus, the estimate (5.12) is sharp for
R ~ In % and R >> In % For the case R << In % we formulate only the following result
(see [24]).

Proposition 5.2. For every § > 0 there exists Cs > 0 such that

n+1—4
(5.14) H. (B(0,1,B,),C(By)) > Cs <1n—>
5
And consequently, the estimate (5.12) is sharp for the case R << lné also.

Remark 5.1. Instead of the spaces B, one can consider a slighty general class B, ¢,
¢ C RF which consists of functions ¢ with Fourier transform ¢ satisfying the assumption

(5.15) supp é C € + [~0, 0"

Then the estimates (5.12), (5.13) and (5.14) are evidently valid for the class B, ¢ also.
18



§6 THE ENTROPY OF THE ATTRACTOR: THE UPPER BOUNDS.

In this Section using the tecnique developed in [24] we obtain the upper estimates
of e-entropy for the attractor A of the equation (0.1). Recall that we construct the
attractor A which is compact only in F-space ®;,. but not in the uniform topology of
®,(Q2). That’s why we will estimate the entropy of the restrictions A‘QOBR )

o

Theorem 6.1. Let the assumptions of Section 2 be valid and let
(6.1) volg 4, (R) = vol(Q2 N BE)
Then for every R € Ry, xg € Q)

1 1
2-5, R
(6.2) H, (A‘QnBﬁo’Wb Pan Bm0)> < Cvolg z,(R+ K In g) In R

where the constants C', K and L are independent of R and o € €.

The proof of this Theorem is based on the estimates (3.23) and (3.24) with a special
choice of the weight function ¢ and comletely analogous to the proof of [24,Th. 8.1].
Indeed, define a family of weight functions with the rate of growth 1 by the following

formula
eR-le=wol if |z —x9| > R

6.3 2o (T) =
(6:3) Pan (2) {:09:091 if |2 — 29| < R = 09 = 09
It follows from the definition of these functions that

2-6, R 2-6,
(6.4) H. (A\mBgo,Wb QN Bm0)> <H (AW ()
Hence, instead of estimating the entropy of the restriction A‘ onpr 1t 1s sufficient to
z(

estimate the entropy of the attractor in weighted Sobolev spaces W, ;}‘i’p (Q).
) ,TQ
Let now uy(t) and wuz(t) be two solutions of the equation (0.1) which lie on the

attractor A. Then, according to the estimates (3.24)
(6.5) l|lui(1) — u2(1)||W:;2’/P2 @ = Cllu1(0) — UQ(O)”L;M,EO Q)
""R,xq

Here the constant C' in (6.5) is independent of w1, us € A. Moreover, since

d)R,wo (‘T + y) < e|$|¢R,£B0 (y)
then Cyp . =1 and consequently C' is independent of R and z¢ also.
The estimate (6.5) together with the description (4.2) of the attractor A implies
immediately that

(6.6) HL. (A, w2or (Q)) < He/20) (A, Lt g, (Q>)

The estimate (6.6) reduces our problem to estimating the entropy of the attractor in
the space Ll%,dm,zo (Q).

The following corollary of the estimate (3.23) is of fundamental significance for this
estimation:

Let uy and ug be arbitrary two solutions of the equation (0.1) which belong to the
attractor. Then the following estimate is valid

(6.7) ln (1) = wx(Wllwpz o) < Ol (0) —uwO)lzz, ()
s ,zQ v

Where the constant C' depends only on the equation. Indeed it has been proved in [24]
that (6.7) implies the following reccurent estimate
19



Lemma 6.1. Let (6.7) be valid. Then

(6.8) o (A L3 g, ) SHe (A L4, ) +Fkin Mye)
where

2k
(6.9) In My (e) < Cvolg 4, (R+ Lln ;)

Moreover, the constants C' and L is independent of k, R, ¢ and xg.

The estimate (6.2) is an immediate corollary of (6.8). Indeed since A is bounded in
®;, then there exists Ry > 0, such that Hg, (A, L12;,¢R zo) = 0 for every R and xy. The

estimate (6.8) implies now that

k

2
(6.10) Hg, /2 (A, Lgmzo) < +Ckvolo g, (R + LIn )

Fixing now k ~ In £2 we obtain (6.2). Theorem 6.1 is proved.

We consider now a number of corollaries of Theorem 6.1.

Corollary 6.1. Since C' C sz_‘s’p then

1.1
(6.11) H. (A4,C(QNBE)) < C’volg,mo(R—}-Klng)lng

Corollary 6.2. Let 2 = R". Then volg 4,(r) = c¢r™ and consequently

\N". 1
2_5717 R < - -
(6.12) H. (A, W (B$0)> <C <R +Kln 8) In -
Taking R = In % we obtain that
nl 1 n+1
(6.13) H, (A, W2or(pn - )) <Oy <ln g)

Note that the estimate (6.12) gives the same type of upper bounds for R = 1 and
R=1Inl.
g

Corollary 6.3. Let €2 be a bounded domain. Then Theorem 6 implies the estimate
2—4,p 1
(6.14) H. (A, W20 (Q)) < Cvol($) In -

which reflects the well-known fact that in this case the attractor A has the finite fractal
dimension. Note however that even for bounded domains this estimate (6.14) for the
case where f depends explicitly on a gradient V,u is of independent inerest.

Corollary 6.4. Let Q = R* x w™* be a cylindrical domain where w is bounded.
Then the estimate (6.1) gives the following bound of the e-entropy of the autonomous
attractor

k
1 1
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Definition 6.1. Let A C ®y(Q2) be a compact set in the space Pyo.(2). Then the
e-entropy per unit volume is defined to be the following number

N C E(AWTr@nBp)
(6.16) He(A) = h;zn—?olip voloo ()

Corollary 6.5. The following estimate is valid:

(6.17) H.(A) < cm%

Indeed, the estimate (6.17) is an immediate corollary of the estimate (6.1) and trivial
assertion

VOleo (R + Cl)

6.18 li 00 =1
(619 % Tl ()
Definition 6.2. Let hgp(A) be the following number

H.
(6.19) hgp(A) = limsup @
e—0 nz

Corollary 6.6. Let the assumptions of Theorem 6.1 hold. Then
(6.20) hep(A) < 00

Remark 6.1. The number hy,(.A) can be interpreted as some quantitative character-
istic of the phenomena of space chaotisity of the dynamical system, generated by the
equation (0.1). In order to understand this relationship it is worth to compare the defi-
nition of hg, with the definition of the topological (time) entropy hyop of the dynamical
system (see [12]). For the reader convenience we recall shortly this definition. Let M
be compact metric space and let Sy : M — M be a dynamical system (semigroup) on
it. For a given T' > 0 we consider the set M (0,7) C L*([0,T], M) of all trajectories
u(t) = Syug, t € [0, T] with ug € M. Then by definition

H, (M(0,T),L°°(|0,T]|, M
(621) htop — 1imsuplimsup € ( ( ’ )7 ([ ’ ]7 ))
e—=0 T— 00 T
§7 UNSTABLE MANIFOLDS AND LOWER BOUNDS OF €-ENTROPY.

In previous Section the upper bounds of Kolmogorov’s entropy has been obtained. In
this Section, using the technique of infinite dimensional unstable manifolds, developed
in [9], [24] we obtain the lower bounds of e-entropy for rather wide class of equations.

We assume in this Section that 2 = R"™, ¢ = 0 and the nonlinearity satisfies the
following additional assumptions

1. feC?

2.1 (u, Vou)| + [ fo) o (w, Vau)| < Qlu]) (1 + [Vaul?)
31l Va)] < QUUul) (1 -+ Vi)

419 0,0t Vau)| < Q(Jul)

Note, that under the assumptions (0.2) the equation

(7.2) f(z,0) = Aoz

has at least one solution zy = (28, , 25) € RF, consequently, the problem (0.1) always
has at least one spatially homogeneous equilibria point.
The main result of this Section is the following Theorem.
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Theorem 7.1. Let the assumptions of Section 2 hold and the space homogeneous equi-
libria zy of the problem (0.1) is exponentially unstable. Then the attractor A of this
problem possesses the following entropy estimates:

1 1
(7.3) CR*In— < H. (A, C(Bf) < Ci(R+KIn—)"In—

Moreover, for every § > 0 there exists Cs > 0 such that

(7.4) Cs (m 1>n+1_5 <H. (A,C(B))) <C <ln 1>n+1

€ 9

Proof. The proof of this theorem is based on the estimates (5.13) and (5.14) and on the
construction of the infinite dimensional unstable manifold, given in [9], [24] and divided
on a number of auxiliary statements formulated below.

Without loss of generality we may assume that zg = 0. As usual, we consider for the
first the linearization of the equation (0.1) near the equilibria point zg = 0 and study
the corresponding nonhomogeneous problem.

(7.5) 0w — Lv = h(t)

where Lv = Agv + Av + BV, v, A= —Xo — £,(0,0), B=—f5 ,(0,0).
Definition 7.1. Let 8 > 0. Then we define the space Lg by the following expression

(6 Ly(E) = {ue L¥RE): Jul, = swe fu(t), B |5 < oo}

where E means either @y, or LY (R™)

Proposition 7.1. Let 8 > o(L) and h € Lg(LY). Then the equation (7.5) possesses the
unique solution v € Lg(®y) and consequently defines the linear operator Tg : Lg(L}) —

Lg (@), v(t) = (Tgh)()-
The proof of Proposition can be derived in a standard way (see [9], for instance).

Let us study now the linear homogeneous problem (7.5) (h = 0). Applying Fourier
transform to the both sides of (7.5) we will have

(7.7) 0, (t) — L(€)d(t) =0

where L(¢) = —|¢|> + A — iBE. Note that the exponential unstability of the equilibria
point zp = 0 implies that there exists & € RF and )\0 > 0 such that )\0 € o(L (50)).

Moreover, without loss of generality we may assume that a(L(§)) < Ao +efore>0is
small enough and ¢ € RF.
It follows now from the continuity arguments that there exists a neighbourhood ng

of & and functions XO : ng — R and e : Bg’ — R* such that

(7.8) L(&)eo(€) = o(&)eo(§), €€ B

-~

and Ao (&) > Ao — e. Moreover, without loss of generality we may assume also that

(7.9) eo(§) =1
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Let us consider now the class B, ¢, with o is so small that supp<$ C ng for every
¢ € By . For every ¢o € B, ¢, we define a solution v(¢), ¢ < 0 by formula

(7.10) B(t) = OG0 (€)eo(€)

In a standard way we deduce from (7.10) that v € Lg _,_(®5) and
(7.11) [vlleg . @) < Clldoll,

Moreover, (7.9) implies that IT;v(0) = ¢o, where II; is a projection from RF to the first
component. Thus, we have proved the following proposition.

Proposition 7.2. Under the assumptions of the theorem there exist v > 0, &, € RF,
o > 0 and a linear operator Py : By ¢, — L, (®p) such that:

1. Py(up)(t), t <0 is a solution of the equation (7.5) with h = 0;

2.2y >o(L);

3. Hlp,y(’u,o)(()) = Ugo-

We denote Sy (up) = Py(u)(0). Then I1;S(uo) = uo.

Indeed, the operator T, can be defined by (7.10).
Now we are in position to study the neighborhood of zero equilibria point for the
nonlinear equation.

Proposition 7.3. Let the above assumptions be valid and let § is small enough that
D> ﬁ. Then there exists jig > 0 and a C*-map

(712) Uy : B(O, /1,0,]]30,50) - A
Moreover,
(7.13) o (uo) — S5 (wo)llyyz-s. < Clluollz,

for every uy € B(0, po, By g, )

Proof. The proof of this Proposition 7.3 is based on the implicit function theorem and
on the following lemma.

Lemma 7.1. Let f satisfies conditions (7.1) and f(0,0) = f,(0,0) = fg ,(0,0) =0
Then for every [ > 0 the Nemitskij operator Fu = f(u,Vu) belongs to the space
Cl(L'y(WbZ_(s’p)’L?'y (Lf)) if p > ﬁ-

The assertion of this lemma can be verified in a direct way (see [24], for example).

Now we are going to find the backward solutions of the problem (0.1) near zyp = 0
equilibria point using the implicit function theorem. To this end we rewrite this equation
in the form

(7.14) Owu — Lu = fs p(u,Vzu), t<0

where fa p(u,Viu) = f(u, Viu) — £,(0,0)u — fg ,Vzu. Then fa p satisfies all as-
sumptions of Lemma 7.1 Let us fix v such as in P=AAoposition 7.2 and consider the
equation

(7.15) u~+ Toy Fa pu=Pyuy, ue L, (D)
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where uy € B¢, and o satisfies the conditions of Proposition 7.2. Note that every
solution of (7.15) is simultaneously a solution of the equation (7.14) hence it is sufficient
to solve (7.15) in L, (®p).

To this end we introduce a function F : L, (®p) X By ¢, — L, (®p) by formula

(7.16) F(u,ug) = u+ ToyFa pu — Pyug

It follows from Propositions 7.1, 7.2 and from Lemma 7.1 that F € C'(Lg(®p) x
Bo¢,,Lg(Py)) and D, F(0,0) = Id. Hence due to the implicit function theorem (see
[22] for instance) there exists a neighborhood B(0, 110, B, ¢, ) and a C'-function

(717) U: B(07 Ko, IB0',50) — ]L”Y (q)b)

such that F(U(up),up) = 0 and consequently U(up)(t) is a backward solution of the
problem (0.1). The equation (7.16), Propositions 7.1, 7.2, and Lemma 7.1 imply now
that

(7.18)  |ltd(uo) = Pytiollr,, (a,) < CllFa,5U(u0))l|L,, zr) <
< Ci[U(uo) 12 @,y < Colluol, .,

Let us define now Uy (ug) = U(uo) ‘t:O' Then (7.18) together with the evident assertion
(Pgup)(0) = Syup imply the estimate (7.13). The assertion Uy(B(0, po,Bog,)) C A
follows immediately from description (4.2) of the attractor A and from the fact that
the solution wu(t) = U(ug)(t) of the problem (0.1) which is defined for the first only
for ¢ < 0 can be extended due to Theorem 2.4 to a complete solution u(t), ¢ € R and
u(0) = Up(up). Proposition 7.3 is proved.

Corollary 7.1. Let uj,u? € B(0,1,B,¢,) and p < po. Then for every R > 0

(7.19) o) — Vo 3) s gy 2 s = Bl gy — O
with C' independent of R.
Indeed,

[Uo (ug) — Uo(ug)ls, 52y >
> ||57“5 - 57“%”@,,(35) — ||tho (ug) — 57“(1)||<1>b(Rn) + ||t (ug) — S’yu(2]||<1>b(R") >

> [18yup — Syuglle, sy — Crlllugllz, o, + [udllz, o) = lug — gl Lo (pry — 2010

0,0
Here we have used the fact that I11S,uq = uo.
Now we are in position to complete the proof of Theorem 7.1. Indeed, let € > 0 be

small enough, pu = (%)1/2 < pp and ud, u3 € B(0, 4, B, ) such that
(7.20) i} — w3l e gy >

Then it follows from (7.19) that

(7.21) 0hCb) ~ Uy 5oy > /2

The estimates (7.20),(7.21) together with the assertion (7.12) imply that
(7.22) Moy (AW.OP(BE)) >

e \1/2
> B (B0 (55) " Baea OB = Haguys (BO.1,Bre ), C(B)

The estimates (7.3) and (7.4) is an immediate corollary of (5.13) and (5.14) (see also
Remark 5.1). Theorem 7.1 is proved.
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