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ABSTRACT. We study the long-time behavior of solutions for damped nonlinear hy-
perbolic equations in the unbounded domains. It is proved that under the natural
assumptions these equations possess the locally compact attractors which may have
the infinite Hausdorff and fractal dimension. That is why we obtain the upper and
lower bounds for the Kolmogorov’s entropy of these attractors.

Moreover, we study the particular cases of these equations where the attractors
occurred to be finite dimensional. For such particular cases we establish that the
attractors consist of finite collections of finite dimensional unstable manifolds and
every solution stabilizes to one of the finite number of equilibria points.
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INTRODUCTION

In this paper the long-time behavior for the solutions of damped hyperbolic
equations

(0.1) {%u+v&u—Am+fmf+%u=gw;weﬂ

“|t:0 = Uo, 6t“|t:0 = up, “|BQ =0

is studied.

Here 2 C R"™ is an unbounded domain in R” with a sufficiently smooth boundary
(see §1), u = u(t,x) is unknown function, A, is a Laplacian with respect to z =
(z1, -+ ,x,), f and g are given functions and Ay and -y are fixed positive constants.

It is assumed that the nonlinear term f(u) satisfies the conditions

(0.2) {LfEC%Rm,f%Oz—C

2.1f' ()] <O+ [u?), |f"(w)] <CQA+ |u]®)
where ¢1 < 2/(n—2) ifn >3 and ¢ <1ifn =3 and g2 =0 for n > 3.

Moreover, it is assumed also that the function f can be decomposed in a sum of
two functions

(0.3) f(u) = fi(u) + fa(u)
where the function f5 is bounded together with the derivatives
(0.4) |fo(u)] + [ fo()| + £ (w)] < C

and the function f; satisfies the assumption
(0.5) fr(u) -u>0

It is well known that in many cases the longtime behavior of dynamical systems,
generated by evolutionary equations of mathematical physics can be naturally de-
scribed in terms of attractors of the corresponding semigroups (see [2], [16], [24]).
In bounded domains the existence of the attractor is established for a large class
of equations such as reaction-diffusion equations, nonlinear wave equations, 2D
Navier—Stokes system, etc. Under some natural assumptions it is proved that in
the autonomous case for all equations mentioned above the attractor has the finite
Hausdorff and fractal dimension (see [2], [24]).

The equations of mathematical physics which can depend explicitly on ¢ in
bounded domains 2 are considered in [4], [6]. Recall that according to the con-
struction of the uniform attractor, suggested there, one should consider not only
the initial nonautonomous problem but simultaneously the whole family of prob-
lems which are obtained from the initial one by all positive shifts along the t-axis
and their closure in the appropriate topology. For instance, in order to construct
the attractor for the equation (0.1) where g = ¢(t) depends explicitly on ¢ one
should consider the family of equations of the type (0.1) with all right-hand sides
belonging to the hull H*(g) of the initial right-hand side g which can be defined in
the following way

(06) H+ (g) = I:Thg, h 2 0] LIQOC(R+><Q), (Thg) (t) = g(t + h)
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(see §5 and §6). As usual, we restrict ourselves to consider only such right-hand
sides g for which the hull (0.6) is compact in L7 .(Ry X ).

Moreover, if this hull is in a certain sense ”infinite dimensional” (for example
the right-hand side is almost-periodic by ¢ with the infinite number of independent
frequences) then the uniform attractor of the corresponding equation naturally has
infinite Hausdorff and fractal dimension.

Thus, in contrast to the autonomous case in the nonautonomous one the fractal
dimension is not a convenient quantitative characteristic of the ”size” of attractors
and consequently the problem of finding another characteristics arises.

One of possible approaches to handle this problem, which is suggested in [6],
is to estimate Kolmogorov’s e-entropy of the attractor. Recall, that by definition
Kolmogorov’s e-entropy H. (A, ®) of the attractor A is the logarithm from the
minimal number N, (A, ®) of e-balls in the appropriate phase space ® which cover
the attractor:

(0.7) H. (A, @) =InN-(A, )

Note that since A is compact then (0.7) is well defined and finite for every € > 0.

The estimates for the e-entropy of the attractors of nonautonomous reaction-
diffusion equations in bounded domains has been obtained in [6]. The autonomous
reaction-diffusion equations in R™ has been considered in [7] and [27]. The entropy
of attractors for autonomous and nonautonomous RDE in the unbounded domains
has been studied in [11] and [27].

Recall that for unbounded domains € the behavior of solutions for (0.1) becomes
much more complicated. In this case even the problem of finding the appropriate
phase space for (0.1) becomes nontrivial. For instance, the reaction diffusion sys-
tems in unbounded domains have been studied in weighted Sobolev spaces Wé’p Q)
with ¢(x) = ¢o(x) = (14 |z|*)*/? in [1], [3], [9]. The case of general weights ¢ is
considered in [10].

In this paper we assume that the solution w(t,z) is bounded with respect to
|z| — oo. To be more precise, we introduce the spaces W,f’p () by the following
expression

(0.8) WP (Q) == {o : [l = SUG%H'U”WLP(QOB;O) < oo}
zo

(here and below we denote by BE the R-ball in R* centered in zo) and require
that for every fixed ¢ > 0 the solution &, (¢) := (u(t), O;u(t)) belongs to the space

(0.9) Ey(Q) = (Wb1’2(ﬂ) N {v],o = 0}) x L2()

The behavior of solutions for reaction-diffusion equations and systems in the
unbounded domains in the spaces (0.8) has been studied in [7], [8], [11], [13], [21],
2], [28].

The attractor for the autonomous hyperbolic equation (0.1) in R" under the
assumptions which are similar to (0.2)—(0.5) has been constructed in [14].

Note that under the above assumptions (as in the case of parabolic equations) the
attractor A of the equation (0.1) may have (and has in general) infinite Hausdorff
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and fractal dimension even in the autonomous case (see Section 11). Thus, in con-
trast to the case of bounded domains where the infinite dimensional attractor can
appear only in the nonautonomous case and only due to the ”infinite dimensional”
external time-depended forces, in the case where €2 is unbounded the infinite dimen-
sionality appears even in the autonomous case and has consequently the internal
nature.

In this paper we give a systematical study of Kolmogorov’s e-entropy of attrac-
tors for autonomous and nonautonomous hyperbolic equations of the type (0.1) in
unbounded domains (2.

It is known (see Remark 4.2) that in general the attractor A of the problem
(0.1) is not compact in the uniform topology of the space (0.8) but only in a
local topology of the space Ejo-(€2), that is why (following to [28]) we consider the
entropy of restrictions A|9035‘0 and study the dependence of H. (A|QﬂBfo) on three

parameters €, R and z.
It is proved in Section 9 that the entropy of the uniform attractor of the nonau-
tonomous equation (3.1) possesses the estimate

1., 1
(0.10) ]HIE(A|QQBEO,Eb(QﬁBfO)) < 0volw0,g(R+Klng)1ng+

1 R+KInl
+ 2 €
He/L <H (g)|[07K1n§]><Qmeo+Kln%’Lb([o’Klng]XQmBmO ))

where voly, (r) = vol(2 N B, ), vol(-) means the n-dimensional volume, and con-
stants C, K, L are independent of R, € and . Particularly, for autonomous equa-
tions in 2 = R”, the estimate (0.10) implies that

(0.11) HL(A| ., By(QN0BE)) < C(R+Kln§)"lnl

€

R
Bm0

We verify also the sharpness of the estimate (0.11). To this end we consider in
Section 11 a special class of equations of the form (0.1) which contains for instance
the equations

(0.12) O2u +you — Ayu — au +ulul’ =0, v,a>0, e R"
with p < 142/(n —2).

It is proved that the entropy of the attractor of (0.12) possesses the following
estimate

(0.13) H. (A|zr » Es(BL)) > C1R" ln%

for R > Ry and € < g9 and consequently the estimate (0.11) is sharp if R ~ In L or
R>In % For the case where R < In % (particularly for R = 1) we obtain that for
every ¢ > 0 there exists Cs > 0 such that

n+1—4
(0.14) HL(A],, ,Ey(BL)) > Cp (m g)

and consequently the estimate (0.11) is sharp (in a some sense) for every R and e.
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It is worth to emphasize that the estimates (0.10)-(0.11) and (0.13)—(0.14) are
very similar to the ones obtained in [28] for parabolic equations and consequently
these estimates seem to have a universal nature. From the other side if 2 is bounded
and g is independent of ¢ then (0.10) implies that

HL (4, F3(0)) < Ol <
which reflects the well-known heuristic principle that the equations of mathematical
physics in bounded domains have finite dimensional attractors. Thus, the estimates
mentioned above may be considered as a natural generalization of this principle to
the case of unbounded domains.

Note that although the attractor of the equation (0.1) is not compact in general in
E,(Q) but there is a number of particular cases where this equation has nontrivial
compact in Ep() attractors. One of these particular cases is considered in the
paper. Namely, we assume that the function f» in (0.4) equals zero identically
(f2 = 0) and the right-hand side g(t) (with compact hull H*(g)) satisfies the
following assumption

T+1
(0.15) /T lg(t), 20 BL |2, dt — 0

when |zg| — 0 uniformly with respect to T' € Ry..

It is proved in Section 10 that under the above assumptions the entropy of glob-
ally compact (i.e. compact in Ep(2)) attractor A possesses the following estimate
which essentially improves the estimate (0.10):

016 E(AE@) <Ol 4B (W), L0, Knll < 0)

Particularly, this estimate implies that in the autonomous case (or in the case where
g(t) is quasiperiodic with respect to t) the attractor A has a finite fractal dimension
in Eb(Q)

The finite dimensional attractor for reaction-diffusion equations in R™ with
quasiperiodic right-hand sides satisfying (0.15) has been obtained in [12].

Moreover, we give a detailed study of the autonomous finite dimensional attrac-
tor in the above particular case of the equation (0.1).

It is proved in Section 12 that there is an equilibria point ug of the equation
(0.1) such that for every (u(t), Oru(t)) € A

(0.17) 10,u(t), 2N By, llg.2 + [u(t) — uo, 2N By |I7, < Ce™?*!

with C' and § > 0 depending only on the equation. Using this spatial asymptotic of
the attractor we construct the Liapunov function on it and prove that for generic ¢’s
the attractor is regular, i.e. that it consists of a finite collection of finite dimensional
unstable manifolds:

(0.18) Ag = U, M (uy)
where u; are the equilibria points of (0.1) and M™ (u;) are the C'-submanifolds in

Ey(9).
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Note also that the results of the paper has been announced in [29] for the case
Q=R".

The paper is organized as follows.

The definition of functional spaces and a number of a priori estimates for linear
and nonlinear equations of the type (0.1) are given in Part 1. Moreover the problems
of the solution’s existence and it’s uniqueness are analyzed there.

The locally and globally compact attractors for (0.1) are constructed in Part 2.

Upper and lower bounds of the e-entropy of the attractors constructed above are
given in Part 3.

The spatial asymptotic for the solutions belonging to the attractor are obtained
in Part 4. Using this asymptotic we derive stabilization of solutions of the equation
(0.1) when ¢ — oo and prove the attractor’s regularity.

Acknowledgements. The author finished the manuscript while visiting the WIAS
Berlin. He is grateful for discussions with H.Gajewski, M.Efendiev, J.Fuhrmann,
and M.I.Vishik.

The author also would like to thank Prof. R.Temam for the interest to the paper.

Part 1. A priori estimates,existence of solutions, uniqueness.

In this part we derive a number of a priori estimates for the equations of the
type (0.1), prove the existence of solutions and their uniqueness.

Section 1 contains the definitions of the functional spaces which are necessary
to deal with the equations (0.1) in unbounded domains and a number of simple
properties of these spaces which will be essentially used throughout of the paper.

The linear equation of the view (0.1) is analyzed in Section 2.

In Section 3 arguing in the spirit of [14] we establish the existence of solutions for
the nonlinear equation (0.1) and their uniqueness and derive the estimates which
will be used in the next Part in order to prove the attractor’s existence.

§1 FUNCTIONAL SPACES

In this Section we introduce several classes of Sobolev spaces in unbounded
domains and recall shortly some of their properties which will be essentially used
below. For a detailed study of these spaces see [10], [28].

Definition 1.1. A function ¢ € LiS.(R™) is called a weight function with the rate
of growth p > 0 if the condition

(1.1) ¢(z +y) < Coe*o(y), d(x) >0
is satisfied for every x,y € R™.
Remark 1.1. It is not difficult to deduce from (1.1) that

(1.2) dla+y) > C, e lg(y)
is also satisfied for every xz,y € R™.

The following example of weight functions are of fundamental significance for
our purposes:
¢’{6}7mo (z) = 675|1‘71‘0\, e€R, zo € R"

(Evidently this weight has the rate of growth |e].)
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Definition 1.2. Let Q@ C R™ be some (unbounded) domain in R™ and let ¢ be a
weight function with the rate of growth p. Define the space
1@ = {u € @)+ ooy = [ sl do < oo}
Analogously the weighted Sobolev space qu;p(ﬂ), l € N is defined as the space of
distributions whose derivatives up to the order | inclusively belong to Lg(ﬂ).
For the simplicity of notations we will right throughout of the paper W‘Z’; instead
of W2P

e—clz| "

We define also another class of weighted Sobolev spaces
W,fg(ﬂ) = {u € D'(Q) : 1w, QllY 41, = zilelgn B (o)||u, 2N B;OHf’,p < oo}

Here and below we denote by Bfo the ball in R™ of radius R, centered in xo, and
[, Vl1p means [Jullwis vy
We will write Wbl’p instead of Wblf

Proposition 1.1.
1. Let u € Lg(ﬂ), where ¢ is a weight function with the rate of growth p. Then
for any 1 < g < oo the following estimate is valid

(13) ( | staoy ( / ef“°|u<x>|pda:)q da:o)l/q <c [ ol ds

for every € > pu, where the constant C' depends only on e, p and Cy from (1.1) (and
independent of ).
2. Let u € L (2). Then the following analogue of the estimate (1.3) is valid

(1.4) sup {¢(a:0) Sup{eE'IEOIU(af)I}} < Csup{o(z)|u(z)}
roEQ z€EQ z€EQ

The proof of this Proposition can be found in [10] or [28].

For the more detailed study of functional spaces defined above we need some
regularity assumptions on the domain 2 C R™ which are assumed to be valid
throughout of the paper.

We suppose that there exists a positive number Ry > 0 such that for every point
xo € ) there exists a smooth domain V,, C € such that

(1.5) BienQcV,, c Bt nQ

Moreover it is assumed also that there exists a diffeomorphizm 6., : B§ — V., such
that €,,(x) = o + pa,(x) and

(1.6) Izollen + llp7,) llew < K

where the constant K is assumed to be independent of zg € Q and N is large
enough. For simplicity we suppose below that (1.5) and (1.6) hold for Ry = 2.

Note that in the case when (2 is bounded the conditions (1.5) and (1.6) are equiv-
alent to the condition: the boundary 912 is a smooth manifold, but for unbounded
domains the only smoothness of the boundary is not sufficient to obtain the regular
structure of @ when || — oo since some uniform with respect to zo € 2 smooth-
ness conditions are required. It is the most convenient for us to formulate these
conditions in the form (1.5) and (1.6).

7



Proposition 1.2. Let the domain Q satisfy the conditions (1.5) and (1.6), the
weight function — the condition (1.1) and let R be some positive number. Then the

following estimates are valid
(1.7)

o /Q b(@)u(@)P dz < /Q 6(x0) /Q - ()P dz dzo < Cy /Q (@) |u() [P dz

Proof. Let us change the order of integration in the middle part of (1.7)

18) [ o) [ L 10 o= [ ( /| XQmB§($0)¢($0)dwo> da

Here xqnpr is the characteristic function of the set 2N BE.
It follows from the inequalities (1.1) and (1.2) that

(1.9) Cié(z) < infxoer B(z0) < SUPg,eBR P(z0) < Cod(x)

and the assumptions (1.5) and (1.6) imply that
(1.10) 0< Oy <vol(2n B <,

uniformly with respect to z € Q.

The estimate (1.7) is an immediate corollary of the estimates (1.8)—(1.10). Pro-
position 1.2 is proved. O
Corollary 1.1. Let (1.5) and (1.6) be valid. Then the equivalent norm in weighted
Sobolev space Wdl)’p(ﬂ) is given by the following expression:

1/p
(111) JuOloay = ([ om0 BE I, dio

Particularly, the norms (1.11) are equivalent for different R € Ry .

To study the equation (0.1) we need also weighted Sobolev spaces with fractional
derivatives s € Ry (not only s € Z). For the first we recall (see [25] for details) that
if V is a bounded domain the norm in the space W?(V), s = [s] + [, 0 < < 1,
[s] € Z4 can be given by the following expression

o _ « P
[ D D,
yev |$_y|n P

_ p
(112)  lu, VIE, = llu, VIIE,, + D /

la=[s] " *EV

It is not difficult to prove arguing as in Proposition 1.2 and using this representation
that for any bounded domain V' with a sufficiently smooth boundary

5P —

(1.13) lu, V[P < 01/ lu, VABE |2, dzg < Collu, V2,
zo€V

This justifies the following definition.



Definition 1.3. Define the space W;*(Q) for any s € Ry by the norm (1.11).

It is not difficult to check that these norms are also equivalent for different R > 0.
Note now that the weight functions

(1.14) gﬁ{g},mo = g clz—ol

satisfy the conditions (1.1) uniformly with respect to o € R™, consequently all
estimates obtained above for the arbitrary weights will be valid for the family (1.14)
with constants, independent of g € R™. Since these estimates are of fundamental
significance for us we write it explicitly in a number of corollaries formulated below.

Corollary 1.2. Let u € L’{’a}(ﬂ) for 0 < 6 < e. Then the following estimate holds

uniformly with respect to y € R™

(1.15) (/Q e~ 1lzo=v] </Q e—”—wol|u(a;)|pda;>q da:0>1/q <

< C’E,q/ e~ 01TVl |u(x)|P da
Q

Moreover if u € L‘Eg}(ﬂ), 0 < € then

(L16)  sup {e‘”woy' sup{ef”wu(x)u} < Cs supfe 0= Vu(z)|}
roEQ z€Q z€EQ

Corollary 1.3. Letu € WZZ(Q) and ¢ be a weight function with the rate of growth
u < e. Then

(1.17) Cl||u,Q||§7¢7l7p§
S sup {¢(x0)/ EEEEOHU,QPIB;“?I)CZQT} S C2||U’Q||§¢lp
r0EQ 2eQ D ; Pt

For the proof of this corollary see [28].

We will essentially use below the subspaces of W,f () which consist of functions
decaying when |z| — oo.
Definition 1.4. Define the space Wblp(Q) by the following expression.:

(1.18) WP() = {u € Wy (@) s Tim a0 By lp = 0}
o oo

The following Proposition gives simple compactness criteria for sets in W,f P(Q).

Proposition 1.3. A set B € W,fp(ﬂ) is compact if and only if:
1. For every xog € § the restriction B|V of the set B on V,, is compact in
z0
wWhe(V,,).
2. The set B possesses a uniform ’tale’ estimate, i.e. there exists a continuous
function Rp(z) : Ry — Ry such that lim,_, o Rp(z) =0 and

(1.19) lu, 2N B, |lip < R(|lzo|) , Yu€ B

Indeed, the assertion of the proposition can be easily derived using the Hausdorff
criteria.

A proposition formulated below will be useful in order to verify the fact that the
function belong to the space Wblp(Q)



Proposition 1.4. Let the estimate (1.19) be satisfied and let the function v satisfy
the following estimate:

li,p =

(1.20) lo,Qn B[P < c/ ey, 0N BLP de
Q

for the appropriate € > 0 and Iy > 0. Then v € W,fl’p(ﬂ). Moreover there exists a
function Ry(z) which tends to zero when z — oo and depends only on the function
Rp from (1.19) and & > 0 such that

(1.21) 10,20 By, llip < Ri(lzo])

Proof. Indeed, let us fix an arbitrary 6 > 0. Since Rp(z) — 0 when z — oo then
(1.19) implies that there is L = L(d) > 0 such that

(1.22) lu, QN By |lip <6 if |zo| > L

Let us rewrite the integral in (1.20) in the following form

(1.23) /e—e\w—wol||u,nt;||,dex:/ e~ =2, Q0 BL|J? do+t
Q ' QnBE '

+/ e~y QA BLP di = T (o) + I (x0)
o\B}

The estimates (1.17) and (1.22) imply that
(1.24) Iy(x0) < Chllu, 0\Bg|l1,p < C16

Since, according to (1.17) |Ju, Q|s.1.p < | Rp,Rllo,00 := C> then applying (1.19) again
we derive that

(125) 11(1170) S 6_6(‘x0|_L)C3

It follows from (1.25) that Ir(Jzg]) — 0 when |zo| — oo. Consequently the in-
tegral I; can be made arbitrary small (taking |zo| large enough). Since § > 0 is
arbitrary then we have proved that v € W,fl’p(ﬂ). The estimate (1.21) follows im-
mediately from the fact that all constants used before depends only on Rp and e
and independent of the concrete choice of u. Proposition 1.4 is proved.

Definition 1.5. In slight abuse of notations we denote by LI (Ry,L}(2)) the
F-space generated by the following sequence of seminorms

ToEQN

T+1
(1.26) [lull7 := sup (/T llu(t), 2N Bz, 5., dt)

Moreover, we define the space L! (R, ,L?(Q)) as a subspace of functions from

LV (R4, Ly (Q)) which satisfies the condition

loc

lzo| =00 \ JT

T+1
(1.27) lim (/ ||u(t),QﬁB;0||g,pdt> =0

10



for every fixed T' > 0.

Remark 1.2. The assertions of Propositions 1.3 and 1.4 have the evident analogues
for the spaces introduced in Definition 1.5, which will be essentially used in Sections
6, 8 and 12, namely:

1. A set B is compact in L? (Ry, LP(Q)) if and only if it’s z-restrictions on Vj,

are compact in L (Ry,LP(V,,)) for every zo € Q and for every T' > 0 there is a

loc
function Rp r(z) which tends to zero when z — oo such that

T+1
(1.28) /T lu(t), QN B | dt < Rp r(|zol), Yue B

2. Assume that the function v satisfies the estimate

t
(129) (), QnBL |7 </ e*V(t*S)/e*E‘z*z‘)'Hu(s),QﬂB;Hlppda:ds
0 Q ’

zollly,p =

with the appropriate €, > 0. Assume also that u satisfies (1.28) where functions
Rp r(2) = Rp(z) are independent of T'. Then the function v € L>® (R, Wél’p(ﬂ)).
Moreover

(1.30) lo(), 2N By, iy p < Ri(lwol), VEERL, o €Q

where Ry depends only on Rp and constants €,y > 0 and lim,_, ., R1(2) = 0.
The proof of these assertions are analogous to the ones given in Propositions 1.3
and 1.4.

§2 THE LINEAR EQUATION

In this Section we derive a number of regularity results for the following linear
hyperbolic equation

020 + yOw — Agv + Aov + [(t, x)v = h(t)
(2.1) Vg =0

V],mg =m0 Orvf,_y =1uf
in weighted Sobolev spaces.

It is assumed everywhere below that v, Ag > 0 and the domain (2 satisfies the
assumptions (1.5) and (1.6).

To simplify the notations we denote by &, (¢) a pair of functions (v(t), d;v(t)) and
introduce the appropriate functional spaces for such pairs.

Definition 2.1. Let ¢ be a weight function which satisfies (1.1) and let x > 0.
Then

(2.2) E5(Q) = (W;“’Z(Q) N o], = 0}) x W52 (Q)

Analogously we define the spaces Ef;,.(Q), By ;(Q), Ey(Q2) and Efs}(ﬂ) (see also

Definition 1.2). For simplicity we will omit the upper index & in the case when
k=0 (e.g. we will write E,(Q2) instead of E(Q)). Moreover, we will write below
Er (Q) instead of EJ (Q)

11



Theorem 2.1. Let the right-hand side h of (2.1) belong to the space
(2.3) NesoLj Ry, LT, (Q))

and the function | € L (R4, L) (Q)) with p > max{2,n}, i.e.

(2.4) M := sup 11(£), Xlp,0,p < 00

Then for every &,(0) = (uo,up) € NexoF} () the problem (2.1) has a unique
solution &, in the class

(25) r\|E>OC'(]R+7E{E} (Q))

and the following estimate is valid:
(26) Hatv(t)vaBalm”%J_‘_ ||’UvaBalcg||%,2 S
< Cem (1000)F + [oO)F + [Va0(O) . eI2=o4) +

t
+C/ e 0(t=s) (|h(s)|2,6_6‘m_m°‘) ds
0

with a sufficiently small € > 0 and § = a — CM? where a,C > 0 some constants
depending on v and \g. Note that the exponent § is positive if M is small enough.
(Here and below we denote by (-,-) the standard inner product in L*(f2).)

Proof. We give below only the formal proof of the estimate (2.6) which can be
justified in a standard way (see e.g. [14] and [20]).

Let us introduce a function 8(t) = d:v + av, where v > a > 0 is a sufficiently
small parameter which will be fixed below, and rewrite the equation (2.1) in the
following form

(2.7) 00 + (v — @) — aly — a)v — Ayv + Aov + lv = h(s)

Multiplying this equation by 0¢,, := fe—clz—2ol (where £ > 0 is another small
parameter) and integrating over x € Q we obtain after the evident transformations
that

(2'8) 1/2875[ (|0|27¢$0) + /\0 (|v|2v¢$o) + (|v$v|2v¢$o) ]+
+ (v = a) (1817, ¢wo) + doa (|07, buo) +a (Vo] 62) =
= (V1U79V1¢I0) + Oé(’)/ - Oé) (U79¢10) - (lvag(bzo) + (h,G(sz)

Note that |V;ds,| < eds,- Consequently, fixing e = £(«,y) small enough we will
have the estimate

- (67
[ (Va0 6V060,) | < 2 (Ve 18162,) < 1= (187, 600) + 5 (V0] 620)

Analogously,

la(y = @)(v,0¢a,)] < 207 (7 — @) (|01, bwo) + (v — @) /8(101, $as)
|(10,064,) < (v = @) /8(161%, $a) + 2/ (v — @) (|0]*, b))

|(h, 0,)| < (v = @) [8(161%, $a) + 2/ (v — Q) (|2, b
12
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Fixing now the small parameter o > 0 in such a way that
y—a>a, and 2Xg —2a(y—a)> Ao
and inserting the obtained estimates to the equality (2.8) we derive that
(2.9) O Fao (8,0) + aFyy (8,0) < C (MO, bz ) +4/(v = @) (10, P,
where
(2.10) Fio(8,0) := (1017, 620) + o ([0 b0) + (V2] b2y
Thus, it remains to estimate the term (|lv|?, ¢,). To this end we will use a trick
based on (1.7) with the weight function ¢,,, Sobolev’s embedding theorem W12 C

L% for lo =1- %, and Holder inequality with the exponents p/2 and ¢ = (p/2)* <
do/2 (since p > max{2,n}). Indeed,

@11) (0P, bs) < C /Q G (D110, Vo |25 iz <

< 01/Q%O(:v)lll,Vzllipllv,VzII%gq dx < Czlll(t)llio,p/g%o(w)llv,Vzllig da
S C3M2|:(|’U|27¢w0) + (|v$v|27¢$0)] S C4M2F$0(07v)

Here the domain V, is the same as in (1.5) and (1.6).
Inserting this estimate into (2.9) we will finally obtain that

(2.12) 0t Fy, (0,0) + (o — Cs M) Fy (6,v) < C (|h(t)]?, b )

Applying the Gronewal’s inequality to (2.12) we derive the estimate
t

(2.13)  Fyy(0(t),0(1)) < e "' Fyy (8(0),0(0)) + 0/ e ") (|h(s)], buo) ds
0

where § := a — Cs M?2.
To complete the proof of the theorem it remains to use the following evident
estimates

(2.14) 16w, 2N By |52 + [0, 2N By |17 5 < C (1000 + v + [Vav]?, day) <
< C1F(0¢v + av,v) < Cy (|3tv|2 + [of” + |va|2,¢zo)

Theorem 2.1 is proved.

Remark 2.1. Note that the estimate (2.6) remains valid if h € Lj(R., L, ,())
and &, (0) € E(,1(Q) if g9 < e. Note also that if n > 2 then Theorem 2.1 remains
valid for p = n as well. Indeed, we have used the assumption p > n only in the
estimate (2.11) but since g9 < oo for n > 3 then we may take ¢ = go/2 which
corresponds to p = n).
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Corollary 2.1. Let € > 0 be the same as in Theorem 2.1 and let ¢ be a weight
function with the rate of growth u < e. Assume also that the initial conditions for
& (0) € E4(Q) and the right-hand side h € Lg(&,Li(Q)) The the problem (2.1)
has a unique solution

(2.15) §o € C(Ry, By (1))

and the following estimate holds

t
(2.16) 1€0(DIIE, < Ce™*1&:(0)lI, + C/O e~ NIn(s)l7; ds

where § is the same as in Theorem 2.1 and the constant C' depends only on the
corresponding constant in the estimate (2.6) and on the constants Cy and p from
(1.1) and independent of the particular choice of the weight ¢ (satisfying (1.1)).

Mloreover, assume that h € LE(M,LE’(}&(Q) and &,(0) € Ep 4(Q). Then, analo-
gously,

(2.17) 16O, < Ce™ 16O, , + CA+e )BT (040

Indeed, multiplying the estimate (2.6) by ¢(zo), integrating over z, € 2 and
using the estimates (1.3) and (1.7) we obtain the estimate (2.16). The continuity
in (2.15) can be derived by standard arguments (see e.g. [10] and [20]).

The estimate (2.17) can be derived analogously only instead of integrating over
xg € Q one should take a supremum and use (1.3) with ¢ = 0.

The following Theorem, which establishes the additional regularity of solutions
of (2.1) has a fundamental significance for our estimation of e-entropy.

Theorem 2.2. Let the right-hand side h € Lg(I&_,W?OQ}(Q)) and the initial con-
ditions &,(0) € Ef, 1(Q) for a certain 0 < k < 1/2 and &9 > 0. Assume also
that

(2.18) le L®[Ry, L)) and V1 € L=(Ry, L] ()
and the exponents p, q and k satisfy the following relations

1
p

1+k 1+k 11—«

11 1
(2.19) 1L =>-42,2 =<-+ 3. > + =
n q— 2

n n P q

Q| =

for n >3 (for n < 3 the second inequality in (2.19) may be omitted and the first
one should be replaced by % > % + % - ).

Then the solution &, of (2.1) belongs to the space C(M,E?EO}(Q)) and the fol-
lowing estimate is valid

(2:20) [lo(t), QN By II7 1 x2 + [18:0(t), 2N By 17 2 <

T

< CeKt / e=el7=70l ([[0(0), 2 A B, s + 00(0), 2 N BL|2,) dart
Q

t
+0/ eK“*s)/ e =l==ol||n(s), 2N BL||2 ,dx ds
0 Q
14



for a some positive constant K and ¢ > g.

Proof. Let us define a family of cut-off functions ¢,,(z) € C§°(R™) in such a way
that ¢,, = 1 for z € B2 N Q and t,, = 0 for z € Q\V,,,. Moreover, due to our
assumptions on the domains V,, we may assume that

[Vzolle2@ny < C

uniformly with respect to zo. Let us introduce also the functions v, (t) := v(t)¥s, -
Then

(2.21) vamo + YOtvg, — ApUzy + AUz + U(t, ) Vg, =
= h(t)thay — Dathag — 2Vatha, Vot := hao (1), Vagly, =0

o]

The proof of the Theorem is based on the following two lemmata.

Lemma 2.2. Let the previous assumptions hold. Then, for every w € WT*(V,,)
the following estimate is valid

(222) ||lw7VZoHI€,2 < C”wavﬂtonl-i-ﬁ,?

Moreover, the constant C' is independent of xg.

Proof. Let us consider firstly the case n > 3.
Since | € LP(Vy,) and w € W5(V, ) C L"(V,,) with 1/r = 1/2 — (1 + &)/n
then according to Holder inequality

(223) ||lwv on ||0,k < C”l: V$0||07P||w7 Vwo ||1+H <G ||wv on ||1+H72

where § = % + 1
Consider now the function V,(lw) = Vzlw + [V,w. Since V.l € L? and w € L"

then V,lw € L* where £ = 7+ - Analogously, since [ € L? and V,w € W™? C

L™ with 1/7' = 1/2 — k/n then IV,w € LK with 1/k" = 1/p+1/r'.

Note now that the first and the second conditions of (2.19) guarantee that &'
and k" are well defined (i.e. k', k" > 1) and in addition k' < k". Consequently, we
have proved that

(224) ||lwvvx0”1,k’ < Cl||wavwo||1+l€72
According to the interpolation inequality (see, e.g., [19])

(2.25) 11w, Vagls i < Clliw, Vi llo 1" 11w, Vao I 4 < Collw, Vg ll14x,2

with % = L£ + £ It remains to note now that the third assumption of (2.19)
implies k > 2.

Thus, we have proved the lemma if n > 3. For the case n < 2 the estimate
(2.22) can be derived analogously (the only difference that we should put r = 00).
(Note also that the assumptions (1.5) on V,, and assumptions (2.18) on ! imply
that all constants introduced in the proof of the lemma are in fact independent
of zp). Lemma 2.2 is proved

15



Lemma 2.3. Let the previous assumptions hold. Then

(226) ||’U1-0 (t)v on ||%+n72 + ||atvwo (t)v on ||i72 S
CeKt (H’Uﬂvo (0)7 Vwo ||%+n,2 + ||8tv960 (0)7 Vwo ||i,2) +

t t
e / KEI|(s), Vi |25 + C / X5 (s, Vo 240 205
0 0

where the constants C' and K are independent of xg.

Proof. Let us introduce the scale of Hilbert spaces H'(Vy,) = (—=A,)/2L*(V,,)
with the norms || - ||z := ||(=A2)"? - ||o.2 where the Laplacian is endowed by zero
Dirihlet boundary conditions on 9V,,. Since the domains V,, are smooth then as
known (see e.g., [19], [20]), H'(V,,) = W'2(V,,) for 1/2 > 1> —5/2,1 # —1/2 and

(2.27) Cillw, Vio 72 < 1w, Vaollzn = (w, (=As)'w) < Cillw, Vg 17

Moreover, according our assumptions on domains V, the constants C; and Cj in
(2.27) are independent of zg.
Let us apply the operator (—A,)"/? to both sides of the equation (2.21) and
denote ., (t) := (—A,)"?v,,(t). We obtain that
020, + 7010z, — AyOpy + Ny +
+ (—Ax)"m(l(t,:n)vxo) = (_Ax)nﬂhxo (t) := hao,x(t)
(2.28)

=0

bz,

0%0 | = (_A:t)’i/2v:toa atemo |

t=0

= (=As)*/?O¢va,

t=0

According to the estimates (2.27) and the definition of the function h,, , we derive
that

(229) ||hI0,m V10||(2),2 S C (”ha Vﬂto”iﬂ + ||U7 VIO||%+I€,2)

Multiplying the equation (2.28) by 9;8,,, and integrating over Q we obtain (as usual)
that

(230) 1/26t (”atezoa VIU ||(2),2 + ||9I07VI0 ||%,2 + )‘0||0zoa VIU ||%,2) =
= - ((_AI)H/2(Z’UI0)7at010) + (hzo,ﬁ(t)aatezo)

Applying the inequalities (2.22) and (2.27) to the first term in the right-hand side
of (2.30) we derive

S Cl (“vwoa V-’l‘0||%+n,2 + ||at0wov on“%,2) S 02 (“09007‘/950”%,2 + ||at0xovvxo||(2),2)

(231) | ((=20)"2(1020), 1820 ) | < C (W, Vo2 2 + 101020, Vo 3.2) <

Inserting (2.31) and (2.29) into the right-hand side of (2.30) we obtain the inequality

(232) O (||6t9I07VI0||(2),2 + ||9I07V10||%72 + /\0||0107 VI0||(2),2) <
<K (||6t9I07VI0||(2),2 + ||9I07 VIO”%Q + /\0||0107 V10||(2),2) +

+C (1, Vol 2 + 110, Vag 1T 4.2)
16



Applying the Gronewal inequality to (2.32) we derive (2.26) Lemma 2.3 is proved.

Now we are in position to complete the proof of Theorem 2.2. To this end we
note that according to our choice of the cut-off functions 1,

(2.33) o, QN By 4 + 100,20 By I7 5 <
S C (HUIO (t)7 V10||%+n,2 + ||8{Um0 (t)7 VI0||?¢,2)

Multiplying the estimate (2.26) by e~¢l#=%0l ¢ > g5 and integrating over zy € Q
we derive now that

(2.34) / . e =l (o), QN By |1Fy 0 + [10:0(2), 2N B |12 5)dao <
o
< CeKt/ ) e—clz—wol (”Uzo(o), VI0||f+m72 + ||0¢ v, (0), Vz0||i72) dzg+
o€
t
+C/ eflt=s) el IR (s), Vo |I2 2 dmo+
0 20€EQ '
t
0 [ [ el (o), VB iods
0 20 EN

Let us transform the last term into the right-hand side of (2.34). Indeed, according
to (1.13) and (1.15)

(2.35) / <1720l [u(s), Vo 124 w20 <
ToEQ

<of el / [6(3), QN B2y dar dzg <
z€V,

zoEQ 20

<G [ el [ el @nBYE,  drdso <
z0€Q zeQ '
<Co [ e o), R0 BL R i
€N

Inserting this estimate to (2.34) and denoting
(2.36) R.(v(s),0iv(s)) :=

= / . e~ 1770l (|lu(s), 2N By 140 + 100(s), 20 By [17 1.2) do

ES

we derive the following inequality
(2.37)  R.(v(t),0:v(t)) < Ce® R, (v(0),8:v(0))+

t t
c / K= R.(u(s), Byv(s)) ds + C / K= [ emelzmwoln(s), Vi, |2 pdao
0 0 ToEQ

Applying the Gronewal inequality to (2.37) we obtain that
(2.38)  R.(v(t),dv(t)) < C1ef R, (v(0), 8;v(0))+

t
+Cl/ eKl(t_S)/ e_E‘Z_w0|||h(5),VI0||i’2da:0
0 ToEN
17



Applying the estimate (1.13) again we derive
(2.39) v, QN B4 + 100, 2N B 5 < o, Vall g + 1000, V2% 5 <

<C 10,20 By 1142 + 1860, 2 N By I3 5 davo <
To€EVag

<c / el (o). 20 B [z + 1000(6), 20 Bl ) oo
S

The estimates (2.38) and (2.39) imply (after the replacing zo :— z and z :— xo)
the inequality (2.20). Theorem 2.2 is proved.

The following Corollary is a complete analogue of Corollary 2.1.

Corollary 2.2. Let €9, p, q, and K be the same as in Theorem 2.2 and let ¢ be
a weight function with the rate of growth p < ey. Assume also that the initial
conditions for &,(0) € E5 () and the right-hand side h € Lg(&,W;%Q). Then
the solution &, of the problem (2.1) belong to

& € C(Ry, EZ(92))

and the following estimate holds

t
(240) (|6 (0} < O O +C / KUI|[h(s)]| o ds

where K is the same as in Theorem 2.2 and the constant C' depends only on the
corresponding constant in the estimate (2.20) and on the constants Cy and p from
(1.1) and independent of the particular choice of the weight ¢ (satisfying (1.1)).

§3 THE NONLINEAR EQUATION.

In this Section we consider the following nonlinear damped hyperbolic equation
in the unbounded domain Q:

{ OZu + y0u — Agu + Mou + f(u) = g(t), “|aQ =0

3.1
(3 “|t:0 = Uo; 6t“|t:0 = u

As in previous Section it is assumed that v, A\g > 0 and the domain ) satisfies the
assumptions (1.5) and (1.6).

We assume also that the nonlinear term f € C?(R, R) and satisfies the following
conditions

1.ff'>=-K, |f'(v)] <C1+ |v|™) with ¢; < 2/(n—2)ifn > 2
(3.2) 2.f"(v)] < C(1+ |v|?), where g =1if n =3 and ¢ =0 for n > 3

3. f = fi+ f2, with fi(v)v >0, and [f2(v)] + |f3(v)] + |2’ () < C
Note also, that without loss of generality we may suppose that f2(0) = 0.

We restrict ourselves to consider only bounded with respect to |z| — oo solutions
&y = (u, Ou) of the equation (3.1), i.e.

(33) fu € Llo:c(]R—F ’ Eb(Q))
18



And consequently we assume that &,(0) := (ug,u() € Ep() and g € L7 (R x Q).

Remark 3.1. Note that (3.3) together with the growth restrictions on f(u) and
Sobolev embedding theorem imply that

f(u) € Lig.(Re, Ly()

Therefore, the equation (3.1) can be understood in the sense of distributions. More-
over it follows from Theorem 2.1 that the solution &, satisfies (2.5) and consequently
the initial conditions are also well posed.

The main result of this Section is the following theorem.

Theorem 3.1. Let the above assumptions hold. Then for every &,(0) € Ey(Q) the
problem (3.1) has a unique solution (in the class (3.3)) and the following estimate
15 valid:

(3.4) 10:u(®), 20 B I} o + [u(t), 2N Bl I 2 + 1P (u(t), 2 0 Bl [loy <
< Ce 0 (10w (O +[V,v(0) + [v(0)] + Fi (0(0)), eI+~ =0l) +

+O(fo) + /Ot e—0(t—s) (|g(8)|2,6—6\m—z0\) ds

where Fy(z) := foz fi(s)ds >0, 0,¢ are sufficiently small positive constants, and the
constant C(f2) is such that C(f2) =0 if fo =0.

Proof. Let us check for the first the uniqueness of solutions. Indeed, let u; and u»
be two solutions of the problem (3.1). Then their difference v = u; — u2 satisfies
the equation

(3.5) 020+ 0w — Agv 4+ Aov + I(t)v =0, £,(0) =0

with I(t) = I(t,z) := fol f'(sui(t) + (1 — s)ux(t)) ds. Note, that according to our
growth restrictions on f’ and Sobolev embedding Theorem

(3.6) 1,2l < O+, Q%o+ lz, l%er) < Cu (6, 18 0 +Ews 15, )

forp = (nfﬁ > max{2,n}. Therefore the equation (3.5) satisfies the assumptions
of Theorem 2.1 and according to this Theorem has a unique zero solution. Thus,
u1 = uz and consequently the uniqueness is proved.

Let us derive now the estimate (3.4). To this end we introduce a function 6 =
dyu + au, multiply the equation (3.1) by fe=</*=%ol .= @¢p,. (where a and ¢ are
small positive parameters) and integrate over z € 2. Then, arguing as in the proof
of Theorem 2.1, we derive that there exists small positive constants a and € such
that

(3.7) Oc[ (1017, bao) + Ao (Jul?, dao) + (IV2ul?, éao) |+
+a (1617, dao) + Ao (|ul*, dao) + (IVeul?, day) ]+
+2(f(u),0¢z,) <C (lgt), dzy)
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Let us estimate the last term into the left-hand side of (3.7) using the decomposition
f = fi + f» and the boundedness of f»

(38) (f(u)ag(bzo) = (fl(u)aatu¢mo) +a (fl (u)ua (bzo) + (f2(u)70¢m0) Z
Z at (Fl(u)a (bzo) +a (fl(u)ua (bzo) - 04/4 (|0|27 ¢z0) - C(f2)
where C(f2) =0 if f» = 0.
Note that (rescaling if necessary the positive parameter )\g) we may assume

without loss of generality that fi(z)z > (2% for a small positive 3. Using this
estimate and the fact that f{ > —K we derive that

(3.9) Fi(z) :/Oz(fl(z)+Kz)dz—Kz2/2§fl(z)z+K22—Kz2/2:

=fi(z) + Kz/2< (1+ K/2B) f1(2)2
Inserting this estimate to (3.8) we obtain

(310) (f(u)ag(bzo) > 6t (Fl(u)7¢mo) + Bl (Fl(z)a(bzo) - 04/4 (|0|27¢z0) - C(f2)

with 81 = 2a8/(K + 20).
Estimating the last term into the right-hand side of (3.7) using (3.10) we derive
that

(311) at[(|0|27¢mo) + /\0 (|’U‘|27¢I0) + (|v$u|27¢$0) +2 (Fl(u)a(bzo)]-i-
+ oy [ (|0|27 ¢z0) + Ao (|u|27 ¢z0) + (|Vzu|27 ¢z0) +2 (Fl(u)a (bzo)] <
S C (|g(t)|2a¢zo) + Cl(f2)

for a sufficiently small a; > 0.

Applying now the Gronewal inequality to (3.11) and arguing then as in the end
of the proof of Theorem 2.1 we obtain the estimate (3.4).

Let us discuss now the existence of a solution. To this end we need the following

Lemma which reflects the well known fact of finite velocity of wave’s propagation
for hyperbolic equations.

Lemma 3.1. Let the above assumptions hold. Then, for every zo € Q, R € Ry
and T < R the following estimates is valid:

(3.12) |lu(T), QN BE=T|]} , + 10,u(T), QN BET|5 5 <

< Oe”(uu(m,mBR 2 + [10(0), 2 N BE 2 0+

xo o
T
+[|1F1(u(0)), 2N Bz flon + / lg(t), 2N B 15 dt)
0
for a some constants C, L > 0.
Proof. Indeed, multiplying the equation (3.1) by O,u, integrating over the ’cone’

K(T,R,x0,Q) := {t € [0,T], =z € QN B !
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and using the Green’s formula and the fact that F; > 0 we obtain (analogously to
[14] and [23]) that

(3.13) /QBH 0T + [Vau(T)[2 + Ao[u(T) [ + 2F, (u(T)) d <

0

< / 10:0(0)[ + [V ouw(0)]2 + Ao|u(0)]2 + 2F} (u(0)) da—+
QnBE

T
+ 2/0 /QﬂBfOt Fo(u(t)Opu(t) — g(t)Opu(t) dx dt

Since f2(0) = 0 and |fi(u)] < C then fa(u) = Q(u)u with |Q(u)| < C and the last
term in the right-hand side of (3.13) can be estimated in the following way

| f2(u(t)Bpu(t) — g(8)Bru(t)] < Cr(lu(®)]® +deu(t)?) + |g(t)®
Inserting this estimate in (3.13) and applying the Gronewal inequality we obtain
(3.12) Lemma 3.1 is proved.

Now we are in position to construct a solution for the equation (3.1). To this end
we fix an arbitrary large time interval [0, T] and consider for the first the equation
(3.1) with compactly supported initial data and the right-hand side. More precisely,
we assume that
(3.14) &.(0) =0 and g(t) =0 for |z| > R
Then, as follows from Lemma 3.1 and from the fact that F7(0) = 0 the solution
€u(t, ) = 0 outside of the cylinder [0, 7] x (QNB*T), i.e. without loss of generality
we may solve the equation (3.1) in the bounded domain QN B But for bounded
domains the existence of a solution is a well known fact (see e.g. [15]). Thus, we
have proved the existence of solutions for (3.1) with compactly supported initial
data and right-hand side.

Approximating now the arbitrary &,(0) € E,(Q2) by in the space Ej,.(Q?) by a
sequence &, (0) of compactly supported initial dates, doing the same with the right-
hand side g € L?(R; x Q) and passing to the limit n — oo we obtain a solution of
the problem (3.1). Theorem 3.1 is proved.

Corollary 3.1. Let all assumptions of Theorem 3.1 hold. Then
(3.15) Nlowu(t), 2N By [l o + llu(t), 2N By, lIT 5 <

< Qg0 1z,(2) (100 (O + Vo () + [o(0)2, e~ ) 4

+cmn+£15“”0mﬁﬁefz%)@

for a certain monotonic function QQ = Qy, .
Indeed, since f;(0) = 0 (according to the third assumption of (3.2) then Fy(0) =
F{(0) = 0, consequently Fy(u) = R(u)u® with |R(u)| < C(1 + |u|?) and

(3.16) (F1 (u),e*flmo\) < c/ ) e 17wl Ruyu?, Q0 B, [lo da <
re

smmwmmm/ == =wol|lu, 0 BL |12, de <
rEQ

< Qllullp,1,2) (|u|2 + |Vl_u|2,e—6\m—z0|)
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Here we have used Sobolev embedding theorem, Holder inequality and the fact that

1R(w), Qllo,0.n < C(L+ [Ju, Q5% 4,n) < QLW lp,1.2)
Note also that Q = const for n > 4 since ¢ = 0.
Inserting this estimate to (3.4) we derive (3.15).

Corollary 3.2. Let the assumptions of Theorem 3.1 hold. Then the following
estimate s valid:

(3.17) 1€l () < QuUlEu(O)lmy@))e " + C(f2) + Cllal Tz, xw)

where ()1 depends of f1 and independent of the initial conditions &,(0).

Indeed, applying the supremum with respect to zg € € to both sides of (3.16)
and using the estimates (1.17) we obtain (3.17).

Remark 3.2. Note that all results of this Section remains valid for the limit case
q1 = 2/(n — 2) but we will essentially use the fact that ¢; < 2/(n — 2) in order to
construct the attractor for the equation (3.1).

Remark 3.3. Note also that the assertion of Theorem 3.1 and it’s proof remains
valid for the nonlinear functions f = f(u,z) which depends explicitly on z € Q if
this function satisfies the conditions (3.2) for every fixed  and the constant C in
(3.2) is independent of z. We will use this fact in Section 12.

Part 2. The attractors.

In this Part we construct the attractors for the equation (0.1).

The autonomous case of the equation (0.1) is considered in Section 4.

The general nonautonomous case is considered in Section 5. We construct there
the locally compact attractor A (i.e. the attractor which is compact only in Ej,.(12)
and give examples which show that this attractor may be not globally (in Ej,())
compact.

The particular case of equations (0.1) for which the locally compact attractor
constructed in previous Section will be in a fact the globally compact attractor is
studied in Section 6.

§4 THE AUTONOMOUS ATTRACTOR.

In this Section we consider the attractor for the equation (3.1) under the addi-
tional assumption

(4.1) g(t) =g € Lj(Q)

The general case will be considered in the next Section.

The assumption (4.1) together with Corollary 3.2 imply that under the conditions
of Section 3 the equation (3.1) generates a semigroup S; : Ep(Q) — Ep(Q) defined
by formula

(4.2) Stu(0) = u(t) where u(t) is a solution of (3.1)
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Moreover, it follows from Corollary 3.2 that this semigroup possesses a bounded
absorbing set B in the space Ep(12), i.e. for any other bounded subset B C ®;(2)
there exists T'= T'(B) such that

SeBCBift>T

It seems natural to consider the attractor of (4.2) in the ’uniform’ topology of
the space E,(€2) but, in contrast to the case of bounded domains the problem of
existence of the compact attractor in a ’uniform’ topology (i.e. in E,(2)) is more
delicate. The main difficulty is the non compactness of the embedding Ef(Q) C
Ey(Q) for £ > 0. That is why we cannot derive the existence of the attractor using
only the asymptotically smoothing arguments and should control the behavior of
solutions when |z| — co in a more precise way.

In order to do that we assume in addition that the function f» which has been
introduced in (3.2) equals zero identically and right-hand side

(4.3) g€ Lj(Q)

Recall, that roughly speaking, (4.3) means that g should decay when |z| — oo but
the rate of decaying may be arbitrary slow.

Remark 4.1. Note that as it shown in Lemma 4.1 and Remark 4.2, without these
assumptions the compact attractor in Ej(€2) may not exist (and do not exist for a
number of interesting from the physical point of view examples of equations (3.1)).
In order to consider such equations we will construct below the locally compact
attractor (i.e. the attractor in Ej,.(2)) which exists in general situation.

Recall firstly the definition of the attractor (see e.g. [2] for details).

Definition 4.1. The set A C Ey(Q) is defined to be the attractor of the semigroup
S if the following assumptions hold:

1. The set A is compact in Ey(12).

2 The set A is strictly invariant with respect to S, i.e.

SiA=A fort>0
3. The set A is the attracting set for Sy in Ey(Q), i.e. for every neighborhood

O(A) of A in the topology of the space Ey(Q2) and for every bounded in uniform
topology subset B C Ey(QY) there exists T =T(O, B) such that

SiBC O(A) ift>T

Theorem 4.1. Let the assumptions of Theorem 3.1 hold with fo = 0 and let the
right-hand side g satisfy (4.3). Then the semigroup Sy, defined by (4.2), possesses
the (globally compact) attractor A in the sense of Definition 4.1 which has the
following structure:

(4.4) A=K|,_,

where we denote by K the set of all solutions of (3.1), defined and bounded for all
teR (sup;cg [[u(t)|| g, @) < 00)-

The proof of this Theorem will be given in Section 6 for a more general nonau-
tonomous case.

Let us discuss now the problem of the globally compact attractor’s existence in
the case where the fo # 0 or the right-hand side g does not decay when |z| — cc.
For simplicity we restrict ourselves to consider only the case 2 = R™.
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Lemma 4.1. Let Q = R and the right-hand side g be independent of x. Let us
suppose also that the attractor A of the problem (3.1) is compact in the space Ey(Q).
Then

(45) AcC APEb (Rn)

Here we denote by APg, (R™) the space of almost-periodic functions (in Stepanov
sense) which belong to Ep(R™)

Proof. Let £ € A. Then by definition, we should verify that the hull
(4.6) H(¢) = {T}uo, h € R*} g, mn), where (T}€)(z) = £(x + h)
is compact in Eu(R™). (Here and below we denote by {-}x the closure in the
topology of the space X.)
Note that our equation is invariant with respect to T since ¢ € A implies H () C

A. But according to our assumptions A is compact in Ej,(§2) and consequently the
hull H(€) is compact in Ej(R™). Lemma 4.1 is proved.

Remark 4.2. Tt is worth to emphasize now that the obtained embedding A4 C
AP(R™) is not natural. Indeed, consider the equation

(4.7) O2u + yOu — Agu +u® —
in R", Then, the equilibria point ug(z) = atanh (21%121) evidently belongs to the
attractor A4 (if it exists) but not almost periodic. Thus, according to Lemma 4.1,
the equation (4.7) does not possess a globally compact attractor (in Ep(£2)).

That is why we will construct now the locally compact attractor (i.e. the at-

tractor which attracts bounded in Ej(£2) sets in the topology of the space Ejo.(12))
for the equation (3.1) which in fact more natural for the unbounded domains (see
e.g. [14], [21], [28)).
Definition 4.2. The set A = Al°° C Ey(Q) is defined to be the locally compact
attractor of the semigroup Sy (the (Ey(Q), Eoc(Q))-attractor in the notations of
[2]) if the following assumptions hold:

1. The set A is compact in Ej,.(Q).

2 The set A is strictly invariant with respect to S, i.e.

StA=A fort>0
3. The set A is the attracting set for S; in local topology, i.e. for every neigh-

borhood O(A) of A in the topology of the space Ej,.(Q) and for every bounded in
uniform topology subset B C Ey(Q) there exists T = T(O, B) such that

SiBCO(A) ift>T
Recall that the first condition means that the restriction A|Ql is compact in

E(Qy) for every bounded Qy C Q.
Analogously, the third condition means that for every bounded Q; C Q, every
bounded B in E,(2) and every E(Q4)-neighborhood O(A|Ql) of the restriction

A|Ql there exists T' = T'(Q1, O, B) such that
(S¢B)|g, CO(A|, ) ift>T

Theorem 4.2. Let the assumptions of Theorem 3.1 be valid. Then the semigroup
St, defined by (4.2), possesses the locally compact attractor A in the sense of Defi-
nition 4.2 which has the structure (4.4).

u=~0

The proof of this theorem will be given in the next Section for a more general
nonautonomous case.
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§5 THE NONAUTONOMOUS LOCALLY COMPACT ATTRACTOR.

In this Section we consider the general case of the equation (3.1) where the right-
hand side g = g(¢) depends on ¢. In order to construct the locally compact attractor
for the nonautonomous equation (the nonautonomous analogue of Theorem 4.2) we
will use the approach, developed in [4], [6] and [28].

Together with our initial equation we will consider simultaneously a family of
equation of the type (3.1), obtained from the initial one by positive shifting along
the t axis and by taking a closure in the corresponding topology.

To be more precise we consider the family of problems of type (3.1)

(5.1) O2u 4+ O — Agu + dou + f(u) = g(t), g€ H (g)

where in contrast to the case of almost-periodic functions (see (4.6)) we define the
hull by taking the closure of the set {Tg,h € Ry} ( (Th)g(t) = (Tfg) = g(t + h))
in a local topology of L? (Ry x Q) := L7 (R L7, .(R)):

(5.2) HF(9) = {Thg,h € Ry }p2

loc

(R4xQ)
The main requirement to the right-hand side g of the initial equation (3.1) is: the
hull #*(g) is compact in the space L? (Ry x Q). The functions, which satisfy this

loc

assumption, is called translation-compact in L? (Ry, L7 ) (following to [4]).
More general, a set of functions ¥ € L? (Ry, L7 (2)) is called translation com-

loc
pact if their hull

(5.3) HY(E) = {Tp2, h € Ry } 2

loc

(R+><Q)

is compact in L? (Ry x ).
Let us formulate now a number of necessary and sufficient conditions for sets to
be translation compact. The following evident proposition reduce this problem to

the case where 2 is bounded.

loc

only if the restriction Z|Ql is translation-compact in L} (Ry, L*()) for every
bounded subdomain Q1 C (.
Indeed, by definition H T (%) is compact in L} (Ry xQ) if and only if HT (% |Ql) =

loc

H+(E)|Ql is compact in L? (Ry,L*(Qy)) for every bounded ©; C Q.

Proposition 5.1. The set ¥ € L7 (R} x Q) is translation-compact in L . if and

loc
Thus it remains to formulate necessary and sufficient conditions for the transla-
tion compactness for the case where € is bounded.
Note for the first that by definition a set ¥ € L} (Ry x ) is translation-
compact in L} (Ry,L?*(€y)) if and only if the set

loc

(5.4) {(T,x he Ry} cc L*([0,1] x Q)

)|t6[071]’

(is precompact in the space L?([0,1] x Q1)). Therefore, every translation-compact
set ¥ € L7 (R4 x Q) belongs to L} (R4, L?(£21)) and bounded in this space.

The following Proposition gives these conditions in the spirit of Arcela-Ascoli
theorem.
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Proposition 5.2. Let Q; C Q be a bounded domain. Then a set T € LZ(Ry x Q)
is translation-compact in L} (Ry,L*(Q)) if and only if the following conditions
hold:

(a) for any fized t > 0 the set {sz_s g(z)dz, s € Ry, g € ¥} is precompact in the
space L*(Q);

(b) there ezists a function B(s), s >0, B(s) = 0 as s — 0, such that

t+1
/ 19(2) = g2 + D20y dz < BI) VEER,, t+1€R, , g€ S
t

The proof of Proposition 5.2 is given in [5].
Corollary 5.1. Let 1 be a bounded domain in R"™ and let

(5.5) Y e WP (Ry x Q1)), a>0

and bounded in this space. Then ¥ is translation-compact in L7, (Ry, L*(Q4)).

Remark 5.1. Note that the assumption (5.5) is not necessary for the translation-
compactness. Indeed, any periodic, quasiperiodic, or almost periodic function is
evidently translation-compact. Moreover, if g is translation-compact in L7, (R} x

Q) and g1 € L7 .(Ry x Q) satisfy the condition supp g C [0,T] x © then g + ¢; is

also translation-compact. Thus, in contrast to the concept of almost periodicity,

the translation-compactness is some kind of regularity condition when ¢ — oo.
The following Proposition shows the relations between the translation- compact-

ness and smoothness.

Proposition 5.3. Let Q; be bounded domain. Let TCy(Ry x Q1) be the closure of
the set Cf (Ry x Q1) in the space LI (R} x Q)

(5.6) TCy(Ry x ) = {Cy (Rt x Ql)}Lg(R+x91)

Then g is translation-compact in L} (R x Q1) if and only if g € TCo(Ry x ).

The proof of this proposition is given in [28].
Let us return now to the family of equations (5.1). Define a semigroup {S¢,t > 0},
acting on the extended phase space Ej, x H1(g), by formula

(5.7) Si(€u(0),9) := (§u (1), T19)

where u3(t) is the solution of the problem (3.1) with the right-hand g € H*(g) and

Theorem 5.1. Let the assumptions of Theorem 3.1 hold and let the right-hand
side g be translation-compact in L7 (Ry x Q). Then the semigroup S; possesses
the (Ep(2) X HT(g), Eioc() X HT(g))-attractor A (see Definition 4.2).
Proof. According to the abstract theorem which gives the sufficient conditions for
the attractor’s existence (see e.g. [2]) we should verify the following assumptions.

1. The semigroup S; is continuous for every fixed ¢ > 0 in the topology of
Ejoc x HT(g) on every bounded subset of Ej(Q).

2. This semigroup possesses the attracting set which is compact in FEj,.(2) X
H*(g).

The first assertion is evident (see Theorem 3.1 and Theorem 2.1). Thus, it
remains to verify the second one. To this end we need the following Lemma.
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Lemma 5.1. Consider the family of linear problems

(58) { 8,527) + ’Yat’l) —Ayv+ Agv = h(t), hex

v|8§2 =0; €v|t:0 =0

where v, \g > 0. Assume that the functional set ¥ is bounded in L} (Ry x Q) and
translation compact in L} (Ry x Q). Then the set

(5.9) L(D) = {€n(T): TER,, he X}

(where &, , means the solution of (5.8) with the right-hand h) is precompact in the
space Ej,.(Q).

Proof. Indeed, consider a sequence &y p,, (tn), hn € X, t, € Ry. Our aim is to
extract the converging in Ej,.(Q2) subsequence from this sequence.

It is sufficient to consider only the following two cases:

1. t, = Tp € ]R+

2. t, — oo.

Let us consider the first case. Since ¥ is precompact in L} (Ry, L7 ) then
without loss of generality we may assume that h, — h in L?([0,Tp + 1], L},.). We
claim that

(510) lim fv,hn (tn) = fv,h(TO)

n—o0

Indeed, according to Theorem 2.1, for every R > 0

tn
10 (tn) = &0 (o) 2y < Cr / (In(s) = h() e =00} ds — 0

(since h,, = hin L?([0, To+1], L?,.) and the sequence h,, is bounded in L? (R} x(2)).

loc
Moreover, since &, ,(t) is continuous in L7, . (due to Theorem 2.1) then

I€0,n(tn) = &o,0 (To) |l ionBR) — O

Thus, (5.10) is proved if ¢, = Tp € Ry.
Let us consider now case ¢, — 0o0. Since the set ¥ is translation compact in L
then without loss of generality we may assume that

2
loc

~

(5.11) b =T}, hn = h

in the space L? (R x Q) (here we have used the fact that ¢, — +00). Note also

loc

that h € LZ(R x Q). Denote by 6(t) = 0,(t), t € R a unique (due to the estimate
(2.6)) solution of the equation

020 + 7010 — A0 + Xoh = h
which defined for every t € R and bounded. We claim that

(5.12) Jim_ &y p, (tn) = €0(0)
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Indeed, according to the estimate (2.6), and the evident fact that (T}, &y 5, )(0) =
fv,hn (tn)

(5.13)  [I€uhn (tn) = & (OB anpmy < Ce™" 1€ (—tn)lIE, )+

0 o~
+0R/ e’ (|hn(s) —h(s)|2,e—6\w—wo\) ds

—tn

Note that the second integral in the right-hand side of (5.13) tends to 0 according
to (5.11) and due to the fact that the sequence T}, h,, is bounded in LZ(R x Q).
The first one tends to 0 since ||p(—tn)|| g, is uniformly bounded and ¢,, — oo when
n — co. Lemma 5.1 is proved.

Now we are in a position to complete the proof of the theorem.
Note for the first that the estimate (3.17) together with the evident fact

(5.14) 9l z2® 4 x0) < l9llr2m o xa) for g € H* (9)
imply that the set
(5.15) B := {[|€ulls, < R} x H*(g)

will be the attracting (and even the absorbing) set for the semigroup (5.7) if R
large enough. (but this set is not compact in Ej. X HT(g)).

Thus, it remains to construct the compact attracting set for the semigroup S;
only for the initial data belonging to the absorbing set B. To this end we represent
every solution u of the problem (5.1) as a sum of two functions

(5.16) u(t) = v(t) + w(t)

where the function v satisfies the linear equation

(5.17) O2v + Y0 + Aov — Ayv =0, &,(0) = &,(0)

and the function w satisfies the equation

(5.18) 02w + yOw + Mow — Ayw = —f(u) + g(t), €,(0) =0
According to Theorem 2.1, the function v decays exponentially when ¢t — oco:

(5.19) 1€ (DI, < Ce™*!llg(0)I7,
Let us study the equation (5.18). We claim that the set
(5.20) Y:={—f(u)+9: wuisasolution of (5.1), (£(0),9) € B}

is bounded in L7 (R} x ) and translation compact in L7 (Ry x Q). Indeed, since
the exponent ¢; in the conditions (3.2) is strictly less then the limit one 2/(n — 2)
then it is not difficult to derive using Holder inequality and Sobolev embedding

theorem that there exists k = k(q1,n) > 0 such that

(5.21) I (w), Qlp,0,2(14r) + 1 (), Q1145+

+ |If (w)Oru, Qp0,14x < C(1+ ||§u||?;1,,(9))
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Consequently, the set
(5.22) Y1 :={—=f(u): wuis asolution of (5.1) , (£.(0),9) € B}

is bounded in Lg(H”) (R x Q)N Wb1+”’2(]R+ x Q) and therefore, according to the
interpolation theorem, ¥; is bounded in the space W;Q(]Rq x Q). Corollary 5.1
implies now that ¥; is translation compact in L7 . (Ry x Q).
Note that
HE(Z) CHI(S1) +H (9)

consequently (since g is translation compact) the set ¥ is also translation compact
in L7 (R4 x Q).

Applying now the result of Lemma 5.1 to the equation (5.18) we derive that the
set L(X), defined by (5.9) is precompact in Ej,.(2). The estimate (5.19) implies
now that the set

K ={L(2)} 5.2y x H(9)

be the compact in Ej,. x Ht(g) attracting set for the semigroup S;, defined by
(5.7). Theorem 5.1 is proved.

Definition 5.1. The projection A = 11 A to the first component of the attractor
A is called the (uniform) attractor of the family (5.1) or the (nonautonomous)
attractor of the equation (3.1).

Corollary 5.1. Let the assumptions of Theorem 6.1 hold. Then the equation (3.1)
possesses the attractor A.

Remark 5.2. There exists the internal definition of the attractor .4 without using
the corresponding semigroup in the extended phase space. Namely, the set A is
called the uniform attractor of the family (5.1) if the following conditions hold:

1. A C Ej is compact in Ej,..

2. For every bounded B C Ej and every neighborhood O(.A) of A in the topology
of Ej,. there exists T' = T'(O, B), such that

&u(t) € O(A)

for every solution &,(t) of the equation (5.1) with &,(0) € B, the right-hand side
heHt(g) and t > T.

3. The set A is minimal set which satisfy the condition 1 and 2.

It is proved in [4] that the attractor thus defined coincides with the attractor,
defined above.

We study now the structure of the obtained attractor 4. To this end we need
the next definitions

Definition 5.2. Let w(g) be the attractor (w-limit set) of the semigroup {Tp,h €
Ry }, acting in the compact metric space HT (g), i.e. (see [2], [4], [16])

(5-23) w(g) = thO {USZhT3H+(g)}LlZOC(R+><Q)
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Definition 5.3. Let us denote by Z(g) the set of functions fAE LZ(R x Q) which
satisfy the condition:

~

(5.24) My (Thé) C w(g) for every h € R

where 11, is the restriction operator to the semiaxis t € Ry .

It is known (see e.g. [5]) that the sets w(g) and Z(g) are not empty and compact
in the spaces L? (R; x w) and L} (R x Q) correspondingly. Moreover, for every

loc loc

& € w(g) there exists £ € Z(g) such that H+§A: &, e
(5.25) Iy Z(g) = w(g)

Theorem 5.2. Let the assumptions of Theorem 5.1 hold. Then the attractor A of
the equation (3.1) has the following structure

(5.26) A =1l UEEZ(g) ’Cg

where K¢ is the union of all solutions u of the equation (3.1) with the right-hand

side EE Z(g) which are defined for every t € R and bounded with respect to t € R
(as usual Hou = u(0)).

Theorem 5.2 is a corollary of general theorem which describes the structure of
nonautonomous attractors (see [4], [5]).

§6 THE GLOBALLY COMPACT ATTRACTOR.

In this Section we consider the particular case of the problem (3.1) where the
nonlinear term f = f; (i.e. fo =0 in the conditions (3.2) and the right-hand side
g(t) decays when |z| — co. To be more rigorous we assume that

(6.1) g € Ly (R+, L} (©))

and translation compact in the space L2 (Ry , L2(Q)), i.e. it’s hull H*(g), defined
by (5.2) is compact in the space L7 (Ry,L?(f)). Note, that according to the
compactness criteria in L7 () (see Proposition 1.3 and Remark 1.2), a function g €
L3(Ry, L7(€)) is translation compact in L7, .(Ry, L?) if and only if it is translation

compact in L} (R x Q) and the following condition is valid:

loc

T+1
(6.2) /T lg(t), 20 B |2, dt < B(|zo]), for all T € R, and 2o € 0

where the monotonic function ¥(R), R € Ry tends to 0 when R — co. Moreover if
the assumption (6.2) holds then the topologies on H™ (g) induced by the embedding
to L7 .(Ry x Q) and by the embedding to L7 .(Ry, L7(€2)) will coincide.

loc loc
The main result of this Section is the following theorem.
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Theorem 6.1. Let the assumptions of Theorem 3.1 hold and let in addition fo =0
and the right-hand side g is translation compact in L}, (R, L?(Q)). Then the
locally compact attractor A of the the semigroup (5.7) which has been constructed
in Theorem 5.1 will be compact in Ey(Q) X HT(g) and will coincide with the globally
compact attractor of the semigroup (5.7) acting on the extended phase space E,(€2) x

Ht(g) (see Definition 4.1).

Proof. Let us verify for the first that the set A is compact in E,(Q) x H*(g) or
which is the same the set A := II; A (see Definition 5.1) is compact in E3({2). Since
due to Theorem 5.1 the set A is compact in Fj,.(2) then it remains to verify that

(6.3) 1€ullTanps,) < Pi(|zol) for every &, € A

with ¥;(R) — 0 when R — oo. Indeed, let &, € A. Then according to Theorem
5.2 there exists g € Z(g) and the complete bounded solution &,(t) (i.e. &, €
L>(R, Ey () such that &, = &,(0). The estimate (3.15) implies now that

0
) u 2 B —it w(— \ C ds }\L 2, —elz—xzo|
60)  16OBmn,) < e Q-0 +C [ & (i), 1)

Passing to the limit ¢ — —oo in (6.4) and using the fact that the solution &,(¢) is
bounded we derive the estimate

0
©63) a0 lmnsz,) <€ [ e ()P e~

Since g is translation compact in L? (Ry,L?()) then (6.2) is valid and conse-

loc
quently (by the definition of Z(g)) the function h € Z(g) satisfies (6.2) with the
same function ¥ (but for every T' € R instead of T € Ry ). Thus, according to
Proposition 1.4 and Remark 1.2,

(6.6) ¢/ 000 e’ (1), e=e17=0l) < @ (fao)

where ¥; depends only on ¥, § and ¢ (and independent of the concrete choice
of &,). The estimates (6.5) and (6.6) imply (6.3). Therefore the attractor A is
compact in Ey(€).

Let us verify now that the set A attracts bounded subsets of E(f2) in a uniform
topology (i.e. in E,(Q2)). Indeed, assume that it is not true. Then there exists a
sequence of the right-hand sides h,, € H*(g), a sequence of solutions &,, (t) of the
equation (5.1) with the right-hand side h,, and (&,,(0),h,) € B and sequence of
time moments ¢,, — oo such that

(6.7) dist, (€u, (tn), A) > &0 > 0

Note, that since A is the locally compact attractor then there exists & € A such
that &,, (t,) — € when n — oo. The latter means that for every R > 0

(6'8) ||£un (tn) - €||Eb(Qr‘]Bgl) — 0 forn — o0
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Note also that according to the estimates (3.15) and (6.6)
(6.9)
lim sup ||&,,, (tn)||2Eb(Q\BR) < C sup sup/ e~ 05 (|hn(s)|2,675|“”7“‘) < U, (R)
n—00 0 |zo|>RnENJO
Recall that ¥;(R) — 0 when R — oc. .
The estimates (6.8) and (6.9) (together with the fact that £ € Ey(Q) implies that

1u,, (tn) = €llEy(2) — O when n — oo

which contradicts the assumption (6.7). Theorem 6.1 is proved.

Part 3. Kolmogorov’s e-entropy and attractors.

This part is devoted to study Kolmogorov’s e-entropy of the attractors con-
structed above.

For the reader convenience we recall firstly (in Section 7) the definition of the
entropy and give some examples of asymptotic behavior of this entropy for the
typical sets in the functional spaces.

The estimates for differences of solutions of (0.1) which have a fundamental
significance for our entropy estimations are obtained in Section 8.

The upper bounds of the entropy in general case of locally compact attractors
are given in Section 9.

These estimates are essentially improved in Section 10 for the particular case
where (0.1) possesses the globally compact attractor.

And finally in Section 11 using the infinite dimensional unstable manifolds tech-
nique developed in [10], [28] we obtain the lower bounds of the entropy for the case
Q = R™ and prove the sharpness of upper estimates obtained before.

§7 DEFINITIONS AND TYPICAL EXAMPLES.

In this Section we recall briefly the definition of e-entropy and give the upper
and lower estimates of it when ¢ — 0 for the typical sets in functional spaces. For
the detailed study of this concept see [18], [20].

Definition 7.1. Let M be a metric space and let K be precompact subset of it.
For a given € > 0 let N.(K) = N.(K,M) be the minimal number of e-balls in M
which cover the set K (this number is evidently finite by Hausdorff criteria). By
definition, Kolmogorov’s e-entropy of K in M is the following number

(7.1) H. (K) = H. (K, M) = In N.(K)

Example 7.1. Let K be compact n-dimensional Lipschitz manifold in M. Then
the evident estimates imply that

(72) o (1) < N.(K) <O (1)

9 9

and consequently

(7.3) H. (K) = (n +3(1))1In %

when € — 0.
This example justifies the following definition
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Definition 7.2. The fractal (boz-counting) dimension of the set K CC M is de-
fined to be the following number:

(74) dimp(K) = dimp (K, M) = lim sup %11{)
e—0 In z

Note that the fractal dimension dimp(K') € [0, 0c] is defined for any compact set
in M but may be not integer if K is not a manifold.

Example 7.2. Let M = [0,1] and let K be the ternary Cantor set in M. Then it
is not difficult to obtain that

d d

1 1 In2

7.5 Ci|-) <NAK)<Cy |- , d=—

(7.5) ! <5> S Ne(B) < G (5) In3
and consequently dimp (K) =d = ig—g

Consider now the examples of infinite dimensional sets (i.e. dimp(K) = 00).
The following two examples give the typical asymptotic for the entropy in the
spaces of analytical functions.
Example 7.3. Let K be the set of all analytic functions f in a ball B(R) of radius
R > 1in C" such that ||f||r~(p(r)y < 1 and let M be the space C(Bf¢), where
Bfe = {2 € C* : Imz = 0,|z|] < 1}. Thus, K consists of all functions from
C(B%¢) which can be extended holomorphically to the ball B(R) C C* and the
C-norm of this extension is not greater then one. Then
n+1

(7.6) o <ln %)W < H. (K, M) < Cs (ln %)

For the proof of this estimate see [18].

Example 7.4. Let M be the same as in previous example and let K be the set of
all functions f in M which can be extended to the entire function f in C"* which
satisfy the estimate

(7.7) F(2)l < K2, zeC
Then, as proved in [18],

D" < o D)
Finn 5" = = (I L)”
The next example gives the typical asymptotic for the entropy in the class of
Sobolev spaces in bounded domains.
Example 7.5. Let Q2 be smooth bounded domain in R® and

WP Q) cc WP (Q) , 0<1; < 0o, 1 <p; < oo, Iy >1s

i.e., according to the embedding theorem & — L > 2 _ L,
n P1 n p2

Let now M = W:P2(Q) and K be the unitary ball in W'-P1(Q). Then
1\ =7z 1\
(7.9 a(2)" " snmsa()

€

(7.8)

The proof of this estimate can be found in [20].

The following proposition, which will be essentially used in the next Section gives
the estimate of the constants C; in (7.9) in dependence on the ’size’ of  in the
particular case Eff () C Ey(2)
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Proposition 7.1. Let Q be a bounded domain, which satisfies the conditions (1.5)
and (1.6), M = Ey(Q) and let K be the unitary ball in Ef(Q), k > 0. Then

n/k
(7.10) H. (K) < Cvol(Q) <§> fore < eg

where vol(Q) is n-dimensional volume of Q. Moreover constants C and eq in (7.10)
depends only on K and Ro from the assumptions (1.5) and (1.6).

The proof of this Theorem is completely analogous to the proof of [28, Proposi-
tion 7.1]. That is why we omit it here.

Let us consider now the class of functions which will be used in the next Sections
in order to obtain the lower bounds of e-entropy of attractors.

Definition 7.3. Let us denote by B, (R"*) the subspace of L (R™) which consists
of all functions ¢ with the Fourier transform ¢ satisfying the condition

(7.11) supp;ﬁc [—o,0]"

It is well-known that every function ¢ € B, can be extended to entire function

¢(z) € A(C") which satisfy the estimate

(7.12) sup (z +iy)| < Cll, R [Jo,noe” =i 101
zER™

Moreover, every function ¢ € L%, which possesses the entire extension q~5 which
satisfies (7.12) belongs in fact to the space B,.
Example 7.6. Let K = B(0,1,B,), M = L?(B{). Then

(7.13) 5 (B(0, 1,B,), L3(BE)) < C(R+ KTn 1) ln -

Moreover C' and K are independent of R.
For the proof of this estimate see for instance [28]. We formulate in conclusion
the lower bounds for the entropy form Example 7.6.

Proposition 7.2. The following estimate is valid for R > Ry and € < g9
1
(7.14) H (B(0,1,B,), L(Bg)) > CR"In -

where the constant C is independent of R and €.

For the proof of (7.14) see for instance [18], or [28]. Thus, the estimate (7.13) is
sharp for R ~ ln% and R >> In % For the case R << ln% we formulate only the
following result.

Proposition 7.3. For every § > 0 there exists Cs > 0 such that

n+1-4
(7.15) H. (B(0,1,B,), L*(By)) > Cs <ln %)
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And consequently, the estimate (7.13) is sharp for the case R << ln% also.

The estimate (7.15) has been obtained in [28, Theorem 9.2] for the space C(B,, ).
The estimate (7.15) for the space L?(B, ) can be easily derived from it’s analogue
in the space C(B},). Indeed, according to the interpolation inequality (see e.g.

[20])

1/2 1/2
(7.16) llu, B llo,c0 < Cllu, BL llo/s 11w, BL 11N

for N > n. Moreover, it follows from the definition of the class B, that
(7.17) llu, R™[[s,n,2 < Co N lu, R [[6,0,2

(Particularly, the norms of the spaces Cy(R") and L?(RR,,) are equivalent on B, .)
The estimates (7.16) and (7.17) imply that

(7.18) lur, =z, Bl [lo.oo < Cllus = uz, Bl lg's
for all uy,us € K := B(0,1,B,) and consequently

H&‘ (K7 LQ(B;O)) Z HC'51/2 (KvC(B;O))
Proposition 7.3 is proved.

§8 THE ESTIMATES FOR DIFFERENCES OF SOLUTIONS.

In this Section we derive a number of estimates for differences between the solu-
tions belonging to the attractor or to the appropriate neighborhood of it. We will
use these estimates in the next Sections in order to estimate the e-entropy of the
attractor.

Theorem 8.1. Let uy,us be two solutions of the equation (3.1) with the right-hand
sides g1 and g2 respectively and let the assumptions of Theorem 3.1 hold. Then the
difference v(t) = u1(t) — u2(t) can be represented in the following form

(8.1) ur (t) — u2(t) = Puyus () + Ry us ()
where
(8:2)  [1Puyue (1), 2N By 42 + 10t Puy e (1), 2N By 17 2 <
< Ceft /Ot (|gl(s) - gQ(S)|2,e_E|“_“°‘) ds+
CeR (Jo(0)2 + [Vov(0) + 00 (0)[, eIzl

with the appropriate 0 < k < 1/2 and
(8:3) 1 Rurua (), 2N By Il 2 + 10 R s o (1), N By I3 2 <

<0 [ (1) - galo)P =) ok

Cem (o) + V,0(0) +18,0(0)F, e=/==)
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Moreover, the constants §,e > 0 depend only on the equation (3.1) and constants
K and C depends on the norms ||y, (0)||g, (but independent of the concrete choice
of u1 and uz).

Proof. Note for the first that the function v satisfies the equation
(8.4) 020 + 0w + Aov — Ay + 1(t)v = h(t)

where h = g1 — g» and I(t) = fol f'(sur(t) + (1 — s)uz(t)) ds which has the form of
(2.1). Note also, that according to the assumptions (3.2), one can easily derive using
Holder inequality and Sobolev embedding Theorem that [ € LY(Q) and VI € L} (Q)
with

2n/(n —2)q1 > nforn >3 2forn=1orn >3
(8.5) p=< <ooforn=2 g=1< 3/2forn=3
oo forn =1 <2forn=2

Moreover, for these exponents

(8.6) 1(2), Xlop.p + 1), Q.14 < QUUIEw: (0)]] )

for the appropriate function (2 which depends only on f and n.
Let us decompose the function v in a sum v = w + 6 where w(t) satisfies the
equation

(8.7) 02w + youw + Xow — Apw = h, £,(0) = &,(0)
and the function 8 satisfies
(8.8) 0260 + 7040 + Xob — A0 = —I(t)v, &(0) =0

and denote Py, u, (t) := 0(t), Ruyus(t) := w(t).

Applying Theorem 2.1 to the equation (8.7) we obtain the estimate (8.3). Thus,
it remains to prove (8.4). To this end we need the following analogue of Lemma
2.2.

Lemma 8.1. Let 0 < k < 1/2, the function | € LP(V,,) N Wh9(V,,) and the
exponents p,q, Kk satisfy the inequalities
1-k &

+ 2
p q

1 1 1
8.9 1. -+ < =< -+ = 2. =
(8.9) +-< <2+ : n>

for n > 2 (in the case n = 1 we should replace the first inequality of (8.9) by
1/q > 1/p+1/2). Then the following estimate is valid

(810) ||lv7V$0||H72 < CvaVZo“LQ

where the constant C' depends on ||l||L§mW;'q and independent of xg.

The proof of this lemma is completely analogous to the proof of Lemma 2.3 so
we omit it here.
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Inserting the exponents p and ¢ computed in (8.5) into the conditions (8.9) we
derive that there exists sufficiently small positive & = k(n) such that (8.9) and
consequently (2.19) are valid. Applying Theorem 2.2 to the equation (8.8) and
using Lemma 8.1 we obtain that

(8.11) I6(t), 2N By IIf s 2 + 10:0(), 2N By 1% » <
t
= C/ EK(tis)/ eislmim[)l”l(s)v(s)aVzg”i@ dxds <
0 Q
t
S A K CONN
0 Q
Applying Theorem 2.1 to the equation (8.4) we obtain the estimate
(8:12) |lo(t), 2N By |If o < Cef* (IU(O)I2 +|Veu(0) + |8tv(0)|2,e‘51|’”"”°|) +

t
+C/ eK1(t*S) (|h(5)|2,6751‘z710|)
0

Inserting the estimate (8.12) in the inequality (8.11) and using the estimates (1.15)
we derive the estimate (8.2). Theorem 8.1 is proved.

Corollary 8.1. Let the assumptions of Theorem 8.1 hold and let ¢ be the weight
function with the rate of growth u (see Definition 1.1). Then the functions P :=
Puius and R := Ry, v, possess the following estimates

(.13 ||€P(t)||2E;¢(Q) < Ce" & (0)]I, , @) + Ce gL — g2||i§‘¢([0,t]><9))
||€R(t)||2Eb’¢(Q) < Oe—“”fv(o)“%b,d,(g) + CHQI - gQ“%g‘d)([Oﬂ:]xQ))

where the constant C' depends only on Cy and p introduced in (1.1) and is indepen-
dent of the concrete choice of the weight ¢.

The proof of this corollary is analogous to the proof of Corollaries 2.1 and 2.2.

Let us consider now the particular case of equations (3.1) which has been intro-
duced in §6 (f» = 0 and g is translation compact in L? (R;,L3(Q))) where the
equation possesses the globally compact attractor in Ej,(€2). The following theorem

gives an improved version of the decomposition (8.1).

Theorem 8.2. Let the assumptions of Theorem 6.1 hold. Then there exist the
constants €, 1 > 0 such that for every (&,,(0),91), (€u,(0),92) € Vu(A) (where the
neighborhood of V,(A) of the attractor A is understood in the uniform topology of
Ey() x HT(g)) the following decomposition is valid

+ R,

Uy,u2

(8.14) uy —uy = P,

Uy,u2

and the functions P' := P! and R' :=R! satisfy the estimates

Uy,u2 UyL,u2

|15 (t)||2E:’e+€‘m‘ @ = CeKt||fv(0)||2Eb(Q) + Celt|gr — gQHig([O,t]xQ)

||£7€’ (t)||2Eb(Q) < 0676t|lfv(0)||2Eb(Q) + C||g1 - g2||i§([o,t]><g)
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where the constant C' depends only on the equation and K the same as in previous
theorem.

Proof. Note for the first that without loss of generality we may assume that f(0) =
f'(0) = 0. Indeed, f(v).v > 0 implies that f'(0) > 0. Rescaling if necessary the
parameter Ag > 0 we may satisfy the condition f'(0) = 0. Then, according to the
assumptions (3.1) and Sobolev embedding theorem

B16) 0. Vaollo < Q (maxl160 O, ) ma 6 0] s,

with the appropriate function ) depending on f and the same exponent p as in
(8.5).

Let us introduce the cut off function ¢ (z) € C§°(R™) such that g (z) =1 for
|z| < K and ¢k (z) =0 for |z| > K + 1 where the large parameter K > 0 will be
fixed below.

We decompose the solution v of (8.4) in the following way v = v; + v where

(817) 8tv1 + ’)/at’l)l — szl + AO'Ul + (1 - '(/JK)l(t)'Ul = h(t)7 5'01 (0) = £U (0)
and the function v, satisfies the equation
(818) Btvg + 76tU2 — AIUQ + /\0’[)2 + (]. — ’(/)K)l(t)vg = —’(/)Kl(t)v; &,2 (0) =0

Denote Py, ,,(t) :=va(t), R}, ., () = vi(t).

We are going to apply Theorem 2.1 to the equation (8.17). Moreover, we are
going to fix K large enough to guarantee the constant § = o — C'M? introduced in
Theorem 2.1 (with M :=||(1 — ¢K)l||Loo(L§)) be positive. Indeed, since (according
to Theorem 6.1) the attractor A € Fy(Q) and possesses the uniform ’tale’ estimate
(6.3), then it is not difficult do derive (using also the estimates (3.15) and (6.6))
that for every p > 0 there exists a Ej-neighborhood V,,(A) of the extended attractor
A such that

.19 { 1. SVu(A) C Vau(A)

2. limsupg_,o [[€llz,0\Bx) < p for every € € ILV, (A)

and consequently there exists K = K (u) such that
(3.20) 10, (Al e ) < 20

where we denote O, (A) :=II;V,(4).
The estimate (8.16) implies now that

(8.21) M =M(p) == |1 = Yr@w)llLe@,.Lr@) <

hS Hl”Loo(RJr,Lg(Q\Bé‘(“) HEb(Q\Bé‘(“)
Note that (8.21) implies that the constant § = a — CM? will be positive if u small
enough.
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We will assume below that the constants p and K = K (u) is fixed small enough
to guarantee that 6 > 0 and will consider the initial data (&,,(0), g;) only belonging
to the neighborhood V), (A).

Applying the estimate (2.17) to the equation (8.17) we obtain the second estimate
of (8.15). Thus, it remains to obtain the first one.

Applying the estimate of Theorem 2.2 to the equation (8.18) and using Lemma
8.1 together with the fact that ¢ g (z) = 0 if || > K + 1 we derive that

(8:22) [lo2(t), 2N By IIF 12 + 10:02(1), 2N By, 1% 2 <

t
< CeKt/ /e*E‘z*z‘)leKl(s)v(s),Vz0||i72 drds <
0 Q
t
= CleKt/ / e_g‘m_%lnv(s)’Von% pdrds <
o JonBE+! '

t
< c2eKt*flfo\/ lo(s), 2 N B2, durds
0

Multiplying the estimate (8.22) by efl7ol and estimating the integral in the right-
hand side by (8.12) we derive that

(8:28) € (un(t). 20 BB s + 10r0a(8), 20 B ) <
< CeXt (O + V20O + 0w(O)F, e~lo=70l) +

t
+C’eK1t/ (|h(s)|2,675‘1710‘) ds
0

Applying the supremum over zy € Q to the both sides of (8.23) we obtain the first
estimate of (8.15). Theorem 8.2 is proved.

Remark 8.1. The main advantage of the decomposition (8.15) over the decomposi-
tion (8.13) is the compactness of the embedding Ey .., (22) C F;(2) (the embedding
By 4(Q) C Ep,p(Q2) is evidently not compact).

§9 THE ENTROPY FOR THE LOCALLY
COMPACT ATTRACTOR: THE UPPER BOUNDS.

In this Section we obtain the upper estimates of e-entropy for the locally compact
attractor A of the equation (3.1) constructed in Section 5. Recall that this attractor
compact only in F-space Ej,.(2) but not in the uniform topology of E;(€2). That’s
why we will estimate the entropy of the restrictions A|Qm BR - (The entropy of

z0

globally compact attractor constructed in Section 6 will be considered in the next
Section.)
The main result of this Section is the following theorem.

Theorem 9.1. Let the assumptions of Theorem 5.1 be valid and let
(9.1) volg 4, (R) := vol( N BE )
Then for every RE R, zg €N and 0 <e <1

1.1
(9.2) H. <A|QOBEO,E,,(QOB§))> < Cvolg,mo(R+Klng)1ng+

1 R+KlInl
+H. (w(g)| R+K1n%,L§([O, Kln g] xQn BZO+ : ))

[0,K In 1]xQNB;,
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where the constants C', K and L are independent of R and xg € ).

Proof. Define a family of weight functions with the rate of growth 1 by the following
formula

efimle=zol if |2 — 25| > R
1 if |z —xzo| <R

93) (@) = {

Note that we have defined these weight functions in such a way that
(9.4) H. <A|mBfo LBy (2N Bﬁ)) <H. (4 Eppp., ()

Hence, instead of estimating the entropy of the restriction A|QnBR we will estimate

below the entropy of the attractor in weighted Sobolev spaces Ebi“,mo ().

Note that the attractor A is bounded in Ey(Q) (see Section 5) since there exists
a ball B(eg,0, Ey(2)) which contains A (here and in the following we denote by
B(R,up, V) the ball of radius R in the space V centered in ug and in the case when
uo ¢ V the ball B(R,up,V) means ug + B(R,0,V) ). Let uy(t) and uz(t) be two
solutions of the family (5.1) with the right-hand sides ¢g; and g» respectively such
that &, (0) € B(2g0,0, Ey(Q2)). Then, according Theorem 8.1 and Corollary 8.1 the
difference v(t) = u1(t) — ua(t) can be represented in the form v(t) = P(t) + R(t).
Moreover, there exists a sufficiently large time moment T, > 0 (for simplicity we
assume below that T, = 1) such that

03 ||§7>(1)||E;¢R‘EO(Q) < C||€v(0)||Eb,¢R‘EO(Q) + Cllg1 — g2||L§’¢R‘EO([0,1]><Q)
' 1€r (W2, 4, @) <1/81E(0) B, 4, , @)+ Cllgr = g2||L§‘¢R’EO([0,1]><Q)

Here the constant C' in (8.5) is independent of &,,, &y, € B(2¢o,0, Ep). Moreover,
since
¢R,I0 (il',‘ + 3/) S e‘z‘(bR,zo (y)

then this constant is independent of R and xg also.
This decomposition admits to obtain the following recurrent formula for the
e-entropy of the attractor

Lemma 9.1. The following recurrent inequality is valid

(9.6) HE/Qk (A, Eb7¢R,20) < H. (A, Eb7¢R,20) +
B M(e) + B rony (w0(9), L g, ([0, 4] % )

where € < g9 and

2k
(9.7 In My (e) < Cvolg 2o (R+ Kln ?)

Moreover, the constants C, K and L is independent of k, R, € and xg.

Proof. Denote by Uy(t,s) @ Ep(Q2) — Ep(Q), t > s the solving operator for the
problem (3.1) with the right-hand side g) (i.e &,(t) = Uy(t, s)€u(s) where &,(t) is a
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solution of (3.1)). Denote also by O, (S,V) the p-neighborhood of the set S in the
space V.

Let {B(&l,e,Ep)}, i =1,---,No(e) be the initial e-covering of A. We will call
this system of balls by the e-system of Oth order. Let us fix also the e/C2F+2-
covering of the set w(g)|[07k]XQ. Let hj, j = 1,--- ,N,(e) be the centers of this

covering. Having the e-system of Oth order we construct now the £/2-system of the
1st order. To this end we construct firstly the system

(9.8) O.ja(B(v}?,Ce+¢/252) Ef ), Byg); i=1,-+-,No(e), j=1,-+,Ny(e)

of special sets in Fj 4 and with the constant C' the same as in the estimate (9.5) by
taking

(9.9) vl = Uy, (1,0)€)

Recall now that the set B(v’ Ce + e/282), Ef ;) N A is compact in Ep 4 and
consequently it can be covered by the finite number of €/4-balls. Let

(9.10) My (e) = maxi ; N. 4 (A N B(vi?, Ce +/2%42), B ), Ew)

Let us cover now every ball B(vi’, Ce +¢e/22), Ef ;) from (9.8) by < M, (e) e/4-
balls in Ej 4. Thus, increasing twicely the radiuses in the obtained covering we will
construct the £/2-system B(£17,¢/2, By 4), i =1,--- ,Ni(e/2),j=1,---, N, () of
the 1st order which covers all of the sets (9.8) and has the number of balls

(9.11) Ni(e/2) < Mi(2)No(e) Ny (e)

Note that by definition B(£/7,£/2, Ey 4) belongs to the covering of B(vi",Ce +
e/2¥2), Ef ;) (with the same j!).

Having the £/2-system of the 1st order, we construct the £/4-system of 2nd order.
To this end we consider the system of sets

(9.12) O./s(B(vy?,Ce/2 +¢/2812) EF 1), By )

centered in v;’j = U, (2, l)ff’j. Note that in contrast to the first step we will not
change the function h; any more, i.e. if B(ui’j,5/4,Eb,¢) belongs to the covering
of B(v,Ce + ¢/2k+2 Ey ;) with v"? = Uy, (1, 0)&2 then we apply the operator
Un(2,1) to €7 only(!) with h = h;. Covering now every (Ce/2 + £/2"2)-ball
in Ef , buy the finite number of ¢/8-balls, and increasing (as before) twicely the

radiuses, we obtain the e/4-system B(€57,¢/4, Ey. ) of the 2nd order. Analogously
to (9.10) we define

My (2) = maxi ; N, g (A N B, Ce/2 +e/2542, Bf ), EM)

Then the number of £/4-balls in the covering of 2nd order not exceed

Na(e/4) < Ma(e)Mi(e)No(e) Ny ()
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Iterating the above procedure we obtain finally the /2F-system B(fi’j,5/2k, Eyp)
of kth order and the number of balls in this system not exceed

(9.13) Ni(e/2*) < My(e) - - My(e) No(e) Ny (e)
where

(914)  My(e) = max; ; N.jpien (A NBWH,Ce/2 " + /252, By ), E,,,d))

We claim that £/2*-system of kth order covers A. Indeed, let £ € A. Then due to
(5.26) there exists & € A and h € w(g) such that & = &, = Up(k,0)&. Let us find
the indexes ¢ and j such that

(9.15) 1§60 — 53||Eb,¢R‘mo <e , [h- thLg,d)R‘mO([O,k]xQ) <e/C2MF?

It is possible to do due to our assumptions. Let & = Up(l,0)&, 1 =1,--- , k. Then,
according to the estimates (9.5) and (9.15),

(9.16) &(1) ==& — v’ =& (1) + &r(1)
and
(9.17) IEr(Vlm, , <e/8+¢/2"2 <e/4; |I&p(Dlmy, < Ce +e/28

and consequently & € O, /4 (B(Ui’j, Ce+e /22 Ef ), Eb,p). Therefore, there exists
i1, such that & € B(fil ’j,5/2,Eb7¢). Applying the estimate (9.5) again we obtain
that & € (’)E/g(B(v;1 I Ce)2 + 5/2k+2,E{Z¢),Eb,¢) and consequently there exists
i» such that & € B( ;2’j,5/4,Eb7¢). Arguing analogously, we obtain finally that
E=¢&, € B( ,i’“’j,s/Qk,Eb,d)). Since ¢ € A is arbitrary then the £/2*-system of kth
order covers A.

Note also that for every [ € [0..k] we have used in the system of the [th order only
the balls which intersect the attractor. Consequently, on every step of iteration we
may eliminate the balls which do not intersect the attractor. Since € < g¢ then we
may assume that fli’j € O.,(A, Ey) C B(2¢,0, Ep) for every i, j,l and consequently
we really can apply the estimates (9.5) to the difference (9.16).

Thus, the estimate (9.13) implies now that

k
(9.18) M.yt (A, Bpgp,,) <Y InM;(e)+
i=1
+H. (A, Boon,ny) + Fjonsr (0(9), IR g (10,K] x )

To complete the proof of the lemma it remains to estimate the numbers M;(e).
It follows from Corollary 3.2 that

(9.19) Al (2) < K1
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Consequently, according to the estimate ¢g ., (2)'/? < s if |2 — 20| > R+
K22 < R+ KiIn £ = Ry(e), we obtain that

€

(9.20)
Ml(e’:‘) < max; j NE/21+1 (A N B(’l)li7j, CS/Ql_l + 5/2k+27 El’:,d)n 0 )a Eb7¢R,mo) <

max; ; N, jr+2 (A NB(v?,Ce/2 %, By (AN BEE)), By g, (AN Bﬁ)’c(f)))
< ‘]\[5/2“"2 (B(07 08/21727 El,)i,¢R,mo (Q N Bfok (E)))a Eb,¢R,mo (Q n Bﬁ)k(s))) <

< Nijaeo) (B(O, LEf s, (2N BE:()y), Ebp., (2N Bf(f“(g)))

Thus, it remains to estimate the entropy of the unitary £y, QN Bl (E))—ball in

the space Ej 4, , (2N Bfo’“ (6)). To this end we need the smooth version of weight

function ¢g, 4, -
Let the function g 4, (z) € C§°(R") satisfy the assumptions

1. YRuo(2) = Prao () if |z —R| > 1
(9.21) 2. Vorazo < VRzoi ViURaze < YRz,
3‘ C{¢R7xo S ¢R7xo S Cé¢R7:to

It is not difficult to verify that such functions exist. Moreover the constants C] and
C} are independent of R.

Proposition 9.1. Let F : { — ¢%i0£. Then F realizes the linear isomorphizm

between Ey and Epy gy, . and also between Ef and Ef, . Moreover

(9.22) Cl”f”Eb,d,R‘mO(QﬂBRk(E)) <NFé€ll g, npreey < C2||€||Eb,¢n,m0(QﬂBRk(E))

where constants C1 and Cs are independent of Ry, R, and xo and the analogous
fact hold for the spaces Ef.

The proof of this fact can be obtained directly using the assumptions (9.22) and
the explicit expression for the norms W't given by (1.12) (see also [28]).

According to Proposition 9.1 instead of estimating the entropy in weighted
Sobolev spaces Ep ¢, it is sufficient to estimate it in the spaces Ej, i.e.

(9.23) M) < Nyjocy (B0, 1, By, (20 BEO)), By, (20 BEO)) <

< Nl/(c3) (B(Oa 1, E{:(Q N Bfo’“(s))), Eb(Q a) Bfok(a‘)))

Applying the estimate (7.10) to the right-hand side of the estimate (9.23) we obtain
finally

ok
(924) In Ml (E) S 04 VOle0 <R + Kln ?>

Lemma 9.1 is proved.
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Now we are in position to complete the proof of Theorem 9.1.
According to the definition of g

Hly (A L3 g, () =0

for any R and zo. Let us apply now the recurrent estimate (9.6) with ¢ = €9. Then
we will have

ok
(925) Hso /2k (.A, Eb7¢R,20) <Ck volo,zo (R + Kln E_> +
0

+ Hy poer (9(9), L g, (10, K] X )

Let us fix an arbitrary 8 < &¢ and take k = k() such that

(9.26) Qi > B> > £ 2k and consequently 2% < )
Then (9.25) and (9.26) imply that
(9-27) Hs (A Epon.,) <He o (A Bpgn.,) <
< Ckvolaz, <R+ Kln %) + o e (9(9) B g, ([0,4] X 9)) <

2 1
S Cl VOIQ’IO <R+ K1 In E) -+ HB/L2 < Lb PR, . [O,Kl In B] X Q))
<

Using the now the fact that |lw(g)|lr2(r,xq) < C and arguing as in the proof of

(9.20) we derive that

1\, 1
(9.28) H. (A, Ey(QNBE)) < Cvolg 4, <R+ Kln g) In —+

+H.p, (w( ), ([0, Klni] x Qn BEFKIn: ))

Theorem 9.1 is proved.
We consider now a number of corollaries of the main Theorem 9.1.

Corollary 9.1. Let the equation (3.1) be autonomous (g = g(z)). Then
1 1
(9.29) H. (A, Eb(QﬂBfo)) < Cvolg 4, (R-I-Kln g> lng

Particularly, if & = R™ then volg 4,(r) = cr™ and consequently

(9.30) H. (A, Ey(B, )) <C <R+K1n é)nlné

Taking R = In 1 we obtain that

1 n+1
(9.31) H. (A, Eb(B;‘;?)) <0 <ln 1)

9
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Note that the estimate (9.30) gives the same type of upper bounds for R = 1 and
R=1In %

Corollary 9.2. Let Q be a bounded domain. Then Theorem 9.1 implies the esti-
mate

(9.32) M. (A, Ey()) < Cvol(R) 1n§ +H., <w(g), L2([0,K In %] x Q))

which extends the estimate, obtained in [6] to the case of hyperbolic equations.
Particularly if the equation (3.1) is autonomous (¢ = g(x)), then the estimate
(9.32) reflects the well-known fact that in this case the attractor .4 has the finite
fractal dimension.

Corollary 9.3. Let O = RF x w”* be a cylindrical domain where w is bounded.
Then the estimate (9.30) gives the following bound of the e-entropy of the au-
tonomous attractor

k
(9.33) H. (A4, E,(QNBE)) <C <R+K1n§> lné

Following to [7], [18] and [28] one may define the entropy per unit volume for
the attractor A.

Definition 9.1. Let A C Ey(Q) be a compact set in the space Ej,.(2). Then the

g-entropy per unit volume is defined to be the following number

R (AB©NBY)
(9.34) He(A) = h;n_f;p volg o (R)

Corollary 9.4. Let the equation (3.1) be autonomous. Then

(9.35) L (A) < cm%

Indeed, the estimate (9.35) is an immediate corollary of the estimate (9.30) and
trivial assertion

VOlQ7m0 (R + Cl)

. li
(9.36) MR — R

=1
To formulate the result for the entropy per unit volume for the nonautonomous

case we need the following definition (see [28])

Definition 9.2. Let the entropy per unit volume of the right-hand side be the
following number

_ He /L (w(g),Lg([O,Kln %] %< 0N B(?+K1n%))
(9.37) H.(g) = lim sup

R0 volg o (R)

Corollary 9.5. Let H.(g) < co. Then

(8.38) H.(A) < Cln % + H.(g)
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#(t)go(z) where gy € L}() and ¢ is

Corollary 9.6. Note that if g(t,z) =
n H.(g) = 0 and consequently

translation-compact in L;S (R ) the

—

(9.39) H.(A) <Cln-

Remark 9.1. Let the right-hand side g be (t,z)-almost-periodic in C'(R x R™).
Then, it not difficult to verify that H.(g) = 0 and consequently the assertion of
Corollary 9.6 remains valid for such right-hand sides.

Definition 9.3. Let hy,(A) be the following number

(9.40) hsp(A) = lim sup M

e—0 nz

0‘)

Corollary 9.7. Let the assumptions of Corollary 9.4 or 9.6 or Remark 9.1 hold.
Then

(8.41) hap(A) < 00

Remark 9.2. The number hy,(A) can be interpreted as some quantitative charac-
teristic of the phenomena of spatial chaotisity of the dynamical system, generated
by the equation (3.1) (see [28]).

§10 THE ENTROPY FOR THE GLOBALLY
COMPACT ATTRACTOR: THE UPPER BOUNDS.

In this Section we consider the particular case of the equation (3.1) where fo =0
and the right-hand side g is translation compact in L? (Ry,L2(Q)). Using the
decomposition (8.14) and estimates (8.15) we essentially improve the entropy es-
timate (9.2) obtained in the previous Section. Particularly we will prove that if
the right-hand side g(t) is in the appropriate sense finite dimensional (i.e. g is
autonomous or quasiperiodic with respect to ¢) then the attractor 4 has a finite
fractal dimension in Ej,(Q).

The main result of this Section is the following theorem

Theorem 10.1. Let the assumptions of Theorem 6.1 hold. Then the entropy of
the attractor A possesses the following estimate

(10.1)  H (A Ey(Q) < Cy 1n§ +Co +H,p <w(g),Lg([o,K1n %] X Q))

where the constants C;, K and L are independent of €.

Proof. Let 1 > 0 and the p-neighborhood O, (A) = O, (A, Ey(Q) be the same as in
Theorem 8.2. Then, according to Theorem 8.2, we may find a sufficiently large time
moment Ty (for simplicity we assume that Ty = 1 such that for every &,, € O, (A)
i = 1,2 the difference v(t) = w1 (t) — ua2(t) of the corresponding solutions of the
equation (3.1) with the right-hand sides g; and g» respectively can be represented
in the following form &, (t) = &, (t) — &u, (t) = Epr (t) + Er/(t) and

(10.2) { ||f7m(1)||E~ @ SC (||fv(0)||E,,(Q) + [lg1 — g2||L§([0,1]XQ))

llERr (1 )”Eb < 1/81€ (0)ll By (2) + Cllgr — g2llz2(10,11x2)

where the constants C' and 5 > 0 depends only on the equation (3.1).
As in previous Section this decomposition admits to obtain the recurrent in-
equality for the entropy of the attractor.
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Lemma 10.1. Let the above assumptions hold. Then for every e < p and every
k € N the following estimate is valid:

(10.3) H.joe (A, Ep(Q)) < He (A, Ep(Q)) + Ck + He y(10v) (w(9), L; ([0, k] x Q)

where the constants C' and L depends only on the equation.

The proof of this Lemma is analogous to the proof of Lemma 9.1 but the fact of
compactness of the embedding £}, .52 (2) C E(€2) admits us to simplify the proof
and verify that the numbers My () are independent of € and %.

Indeed, let B(&,e, Ep(), i = 1,--+, No(e) be the initial e-covering of the at-
tractor 4. Arguing as in the proof of Lemma 9.1 with formal replacing Ej 4 by Ej
and Ey ; by Ej 5.1 we derive the g/2*-covering of the attractor with the number
of balls

(10.4) Ni(e/2%) < My (e) - - - My(e) No(e) Ny (¢)

where N, (e) is the number of balls in the £/C2*+2 covering of w(g) in L} ([0, k] x ©2)
and the multipliers M;(e) are defined by (9.14) (where the symbol Ej ; is replaced
by Elieﬂw\ and the symbol Ejp ¢ — by E.

Note now that in contrast to the case of Lemma 9.1 the embedding Elie‘””‘ Q) C
E,(Q) is compact and consequently the multipliers M;(e) can be estimated in the
following way

(105) Ml(&?) ‘= max; NE/21+1 (Aﬁ B(’Uli’j,Cé“/Ql*l + 8/2k+2, IieJ\w\)aEb) S
< max; j NE/21+1 (B(v;’j,08/21*1 + 5/2k+2,E;ea|z|),Eb) <
S NE/21+2 (B(O, CE/Ql_27 Elf,e‘”ﬂ (Q))’ Eb(Q))

< Nyjisc) (3(0, L E} sie1 (Q))aEb(Q)) =Ch

Thus, (10.5) implies that the multipliers M;(e) are independent of € and . Inserting
this estimate in (10.4) we obtain the estimate (10.3). Lemma 10.1 is proved.

The estimate (10.1) can be derived from the result of Lemma 10.1 in the same
way as we derive the estimate (9.2) from the result of Lemma 9.1 (the only difference
that we should start with ¢ = p which gives the additional term C, := H, (A, Ep)
in the estimate (10.1). Theorem 10.1 is proved.

We give now a number of corollaries of the estimate (10.1).

Corollary 10.1. Let the equation (3.1) be autonomous (i.e. g(t) = g is indepen-
dent of t) and let the assumptions of Theorem 4.1 hold. Then the attractor A has
a finite fractal dimension

(10.6) dimp(A4) < O,

where Cy is the same as in (10.1).

To formulate the corollaries for the nonautonomous case we need the following
definition.
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Definition 10.1. Let the function g(t) be translation compact in L7, (R, , L()).

loc

The fractal dimension of the right-hand side g is defined to be the following number

b He/r (w(g), L3 ([0, KIn1/e] x Q))

where the constants K and L are the same as in (10.1).

Corollary 10.2. Let the assumptions of Theorem 10.1 hold and let also the right-
hand side g have a finite fractal dimension. Then the attractor A also has the finite
fractal dimension and

(10.8) dimp(A) < Cy + dimp(g)

where C is the same as in (10.6).

(10.7) dimp(g) := limsu

e—0 In

Let us consider now the examples of the right-hand sides which have the finite
fractal dimension. For the first we consider the so called quasiperiodic case.

Let T* := R¥ /Z* be k-dimensional torus, a = (a1,--- ,ax) € T* be the vector
of rationally independent frequences and S¢ (S¢(p) := (at +p) mod Z*, p € T*) be
a standard linear flow on T*. A function g € C(R,L?(Q)) is called quasiperiodic
with k independent frequences if there exists a function G € C(T*, LZ(Q)) and a
vector of frequences « such that

(10.9) g(t) = G(5¢(0))
Proposition 10.1. Let the function g be quasiperiodic in Lg(Q) and let the func-
tion G in the representation (10.9) belong to the space C*(T*, L(Q)). Then

(10.10) dimp(g) <k

Indeed, since ||S§*(p1) — S&(p2)||r+ = ||p1 — p2||7* then the hull H*(g) is compact
in the space Cy(Ry, L2(€2)). Moreover, since G € C' then then

(10.11) gz (w(g), L(0, K In 1] x 9)) < Hyr. (H*(9), L} (R x 0)) <

< H. o (HY(S{(0)), Co(R, TF)) < Hejop, (TF, R¥) < (k +5(1))ln§

Corollary 10.3. Let the assumptions of Theorem 10.1 hold, let also the right-
hand side be quasiperiodic with k independent frequences and the function G in the
representation (10.9) belong to the space. C*(T*, L(Q)). Then the attractor A has
the finite dimension and

(10.12) dimp(A) < Cy + k
where the constant Cy is the same as in (10.6).

Remark 10.1. Note that the assumption G € C! is essential for the estimate
(10.12). Indeed, it is not difficult to construct a continuous (but not Holder con-
tinuous) function G € C(T*, L2(Q)) (even for the periodic case k = 1) such that
dimp(g) = oco. If the function G is Holder continuous with the exponent o < 1
then we may claim only that dimp(g) < £.

The result of Proposition 10.1 can be generalized in the following way.

Let M be a compact metric space with the finite fractal dimension dimg (M)
and let S; : M — M be a semigroup acting on M. Assume also that the semigroup
S; has a finite Liapunov exponent p > 0, i.e.

(10.13) distar (S;(m1), Si(ms)) < et distar(my, ms) for my,ms € M
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Proposition 10.2. Let (10.13) be valid and let the function G € C(M,L3(Q)) be
globally Lipschitz continuous on M. Then for every m € M the function

(10.14) 4(t) = G(S,(m))

has the finite fractal dimension. Moreover,

(10.15) dimp(g) < dimp(M)(1 + Kp)
where K is the same as in (10.1).

Indeed, since G is globally Lipschitz continuous then
(10.16)  H.y (w(g), L3 ([0, T(e)] x Q) < HLjor, (KT (Se(m)), L([0, T (e)], M))
where T'(¢) := K In L. The estimate (10.13) implies that
(10.17)  Hejor (HF(Si(m)), L=([0,T(e)], M)) < Ho-urcoroor (M, M) <
< (dimp (M) +3(1)) (m % +uT(e) + ln(CL))

The estimates (10.16) and (10.17) imply (10.15).

Corollary 10.4. Let the assumptions of Theorem 10.1 hold, let also the right-hand
side g satisfy the assumptions of Proposition 10.2. Then the attractor A has the
finite dimension and

(10.18) dimp(A) < Cy + dimp M (1 + pK)

where the constant Cy is the same as in (10.6) and K is the same as (10.1).

§11 UNSTABLE MANIFOLDS AND LOWER BOUNDS OF ENTROPY.

In previous Sections the upper bounds for the e-entropy of the attractor of the
equation (3.1) has been obtained. In this Section, using the technique of infinite
dimensional unstable manifolds, developed in [10], [28] we obtain the lower bounds
of the entropy for rather wide class of equations of the type (3.1).

We assume throughout of this Section that @ = R™ and the equation (3.1) has
the form

(11.1) Ofu + v = Ayu+ ou— f(u), f(0)=0, f(0)=0, a>0
and the nonlinear term f € C? satisfies the conditions
1. flu)u>—-C+Blul*, B> a?
(11.2) 2 f'(u) > K5 |f'(w)] < C(1+ Juln;
3" (w)] < C( 4+ [u]™)
where the exponents ¢; are the same as in (3.2).

Moreover since f(0) = f'(0) = 0 it is natural to assume also that there exists
0 < n < min{l, ¢ } such that

(11.3) [f' ()] < Clul"éy(u), [dy(w)] < Co(1+ |ul"77)

To construct the unstable manifold of the equation (11.1) near the equilibria point
u = 0 we study for the first the backward solutions for the linear (f = 0) nonho-
mogeneous equation (11.1) with the right-hand side h(t).

49



Definition 11.1. Let 3 > 0. Then we define the space Lg(Ep) by the following
eTpression

(11.4)  Ls(Ep) = {£ € C(R-, Ep(Q)) : [[€llL, = iggefﬁtllf(t)llm(mn) < oo}

The space Lg (L) := Lg(R_, L7 (2)) can be defined analogously.
Proposition 11.1. Let y € R® and

(115) o) = DEVEAE WDy

Assume also that B > Ay (0) and h € Lg(L3). Then the equation

_ Y=V 4 — [uP)
2

(11.6) Ofv + y0w = Ayv + v+ h(t), t<0

possesses the unique solution v € L (Ey) and consequently defines the linear oper-
ator Tg : Lg (L) = L (Ep), v(t) = (Tgh)(t).

Proof. Indeed, the equation (11.5) can be rewritten in the following form:
(11-7) ¢y (t) = A&, (t) + B(t)

0 ;o1 = (0
whereA-(Am+Oé2 ; _7> andh—<h>.

It is not difficult to verify that the spectrum o(A) has the following form
(11.8) o(A) = {Rez = —%} U{Imz=0; A_(0) < Rez < A4 (0)}

Thus f > A+ (0) implies that 8 > Reo(A) and consequently the unique solution of
(11.7) from L (E}) is given by the following expression

t
&u(t) ::/ A= (s) ds
Proposition 11.1 is proved.

Proposition 11.2. Let pg > 0 satisfy the inequality A\ (/nuo) > 0. Then for
every ug € B, the backward hyperbolic problem

O?v + 70w = Agu+ v, t<0
(11.9) {tv YO VUt a’y, t<

U|t:0 = Uo, U|BQ =0

possesses a solution v € Lg, with 0 < By < Ap(v/npo). Moreover this solution
defines a linear operator Pg, : B,, — Lg, (Ep), v(t) = (Pg,uo)(t) and consequently,
we have the operator M : B,, — Ey(Q) defined by

(11.10) M (up) := Pga,(uo)(0)
Indeed, this solution can be defined by formula
(11.11) Bt 1) = MGy ()

where v(¢, u) is  — p Fourier transform.
Now we are in position to study the neighborhood of zero equilibria point for
the nonlinear equation.
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Theorem 11.1. Let the nonlinearity f satisfy (11.2), (11.3) and A be the attractor
of the equation (11.1) which exists according to Theorem 4.2. Then there exist
po = po(a), do = do(f,@) and C*-map

(11.12) Up : B(0,00,B,,) = A
Moreover,
(11.13) 1o (o) — M (uo)|| 5, (mm) < CIIUO,R”IIE?W)

for every ug € B(0,d0,B,,) and n defined in (11.3).

Proof. The proof of this Theorem is based on the implicit function theorem and on
the following lemma.

Lemma 11.1. Let f(0) = f'(0) = 0 and satisfy the assumptions of (11.3). Then
for every 8 > 0 the Nemitskij operator Fu = f(u) belongs to C* (L (Ey), L1455 (L3))-

Proof. Since f(0) = f'(0) = 0 then (11.3) implies f(u) = u!™"¢(u) with |p(u)| <
Ca(14|u|"~") and consequently the Nemitskij operator F' : g — L14y)3. Indeed,
according to Holder inequality and Sobolev embedding theorem

(11.14) [If (@)llzz < Cllful ™1+ ul ™ )|z <

1+ -
< Culla, RNy 5 gy (1 s R ) <

n |1 n 1
< Collu, R [I, 1 5Q(llws R? [[5,1,2) < Colléullpy"Q1I€ull,)

Multiplying (11.14) by e~(1+"5% and taking the supremum over ¢ < 0 we derive
that

(11.15) 1F @lleymaz) < Colléullehim,) @UIEul oy r,)

Thus, F : C3(Ey) = C(144)s(L}). The differentiability of this map can be verified
analogously. Lemma 11.1 is proved.

Let us fix 8 > 0 in such a way that 8 < A+(0) but (1 +7)8 > A+(0) and po >0
such that Ay (y/nuo) > B and rewrite the equation (11.1) near the equilibria point
u = 0 in the following form

(11.16) u + T(1+T,)3FU =Pgup, u€lLg (Ep)

where uy € B,,. Note that every solution of (11.16) is simultaneously a solution of
the equation (11.1) hence it is sufficient to solve (11.16) in Lz (Ep). Note also that
due to Propositions 11.1, 11.2 and Lemma 11.16 all operators in (11.16) are well
defined.

We will solve the equation (11.16) using the implicit function theorem. To this
end we introduce a function F : Lg (Ep) x B,, — L3 (E}) by formula

(1117) f(’LL,U()) = U+T(1+77)BFU_]P6’U‘0
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It follows from Propositions 11.1, 11.2 and from Lemma 11.1 that F € C*(Lg (E}) %
B,,,Ls(Es)) and D, F(0,0) = Id. Hence due to the implicit function theorem (see
[26] for instance) there exists a neighborhood B(0, o, B,, ) and a C'-function

(11.18) U : B(0,60,B,) — L (E)

such that F(U(up),uo) = 0 and consequently U(ug)(t) is a backward solution of
the problem (11.1). The equation (11.16), the estimate (11.15) and the evident fact
that ¢/(0) = 0 imply now that

(11.19) ([ (uo) — Paug|lL, (e, < CHf(u(UO))”]L(Hn)B(Lg) <

1 1
< CillU(uo)ll! f,) < Colluollg,”

Let us define now Uy(ug) = U(U0)|t:0- Then (11.19) together with the equality
(Pgug)(0) = M (up) imply the estimate (11.13). The assertion Uy(B(0,dg, By, )) C
A can be easily derived from the attractor’s description (4.4) and from the fact
that every backward solution U(ug)(t) can be extended (due to Theorem 3.1) to
the complete bounded solution (i.e. which is defined for ¢ € R and bounded in Ej)
Theorem 11.1 is proved.

Corollary 11.1. Let uj,u} € B(0,8,B,,) and § < §. Then for every R > 0
(11.20) 1o (ug) — Uo ()|, By > lug — ugllLz () — C&F"

with C' independent of R.
Indeed,

Lo (ug) — Uo(u)) |, () >
> ||M (ug) = M (ug) ||z, 5y — 1o (g) — M (ug) |, () = 1o () = M (ug) ||y ) >

1+ 1+
> [u — 3l sy — Cr(labliss” + adIE™) > s — w3l 3y — 2C16

The estimate (11.20) admits to obtain the lower bounds for the e-entropy for the

attractor of the equation (11.1). Indeed, let € > 0 be small enough, § = (%)1/(1—“7)
and u,ud € B(0,4,B,,) such that

(11.21) lug — ugllL2(r) > €

Then it follows from (10.12) that

(11.22) 164 (ug) = U(ud) ||z, (mr) > /2

The estimates (11.21),(11.22) together with the assertion (11.12) imply that

(11.23) H., (A, Ey(BF)) > H <B(0, (%)Wm vBuo)aLg(B(?)> =

= Haeyi/am cnsaem (B(0,1,By, ), Ly (Bg))

The last estimate together with (7.14) and (7.15) gives the lower bounds for the
g-entropy (the upper bounds have been obtained in Theorem 9.1).
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Corollary 11.2. Let A be the attractor of the equation (11.1) and let € < ey and
R>1In % Then

1 1
(11.24) CiR"In - <H (A, Ey(Bf)) < CoR"In .

Particularly, 0 < C; ln% <H.(A) < Cyln %

Corollary 11.3. Let A be the attractor of the equation (11.1). Then for every
0 > 0 there exists Cs such that

n+1—4
(11.25) H (A, E(BY) > C (m 1)

Example 11.1. The simplest example of the equation (11.1) for which the esti-
mates (11.24) and (11.25) are valid is the following equation in R™

(11.26) Ofu + you — Apu = ou — ulu'™, a >0
where n < 2/(n — 2).

Part 4. The regular attractor.

In this part we give the detailed study of the autonomous attractor in the par-
ticular case where this attractor is compact in E;(€2). We hope also that this in-
vestigation clarifies why in this case the attractor occurred to be finite dimensional
and looks very similar to the attractors in bounded domains.

The spatial asymptotic (up to the exponentially decaying terms) for the solutions
on the attractor are given in Section 12.

The regular structure of the attractor is obtained in Section 13. Moreover using
the good structure of the attractor we prove there that every solution of (0.1)
stabilizes to one of the equilibria points when ¢t — oo.

§12 THE SPATIAL ASYMPTOTIC FOR THE ATTRACTOR

In this Section we study the behavior of solutions of the autonomous equation
(3.1) belonging to the globally compact attractor (under the assumptions of The-
orem 4.1) when |z| — oo. Recall that we have already known (due to the fact
that A € Eu(Q)) that all solutions belonging to the attractor converge to zero
when |z| — oo but the rate of this converges could be arbitrary small (if g con-
verges to zero slowly enough). The following Theorem gives the asymptotic for this
convergence up to exponentially small terms.

Theorem 12.1. Let the assumptions of Theorem 4.1 hold. Assume also that in
the case n > 3 the right-hand side g satisfies the additional condition

(12.1) g € LE(Q) where s > g

Then, there exist an equilibria point ug € C(Q) NW2(Q) and the constants § > 0
and C > 0 depending only on the equation such that for every (u,v) € A the
following estimate is valid:

(12.2) lu — wo, 2N B;0||i2 + v, 2N 3;0“3,2 < Cedlwol

Proof. For the proof of this Theorem we need the following Lemmata
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Lemma 12.1. Let the function f € C satisfy the assumption f(u).u > 0 and
g € L§(Q) with s > % and s > 2. Then the equation

(12.3) Ao = Aotg — f(u) = g, |, =0

has at least one solution ug € Wb“(ﬂ) C Cy(Q2). Moreover, every solution of this
equation possesses the following estimate:

(12.4) luo, RN B |13, < c/ e=2la=20l|(5)[* do
Q

where the constants C' and ¢ depend only on the equation (12.3).
Particularly, if g € Li(Q2) then ug € Cp(Q2).

The proof of the estimate (12.4) is based on a maximum principle applied to the
function w = u? and can be obtained as in [10] (where this result has been proved
for a more complicated case of parabolic equation).

The last assertion of the lemma follows immediately from (12.4) and Proposition
1.4.

Lemma 12.2. Let f € C! satisfy the assumptions

L f(u).u > alul - [f(u)|
(12.5) 2. f(u)u > alul?, witha >0
3. £(0)>0

Then there exists p > 0 such that for every u € R and every v such that |v| < u
the following estimate is valid:

(12.6) [f(utv) = f0)]-u=0

Proof. Assume for the first that |[u| > R >> 1 and |v| < 1. Then according to (12.5)

(12.7) [flu+v) = f)]-u=flutv).(utv)-vf(ut+v) = flo)u>
> alu+ol-|f(u+ o) = [f(u+0)] = Clu| 2 (a(R =1) = 1[f(u+v)| = Clu] =
> a(ju] — )(a(R ~ 1) 1) - Clu| >
> (a(a(R-1)-1)-C)R—a(a(R-1)—1) >0
for R large enough.

Note also that f'(0) > 0 implies that there exists pp > 0 such that f'(w) > 0 if
|w| < 2p9. Then for every u,v € R which satisfy |u| < po and |v| < po we will have

(12.8) [f(u-l-v)—f(v)]-u:/o f'(v+ su)dslul> >0

Let us assume now that the assertion of the lemma is wrong. Then there exist a
sequence v, — 0 and u,, € R such that

(12.9) [f(un +vn) — f(vn)] - un <0
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Without less of generality we may assume that u,, — oo or u, — 0 or u, = ug # 0.
The first assumption contradicts (12.7) and the second one — to (12.8). Thus it
remains to consider the third assertion. But, passing to the limit n — oo in (12.9)
and using the fact that f(0) = 0 we derive that

f(U,()).U,() S 0

which contradicts the second assumption of (12.5) (since ug # 0). Lemma 12.1 is
proved.

Now we are in a position to complete the proof of the theorem. To this end
we consider an arbitrary equilibria point ug(z) of (3.1) which exists according to
Lemma 12.1 and rewrite this equation with respect to a new variable w(t) = u(t) —
Ug:

(12.10) {@W+WW+Mw—&w+Ham=0

—_ . _ !
w|t:0 = Wo; 6t“’|t:0 =W

with F'(z,w) := F(up(x),w) := f(w + up(x)) — f(uo(z)) and instead of studying

~

the attractor A of (3.1) we will study the attractor A of (12.10). Evidently,
(12.11) A={(u,0)} + A

Note that according to the assumptions (3.2) (with fo = 0) we may assume that our
nonlinearity satisfies also the assumptions of Lemma 12.2. Indeed, since f(u).u >0
then f(u).u = |u|-|f(u)| and f'(0) > 0. Rescaling if necessary the parameter Ao if
necessary we may add au with 0 < a << 1 to f and assume also that f/(0) > 0
and f(u).u > aful?.

Thus, according to Lemma 12.2 there exists g > 0 such that F'(ug,w).w > 0 for
every w € R if |ug| < p.

Since ug € Cy(Q) then there exists R > 0 such that ug(z) < p if || > R and
consequently

(12.12) F(z,w)w >0if |z| > R

Let x(z) be the Heaviside function (x(z) = 1if 2z > 0 and x(z) = 0if 2 < 0 and
define functions

(12.13) Fi(z,w) := x(|z| — R)F(z,w), Fa(z,w):=x(R—|z|)F(z,w)
Then,
(12.14) Fi(z,w)w >0, F(z,w)=0if |z| >R

We rewrite the equation (12.10) in the following form
(12.15) O2w + y0sw + Now — Ayw + Fi(z,w) = —Fa(z,w) = hy(t)
Note that the function Fi (z,w) evidently satisfies all growth restrictions from (3.2)

and consequently (12.15) satisfies the assumptions of Corollary 3.1 with C(f2) =0
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(see also Remark 3.3). Assume now that &,(0) € A. Then according to (4.4) there
exists complete bounded trajectory &, (t), t € R. Moreover, according to Theorem
3.1

(12.16) 16w @l < C

Since the function F; satisfies the growth assumption |Fs(z,w)| < C(1+|w|?) with
q1 <14 2/(n —2) then (12.16) implies that

(12.17) I (£). 20 BL 35 < Crx(R 41~ Jal)

Applying the estimate (3.15) with C(f2) = 0 to the equation (12.15) and using the
estimate (12.17) we derive that

(12.18)

0
[lw(0), 2N B;OH%Q + ||8rw(0), 2 N B;o“%ﬂ < C/ P (|hw(S)|2,e—6\m—zo|) ds <
— 00
< C4 / e~clT=moly (R + 1 — |z]) dz < Cye517l
Q

The estimate (12.18) implies (12.2). Theorem 12.1 is proved.

§13 STABILIZATION OF SOLUTIONS AND ATTRACTOR’S REGULARITY.

In this Section we will study the structure of the globally compact attractor A
of the equation (3.1) under the assumptions of Theorem 12.1. Particularly, we will
prove that under these assumptions this attractor consists generically of a finite
collection of finite dimensional unstable manifolds and will show that as in the case
of bounded domain € every solution u(t) of (3.1) with &,(0) € Ey(Q) stabilizes
when t — +o00 to the appropriate equilibria point wug.

Note that in contrast to the case of bounded domains in our situation the stan-
dard Liapunov’s energy functional

(13.1) ®(u,Oru) = / 1/2 (|0wul? + |Vaul® + Xolul?) + F(u) + g.udz
Q

where F(u) = fou f(v) dv, is not well posed in our phase space Fy(Q2) (it equals
infinity for generic &, € Ejp). Moreover if g decays slow enough when |z| — oo this
functional is not well posed even on the attractor A. Thus, the problem is more
complicated then in the case of bounded domains (see e.g. [2]) and some additional
arguments are required.

Based on the spatial asymptotic of the attractor derived in previous Section
we construct the modified Liapunov functional which will be well posed on the
attractor A and using this functional we prove the regularity theorem for this
attractor. Having this good structure of the attractor we obtain then that for
generic g every solution of (3.1) with £,(0) € E,(Q) stabilizes to the appropriate
equilibria point.

We start with a theorem which describes the generic structure of the equilibria
points set R, for the equation (3.1).
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Theorem 13.1. Let the nonlinear function f satisfies the assumptions
(13.2) 1. feC'(RR); 2. f(u)u>0; 3. f(0)=0

Then the set of g € L{(Q) (where the exponent s is the same as in Theorem 12.1)
for which the equation

(13.3) Azug — oo — f(uo) = g
has a finite number of hyperbolic solutions R, = {u,--- ,ul’} is open and dense

Proof. We are going to apply the infinite dimensional version of Sard-Smale theorem
(see e.g. [2]). To this end we introduce the nonlinear operator

(13.4) F:W2MQ) = Li(Q);  Fu) := Ayu— Xou — f(u)

Note that since f(0) = 0 and W;*(Q) C Cy(Q) then (13.4) is well defined.

According to the Sard-Smale theorem (see [2]) we should verify that

1. The operator F is properly supported, i.e. the inverse image of every compact
set is also compact.

2. For every v € Wb“(Q) the Frechet derivative D, [F(v) is a Fredholm operator
with zero index.

3. The Frechet derivative D,F(v) depends continuously on v.

Let us verify the first assumption. Indeed, let K, be a compact set in L§(Q).
Then according to the compactness criteria (see Proposition 1.3) we have a uniform
‘tale’ estimate for K{,. Then the estimate (12.4) together with Proposition 1.4 imply
that the set K, := F~'(K,) is bounded in Wb“(Q) and also possesses the uniform
‘tale’ estimate. Thus it remains to prove only that the restrictions K"|QmB;0 are

compact in W2*(Q N B} ) for every 2o € Q. Let ¢, be a cut-off function which
equals one on QN B} and zero is = ¢ V,, (where V,, is defined in (1.5) and (1.6)).
The the equation which defines the set K, can be rewritten in the form

(13.5) Ag(dugu) = Ao(Brgtt) = bao f(U) + Puog + 2Vadey Vau + Apdeyu; g € K,
Note that since K, is bounded in Wf’s(ﬂ) then f(K,) |Vz0, VIK“|V20 and K“|V20 is
compact in L*(V,, ). Moreover, since K is compact in Lg then the set K, |Vmo is also
compact in L*(V,,). Thus the right-hand side of (13.5) is compact in L*(V,,) and
consequently Ku| anB1, is also compact in W2#(V,,). Therefore, K, is compact.

Let us verify now the second assertion. By definition the Frechet derivative of F
has the form

(13.6) D, F(v) = Ay — Ao — f'(v)

Note that the operator A, — g is invertible (Ag > 0) and the multiplication operator
f'(v) is compact as the operator acting from W,.>* to L for every v € W,* (since
f'(0) = 0 and consequently f'(v) € Cy(Q) for every v € Wb“(Q)) Thus, the
Frechet derivative D,F can be represented as a sum of invertible and compact
operators and consequently D,F is Fredholm with zero index.

The third assumption can be verified directly using the explicit formula (13.6).

Applying now the Sard-Smale theorem to the operator (13.4) we obtain the
assertion of the theorem. Theorem 13.1 is proved.
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Corollary 13.1. Letug € Ry. Then the essential spectrum of the operator D, F(uo)
satisfies the inequality

(13.7) Re ess(DuF) < —Xo < 0

and consequently there are only the finite number of eigenvalues of this operator
with positive real part, i.e.

(13.8) Indy, := #{\ € 0(Dy(F(up))) : Red >0} < o0

Indeed, A, — Ao is negative and f'(up) is compact.

The following theorem establishes the regular structure of the attractor A of the
equation (3.1).
Theorem 13.2. Let the assumptions of Theorem 12.1 hold. Then for generic
right-hand sides g the attractor A, of the equation (3.1) can be represented in the
following form

(13.9) .Ag = UquRgM+(UO)
where #R, < 0o and M™ (ug) are the finite dimensional unstable C*-submanifolds

of the equilibria points ug in Ey(Q). Moreover, every M (ug) is diffeomorphed to
R® with

(13.10) k = dim M" (ug) = Ind,, < 0

Proof. For the first we construct the modified Liapunov function which will be
finite and continuous on the attractor A. To this end we consider an arbitrary
equilibria point ug which exists according to Lemma 12.1 and introduce the function
w(t) = u(t) — up. Then this function satisfies the equation

(13.11) Bfw + y0w — Apw + Xow + (f(w + uo) — f(ug)) =0

Lemma 13.1. Let the above assumptions hold. Then the following functional is
finite on the attractor of (13.11) and continuous in the topology of Ep(2):

(13.12) d(w, Opw) := / 1/2 (18sw)? + |Vow]? + Xo|w[?) + F(w) dz
Q

where F(w) := Jo (f (w + o) — f(uo)) dw.
Moreover, the following equality is valid:

(13.13) B (w(t), Brw(t)) — B(w(0), Bw(0)) = ¥ / |Bew(s), Q2 , ds

Proof. Indeed, according to Theorem 12.1, &, € Ej s2(€2) C E(Q) and con-

sequently the linear terms in (13.12) are well defined. Note also that F(w) =
w?¢(z, w) where the function ¢ satisfies the growth assumption |¢(z,w)| < C(1 +
|w|™)) with ¢; < 2/(n—2) (since f' satisfies it and g is continuous), consequently
the function F(w) is well defined and continuous on W12(1).

Thus, the functional (3.12) is well defined and continuous on E(f2). Note now
that it is not difficult to verify using the estimate (12.2) that the topologies of the
spaces E(2) and E;(2) coincide on A= A- {(up,0)} and therefore the functional
(13.12) is continuous on the attractor A in the topology of E; (Q).

The equality (13.13) can be verified as for the case of bounded domains (see e.g.
[2]). Lemma 13.1 is proved.
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Corollary 13.2. Let &,(t), t € R be a complete bounded trajectory (which auto-
matically belong to the attractor). Then

(13.14) / 18cu(s), QP2 » ds < o0
— 00
Indeed,the estimate (13.14) follows from the facts that d;u = O,w, the functional
(13.12) is bounded on A and from the equality (13.13).
The dissipation integral (13.14) admits as usual to prove the stabilization of
solutions on the attractor in the case where the number of equilibria points R, is
finite (see also [2], [16]).

Lemma 13.2. Let the above assumptions hold. Assume also that the set R, of
equilibria points for (3.1) is finite (generic assumption according to Theorem 13.1).
Then every complete bounded trajectory &,(t), t € R of (3.1) stabilizes if t — +o0,
i.e. there are the equilibria points ug ,uy € Ry, ug # ug such that

(13.15) limg o0 [|Eu(t) — (u(:)t’O)”Eb(Q) =0;

Proof. Let us prove the stabilization only when t — +o0o (The case t - —oo can
be considered analogously).

Let &,(t) € A, t € R be an arbitrary complete bounded solution of (3.1). Con-
sider the w-limit set w(&,(0)) of the point &,(0) in the space E,(f2). Since A is
compact in Ejp () this set exists and nonempty (see e.g. [16]).

We are going to prove that

(13.16) w(&u(0)) C Ry

Indeed, let &, (t) € w(&u(t)), t € R. Then by the definition of w-limit set for every
7 € R there exists a sequence t,, = t,,(7) — +00 when n — oo such that

(13.17) Eu(tn) = &uo(T) in Ep(2) when n — oo
Note that due to Theorems 2.1, 3.1 and estimate (2.17) we have the estimate

(13.18) 1€u(tn + 8) = &uo (T + $)lIT, (@) < Ce™*lI€u(tn) — &ulT)II, 0

where the constants C' and K depends only on the equation.
The estimate (13.18) implies particularly that

(13.19) Eultn + ) = &uo (T + +) in the space C([r, T + 1], Ep(Q2))

Observe now that according to (13.14)

1 tn+1
(13.20) [ 100t + 5,002 ds = [ Joru(s), 1R, ds 0
0

n

when n — oo (since ¢, — 00). Particularly the sequence 9;&,(t,, + ) is uniformly

bounded in L%([0, 1] x Q) therefore without loss of generality we may assume that

this sequence converges weakly in L*([0,1] x ) to the function &, (7 + -) (the
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existence of weakly converging subsequence follows from the fact that the ball in
L? is weakly compact and the explicit value of this weak limit can be found using
the convergence (13.19).

Thus,

T7+1 1
[ oma(s), R o ds = [ ol + ), QIR ds <
T 0

1
< lim/ 1Beu(ty + 5), Q2.5 ds = 0
0

n—o0

Recall that 7 € R is arbitrary therefore d;ug(7) = 0 and consequently wug is an
equilibria point of (3.1). The embedding (13.16) is proved.

Note now that the set w(&,(0)) should be connected (see [16]) but the set R is
discrete according to our assumptions. Consequently, (13.16) implies that w(&,(0))
consists of one point ug .

Thus we have proved that &, (t) stabilizes to ug when ¢ — +o00. The caset — —oo
can be considered analogously. As usual the supposition u; = ug contradicts
(13.13). Lemma 13.2 is proved.

Recall now the definition of the unstable set of the equilibria point wug.

Definition 13.1. Let ug be an equilibria point of (3.1). Then the unstable set
M (ug) can be defined by the following expression:

(13.21) M (up) := {£ € A: 3 a complete bounded trajectory
&u(t), t € R such that &,(0) =€ and . lim &, (t) = (uo,0)}
——00

Corollary 13.3. Let the assumptions of Lemma 13.2 hold. Then the attractor A
of the equation (3.1) can be represented by (13.9).

Thus, in order to complete the proof of the Theorem we should show that
M (up) is a smooth manifold if the equilibria point g is hyperbolic.

Lemma 13.3. Let ug be the equilibria point of (3.1) such that 0 is not an eigenvalue
of the operator D,F(ug). Then the unstable set M™*(ug) is C*-submanifold of
Ey(Q) which is diffeomorphed to R® and the dimension k can be found by (13.8)
and (13.10).

Proof. The proof of this assertion is more or less standard (see e.g [2]) since we give
below only the scheme of the proof.
As in Section 11 we consider firstly the linearization of (3.1) near uo:

(13.22) 020 + 0w + Aov — Ay + f'(ug)v =0

which can be rewritten as the first order system

Az _)\0 _fl(u()) I

Simple computations show that the spectrum of L,, has the following structure

(13.23)  0,60(f) = Luy&o(t), where Ly, := < 0 ;1 )

0(Luy) = {\s == rEVY A V272+45; €€ a(Ay — Ao+ f'(uo)) = o(DuF(uo))}
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Particularly, the operator L, is hyperbolic (i.e. o(Ly,) N {Rez = 0} = @) if and
only if 0 ¢ o(DyF(up)). Moreover the unstable index of the operator L,, can be
calculated by

(13.24) Ind(Ly,) := #{A € 0(Ly,) : ReX > 0} = Ind,,

Assume now that ug is hyperbolic. Then L,, is also hyperbolic and using the
implicit function theorem as in the proof of Theorem 11.1 (see also [10]) we derive
that there exists a sufficiently small positive § such that the set

(13.25) M (uo) := {€ € A: I a complete bounded trajectory &,(t), t € R
such that &, (0) = &, ||€u(t)||Eb(Q) <o fort <0 and t—lim u(t) = (u0,0)}
—o0

is k-dimensional C'-manifold in E,() which is diffeomorphed to R~.

Since the hyperbolic flow S; generated by the autonomous equation (3.1) is
invertible then the sets M;! (ug) := S, M (ug) are x-dimensional C'' —submanifolds
of E,(Q) also. Moreover, evidently

(13.26) MT (ug) = Upso Mt (ug) and Mt (ug) C€ M (ug) if n <m

The representation (13.26) implies that M™ (ug) is C'-manifold diffeomorphed to
R* (see [17]) and the fact that S; possesses the Liapunov function on the attractor
A implies that M™ (u) is a submani fold of E,(Q) (see [2]). Lemma 13.3 is proved.
Theorem 13.2 is proved.

Now we are in a position to prove the stabilization of solutions of (3.1) not only
for £,(0) € A but for every £,(0) € Ep(2). Note that in contrast to the case
of bounded domains in our situation we have neither the dissipation integral nor
the Liapunov function for such solutions. Nevertheless the regular structure of the
attractor, obtained above admits to prove the stabilization.

Theorem 13.3. Assume that the set Ry, = {ud,u, -+ ,ud’} is discrete and that
the values of the Liapunov functional ®;((ub,0) := ®(up — ug,0) where ug = u
and ® is defined by (13.12) are different for i =0,--- ,N.

(13.27) ®; (uf,0) # 1 (up,0) fori # j

Then every solution &,(t) of (3.1) with &,(0) € Ep(Q) stabilizes to one of the equi-
libria uf € R,.

Proof. Note that according to (3.17) the problem (3.1) possesses bounded absorbing
set B in Ey(£2). Moreover, changing B by U;>0.5;B if necessary we may assume that

S:B C B for t > 0. Thus, it is sufficient to prove the theorem only for solutions
from B. To this end we need the following Lemma.

Lemma 13.4. Let the above assumptions hold. Then for every § > 0 there exists
To = Tp(5) such that for every solution &,(t) € B and every time moment 7 > 0

(13.28) {&(), te[r,T+To] }NOs(Ry, Ep) # @
61



where the §-neighborhood O5(R,, Ey) = UN Os((uf,0), Ep).

Proof. Indeed, assume that the assertion of the lemma is wrong. Then there exist
d > 0, a sequence of T,, — o0, a sequence of 7, > 0 and a sequence of solutions
&y, (t) € B such that

(13.29) {&u. (1), t € [Tn,Tn +Tp]} C B\Os(Ry, Eyp)

Let us consider now a sequence &, (7, + Tn/2) = S. 11, /26u, (0). Since (3.1)
possesses the globally compact attractor A in Ep(Q) (see Theorem 6.1) and 7, +
T,./2 — oo then the sequence &, (7 +T},/2) is precompact in E(Q). Thus, without
loss of generality we may assume that

(13.30) bun (T +T/2) 5 €A

Let u(t) € A, t > 0 be a solution of (3.1) with {z(0) = £. Moreover, as in the proof
of Lemma 13.2 we have the estimate

(13.31)  [|€u, (T + Tu/2+ 5) = &a(9) I, (@) < C™*ll6u, (Tn + Tn/2) = €l )

which implies that &,, (7, + Tn/2 + ) — &(-) in the space Cioc (R, Ep(2)).
Passing to the limit n — oo in (13.29) and taking into the account that T, — oo
we derive that

(13.32) &(t) C B\Os(Ry, Ep) for every t >0

Recall that &; belong to the attractor and consequently (13.32) contradicts the
assertion of Theorem 13.2. Lemma 13.4 is proved.

Now we are in a position to complete the proof of the theorem. To this end we
consider an arbitrary solution &,(t) € B and construct (as in the proof of Theorem
13.2) it’s w-limit set w(&,(0)) in the space E;(Q2). Evidently w(&,(0)) C A. We are
going to prove that this set consists of the only point u} € Rgy. Indeed, assume
that this assertion is wrong. Then this w-limit set contains a nontrivial complete
bounded trajectory of the equation (3.1) (since w-limit set is connected and strictly
invariant). But according to Theorem 13.2 every nontrivial complete bounded
trajectory is a geterocline which connects two different equilibria points. Thus,
w(&.(0)) contains at least two different equilibria points.

Since the Liapunov function @, is continuous on the attractor A in the topology
of Ey(£2) then (13.27) implies that there exists £ > 0 such that

(13.33) By (AN O.((uh,0), By)) N &y (AN O-((ul,0), By)) = @ for i # j

Fixing now d = ¢/2 and Ty = Tp(d) the same as in Lemma 13.4. Since w(&,(0)) is
the w-limit set then

Jim dist (€u(2),0(€(0))) = 0
and consequently for every p > 0 there exists T'= T'(u) such that

(13.34) dist ((t),w(&u(0))) < pfort > T
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Recall now that according to Theorems 2.1 and 3.1 we have the uniform estimate

(1335) ||£u1 (T + S) - fuz (T + S)HEb(Q) < CeKs”&“ (T) - fuz (T)”Eb(Q)

which holds for every &,,,&u, € B and every 7 > 0. (Without loss of generality we
may assume that C, K > 1).

Let us fix also p small enough that CeX70y < £/4. Without loss of generality
we may assume that T'=T'(u) = 0.

Consider now the set R’ of equilibria points which belongs to w(£,(0)) and let
ul € R' be the equilibria point with the maximal Liapunov function ®; (on R').

By the definition of the w-limit set the trajectory &, (t) should visit the €/2-
neighborhoods O, (uf) of every point uf € R’ infinitely many times.

Recall that according to our assumptions w(&,(0)) contains at least two different
equilibria points. Consequently (due to Lemma 13.4) there exists 7 > 0 and the
equilibria point ug ER', up # ug such that

(13.36)  &u(r) € O.a((uh,0)) and {&u(1), t € [, 7+ To] } N Oc o ((u}, 0)) # @
According to (13.34) there exists &, (t) € w(&,(0)) C A such that

(13.37) 16u(7) = & (Dllgy (@) < 20 < /2

and consequently &,(1) € O-((ub,0)). The estimate (13.35) implies now that
(13.38) 16u(T + 5) = & (7 + 5)l| g, (@) < 2uCe™T <e/2

for every s € [0,7p]. The embedding (13.36) implies now that there exists 7, > 7
that & (1) € O:((u},0)).

Thus, we have constructed the solution &,(t) € A which comes from the e-
neighborhood of uf to the e-neighborhood of ug when ¢ growing from 7 to 7y. The

equality (13.13) together with the assumption (13.33) implies now that
(13.39) ®y (O ((uf,0), Bp)) < @1(0:((u),0), Ey))

which contradicts the maximality of u in R'. Thus, the w-limit set w(&,(0)) consists
of the only equilibria point u). Theorem 13.3 is proved.

Remark 13.1. The result of Theorem 13.3 remains true without the assumption
(13.27) but this technical assumption which holds for generic right-hand sides g
essentially simplifies the proof of Theorem 13.3.

Remark 13.2. Arguing analogously to [2, Th. V.7.2] and using the result of
Lemma 13.4 one can prove that under the assumptions of Theorem 13.2 the attrac-
tor A of (3.1) is exponential, i.e. there exists n > 0 such that for every bounded
set B C Ey(Q)

(1340) diStEb(Q) (StB,.A) S C(B)e_”t
The following theorem shows that the regular attractor, constructed in Theorem

13.2 may have an arbitrary large (but finite) dimension at least in the case Q = R™.
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Theorem 13.4. Let the assumptions of Theorem 13.2 hold, Q@ = R™ and let in
addition the number { € R such that (&) + Mo < O exist. Then for every N € N
there exists a right-hand side gn € Li(R™) such that

(13.41) dimp(Agy, By () > N

Proof. Indeed, according to Theorem 13.2,
(13.42) dimp(Ag) > maxy,er, #{X € 0(Az — Ao — f'(uo)) : A > 0}

Thus, it remains to construct for every fixed NV the function ug = ug(N) € W;S(R")
in such a way that Ind,, > N (the appropriate right-hand side g can be calculated
from the equation Azug — Agug — f(ug) = g).

The construction of such functions ug is given in [10] (under the assumption
f(0) = f'(0) =0 and f'(¢) + Ao > 0). Moreover, all functions gy thus constructed
occurred to have a finite support in R” and to be uniformly bounded with respect
to N € Nin Lj(R"). Theorem 13.4 is proved.

In conclusion we give an example of the equation of the view (3.1) which satisfies
all assumptions of this Section.

Example 13.1. Let Q = R?. Then the equation
(13.43) Ofu+ vOu — Apu+2u® — 8u®> +9u =g

with generic g € L?(1) satisfies all assumptions of this Section. Indeed, all growth
assumptions are evidently satisfied,

flw)u = u(2u® — 8u? + 9u) = 2u’(u — 2)® + u? > u?

and f'(1) = —1 < 0. Consequently the assertions of Theorems 13.1-13.4 hold for
the equation (13.43)
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