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INTRODUCTION

In this paper the quasilinear second order parabolic equations and systems of a
reaction-diffusion type

(0.1) { Oru = Bt flu) + dou = g(f); @ € O

u|t:0 = Uo; u|8§2 =0
are considered.
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Here @ C R™ is an unbounded domain in R" with a sufficiently smooth boundary

(see §1), u = (ul,--- ,u*) is unknown vector-valued function, A, is a Laplacian with
respect to & = (1, -+ ,x,), f and g are given functions and \g is fixed positive
constant.
It is assumed also that the nonlinear term f(u) satisfies the conditions
1k Rk
0.2) {l.fEC(]R,]R)
2. f(w)u>-C

Here and below we denote by w.v the inner product in the space R¥.

It is well known that in many cases the longtime behavior of dynamical systems,
generated by evolutionary equations of mathematical physics can be naturally de-
scribed in terms of attractors of the corresponding semigroups (see [2], [11], [20]).
In bounded domains the existence of the attractor is established for a large class
of equations such as reaction-diffusion equations, nonlinear wave equations, 2D
Navier—Stokes system, etc. Under some natural assumptions it is proved that in
the autonomous case for all equations mentioned above the attractor has the finite
Hausdorff and fractal dimension (see [11], [20]).

The equations of mathematical physics which can depend explicitly on ¢ in
bounded domains 2 are considered in [4], [5]. Recall that according to the con-
struction of the uniform attractor, suggested there, one should consider not only the
initial nonautonomous problem but simultaneously the whole family of problems
which are obtained from the initial one by all positive shifts along the ¢-axis and
their closure in the appropriate topology. Moreover, if this family is in a certain
sense ”infinite dimensional” (for example the right—hand side is almost-periodic by
t with the infinite number of independent frequences) then the uniform attractor of
the corresponding equation naturally has infinite Hausdorff and fractal dimension.

Thus, in contrast to the autonomous case in the nonautonomous one the fractal
dimension is not a convenient quantitative characteristic of the ”size” of attractors
and consequently the problem of finding another characteristics arises.

One of possible approaches to handle this problem, which is suggested in [6],
is to estimate Kolmogorov’s e-entropy of the attractor. Recall, that by definition
Kolmogorov’s e-entropy H: (A) of the attractor A is the logarithm from the minimal
number N.(A) of e-balls in the appropriate phase space which cover the attractor:

(0.3) H. (A) = In N.(A)

Note that since A is compact then (0.3) is well defined and finite for every € > 0.

For unbounded domains 2 the behavior of solutions for (0.1) becomes much more
complicated. In this case even the problem of finding the appropriate phase space
for (0.1) becomes nontrivial. For instance, in [1], [3], [9] this equation has been
studied in weighted Sobolev spaces Wé;p(ﬂ) with ¢(z) = da(z) = (1 + |z|*)*/2.
The case of general weights ¢ is considered in [10].

In this paper we assume that the solution w(t,z) is bounded with respect to
|z| = oo. To be more precise it is assumed that for every fixed ¢ > 0

04)  u) €W, = {v: gz = sup ollwis@nny,) < o0}
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with the appropriate exponents [ and p. (Here and below we denote by Bfo the
R-ball in R* centered in zo.)

In the autonomous case g = g(x) reaction-diffusion equations and systems of the
type (0.1) under the assumptions (0.4) are considered in [8], [17], [18], [19].

Recall that under the above assumptions the attractor A of the equation (0.1)
may have (and has in general) infinite Hausdorff and fractal dimension even in the
autonomous case (see [8], [10]). Thus, in contrast to the case of bounded domains
where the infinite dimensional attractor can appear only in the nonautonomous
case and only due to the ”infinite dimensional” external time-depended forces, in
the case where 2 is unbounded the infinite dimensionality appears even in the
autonomous case and has consequently the internal nature.

The main aim of this paper is to give a systematical study of Kolmogorov’s e-
entropy of attractors for autonomous and nonautonomous reaction-diffusion equa-
tions of the type (0.1) in unbounded domains .

It is known (see Remark 5.1) that in general the attractor A of the problem (0.1)
is not compact in the uniform topology of the space (0.4) but only in a local topology
of the space VV;O’Z(Q), that is why we consider the entropy of restrictions A|QOBR

0

and study the dependence of H. (A| anpr ) ON three parameters €, R and zo.
z0

In the autonomous case g = g(x) we prove that the entropy of the attractor A
possesses the following estimate:

1.1
(0.5) HE(A|QQB%) < Cvolyy,o(R+ KIn—)ln -

where vol,, o(r) = vol(2 N B} ), vol(-) means the n-dimensional volume, and con-
stants C, K are independent of R, ¢ and zg. Particularly, if & = R”, then (0.5)
implies that

(0.6) ML (A| 0 ) < C(R+Kln§)”ln1

g

We verify also the sharpness of the estimate (0.6). To this end Chafee-Infante
equation in R”

(0.7) Ou = Apu+au—u®, a>0

is considered. It is proved that the entropy of the attractor of (0.7) possesses the
following estimate

L1
(0.8) ]HIE(A|B§O) > C1R"In -

for R > Ry and € < ¢ and consequently the estimate (0.6) is sharp if R ~In 2 or
R>In % For the case where R < In % (particularly for R = 1) we obtain that for

every ¢ > 0 there exists Cs > 0 such that

n+1—4§
(0.9) H (Al ) 2 Cs <1n l)

£
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Moreover, the upper estimates of the e-entropy in the nonautonomous case are also
obtained. In this case the term with the appropriate entropy of the right—hand side
g should be added to the right—hand side of (0.5) (see §8).

This paper consists of three Parts.

Part 1 is devoted to study the analytical properties of the problem (0.1) such
as different a priori estimates, existence of solutions, uniqueness, smoothing prop-
erty, etc. Note that the technique employed in this Part is further development of
methods, suggested in [10].

The existence of attractors in the autonomous and nonautonomous case and
related problems are considered in Part 2.

The e-entropy for the attractors obtained above is studied in Part 3. Moreover,
we recall here some definitions related with the abstract concept of e-entropy and
give some examples of it for the typical sets in different functional spaces.

Part 1. A priori estimates, existence of solutions, uniqueness.

This part is devoted to study the analytical properties of solutions (such as a
priori estimates, existence, uniqueness, etc.) of (0.1) in unbounded domains.

In Section 1 we introduce a wide class of weights and the corresponding weighted
Sobolev spaces and formulate a number of useful auxiliary results.

The linear equation ( with f(u) = 0) is considered in Section 2.

A priori estimates for the solutions of the nonlinear equation (0.1) are obtained
in Section 3. Moreover, using these estimates and Leray-Schauder principle we
obtain then the existence of a solution u for (0.1).

Section 4 is devoted to study the problems related with the uniqueness of solu-
tions and smoothing properties for a difference between two solutions of (0.1). The
estimates, obtained here will be essentially used in Part 3 for the entropy estimates.

§1 FUNCTIONAL SPACES.

In this Section we introduce and study some functional spaces which will be used
throughout of the paper.

Definition 1.1. A function ¢ € L{S.(R™) is called a weight function with the rate
of growth p > 0 if the condition

(L.1) ¢z +y) < Coe"o(y), p(z) >0

is satisfied for every x,y € R".

Remark 1.1. It is not difficult to deduce from (1.1) that

(1.2) dlz+y) > C, e lg(y)

is also satisfied for every x,y € R™.

Proposition 1.1. Let ¢1 and ¢» be weight functions with the rates of growth
and o correspondingly. Then,

1. agy + Bp2, max{¢1, P2}, and min{¢;, ¢2} are the weight functions with the
rate of growth max{u, u2} for every o, 8 > 0.



2. ¢1-¢o and ¢y -(¢2) ! are the weight functions with the rate of growth iy + 2.
3. (¢1)® is the weight function with the rate of growth |a|p;.

The assertions of this proposition are immediate corollaries of (1.1) and (1.2).
The following example of weight functions are of fundamental significance for
our purposes:

¢’{6},mo (z) = eislmimo‘, ceR, zg e R?
(Evidently this weight has the rate of growth |e].)

Definition 1.2. Let Q C R be some (unbounded) domain in R" and let ¢ be a
weight function with the rate of growth u. Define the space

2@ = {u e D@) : ullon, = | sl do < oo

Analogously the weighted Sobolev space Hé;p (), | € N is defined as the space of
distributions whose derivatives up to the order | inclusively belong to L% (92).

For the simplicity of notations we will right throughout of the paper W{SE”; instead
of WP

—ele| -
Wee define also another class of weighted Sobolev spaces

WyP(Q) =ueD'(Q) : |u, QY ,,, = sup d(wo)llu, QN By |17, < o0
(] @ 2o€R™

Here and below we denote by Bfo the ball in R™ of radius R, centered in xg, and
[, Vl1,p means [|ullyroy).

We will write W,f’p instead of W,ff .

Theorem 1.1. Letu € LZ(Q), where ¢ is a weight function with the rate of growth
. Then for any 1 < q < oo the following estimate is valid

a3 ([ oo ([ ef“°|u(z>|pdz)q d%)l/q <¢ [ st ds

for every & > i, where the constant C' depends only on ¢, u and Cy from (1.1) (and
independent of Q).

Proof. Let g = 1. Then, according to (1.1),

//¢(wo)675|“”7“”°||u(z)|pdzdzo§
aJo

<Cy / el =0l ==lr=20l g ) [ () P d dy <
QZ

<co ([ eeay) ([ sl as) <ci [ ol ds
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Let now ¢ = oo. Then applying (1.1) again we obtain

supsyen {o(e0) [ e luo def <
zeQ
<Cy [ supgyen {erxrle e} plo)fuo) do <
zEQ

<c [ Sl de

Thus, we proved the inequality (1.3) for ¢ = 1 and ¢ = co. For 1 < ¢ < oo it follows
now from the interpolation inequality

6 -0
H-llze < I W11 1122, 6= 1/g

Theorem 1.1 is proved. O

Corollary 1.1. Let u € L;O (Q), where ¢ is the same as in Theorem 1.1. Then the
following analogue of the estimate (1.3) is valid

(1.4) sup {¢(ﬂfo) Sup{eE'“”“IU(a?)l}} < 021618{¢(x)|u(x)|}

roEQ z€EQ

The proof of this Corollary is the same as the proof of Theorem 1.1 for ¢ = oco.

For the more detailed study of weighted Sobolev spaces defined above we need
some regularity assumptions on the domain @ C R™ which are assumed to be valid
throughout of the paper.

We suppose that there exists a positive number Ry > 0 such that for every point
xo € ) there exists a smooth domain V., C € such that

R Ro+1
(1.5) Bf*NQCV,, C BT NQ

Moreover it is assumed also that there exists a diffeomorphizm 6., : By — V,,, such
that €,,(x) = o + pa,(x) and

(1.6) 1o llen + Ilp7,) llew < K

where the constant K is assumed to be independent of zy €  and N is large
enough. For simplicity we suppose below that (1.5) and (1.6) hold for Ry = 2.

Note that in the case when 2 is bounded the conditions (1.5) and (1.6) are equiv-
alent to the condition: the boundary 912 is a smooth manifold, but for unbounded
domains the only smoothness of the boundary is not sufficient to obtain the regular
structure of 2 when || — oo since some uniform with respect to zo € Q smooth-
ness conditions are required. It is the most convenient for us to formulate these
conditions in the form (1.5) and (1.6).



Theorem 1.2. Let the domain ) satisfy the conditions (1.5) and (1.6), the weight
function — the condition (1.1) and let R be some positive number. Then the fol-
lowing estimates are valid

(1.7) 02/9¢(a:)|u(a:)|p dx < /945(120) /QmBR |u(z)|? dx dzy <
<01 [ sl do

Proof. Let us change the order of integration in the middle part of (1.7)

(18) [ o) [ Ju(o) deday =

:/Qlu(z)lp </§2x9m35(z0)¢(z0)d%> di

Here xqnpr is the characteristic function of the set €1 N BE.
It follows from the inequalities (1.1) and (1.2) that

(1.9) Ci¢(z) < inf, cpr (7o) < sup, cpr #(z0) < C2o(2)

and the assumptions (1.5) and (1.6) imply that
(1.10) 0<C <mes(QNBE) <,

uniformly with respect to z € Q.

The estimate (1.7) is an immediate corollary of the estimates (1.8)—(1.10). The-
orem 1.2 is proved. [
Corollary 1.2. Let (1.5) and (1.6) be valid. Then the equivalent norm in weighted
Sobolev space Wdl;p (Q) is given by the following expression:

1/p
(111) JuOloay = ([ om0 BE I, dio

Particularly, the norms (1.11) are equivalent for different R € R, .

To study the equation (0.1) we need also weighted Sobolev spaces with fractional
derivatives s € Ry (not only s € Z). For the first we recall (see [21] for details) that
if V is a bounded domain the norm in the space WP(V), s = [s]+ [, 0 < < 1,
[s] € Z4 can be given by the following expression

Do — D« P
) i, = vig, s S [ [ P Dl g,
’ U |asis JzeV Jvev |z —y|"tP

It is not difficult to prove arguing as in Theorem 1.2 and using this representation
that for any bounded domain V' with a sufficiently smooth boundary

(1.13) llu, V%, < 01/ y lu, VA B |2, dwo < Collu, V%,
To€

This justifies the following definition.



Definition 1.3. Define the space W;*(Q) for any s € R;. by the norm (1.11).

It is not difficult to check that these norms are also equivalent for different R > 0.
Note in conclusion of this Section that the weight functions

(1.14) gﬁ{g},mo = g clz—ol

satisfy the conditions (1.1) uniformly with respect to o € R™, consequently all
estimates obtained above for the arbitrary weights will be valid for the family (1.14)
with constants, independent of g € R™. Since these estimates are of fundamental
significance for us we write it explicitly in a number of corollaries formulated below.

Corollary 1.3. Let u € L’{’a}(ﬂ) for 0 < § < e. Then the following estimate holds
uniformly with respect to y € R

(1.15) (/Q e=t0l0=/ (/Q e—”—wouu(z)wdz)q daz())l/q <

<Coy | e Pl Vlu(z)P d

Q
Moreover if u € L?g}(ﬂ), 0 < ¢ then
(L16)  sup {e‘”woy' sup{ef”wu(x)u} < Cs supfe 0 Vu(z)|}
zoERN zeQ z€eQ

Corollary 1.4. Let u € W,fg(ﬂ) and ¢ be a weight function with the rate of
growth p < €. Then

(117) Cullw, QI 4, <

S sup {¢($0)/ efs‘z*zO‘H’u,,Q n B;”fp dw} S CQ||U,Q||€¢ I,p
r0EQ 2eQ s s@ot,

Proof. Indeed,

sup {qﬁ(a:o)/ e_Elx_“O‘Hu,Qr‘lB;Hf’p da:} <
z€EQ

o EQ

—1 _—celz—a0|
<Csup (ol an B} swp { [ onote) e eilan <

o EQ

< (4 sup {gb(a:)”u, aQn B;HZP} sup {/ ehlz—zo| j—elz—zol da:} <
TEQ T€ERR

0 EQ
< 02““79“57057171’

Conversely, using the evident inequality
(1.18) lu, QN BL|F < C/Qe_sl’”_’”olﬂu, QN B, do

we obtain that
I 207 1= 510 {60} llu 20 BL I, } <
0

S C’ sup {(b(ﬂ?o)/ 6_E|x—$0||u,QﬁB;||ipdx}
Q

o EQ
Corollary 1.4 is proved.



§2 THE LINEAR EQUATION

This Section is devoted to study the linear problem of the type (0.1)

2.1) { 0w — Azu + Aou = g(t)

u|t:0 = Uo 5 u|8§2 =0

in the unbounded domain Q which is assumed to satisfy the conditions (1.5) and
(1.6), formulated in previous Section. To this end we will use weighted Sobolev
spaces introduced above.

Theorem 2.1. Let g € L*([0,T], L7, ,(®?)) for some ey > 0 and let ug € L}, ().

Then there exists the unique solution of the problem (2.1), such that

(2.2) u € Ly([0, T, W22, (@) nWH([0, T, W1 ()

and for any € > €1, the following estimate is valid uniformly with respect to xg € (:

T
(2.3) IIU(T),QﬁBiOII3,2+/T . lu(t), 2N By, |} o + 10u(t), 2N By |12, 5 dt <

T
< C([vof2, e~lr=olyeRo=eT / o= ET) (g (1)]2, e==lm—70l) gt

Here and below fTT71 means fOT if T < 1.
Proof. We deduce only a priori estimate (2.3) for the solutions of the problem (2.1).
The existence of solutions can be obtained from this estimate in a standard way.
Let us multiply the equation (2.1) by u(t)e =*~0l and integrate over 2 € Q
Be(Ju()?, e~y 4 2x0 (lu(®)?, e =17 770) 4 2(|Vu(t) P, eI 70l) =
= 2(g, ue 1770l — 2(V u, uV, e 17 0l)
Applying Holder inequality to the right—hand side of the last formula and using the
evident estimate | Ve ¢17~%l| < ce~=l7=70l we obtain
(24)  F(lu(®)f*, eIl + (Ao — ) (|u(B)*, e =170+
+ (IVou()? el < O(|gf? elr ol
Applying Gronewal inequality to the estimate (2.4) we obtain that
T

(2.5) (IU(T)|2,6_E"”_“°')+/ (IVeu(t)]?,e~l*= ) dt <

T-1 o

T
< (|’U,(0)|2’6—6\w—m0|)6_(>\0—52)T+C/O e(Ao—EZ)(t—T)(|g(t)|2,e—a\m—mo\)dt
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Taking into account that e *1*=%o > C'if x € B} we derive from (2.5) that
T
0) [T RNBL s+ [ V.00 B[R, dt <

T
< C(|’U,(O)|2,6—6\w—m0|)6_(>\0—52)T + C/O e(Ao—EZ)(t—T)(|g(t)|2,e—a\m—mo\)dt

The estimate of Oiu follows now from (2.6) and from the equation (2.1). The
estimate (2.3) is proved.

Note that (2.2) is a corollary of (2.3). Indeed, take in (2.3) € > &, multiply it by
e~c1170ol and integrate over zy € Q. Then after using the estimates (1.3) and (1.7)
we obtain that

T
1u(T), Q17,302 + /T ) llu(t), QI 31,2 + 10cu(t), Al y 12 dt <

T
< Jul0), QIF.,y,006~0 7 )T+/O PN g(4), Q17,3 0,0 dt

Theorem 2.1 is proved. [

Theorem 2.2. Let u be a solution of (2.1) satisfied (2.2), ug € Wls’f}(ﬂ), € and
€1 be small enough, € > e; > 0, and g be the same as in previous Theorem. Then

(2.7) e L*([0,T], W22, (2)) nWH2((0,T], LY, (2))

and the following estimate is valid uniformly with respect to xg € )

T
(2.8) [lu(T), QN B, |17, +/T ) lu(t), 2N B |13 + 18pu(t), 2N BL |12, dt <
S O (Hvzu(o), Q ﬁ B§0||2 + (|u0|2, e*Elmfzo‘)) 677T+

T
e / T ((g(1) 2, e~2 o)) dt
0

for v = \g — €2 > 0 for € small enough.

Proof. Recall firstly that we assume that the domain 2 satisfy the conditions (1.5)
and (1.6) and the constant Ry = 2.

Let us consider the cut—off function ¢,,(z) € C5°(R™) such that ¢, = 1 if
x € By, and ,, = 0if z ¢ B2 and let vy, = thyou. It follows from the equation
(2.1) and from the condition (1.5) that v, is the solution of the following equation

(2 9) { at'Uxo - szzo + /\O'Uzo = ¢xog - 2vw¢movxvxo - Am'ﬁbmovmo = hxo (t)

1)””0|8Vm0 =0; Ux0|t:0 = ¢xou(0)
where the domains V,,, were defined in (1.5) and (1.6).

10



Multiplying the equality (2.9) by A,v,, and integrating over = € V,,, we obtain
after simple computation involving the integrating by parts and Gronewal inequality
that the following estimate holds uniformly with respect to zo € (2:

T
(210) ||U10(T)7V10||%,2 + /T L ||AIUI0 (t)avﬂto“%ﬂ + ||6tvﬂt0 (t)avﬂto“%ﬂ dt S
T
< Ci |2 (0), Vi [l 67T + Cy / =T By (8), Vi 15,2 dt <
0

T
< Collu(0), 2N B |1} 26 T + O / MU0 | hy, (), 20 B3 |12, dt
0

Taking into the account the assumptions (1.5) and (1.6) for the domains V,, we
obtain from the elliptic regularity theorem (see [21]) that

[u(t), 2N Byyll2,2 < Cllve, (8), Vao ll22 < Cill gy (t), Vg llo,2
Estimating
(2.11) 1hao (1), 20 BZ 1152 < Cllg(t), 2N B 1152 + [lu(®), @0 B 17 )

and using the estimate (2.3) we obtain now the estimate (2.8). The assertion (2.7)
can be reduced from (2.8) in the same way as (2.2) from (2.3). Theorem 2.2 is
proved. O

Theorem 2.3. Let u be a solution of the problem (2.1) which satisfies (2.2), ¢ >
€1 > 0 such as in Theorem 2.2, ug € W{i(ll}_l/p)’p(ﬁ) and g € L?([0,T], L?E }(Q))
2 <p < o0o. Then

(2.12) we C([0, T, WL VPP (@)W ([0, T), L7, ()N LP([0, T], WEP, ()
and the following estimate is valid uniformly with respect to zy € §):
(2.13)
T
(D), 2N BL B+ /T_1 lu(t), 00 BL |12, + |0u(t), 20 B |2 dt <

dx+

< CeT / e (0,90 B
xrE

T
+ / ST (|g(0)P, =2 #0l) dt
0

for some positive constant 7.

The proof of this Theorem is based on the following result for the auxiliary
problem (2.9)

11



Lemma 2.1. Let v,, be a solution of the problem (2.9) and let the initial condition
Vg, (0) € W2A=L/P)P AW IP(V, ) and hy, € LP([0,T], LP(Vy,)). Then
(2.14)

vz € C([0,T], W?U=1P2P(V, ) A WP ([0, T), LP (Vi) N LP([0, T, WP (Vg )

and the following estimate is valid uniformly with respect to xy € {2
T
(2.15) e (T), Vaoll5(1—1/p). +/T 1 1020 (£), Vo 13, + 101024 (£), Vo ll6 pdt <

T
< Ollvay (0, Vao 21y € 7 +Ci / D) [ (1), Vi, I8, dt

Proof. The estimate (2.15) is a corollary of well known LP-regularity theorem for
parabolic equations (see [16]). Since the domains V,, satisfy the conditions (1.6)
uniformly with respect to zp € 2 then the constants C,C; in (2.15) are also inde-
pendent of zg.

The proof of Theorem 2.3. Without loss of generality we may assume that p > 2.
(The case p = 2 is considered in Theorem 2.2.)
It follows from Lemma 2.1 that

(2.16)

T
/T ) lu(t), 2N By I3, + 10cu(t), @0 By [ ydt + [[u(T), 2N By, |15

21-1/p)p =

T
C[vag (0), Vi ll51 1 jpy e " +C /T 1 1026 (), Va1, + 10002 (), Viro 15, pdt <

T
< Culvay (0), Vil By 1 pype T +C / D1 (1), Vi 5,

We used here the notations of Theorem 2.2.
Estimating the function h,, using Galiardo-Nirenberg inequality and the esti-
mate (2.8) we obtain

(2.17)  lhao (8), Vo llg , < Cl[ult), Vi If , + [l9(2), Vil ) <
0)
Culu(t), VaollZs 4 60 Ve B + 1198, Vo 18,) < sllt8), Va2
+ C,u (”u( )7V960||1,2 + ||g( )7V$0||g7p) S /j’“u(t)’VxOHg(l—l/p),p_‘_

p/2
T Cullglt), Vi I8, + Cpe ( [ e uo) B;uigda:) ;

t p/2
w0 ([ (lgr el as) <
0

< llu®), Vao I8s—s . + Ciallg®), Vol ,+

t
Cpe "t /Q e~=lz=20l||u(0), B. N Qlf jdr + C’u/o ev(s=t) (|g(s)|p,6_6‘m_m°|) ds

12



Inserting the estimate (2.17) into the inequality (2.16) we obtain after simple cal-
culations that

(2.18) ||lu(T),2n By, [

71’_

< Cue ™ (100 Vially 1y + [ € ul0) BE O ) +
T
[T ), Ve [y g

T
+ Cu/ eV (=T) (|g(t)|l),e*5|$*$0\) dt
0

Multiplying the inequality by e #1*~%0l 0 < B < ¢ and integrating over o € Q we
derive, using the estimates (1.7) and (1.15) that

(2.19) /IOGQ e~ =0l u(T), BL N QB dao <
< Qe / e300 0), Vag By 1 B0+
o EQ
T {emn/z / e e Vi B /p)mda:o} +
To€
T
+cu/ D (|g(t)|r, e 1=l at
0

Recall now that the norms (1.11) are equivalent for different R, since (2.19) implies
that

220 V(1)< Ce " [ ), 00 By ot
o

T
+C, / D (g(t)P,e A=) dt 4 pusupyeo gy €7 TPUL ()
0

where
U.(t) :/ 1= u(t), QA BL B, 0
o EQ P

and g > 0 can be chosen arbitrary small.
To complete the proof of Theorem 2.3 we need one more lemma.

Lemma 2.2. Let a function U,(t) be a solution of the following inequality

(2.21) U.(T) < Cre T 4+ Cy + pu sup {PEDU, (1)}
te[0,T)

and let p < 1/2 and 8y > 0. Then
(2.22) U.(T) < 2C1e 7T 420,

13



Proof. Multiplying the inequality (2.21) by e®” and applying SUP7epo,s) b0 the both
sides of the obtained inequality we get after simple calculations

SuPTe[ms]{@BlTUz(T)} < Cy + Coe™* + HSUPTe[ms]{eBlTUz(T)}
Taking into account that p < 1/2 we derive that
supte{O,T]{eﬁltUz(t)} <20 + 2C,eMT

Replacing the last term in (2.21) by this estimate we obtain (2.22).

The end of the proof of Theorem 2.3. Lemma 2.2, applied to the inequality (2.20)
with g > 0 small enough, implies that

(2.23) UZ(T)SCe”T/Z/ e 210l u(0), . BL, 12, dro+

1-1/p),
20€Q /p).p

T
+0/ =D (|g(t)|P, 1m0l ) at
0

The estimate (2.23) together with the evident inequality ||u(T"), 2N B ||’2’(
CU.(T) complete the proof of Theorem 2.3. O

1-1/p).p <

n+2

Corollary 2.1. Let the assumptions of previous Theorem hold and let p > "3=.

Then u € C([0,T] x Q) and the following estimate is valid:

(224) [u(T,zo)” < Ce " / T ), 00 Byt

T
-|-C'/ eV(t_T)/ e~sle=ol|g (¢, ) |Pdadt
0 z€Q

Indeed, the assertion of this Corollary follows immediately from the estimate
(2.13) and from the embedding theorem (see [16])

(2.25) LP([T,T + 1], WP (V) N W P([T, T + 1], LP(V,,)) C C([T,T + 1] x V)
for p > ”T“

We finish this Section by some version of comparison principle for the parabolic
equations in weighted Sobolev spaces.

Theorem 2.5. Let a function u satisfy (2.7) for a certain &1 > 0, u(0) = 0 and let
the following inequality be valid almost everywhere in [0,T] x Q:

(2.26) O — Agu + Agu >0

Then almost everywhere in [0,T] x Q@ u(t,x) > 0.

Proof. Let us consider the functions u4 (t,z) = max{0,u(t,x)},
u_(t,z) = us(t,z) — u(t,z). Using the technique of [23] it is not difficult to prove
that

(227) U, Uy € W1’2([07T]7L%5}(Q)) n L2([07T]7 W{lg’i(g))
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for € > €1 and the following equalities are valid almost everywhere

(228) @y (1), u— (D)) = e (6),us (D) oy = (Vaus(t), Vou(t)) o} = 0

Let us multiply (2.26) by u_ and integrate over Q. Then due to (2.28) we obtain

(2.29)  —1/20[[u-(2), Q”%s},og — Aolu—(t), Q“%s},og + 52”“—(75)7 Q||%E},0,2 >0

Applying Gronewal inequality to the estimate (2.29) and taking into account that
u—_(0) = 0 we obtain that [lu_(t),Q|{-1,0, = 0 almost everywhere, i.e. u > 0
almost everywhere. Theorem 2.5 is proved.

§3 THE NONLINEAR EQUATION: A PRIORI
ESTIMATES, EXISTENCE OF SOLUTIONS .

In this Section we consider the parabolic boundary problem:

(3.1) { Opu — Agu+ f(u) + dou = g(t)

“|t:0 = Uo; “|aQ =0

in the unbounded domain Q which is assumed to to satisfy the conditions (1.5) and
(1.6) formulated in Section 1.

Recall that u = (u!,--+ ,u*), \g > 0 —is some positive number, f = (f!,---, f¥),
g=(g",---,g"%) and the nonlinear term f satisfies the following conditions
1. > —C
(3.2) { fw) ve
2. feC'(R*,R")

We suppose in this Section that the right-hand side g = g¢(¢) is from the space
LY(Ry x Q) for some p > max{2, 22} and the initial date ug — from the space

2(1—=1/p),
Wb( /p) p(Q)m{u0|BQ :0}
A solution of the equation (3.1) is defined to be a function u from the space

(3:3) Neso { L7([0, T],WER(Q) N W (0, T], 17, () }

which satisfies the equation (3.1) in the sense of distributions.
The main aim of this Section is to prove a number of a priori estimates for the
solutions of (3.1) and to derive the existence of solutions for this equation.

Theorem 3.1. Let u be a solution of (3.1). Then the following estimate is valid:

(3.4) Mﬂ%WSCf”/ e~<le==0l||u(0), 2 N BL |2 de+

z€Q
T
+C (1 +/ eV (t=T) (|g(t)|p,e_5|’”_’”°|) dt)
0

15



for some positive v > 0 and sufficiently small € > 0.

Proof. Let us consider the function w(t,z) = u(t, z).u(t,z). Then due to the equa-
tion (3.1)

(3.5) Oww — Ayw+ 2 ow = —2V,u.Vu — 2f(u).u + 2g.u < C + 2g.u = hy(t)

We consider also the auxiliary linear problem

B0 — Ayv + 22w = iy (t
(3.6) {tv v+ 2300 = hu(t)

U|t:0 = w|t:0 = Uo-Uo

Due to the comparison principle (Theorem 2.4)

(3.7) w(t,z) <wv(t,z), (t,z)€[0,T]xQ
Applying Corollary 2.1 to the linear equation (3.6) we obtain that
(3.8)

w(T, z0)|P < |v(T,a0)|P < Ce™™T e~ 2ele=ol||y(0), QN BL||E dz+
co ell2-1/p).

T
+C |1+ / e (t=1) / e~ 2=le=ol|g(t )P |u(t, x) |Pdadt
0 zEQ

Using the estimates (1.15) and (1.3) and the fact that the space W2(1~-1/p):1/P jg
an algebra if p > 22 we derive that

69 [ e w0, Q0 B, L, e <

=¢ /zeQ e lu(0), 20 B;”?()l*l/l)),pdx S

2
< Cl/ 672E|E7z0\ (/ e*my*ﬂ”u(o),ﬂ N B;||g(1_1/p)7pdy> de <
zeQ yeQ

2
<0y (/ o 675|1‘71‘0\||u(0), an Balg”g(ll/p),pdx)
S

Estimating the last integral in (3.8) by Holder inequality we will have
T
(3.10) / e (t=1) / e~ 2=le=ol|g(t )P |u(t, z) |Pdedt <
0 z€eQ

T
< / 2= gup {e‘Elx_’”O‘ lu(t, a:)|p} / e~slz=zol|g () |Pdadt <
0 zEQ zEQ

te[0,T) €N

- 2
+C, / e”’(t_T)/ e~sle=ol|g(t)|Pdadt
0 1Y)
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Inserting these estimates into the inequality (3.8) we obtain that

(B.11) Ju(T, 20 < ce—vT/ e=#17=20/[Ju(0), 2.1 BLII, do+

1-1/p),
2€0 /p).p

+p sup e’ sup eFlrmmol |y (¢, 2) P+
te[0,T] zEQ

T
+C, 1+/ eV(t_T)/ e~cle=ol| (1) |Pdadt
0 z€Q

Applying the operator sup,, cq e~%l#=20l ' § < ¢ to the both sides of the inequality
(3.11) and using the estimates (1.3) and (1.4) we will have

171/p)’pd.’l;+

(3.12) U.(T) < OVT/EQ e 1||u(0), 2N By 15,

+p sup DU 1)+
te[0,T]

T
+0, 1+ / e7t=T) / e 1=l g(t) |Pdadt
0 z€Q

with U, (t) = supxoeg{e_‘”z_”o‘|u(t,zo)|p}.
Lemma 2.2 implies now (if p is small enough) that

171/p)’pd.’l;+

T
+C 1+/ eV(th)/ e ==l g(t) [P dudt
0 zEQ

Corollary 3.1. Under the assumptions of previous Theorem the following estimate
is valid

(3.14) [w(T) || ) < Ce T [u(0), Qlb21-1/p),p + CL(1 + gl L2 R4y x02))

Indeed, the estimate (3.14) is an immediate corollary of (3.4) and (1.17).

a3 v.y<ot [ &), 2n Bl

Theorem 3.1 is proved.

Theorem 3.2. Let u be a solution of the problem (3.1) and let the above assump-
tions be valid. Then the following estimate is valid:

(3.15)
T

lu(T), 2N B |y + /T I, 20 BB, + 100(t), 2.0 B [yt <

< Q (I1u(0), Xl1-1/1.0) €™ +@ (ol o0 )

Here v > 0 and @ is a certain monotonic function independent of o € (2.

Proof. Let us rewrite the equation (3.1) in the form of linear one

(3.16) O = Agu — Nou + hy(t)

17



where hy(t) = g(t) — f(u(t)). Applying the estimate (2.13) to the equation (3.16)
and using the inequalities (1.17) we derive that

(3.17)
T

la(T), 2N B |y + /T ), 20 BB + 10u(t), 2.0 B[yt <

< CeivTHu(O): Q||§72(1_1/p)7p + C||g||§§(R+XQ)+
T
+C [ DN o e
0

To complete the proof of Theorem 3.2 we need the following Lemma.

Lemma 3.1. Let the function f be continuous and the function w satisfy the
estimate (3.14). Then

(3.18) 1 @)l < QUIu(O)lb,201-1/p).0)e 7" + QUIgll Lz R, x02)

For a certain monotonic function ().

The proof of Lemma 3.1 is given in [22].
Inserting the estimate (3.18) into the inequality (3.17) we immediately obtain
the assertion of the theorem. [

Corollary 3.2. Let the above assumptions be valid. Then
(3.19)  |u(T), Qb2(1-1/p),0 < QUUI(0), Al 201-1/p) p)e T + QUGN L2 (R 4 )

Remark 3.1. Note that all estimates derived above depend only on the constant
K, Ry which are defined in the assumptions (1.5) and (1.6). Thus if we consider
a sequence Q which satisfy these assumptions uniformly with respect to N € N
then the function @ in (3.20) can be chosen independently of Q.

Now we are in position to prove the existence of solutions for the problem (3.1).
To this end we prove firstly this existence in the case when the domain  is bounded.

Theorem 3.3. Let the above assumptions be valid and let 2 be bounded. Then
the problem (3.1) has at least one solution in the space

(3.20) Wa([0,T]) = L*([0, T], W*?(Q)) n W ([0, T}, L*())
and the following estimate is valid:

(3.21) llullwe(o,m) < QUu(0), lp2(1-1/p).p) + QUIgl L2 ([0, 71x2))

Proof. A priori estimate (3.21) is an immediate corollary of the estimate (3.19) and
the existence of solutions for the equation (3.1) can be deduced from this estimate in
a standard way involving for instance Leray-Schauder principle (see [24]). Theorem
3.3 is proved.

18



Theorem 3.4. Let the above assumptions hold and let Q0 be an arbitrary un-
bounded domain which satisfies the assumptions (1.5) and (1.6). Then the problem
(3.1) has at least one solution from the class (3.3).

Proof. Let Qn, N = 1,2,--- be the sequence of smooth bounded domains, which
satisfy the conditions (1.5) and (1.6) uniformly with respect to N € N, such that

{QNCQN+1 cQ; Q:U})VOZIQN
QnBY cOnconB)!

It is not difficult to check that such sequence exists.

Let us introduce the sequence of the cut—off functions ¢n(z) € C§°(R™) such
that ¢n(z) = 1if z € BY 1, wn(z) = 0 if 2 ¢ BY and ||¢n|lc= < C.

Let un be a solution of the following problem
{ dun — Azun + doun + f(un) = g(t)

UN g0y =03 un|,_g =Nt

(3.22)

(3.23)

According to Remark 3.1 the estimates (3.21) with u replaced by uy are valid
uniformly with respect to N € N. Thus, for every M € N the sequence u N|Q ABM
0

N > M is bounded in the space W ([0, 7). Note that the space Wqnpa ([0, T1)
is reflexive since using Cantor’s diagonal procedure we can extract from the sequence
un a subsequence (which we denote by uy also for simplicity) converging weakly
to u in Won g ([0,T7]) for every M € N. Using the compactness of the embedding
Wanpy ([0,T]) € C([0,T] x 2N B}') we obtain that ux — u strongly in the space
Cloc([O,T] X Q)

Thus, f(un) = f(u) strongly in Cj,([0,T] x Q) and consequently u satisfies the
equation (3.1) in the sense of distributions.

Fixing 2o € 2 in the estimate (3.15) for the solutions ux and passing to the limit
N — oo we obtain that the function wu is also satisfies this estimate uni formly with
respect to zg € . The embedding (3.3) is a trivial corollary of this estimate and
consequently u is a solution of the problem (3.1). Theorem 3.4 is proved. O

§4 THE NONLINEAR EQUATION: UNIQUENESS OF SOLUTIONS.

In this Section we prove the uniqueness of the solution for the equation (3.1)
and derive a number of estimates for the difference between two solutions of this
equation (for different initial conditions and different right—hand sides) in weighted
Sobolev spaces which are of fundamental significance in our study of the attractor.

Theorem 4.1. Let the assumptions of previous Section be valid and let u,(t) and
u2(t) be two solutions of the problem (3.1) with the right-hand sides g, and g,
correspondingly. Then the following estimate holds:

T
(4.1) IIUl(T)—U2(T),QﬁBiOII3,2+/ [lua(t) — ua (), 2N By |I} »dt <

T-1

< CeKT/ e=212=201 411 (0 — 1 (0)[2dar+
zEQ

T
+C/ eK(H/ e =170l gy (t) — go(t) [P dadt
0 zeQ
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Here 7,e > 0 — some positive constants, independent of u;(0) and g; and constants
C, K depend on ||ui(0)||b72(1_1/p)7p and ||gi||L§

Proof. Since uq,us are two solutions of (3.1) then according to Corollary 3.1

(4.2) lluis Ry X Qlo,c0 < Q(Iui(0), Qlp,2(1-1/p).p) + QUIgi, R x Qlp0,p)

for i=1,2. Let v(t) = ua(t) — u1(t), h(t) = g2(t) — g1(¢). Then

B0 — Ayv + Av = —L(t, z)v + h(t)
4.
(43) { v|t:0:u2(0)—u1(0)
Here
(4.4) L(t,z) = / 1 f1(uy + 0v) df

It follows from the condition (3.2) that

(45) IL(®)]loo < K1 =
= K1 ([lur, Qlo,201-1/p),p 1u2s Qlp201-1/p) p> 191, R X Qlb,0,p, |92, R X Q[p,0,)

After multiplying the equation (4.3) by ve¢12=%0l and integrating over Q we obtain
that

(4.6) 0 (|U(t)|2,e*5\1*10|) 42 (Wzv(t”z,efdmd) N
+ 23 (jo@Pe ) 2 (Brv,e eonl) =

=92 (h’ve—e\m—zol) _9 (ve—e\m—zol,vxv_vme—e\z—z(ﬂ)

Fixing ¢ > 0 small enough and applying Holder inequality (as in in the proof of
Theorem 2.1) we derive from (4.5) and (4.6) that

@1 0 (P e el) + (19aw(o) el -

K (jo@)2,emlel) < 0 (), eelemoel)
The estimate (4.1) is an immediate corollary of this inequality and Gronewal’s
lemma. Theorem 4.1 is proved. O

Corollary 4.1. Let the assumptions of Section 3 be valid. Then the problem (3.1)
has the unique solutions in the class (3.3).
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Corollary 4.2. Let the assumptions of Theorem 4.1 hold. Then the following
estimate is valid uniformly with respect to xy €

(4.8) Nux(T) —ua(T), QN By |17 2 <

< C’eKT/ 675|I7“|||u1(0) —u2(0), QN Bi||i2dw+

[S9]
T
e [F et [ et nligy 1) - gu(o) Pdade
0 zeQ

Indeed, applying the inequality (2.8) to the equation (4.3) we will have
(@9) (D). QN B}, < 0T [ et nljof), 0 BLR pdot
z€EQ

T
+C / eV =T g=ele=ol |\ (1) | dadt+
0

T
e / ¢(T=1) / e==la=20l () (t) Pt
0 zEQ

Estimating the last integral in (4.9) by (4.1) and (4.5) we obtain the estimate (4.8).
We formulate now some smoothing properties for the difference of two solutions
of (3.1) which will be used below for the entropy estimates.

Proposition 4.1. Let the assumptions of Theorem 4.1 hold. Then

€KT
(4.10) [lua(T) = wn(T), 2N BL |3, < € / ) e~ (0) — s (0)2drt
xre

T
e / K (T=1) / e==le=w0l g (£) — gy () 2 dadt
0 zEQ

for certain K, C' which depend on [[u;(0)|[p,2(1-1/p),p and [|gil|zz.

Proof. Indeed, let us decompose the function v into a sum of two functions v(t) =
v1(t) + v2(t), where v () is a solution of the equation (4.3) with v1(0) = v(0) and
h = 0 and v»(t) satisfies (4.3) with v2(0) = 0.

Then, Corollary 4.2 implies

T
(A1) (D), N BL R, <C [ KT [ ety (1) — (oo
0 zeQ

and it follows from Theorem 4.1 that

(4.12) (), QN B |12, < CeKT/ e=ele =20l |4 (0) 2 da
z€EQ

Consider now the function w(t) = tv;(t) which satisfies the equation
(4.13) Brw = Agw — Xow — L()yw +v; , w(0) =0
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The estimate (4.8) applied to (4.13) implies that
T
(4.14) 2|0y (T), 2N B 13, < c/ eK(T_t)/ e~slz=zol |y (1) |Pddt
0 z€N

Estimating the integral in the right—hand side of (4.14) by (4.12) we obtain after
simple calculations

(415)  T|w(T),Qn B |2, < CeKT/ e=212=70l [y, (0) — 1y (0)[2dz
zEQ

The estimate (4.15) together with (4.11) implies (4.10). Proposition 4.1 is proved.

Proposition 4.2. Let the assumptions of previous Theorem be valid. Then

(4.16) Ju2(T) = ua(T), 20 B 15, <

KT p/2
<O ([ el -~ w0as) 4+

+0/ KT [ ey, (1) = (o) dadt

Proof. To deduce the estimate (4.16) we need the following lemma which is the
analogue of Theorem 2.3 for the equation (4.3).

Lemma 4.1. Let v be a solution of the equation (4.3) and let (4.5) be valid. Then

(4.17)

lo(T), QN BL |I? < C’eKT/ Qe—e\w—wolnv( ), QﬁBl||2(1 Ly plat
xre

(171/p)7p -
T
+ / K (T=) / e=ele =0l 1) [P it
0 TzEQ

The proof of this lemma is analogous to the proof of Theorem 2.3 and we left it
to a pedant reader.

Let the functions vy (t) and vz () be the same as in the proof of Proposition 4.1.
Then, according to Lemma 4.1,
(418) lo2(T), 2N By 15 1 /)

<C / K (T=0) / e=2la=20l 1, (1) = go (8) [Pdudt
0 zEQ

Consider now the function w(t) = t*/?v;(t). Then
(4.19) dyw = Ayw — Xow — L(t)w +p/2tP2 Y | w(0) =0
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Lemma 4.1 implies that
(4.20)

(), QOB 541y, < 0/ / e elrmmlte 2 2y () dadt <

<c / eK(T=1) / e=21a =20l [y (1) [P=2 oy (£) |2 dat
0 TzEQ

Estimating the last integral into the right-hand side of (4.20) by Holder inequality
and by (4.12) and using the embedding W2(:~1/P)» C C' we will have

(4.21) / e=lr=ol [y ()P~ oy (1) P <
rEQ
<c / e=<l7=0l ||y ()2 o (£) 2, 9 1 BL o e <
rEQ
5"1/ el ol lup(£), 0 (1 BLE 2o (1), 2 0 BL2 e <
zEQ

<0 / e (), 0 B g ot
xrE

p/2
+ Cgefrt </ e_gm_””°||v(0)|2da:>
zEQ

Inserting this estimate into the inequality (4.20), multiplying the obtained inequal-
ity by e%*=%ol and integrating over o € Q we obtain after simple calculations
that

T p/2
(4.22) U.(T) < CeKlT/ U.(t) + CefaT (/ efi“/2|v(0)|2dx>
zeQ

where U, (t) = [, qe 1" *l|u, QN Bl 1) p4T
Applymg Gronewal inequality to the estlmate (4.22) we will have

(4.23) (1), 2N BLIZ, ), < CUs(T) <

p/2
< ClngT </ 6—6|x—x0/2|v(0)|2d$>
€N

The estimate (4.23) together with the estimate (4.18) prove Proposition 4.2.

)»p

We conclude this Section by deriving the estimates for a difference between two
solution of the equation (3.1) in weighted Sobolev spaces, introduced in Section 1.

Corollary 4.2. Let ¢(z) € L' (R™) be a weight function with a sufficiently small
rate of growth (see Section 1) and let the assumptions of Corollary 4.1 hold. Then

(4.24)  luar (1) —u2(1), Ulp,p,1,2 < Cllur(0) — u2(0), lp,p,0,2+
+ Cllgr — 92,[0,1] x Q|p,6,0,2

where the constants C' and K depend only on [[u;(0), Q|ls2(1—1/p),p and |lg;, Ry x
Qlpo,p, 0 =1,2.

Indeed, multiplying the estimate (4.10) by ¢(zo), taking sup, cqo to the both
sides of the obtained inequality and using (1. 7) we obtain (4.24).
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Corollary 4.3. Let the assumptions of previous corollary be valid. Then

(4.25)  lua (1) = ua(1), Qlp grr2 21 -1/p),p < Cllur(0) = u2(0), Qlp,,0,2+
+Cllgr — 92,0, 1] x Q[p gp/2,0,

Indeed, the estimate (4.25) is an immediate corollary of (4.16), (1.3) and (1.17).

Part 2. The attractors.

This part of the paper is devoted to study the longtime behavior of solutions of
(0.1) in the spaces of functions which are bounded with respect to |z| — oo.

In Section 5 we construct the attractor A for the equation (0.1) in the particular
case where the right—hand side g is independent of .

The general case where g depends on ¢ and translation-compact in the appropri-
ate space is considered in Section 6. Moreover, the class of admitable right-hand
sides g (for which we can construct the attractor) is also studied.

§5 THE AUTONOMOUS ATTRACTOR.

In this Section we prove the existence of the attractor for the equation (3.1)
under the additional assumption

(5.1) g(t) =g € Ly(Q)

The general case will be considered in the next Section.
The assumption (5.1) together with Corollary 4.1 imply that under the conditions
of Section 3 the equation (3.1) generates a semigroup Sy : ®,(2) — &4(£2), where

D,(0) = Wf(l_l/p)’p(ﬁ) N {u0|39 = 0}, by formula
(5.2) Stu(0) = u(t) where u(t) is a solution of (3.1)

Moreover, it follows from Corollary 3.2 that this semigroup possesses a bounded
absorbing set K in the space ®,(2), i.e. for any other bounded subset B C ®,()
there exists T'= T'(B) such that

SSBCKift>T

It seems natural to consider the attractor of (5.2) in the 'uniform’ topology of the
space ®,(Q2) but, as it shown in Remark 5.1, in contrast to the case of bounded
domains © in our situation the existence of a compact attractor for (5.2) in the
‘uniform’ topology of ®,(2) is very restrictive assumption which violates even in
the simplest examples. That’s why we will construct below the attractor A of the
semigroup (5.2) which attracts bounded subsets of ®,(2) only in a local topology
of the space ®j,. = I/Vli(clfl/p)’p(ﬂ) (i.e., A is the (®p, ®;,.)-attractor of (5.2) in
notations of [2]).

Recall that the space ®;,.(f2) is reflexive metrizable F-space which defines by
seminorms || -, QN B |la1—1/p),p> To € .

24



Definition 5.1. The set A C ®,(Q) is defined to be the attractor of the semigroup
Sy if the following assumptions hold:

1. The set A is compact in ®;,.(2).

2 The set A is strictly invariant with respect to Sy, i.e.

SiA=Afort>0

3. The set A is the attracting set for S; in local topology, i.e. for every neigh-
borhood O(A) of A in the topology of the space ®;,.(Q) and for every bounded in
uniform topology subset B C ®,(Y) there exists T = T'(O, B) such that

SiBC O(A)ift>T

Recall that the first condition means that the restriction A|Ql is compact in

W20=1/p)2(Q,) for every bounded Q; C Q.
Analogously, the third condition means that for every bounded Q1 C Q, every
bounded B in ®,(Q) and every W2(1=1/P).»(Q);)-neighborhood O(A|Ql) of the re-

striction .A|Ql there exists T' = T'(21, O, B) such that
(S¢B)|g, CO(Al, ) ift > T

Theorem 5.1. Let the above assumptions be valid. Then the semigroup S, de-
fined by (5.2), possesses an attractor A in the sense of Definition 5.1 which has the
following structure:

(5.3) A= K|t:0

where we denote by K the set of all solutions of (3.1), defined and bounded for all
t € R (supse [[u(t)lle, @) < 00)-

Proof. According to the attractor’s existence theorem for abstract semigroups (see
[2]), it is sufficient to verify the following conditions:

1. The operators S; is ®;,.-continuous on every ®,-bounded set and for every
fixed t > 0.

2. The semigroup S; possesses the precompact attracting set in ®;,.-topology.

The continuity of S; is an immediate corollary of Lemma 4.1. Since it remains
only to construct the compact attracting set.

According to Corollary 3.2, the set B = {ug € ® : [|uol|ls, < R} is the
absorbing set for the semigroup S; if R is large enough. Hence the set K = S1Bgr
is the absorbing set also. So it remains to prove that K is precompact in ®y,..

According to Cantor’s diagonal procedure it is sufficient to prove that the re-
striction K |Ql is precompact for every bounded Q21 C Q. To this end we fix an
arbitrary bounded subdomain €y C Q and consider an arbitrary sequence u, (1),
n €N, u,(0) € Bp.

Since €, is bounded that Q; C B for a sufficiently large M. Let )(x) be the
cut-off function, such that ¢ (z) = 1 if || < M and ¢(x) =0 if || > M + 1. Then

25



w|91 = 1. Let us consider now a sequence w,(t) = t¢(z)u,(t) which evidently
satisfy the equations

Oywn (t) — Agwy(t) + down(t) = —t(x) f(un(t))+
(5.4) +t)()g — tALp(T)un(t) — 2tV 1h (7). Vaun(t) + 1 (2)un(t) = hn(t)
wy(0) = 0; w”|QM =0
where Qpr C Q is bounded domain with smooth boundary such that Q N BY/*! ¢
Qs
According to Corollary 3.2, the sequence u,,(t) is bounded in
(5.5) Wi = LP([0,1], W7 (Qar)) UW((0,1], L7 ()
hence without loss of generality we may assume that u,, — u weakly in this space.
Using the compactness of embedding Wy, C LP([0, 1], WHP(Qar)) N C([0,1] x Qar)
one can easily derive that h, — h strongly in LP(]0,1] x Q7). The parabolic

regularity theorem, applied to the equation (5.4), implies now that u, (1) — u(1)
in W2(1-1/P).r(Q;). Theorem 5.1 is proved.

Let us discuss now the problem of the attractor’s existence in a "uniform’ topology
of the space ®,(Q).

Lemma 5.1. Let Q = R" and the right—hand side g be independent of z. Let
us suppose also that the attractor A of the problem (3.1) is compact in the space
Wf(l_l/p)’p(ﬂ). Then

(5.6) A C AP(R"™)

Here we denote by AP(R™) the space of almost-periodic functions in R" (see [12]).
Proof. Let ug € A. Then by definition, we should verify that the hull

(5.7 H(uo) = {Thuo, h € R" }¢,(rn), where (Thuo)(x) = uo(z + h)

is compact in Cy(R™). (Here and below we denote by {-}x the closure in the
topology of the space X.)

Note that our equation is invariant with respect to T}, since ug € A implies
H(ug) C A. But according to our assumptions A is compact in ®,(Q2) and con-
sequently (since ®;(Q) is continuously embedded in Cp(R™)) the hull H(up) is
compact in Cp(R"). Lemma, 5.1 is proved.

Remark 5.1. It is worth to emphasize now that the obtained embedding A4 C
AP(R™) is not natural. Indeed, consider the Chafee-Infante equation in R”

(5.8) O = Apu —u® 4+ a’u

Then, the equilibria point

uo(z) = atanh (25%351)

evidently belongs to the attractor A but not almost periodic. Thus, the attractor
A of the equation (5.8) which exists according to Theorem 5.1 is not compact in
Dy (R™).

Note in conclusion of this Section that we construct the attractor .4, which
attracts bounded subsets of ®,(f2) only in a local topology of F-space ®;,.(f)
which is not a B-space. The following Lemma allows us to avoid this difficulty.
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Lemma 5.2. Let ¢ € L>®(R") N L'(R") be a weight function in the sense of
Definition 1.1 and let B be a bounded subset of ®;(2). Then the topologies induced

on B by the embeddings B ¢ W2'"*/PP(Q) and B C Wj(lfl/p)’p(ﬁ) are coincide.

oc

The assertion of this Lemma is more or less evident and based on the fact that
for every € > 0 there exists R = R(e) such that

1B, 20 {|z| > R}y 201/ < €

if € L1(R™).

Corollary 5.1. Let the assumptions of Theorem 5.1 be valid and let the weight
¢ be the same as in Lemma 5.2. Then the attractor A ((®y, Pjc)-attractor) of the
equation (3.1), constructed in Theorem 5.1, is simultaneously (®y,®4)-attractor,

where ®, = Wj(lfl/p)’p(ﬁ).

§6 THE NONAUTONOMOUS ATTRACTOR.

In this Section we consider the general case of the equation (3.1) where the
right-hand side g = ¢(¢) depends on ¢. In order to construct the attractor of the
nonautonomous equation we will use the approach, developed in [4], [5].

Together with our initial equation we will consider simultaneously a family of
equation of the type (3.1), obtained from the initial one by positive shifting along
the ¢ axis and by taking a closure in the corresponding topology.

To be more precise we consider the family of problems of type (3.1)

(6.1) 0w = Ayu — ou — f(u) + £(t), €€ HY(g)

where in contrast to the case of almost-periodic functions (see (5.7)) we define the
hull by taking the closure of the set {Thg,h € Ry} ( (Th)g(t) = (Ttg) = g(t + h))
in a local topology of L (R, x ):

loc
(6.2) H(9) = {Thg,h € Ry } 12 (=, x0)

The main requirement to the right—hand side g of the initial equation (3.1) is: the
hull #*(g) is compact in the space Lj (R x ). The functions, which satisfy this
assumption, is called translation-compact in L7 _ (following to [4]). Some discussion
of this concept will be given in the end of this Section.

Define a semigroup {Sp, h > 0}, acting on the extended phase space ®, x H T (g),

by formula
(6.3) Sh(uo,§) = (ug(h), Thé)

where u¢ (t) is the solution of the problem (3.1) with the right—hand & € H*(g) and
U(O) =Ug € (I)b(Q)
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Theorem 6.1. Let the assumptions of Section 3 hold and let the right—-hand side
g be translation-compact in L} (R x Q). Then the semigroup S possesses the

(®y x H'(g), Proc x H'(g))-attractor A (see Definition 5.1).

Proof. Asin the proof of Theorem 5.1 we will check the conditions of the attractor’s
existence for the abstract semigroups (see [2]).

1. The continuity of Sj is an immediate corollary of Lemma 4.1. Thus it remains
to verify the existence of precompact absorbing set.

The estimate (3.19) together with the evident inequality

(6.4) ||§||L§(R+x9) < ||g||L§(R+xQ) for € € 7‘[+(9)

imply that the set Bg = Br X H(g), where Bp is the R-ball in ®,, is the absorbing
set for the semigroup (6.3) for R large enough. Let us define a set

K = S1Bgr

Then, arguing as in the proof of Theorem 5.1, we deduce that K is precompact in
®;,. x HT(g). Theorem 6.1 is proved.

Definition 6.1. The projection A = I11 A to the first component of the attractor
A is called the (uniform) attractor of the family (6.1) or the (nonautonomous)
attractor of the equation (3.1).

Corollary 6.1. Let the assumptions of Theorem 6.1 hold. Then the equation (3.1)
possesses the attractor A.

Remark 6.1. There exists the internal definition of the attractor .4 without using
the corresponding semigroup in the extended phase space. Namely, the set A is
called the uniform attractor of the family (6.1) if the following conditions hold:

1. A C ®, is compact in ®y,.

2. For every bounded B C ®; and every neighborhood O(.A) of A in the topology
of @, there exists T' = T'(O, B), such that

u(t) € O(A)

for every solution u(t) of the equation (6.1) with ug € B, the right-hand side
heHT(g) andt > T.

3. The set A is minimal set which satisfy the condition 1 and 2.

It is proved in [4] that the attractor thus defined coincides with the attractor,
defined above.

We study now the structure of the obtained attractor 4. To this end we need
the next definitions

Definition 6.2. Let w(g) be the attractor (w-limit set) of the semigroup {T},h €
Ry }, acting in the compact metric space H*(g), i.e. (see [2], [11], [20])

(6.5) @(9) = Mnz0 {Un TH (9} 1o, 0
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Definition 6.3. Let us denote by Z(g) the set of functions = LY (R x Q) which
satisfy the condition:

~

(6.6) II, (Th€) C w(g) for every h € R
where 11 is the restriction operator to the semiaxist € Ry .

It is known (see [4], [7]) that the sets w(g) and Z(g) is not empty and compact
in the spaces L (R; x w) and L? (R x Q) correspondingly. Moreover, for every

loc loc

& € w(g) there exists = Z(g) such that H+§A: &, e

(6.7) 11 Z(g) = w(g)
Theorem 6.2. Let the assumptions of Theorem 6.1 hold. Then the attractor A
of the equation (3.1) has the following structure

(6.8) A =1l UEGZ(g) ’Cg

where Kz is the union of all solutions u of the equation (3.1) with the right-hand

side fAE Z(g) which are defined for every t € R and bounded with respect tot € R
( as usual Ilpu = u(0)).

Theorem 6.2 is a corollary of general theorem which describes the structure of
nonautonomous attractors (see [4], [5]).

Thus, we constructed the (uniform) attractor for every right—hand side g(¢) which
is translation-compact in the space L¥ (Ry x ). The rest part of this Section is
devoted to study the class of translation-compact functions. The following evident

proposition reduce this problem to the case where Q2 is bounded.

Proposition 6.1. The right-hand side g € Lj(Ry x Q) is translation-compact in
LY . if and only if the restriction g|Ql is translation-compact in L] (R, LP(Q4))
for every bounded subdomain Q; C (.

Indeed, by definition #*(g) is compact in L} (Ry x Q) if and only if 7—l+(g|91) =

loc

H+(g)|91 is compact in L} (R4, LP(Q4)) for every bounded €; C Q.
Now we formulate some necessary and sufficient conditions for the translation
compactness in the case where ; is bounded.
Note for the first that by definition a function g € L} (R4 x ) is translation-

compact in LP (R, ,LP(Qy)) if and only if the set

loc
(6.9) {(Th9), 0.1 7 € R} €C LP([0,1] x Q)

(is precompact in LP(]0,1] x ©1)). The following Proposition gives these conditions
in the spirit of Arcela-Ascoli theorem.

Proposition 6.2. Let 2y C Q be a bounded domain. Then a function g €
LY (Ry x Q) is translation-compact in L} (R, LP(Q4)) if and only if the following
conditions hold:

(a) for any fixed t > 0 the set {f:+s
Lp(Ql),'

(b) there exists a function 3(s), s >0, (s) — 0 as s — 0, such that

t+1
[ l0G) 9+ Doy d= < 8D Vi€ Ry b1 R,

The proof of Proposition 6.2 is given in [7].

g(z)dz, s € Ry} is precompact in the space
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Corollary 6.2. Let Q; be a bounded domain in R™ and let
(6.10) g€ WP (R, WOP(Q)), >0

then g is translation-compact in LY (Ry,LP(Q)).

loc

Corollary 6.3. Let Q) be arbitrary, ¢ € L*(R™) be the weight function in the sense
of Section 1 and let

(6.11) g € WP (Ry, WSP(Q)), a>0

then g is translation-compact in LT (R, x Q).

loc

Remark 6.2. Note that the conditions (6.10) or (6.11) is not necessary for the
translation-compactness. Indeed, any periodic, quasiperiodic, or almost periodic
function is evidently translation-compact. Moreover, if g is translation-compact
in L¥ (Ry x Q) and g1 € L7 (Ry x Q) satisfy the condition suppg C [0,7] x Q
then g + g1 is also translation-compact. Thus, in contrast to the concept of almost
periodicity, the translation-compactness is some kind of regularity condition when
t — o0.

The following Proposition shows the relations between the translation- compact-

ness and smoothness.

Proposition 6.3. Let Q; be bounded domain. Let TCp(R; x 1) be the closure
of the set Cf (R x Q) in the space L} (R x )

(6.12) TCpRy x ) = {Co(Ry X )} 1, o)

Then g is translation-compact in LY (Ry x Q) if and only if g € TC,(Ry X Q).

loc

Proof. Let g € TC). Then for every £ > 0 there exists g. € C}, such that

(6.13) lg = 9o, Ry x Qlbop <€

According to Corollary 6.2, g. is translation-compact, consequently K. = H*(g.)
is compact in L} (R, LP(Q4)).

The assumption (6.13) implies that for every h € H*(g) there exists h. € H(g.)
such that

(6.13) 1h = he, Ry x Qully,p <
and consequently, for every € > 0 there exists a compact K. such that
(6.14) H+(g) C O(K:)

where O. is e-neighborhood in LY.
The assertion (6.14) (together with Hausdorff criteria) implies that H*(g) is
compact in LP (R4, LP(Qy)).

loc
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Assume now that g is translation-compact. Let us consider the usual averaging
operator T. for (t,z) € R**!

(Tf(b)(tax) = FE(|(tax) - (tlax1)|)¢(tlaxl)dx1dtl

Rnt1
where F.(2) = 7 F(2/¢), [gni F(|z)dz =1 and supp F C [-1,1],
It is well known that T.¢ € C*°(R"*!),

(6.15) ||T5¢) - ¢||Lp([071]x91) —+0, whene —0

for every ¢ € LP([0,1] x Q1) and this convergence is uniform with respect to ¢ on
compact sets in L?([0, 1] x Q).

Note that T.g € C} (R} x ;) and (6.9) together with (6.15) imply that T.g — g
in LY(Ry x Q). Proposition 6.3 is proved.

Part 3. Kolmogorov’s e-entropy and attractors.

This part is devoted to study Kolmogorov’s e-entropy of the attractors con-
structed in previous part.

For the reader convenience we recall firstly (in Section 7) the definition of entropy
and give some examples of asymptotics for the typical sets in the spaces of functions.

The upper bounds of entropy for the attractor A of the equation (3.1) are es-
tablished in Section 8.

The examples of equations of the type (3.1) which show the sharpness of the
estimates obtained above are considered in Section 9.

In Section 10 using the infinite dimensional unstable manifolds we extend the
lower estimates of entropy derived in previous Section to a wide class of natu-
ral equations of mathematical physics such as Chafee-Infanter equation, complex
Ginzburg-Landay equation, etc.

§7 DEFINITIONS AND TYPICAL EXAMPLES.

In this Section we recall briefly the definition of e-entropy and give the upper
and lower estimates of it when ¢ — 0 for the typical sets in functional spaces. For
the detailed study of this concept see [15], [21].

Definition 7.1. Let M be a metric space and let K be precompact subset of it.
For a given ¢ > 0 let N.(K) = N.(K,M) be the minimal number of e-balls in M
which cover the set K (this number is evidently finite by Hausdorff criteria). By
definition, Kolmogorov’s e-entropy of K in M is the following number

Example 7.1. Let K be compact n-dimensional Lipschitz manifold in M. Then
the evident estimates imply that

(72) o (1) < N.(K) <O (1)

€ €
and consequently

(7.3) H (K) = (n +5(1)) In ~

when € — 0.
This example justifies the following definition
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Definition 7.2. The fractal (box-counting) dimension of the set K CC M is de-
fined to be the following number:

K
e—=0 In z

Note that the fractal dimension dimp(K') € [0, 0c] is defined for any compact set
in M but may be not integer if K is not a manifold.

Example 7.2. Let M = [0,1] and let K be the ternary Cantor set in M. Then it

is not difficult to obtain that

(7.5) a (N <mm < () | azi?
' "\g) =7 =2 \e 7 In3

and consequently dimp(K) =d = {E—i

Consider now the examples of infinite dimensional sets (i.e. dimp(K) = 00).

The following two examples give the typical asymptotics for the entropy in the
spaces of analitycal functions.
Example 7.3. Let K be the set of all analytic functions f in a ball B(R) of radius
R > 1 in C" such that ||f||~(p(r)y < 1 and let M be the space C(Bf¢), where
Bfe = {z € C* : Imz; = 0,|z] < 1}. Thus, K consists of all functions from
C(B%¢) which can be extended holomorphically to the ball B(R) C C* and the
C-norm of this extension is not greater then one. Then

(7.6) C, <ln %)W < H. (K, M) < Cs (ln %)

For the proof of this estimate see [15].

n+1

Example 7.4. Let M be the same as in previous example and let K be the set of
all functions f in M which can be extended to the entire function f in C* which
satisfy the estimate

(7.7) F(2)| < Kyl 2 e
Then, as proved in [15],
1 n+1 1 n+1
1 Inl
(7-8) Cl(né‘) nSHe(K)SC2( 6)

(lnln%) (lnln%)n
The next example gives the typical asymptotics for the entropy in the class of
Sobolev spaces in bounded domains.
Example 7.5. Let Q2 be smooth bounded domain in R” and
WP Q) cc W2P2(Q) , 0<1; < 0o, 1 <p; < oo, I} >1s

i.e., according to the embedding theorem % — pl—l > % — pl—Z.
Let now M = W2(Q) and K be the unitary ball in W'-P1(Q). Then
1\ =7z 1\
(1.9) a(2)" " snmsa()

The proof of this estimate can be found in [21].
The following proposition, which will be essentially used in the next Section gives
the dependence of the constants C; in (7.9) on the ’size’ of ) in the particular case

p1 =p2 = 2.
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Proposition 7.1. Let Q be a bounded domain, which satisfies the conditions (1.5)
and (1.6), M = L?(Q) and let K be the unitary ball in WbLQ(Q). Then

(7.10) 1 vol(Q) (%)n < H (K) < Cy vol(Q) (%)n for & < &

where vol(Q) is n-dimensional volume of Q. Moreover constants C; and ¢ in (7.10)
depends only on K and Ry from the assumptions (1.5) and (1.6).

Sketch of the proof. We prove only the right-part of the inequality (7.10). The left
one can be proved analogously.

It is not difficult to prove, using the conditions (1.5) and (1.6) that there exists
the covering of ! by cubes C; = z; + [-r,r]", j = 1,---,N, such that N <
C, vol(€2). Moreover, the constants r and C, depends only on the conditions (1.5)
and (1.6) and are independent of the size of Q2. Using now the evident estimate

He,

4&mwﬁ®mmwsim@muW%m@@0=

= NH. (B0, 1,W,((=r,r]"), L ([-r.11"))

(where B(0,1,W"2(V))) means the unitary ball in the space W, *(V), and C!.
depends only on n and r) and the estimate (7.9) we obtain the right part of the
inequality (7.10).

§8 THE ENTROPY OF THE ATTRACTOR: THE UPPER BOUNDS.

In this Section we obtain the upper estimates of e-entropy for the attractor A
of the equation (3.1). Recall that we construct the attractor A which is compact
only in F-space ®;,. but not in the uniform topology of ®;,(£2). That’s why we will
estimate the entropy of the restrictions .A|Qﬁ B -

0
The main result of this Section is the following theorem.

Theorem 8.1. Let the assumptions of Theorem 6.1 be valid and let
(8.1) volg,q, (R) = vol(2N BY )

Then for every R € Ry, g €

2(1-1/p), R 1,1
(8.2) H. <A|QOB£0,Wb P p(QﬁBm)> < Cvolg g (R+ Kln g)ln g-l-

1 R+KlInl
+2H. /1, <w(g)| R+K1n%,L€([O,Klng]xQﬁBz;L 5))

[0,K In L]xQnB,,
where the constants C, K and L are independent of R and xg € §).

Proof. Define a family of weight functions with the rate of growth 1 by the following
formula

efimle=zol if |2 — 25| > R
1 if |z —zo| <R

(53) (@) = {
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Note that we have defined these weight functions in such a way that
80 (Al WM @NBE) ) < (AWEL@)

Hence, instead of estimating the entropy of the restriction A|Q ~pr We will estimate
z0

below the entropy of the attractor in weighted Sobolev spaces Wb2 251,:({ p)p (Q).

Let u; (t) and u2(t) be two solutions of the family (6.1) with the right—hand sides
g1 and go which lie on the attractor A. Then, according to the estimates (4.25)
(8:5) lui(1) — U2(1)||W:(:;/12/p),p(9) < Cllur(0) - U2(0)||L§,¢R,EO(Q)+

R,2q

+ Cllg: —g2||ub’ ([0,1]x9)

p/2
"PR,zq

Here the constant C in (8.5) is independent of uy,us € A. Moreover, since

PRz (x+y) < e‘m‘be,mo (y)

then this constant is independent of R and zq also.
The estimate (8.5) together with the description (6.8) of the attractor .4 implies
immediately that

p/2
b0

(8.6) H. <A, Wml/p)’p(ﬂ)) < HL /20 (A, Lg,m,mo(g)) +
+ H. /(209 <w(g),L§7¢%/i (Q)>

Since [lw(g)llrr@,xa) < C1 < 0o and ¢)f2 (¢) < e/Ky if [& — wo| > R+ Kln'!
then the estimates (8.4) and (8.6) imply

(8.7) M. <A|QOB£0’WI)2(11/P)7P(Qr‘|BfO)> < Hs/(2C) (.A, Lg,cﬁn,mo (Q)) +

+H (w(g),Lf([O,l] % Q) r‘lBﬁle“%))

Moreover, constants C', K, K1, L are independent of ¢, zy and R.

The estimate (8.7) reduces our problem to estimating the entropy of the attractor
in the space L§7¢R‘m0 ().

The following corollary of the estimate (4.24) is of fundamental significance for
this estimation:

Let u; and us be arbitrary two solutions of the family (6.1) with the right-hand
sides g1 and gy correspondingly which belong to the attractor. Then the following
estimate is valid

(8.8) flui(1) — U2(1)||W;";R‘ZO(Q) < Olui(0) — U2(0)||L§,¢R‘ZO(Q)+
+ Cllg1 — g2||L§,¢R 2 (10:11%9)

Where the constant C' depends only on the equation.
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Lemma 8.1. The following recurrent inequality is valid

(8.9) By (ALig,,,) SE (AL, )+
+ BIn M(e) + By (w0(9), L., (10,K] x 9))

where

2k
(8.10) In My (e) < Cvolg,z,(R+ Lln ?)

Moreover, the constants C' and L is independent of k, R, € and xg.
Proof. Let {B(uf,e,L?)}, i =1,---, No(e) be the initial e-covering of A (as before
B(u}, e, L*) means e-ball in L§’¢R v (Q), centered in ug). We will call this system

of balls by the e-system of Oth order. Let us fix also the ¢/2F~!-covering of the set

g)|[0 KxQ" Let hj, j = 1,---,N,(e) be the centers of this covering. Having the

e-system of Oth order we construct now the ¢/2-system of 1st order. To this end

we construct firstly the system B(vy’,C/(e +¢/2F 1), Wbl,ja,mo)’ i=1,---,No(e),

j=1,---,Ny(e) of C(e +¢/2¥1)-balls in the space W;;R (Q) with the constant
B R,ag

C' the same as in the estimate (8.8) by taking
(8.11) v = Uy, (1,0)ud

Here and below Up(t, T)ug means the solution u(t) of the equation (3.1) with the
right—hand side h and u(7) = ug.

Recall now that the set B(v/, C'(e + /2% 1), W12) N A is compact in Lj 4 and
consequently it can be covered by the finite number of £/2-balls. Let

(812)  My(e) =maxi; Nopp (ANB@},Cle +2/25° 1), W), 1, )

Let us cover now every ball in the Wh2-covering by < M;(¢) £/2-balls in L? bR

Thus, we constructed the £/2-system B(u'’ /2,L2), i = 1,---,Nl(e/2), j =
1,---,Ngy(e) of the 1st order with Nj(e/2) < My(e)No(e) and consequently the
number of balls in this system not exceed

(8.13) Ni(e/2) < Mi(2)No(e) Ny (e)

Note that by definition B(u??, /2, L?) belong to the covering of B(vi"?, C(e +
g/2k~1), W12) (with the same j!).

Having the £/2-system of 1st order, we construct the £/4-system of 2nd order.
To this end we consider the system B(v2’],C(5/2 +¢e/281), W?) of W'2-balls of
radius C(e/2 + /2% 1) centered in v}/ = Un, (2, 1)ut?. Note that in contrast to
the first step we will not change the function h; any more, i.e. if B(ut e/2,L?)
belongs to the covering of B(vi7,C(e + ¢/25~1), Wh2) with vj* = Uy, (1,0)ud
then we apply the operator Up(2,1) to ul’ only(!) with h = h;. Covering now
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every C(e/2 + /2" ')-ball in W'? buy the finite number of e/4-balls, we obtain
the £/4-system B(uy?,e/4,L?) of 2nd order. Analogously to (8.12) we define

My (e) = maxi,j Nepa (AN B0}, Ce/2+2/25 1), W), L3, )

Then the number of £/4-balls in the covering of 2nd order not exceed
Na(e/4) < Ma(e)My(e)No(e) Ny (e)

Iterating the above procedure we obtain finally the £/2*-system B(uz’j,5/2k,L2)
of kth order and the number of balls in this system not exceed
(8.14) Ni(g/2%) < My (e) - -- My, (e)No(e) N, ()
where
(815)  Mi(e) = maxy; Nojor (AN B(oj?,Ce/2' 7 +2/21), W), 12, )

We claim that e/2*-system of kth order covers .A. Indeed, let u € A. Then due to
(6.8) there exists ug € A and h € w(g) such that u = Up(k,0)ug. Let us find the
indexes i and j such that

3 k—1
(8.16) lluo — UBHL;M‘EO <e, [|h= thLg,d)R‘mo([mk]xQ) <e/2

It is possible to do due to our assumptions. Let w; = Up(l,0)ug, I = 1,--- k.
Then, according to the estimates (8.8) and (8.16), uy € B(vi?, C(e+¢/28~1), W'?)
and consequently, there exists iy, such that u; € B(u’f’j,s/Q,L2). Applying the
estimate (8.8) again we obtain that us € B(v®+7,C(e/2 +¢/2F1), W'?) and con-

i2,]

sequently there exists i» such that us € B(uy”’,e/4, L?). Arguing analogously, we
obtain finally that u = uj, € B(ul*”’,e/2%, L?). Since u € A is arbitrary then the
g/2*-system of kth order covers A.

Thus, the estimate (8.14) implies now that

k
(817) Moo (A L4, ) <D InMi(e)+
i=1

FE (AL, )+ Eeymes (0(9), L g, (0,1 X )

To complete the proof of the lemma it remains to estimate the numbers M;(e).
It follows from Corollary 3.2 that

(8.18) A, Qp1,2 < Ky
Consequently, according to the estimate ¢g ., (z)"/? < oot if [T — 2o > R+
LInZZ < R+ L In £ = Ry(e), we obtain that

(819) M) < max;; N. o (A N B, Ce/2 72, Wh?), Lim.mo) -

max; j N pi+1 (.A N B(vli7j, 08/21—2, W’iﬁn,mo Qn Bfok (5)))’ L27¢R,20 Qn Bfok(s)))

< Nepws (BO,Ce/272, W2 (QNBRO), I3, (90 BEO)) <

PP b,0R, g

< Ni/se) (B(O, LWS2  (QnBRO) IR, (@n Bfok(s)))
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Thus, it remains to estimate the entropy of the unitary WblfR . Qn Bfo’“ (E))—ball
in the space Lj g aQn B (E)). To this end we need the following proposition.

Proposition 8.1. Let F : u — qﬁ{;ou. Then F realizes the linear isomorphizm

1,2 1,2
between L? and L? and also between W, and W, . Moreover
b b,0R, 2, b b,¢R,zq

(8.20)
Cullu, QN BE Oy 4 o <NFu, QN BE O] 50 < Collu, QN BEE| 4 s

where i = 0,1 and constants Cy and Cs are independent of Ry, R, and xg.

Proof. Let us consider only the case i = 1 (the case ¢ = 0 can be considered
analogously). Let ¢ = ¢}3/;0' Then, using the evident estimate |V, (z)| < (z),

we obtain that
(8.21) [(x)u(@)]® + |V (P(z)u(z)|* =

-via (0158

V()
e V’”“”) <

< 3¢%(2) (Ju(@)* + [Vau(@)]?)

) |u(@)]? + |Veul@)? + 2u(z)

Analogously,
(8.22) [W(@)u(@)* + Ve ($(e)u(z)? > 1/2¢%(2) (Ju(z)* +|Vou(z)?)

According to estimates (1.9) we obtain now that

(823) Cudna@) [ (u(@)P + |Vau(o)de <

QNB!

< / |Fu(z)]* + |V, Fu(z)|?dz <
QNB!

< Coonay(2) [ fula)l +[V,u(e)Pds

QNB!

The estimate (8.20) is an immediate corollary of (8.23). Proposition 8.1 is proved.

According to Proposition 8.1 instead of estimating the entropy in weighted
Sobolev spaces Lj ,, it is sufficient to estimate it in the spaces L, ie.

(8:24) Mi(e) < Nijsey (BOLWLZ,  (QNBRO)), L, (0 BEO)) <

< Nyen (B(O, 1L, W, QN BE@)) 12 (Qn Bf()k(s)))

Applying the estimate (7.10) to the right—hand side of the estimate (8.24) we obtain
finally

2k
(8.25) In M;(e) < C5volq 4, <R +Lln ?>
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Lemma 8.1 is proved.
Now we are in position to complete the proof of Theorem 8.1. Let us fix ¢¢ large
enough that A C B(0,¢0, L7()). Then
B, (A L3 4., () =0

for any R and zy. Let us apply now the recurrent estimate (8.9) with ¢ = 9. Then
we will have

2k
(8:26) M, /on (A, L3, ) < Chvolga, (R +Lln 5) +

+ Ly ot ((9), B2 g, (0] X )
Let us fix an arbitrary 8 < g9 and take k = k() such that

€ € 2e
ngl >3 > 2—2 and consequently 2% < =0

(8.27)
Then (8.26) and (8.27) imply that

(8.28) Hpg (A: Lg,(bho) < H, /o (A, L§7¢R‘z0) <
k

2
< Ckvola.q, <R +Ln Z) +HL, g (w(g), L2 g (10,K] X Q)) <
- .

2 1 1
< C1 volg ¢, (R + Lln B) In 3 + Hpg <w(g), La(ﬁR‘mO ([0, Ly In B] X Q))

It follows immediately from the estimate (8.28) that

1\, 1
(8:29) H. (A, L3 (N BE)) < Cvola, <R+K1n g) In —+

1 nl
+L (wl) L0, K 1 2] x 20 BN

The estimates (8.7) and (8.29) complete the proof of Theorem 8.1.

Remark 8.1. A little more precise using of the recurrent scheme from Lemma 8.1
admits to improve the estimate (8.2) in the following way

- 1 1
(8.30) H. <A|QQBR ’Wb2(1 I/P)J’(Q N Bz)) < CVOle0 (R + Kln g) In g—l-
z0
1 nl
+H./p <w(g), ([0, KIn ] x Q0 B! i))

without the multiplier 2 before the entropy of w(g).
We consider now a number of corollaries of the main Theorem 8.1.
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Corollary 8.1. Since C' C Wf(l_l/p)’p then

1.1
(8.31) H. (A, C(QANBE)) < Cvolg,wo(R+Klng)lng+

1 nl
1y (wlo) 2O Kt x 20 BE)

Remark 8.2. Since the embedding Wf(l_l/p)’p C C is compact then a little more
accurate using the recurrent scheme, introduced in Lemma 8.1, allows to obtain
(8.31) with an arbitrary L > 0 particularly with L = 1.

Corollary 8.2. Let the equation (3.1) be autonomous (g = g(z)). Then

(8.32) H. (A, WbQ(l—l/P):P(Q N Bfo)) < Cvolg 4, (R + Kln %) ln%

Particularly, if Q = R™ then volg ,,(r) = cr™ and consequently

(8.33) H (AW (BE)) < ¢ (R-i-Kln é) 1n§
Taking R = In % we obtain that

In L 1 n+1
(8.34) H. (A, Wf‘l‘l/W(B;;?)) <G <ln g)

Note that the estimate (8.33) gives the same type of upper bounds for R = 1 and
R=1In % We return to this surprising fact in the next Section.

Corollary 8.3. Let 2 be a bounded domain. Then Theorem 8.1 implies the esti-
mate

(8.35) H. (A, W,f(“l/p)’p(n)) < Cvol(Q) ln%-i—
+iLpy (o) (0. K 1 2] x )

which improves slightly the estimate, obtained in [6]. Particularly if the equation
(3.1) is autonomous (g = g(z)), then the estimate (8.35) reflects the well-known
fact that in this case the attractor .4 has the finite fractal dimension.

Corollary 8.4. Let O = RF x w”* be a cylindrical domain where w is bounded.
Then the estimate (8.32) gives the following bound of the e-entropy of the au-
tonomous attractor

k
(8.36) (AW BE)) <O <R+K1n é) 1n§

39



Definition 8.1. Let A C ®,(Q2) be a compact set in the space ®,.(2). Then the
g-entropy per unit volume is defined to be the following number

. HE (A, Wf(lfl/l’)vp(g ) Bé%))
(8.37) H (A) = lim sup

R—o0 volg o(R)

Corollary 8.5. Let the equation (3.1) be autonomous. Then

(8.38) H.(A) < Cln%

Indeed, the estimate (8.38) is an immediate corollary of the estimate (8.32) and
trivial assertion

VOlQ,gE0 (R + Cl)

=1
VOIQ7xO (R)

(8.39) limpg o0
Remark 8.3. For the case Q! = R" and for the complex Ginzburg-Landay equation
the estimate (8.38) has been obtained in [8].

To formulate the result for the entropy per unit volume for the nonautonomous
case we need the following definition

Definition 8.2. Let the entropy per unit volume of the right-hand side be the
following number

H HL (W(g),Lf([O,Klni] XQHBf-i-Kln%))
(8.40) H.(g) = lim sup

R—00 volg o(R)

Corollary 8.6. Let H.(g) < co. Then

1 —
(8.41) H.(A) < Cln - +He/r(9)

Corollary 8.7. Note that if g(t,z) = ¢(t)go(x) where go € L7(Q) and ¢ is
translation-compact in L2 (R, ) then H.(g) = 0 and consequently

loc
— 1
(8.42) H.(A) < Cln—

Remark 8.4. Let the right-hand side g be (¢, z)-almost-periodic in C(R x R").
Then, it not difficult to verify that H.(g) = 0 and consequently the assertion of
Corollary 8.7 remains valid for such right-hand sides.

Definition 8.3. Let hyy(A) be the following number

(8.43) hsp(A) = lim sup H. (4)

1
e—0 In :
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Corollary 8.8. Let the assumptions of Corollary 8.5 or 8.7 or Remark 8.4 hold.
Then

(8.44) hep(A) < 00

Remark 8.5. The number h;,(A) can be interpreted as some quantitative charac-
teristic of the phenomena of space chaotisity of the dynamical system, generated by
the equation (3.1). In order to understand this relationship it is worth to compare
the definition of hg, with the definition of the topological (time) entropy hop of the
dynamical system (see [14]). For the reader convenience we recall shortly this defi-
nition. Let M be compact metric space and let S; : M — M be a dynamical system
(semigroup) on it. For a given T' > 0 we consider the set M (0,7) C L*>([0,T], M)
of all trajectories u(t) = Siug, t € [0, T] with ug € M. Then by definition

M(0,T),L*>([0,T],M
(845) htop = lim sup lim sup H. ( (07 )7 ([07 ]7 ))
e—=0 T—oo T
§9 THE ENTROPY OF THE ATTRACTOR: THE EXAMPLES OF LOWER BOUNDS.

In this Section we show that the estimates, obtained in previous Section are
sharp. For simplicity we restrict ourselves by considering only the case 2 = R,
g = 0. We construct below the nonlinearity f in such a way that the entropy of the
attractor A for this nonlinearity possesses the lower estimates with the same type
of asymptotics as in the estimate (8.33). To this end we need firstly to define the
special class of functions

Definition 9.1. Let us denote by B, (R") the subspace of L>°(R") which consists
of all functions ¢ with the Fourier transform ¢ satisfying the condition
(9.1) supp § C [~a,0]"

It is well-known that every function ¢ € B, can be extended to entire function
¢(z) € A(C") which satisfy the estimate

(9.2) sup |3z + iy)| < Cllg, R™ o p0e” im0
zER™

Moreover, every function ¢ € L°, which possesses the entire extension & which
satisfies (9.2) belongs in fact to the space B, .

The applications of this class to our problem are based on the following simple
proposition.

Proposition 9.1. For every ug € B, (R"*) the backward parabolic problem

(9.3) Ou = Agu+ (2n + 1)0°u, u|t:0 =ug, t<0
has a unique solution u € Cy(R_ x R™). Moreover the following estimate is valid
2
(9-4) sup e JJu(t), R [lo,00 < Clluo, R” [lo,o0
tER_

The assertion of this Proposition can be verified directly by applying Fourier
transform to the problem (9.3) and using (9.1).

Proposition 9.1 allows to construct the nonlinearity f in such a way that the
attractor A of the problem (3.1) thus obtained contains the unitary ball of the
space B, (R").
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Proposition 9.2. For a given o > 0 let
(9.5) flu) = —(2n + 1)o%ub(u) + u®(1 — 6(u))

where (u) is a cut-off function, which equals 1 if |u| < C" and 0 if |u| > 2C and C
is the same as in (9.4). Let us assume also that the right—hand side g = 0. Then
the equation (3.1) possesses an attractor A which contains the unitary ball of the
space B, (R")

(9.6) B(0,1,B,) C A

Proof. Indeed, the existence of the attractor 4 is an immediate corollary of The-
orem 5.1. So it remains to verify (9.6). Let uo € B(0,1,B,). Then according
to Proposition 7.1 there exists a backward solution u(t), ¢ < 0 of the parabolic
problem (9.3). Since [|u(t), R"||o,c0 < C||lto, R |Jo,c0 < C then, by the definition
of f, u(t) is simultaneously a backward solution of the nonlinear problem (3.1).
According to Theorem 3.4, there exists the solution u(t), t > 0 of the problem (3.1)
with u(0) = ug. Thus, we have constructed the complete bounded solution w(t),
t € R of the problem (3.1), such that

(9.7) sup [Ju(t), R*||o,00 < C1 < 0
teR

Using the smoothing property for the equation (3.1) we deduce immediately from
(9.7) that sup,cp ||u(t)||s, < co and consequently (by Theorem 5.1) ug € A. Propo-
sition 9.2 is proved.

According to the embedding (9.6) it is sufficient now to estimate the entropy of
the unitary ball of B, in Cy(R").

Theorem 9.1. The following estimate is valid for R > Ry and € < &g
R n 1
(98) H€ (B(Oala]Ba)aCb(BO )) Z CR ll’lg

where the constant C' is independent of R and ¢.

Proof. The e-entropy in the spaces B, were estimated in [15]. For the reader
convenience we give below the sketch of this proof, adopted to our situation.
For every k = (ki,--- ,kn) € Z™ we define a function
a2 (02
sin® (22 — 7k;
(99) ou(e) =, )

(g - )

Direct calculations reveal now that ¢, € B, .
Let Ly be the subspace of B, spanned by ¢r(z), k € [-N, N|" = Ky, i.e. Ly
consists of all functions

(9.10) u(z) = Y awdr(2), ax €R

keEKn

The proof of Theorem 9.1 is based on the following two Lemmata.
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Lemma 9.1. The following estimate holds

(9.11) SUPgeky |ak] < [, R [Jo,00 < C'supgegy lak|, u € Ly

Moreover, the constant C' is independent of N.

Indeed, the left inequality is an immediate corollary of the equality u(@) = ay
and the right one can be deduced easily from the assertion

1
Z e, (rk; — 0z;/2)? <

kezn =1

z

for every §% ¢ 7" and from the evident inequality |¢x(z)] < 1.
Lemma 9.2. Let N > Ny and R > bN for a some fixed b > 1. Then

1 n
(9.12) 14, By llo,00 > 5 1 R o,

for every u € Ly .
Proof. We give below the proof of (9.12) only for the case n = 1. The estimate
(9.12) in general case can be obtained analogously. Let u € Ly. Then, according

to Lemma 9.1

1
llu, 2] > Rllo,co < Supperey {lakl}- Y (CR/2=7N)? <
kEK x

1
Ju, R {lo,00

< ! <=
_C“U,]R ||0700(R_ZN)2 — 2|

if R>2IN,l= %7“, and N is large enough. Lemma 9.2 is proved.
Now we are in position to complete the proof of Theorem 9.1. Let us fix R is
large enough and ¢ is small enough, define N = [%] + 1 where b is the same as in

Lemma 9.2 and consider the subspace Ly. We divide the segment [—£, &], where

C is defined in Lemma 9.1, by points a; = 4ej, j = —[41@], e ,[ﬁ] and define a
number of functions
(9.13) $1(2) = D ajmoi(2)
keEKn
where J : [-N,--- ,N]" = —[;4z],- - ,[7&=] an arbitrary integer map. It follows

from Lemma 9.1 that ¢s(z) € B(0,1,B, ), and Lemma 9.2 implies that

6.1, = 6125 B llo,o0 > 22
if J; # Jo. Thus, finally

(9.14) N.(B(0,1,B,)) > <2[—5] +1
and consequently
H (B(0,1,B,),C(B{)) > (2N + 1)”1n2—c; > C1R" 1n§

if € is small enough. Theorem 9.1 is proved. O
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Corollary 9.1. Let A be the attractor, constructed in Proposition 9.2 and let
R>1Ini e<ep. Then

1 1
(9.15) CiR"In - <H (A, Cy(BE)) < CoR™In .

Particularly, for every fixed K > 0

1 n+1 Kln 1 1 n+1
(9.16) Cy <ln g> < H. (A, Cy(B, “;)) < Oy <1n g)

Indeed, the left inequality is an immediate corollary of Theorem 9.1 and Propo-
sition 9.2 and the right-one follows from the estimate (8.33).

Remark 9.1. Note, that (9.16) implies particularly that

1 n+1 Kin 1 1 n+1
(9.17) Cy <1n g> < He (B(O,l,]RJ),Cb(BO n;)) < O <ln g>

Corollary 9.2. Let A be the attractor of the equation, constructed in Proposition
9.2. Then

(9.18) C; In

M | =

gm(A)gcgm%

and consequently 0 < Cy < hgp (A) < Cs.

Thus, we have proved that the estimate (8.33) is sharp when R > In % Note that
the lower estimate (9.8) is far from optimal if R < In % The following Theorem
shows that the estimate (8.33) remains sharp even in the case when R = 1.

Theorem 9.2. For every § > 0 there exists Cs > 0 such that

n+1-4
(9.19) B (BO,1.B,),C(5}) > s ()

Proof. The proof of this Theorem is based on the estimate (9.8) and the following
Lemma

Lemma 9.3. Let DE = {z € C" : |z;] < R}. Then the following estimate holds
for every entire function u € A(C") and for sufficiently large r and R, 4 < r < R:
(9.20) s D3/ llo,0 < lluty [=1, 117115 o e, DI lo o0

where 3 = (1 — llrrll—g)n

Proof. We deduce the estimate (9.20) only for the case n = 1 (The general case can
be easily reduced to n = 1 by induction.)
Recall firstly that according to Hadamard lemma

(9.21) llu, {]2] = r}llo.co < llu, {lz] = 1oL llu, {1z = R}Ig o0
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for every u € A(DF\D}). Applying Zukovskij conformal transformation w(z) =
2 (z+1) to the ring {1 <|z| < R} we deduce from (9.21) that

(9-22) e, E(r)lo,00 < lluty [=1, 11115, coll, E(R)lo o0

holds for every u € A(C) and E(r) = {z =2z +iy € C: 2—2 +g—§ =1}, a=3(r+1),
b= %(r —1). The estimate (9.22) together with the evident embeddings

-
r/4 r
D,"" Cc E(r) C DY
imply the estimate (9.20) for n = 1. Lemma 9.3 is proved.
Now we are in position to complete the proof of Theorem 9.2. To this end we

fix an arbitrary # > 1 and set R = 7 in (9.20). Then using (9.2) we obtain that

(9.23) 1, Bgllo,oo < €7 [lu, [=1, 11715 21"

for every u € B(0,2,B,).

Let now {u;}}¥, be the e-covering of the set B(0,1,B,) in C([~1,1]?). Then
the estimate (9.23) with r = (m In %)1/9 implies that this set is simultaneously is
%) _covering of the set B(0,1,B,) in C(B}), where §(8) = (1 —1/8)* —mCy > 0
if m is small enough. Consequently,

(924) H.se0) (B(07 1, IBU): C(Bg)) <H: (B(Oa 1, ]Bd)a C([_]-a ]-]n))
Estimating now the left-hand side of (9.24) by (9.8) we obtain that

1\ ¥
(9.25) B (B(0,1,8,),C(-1,11") > G (n )

Since 6 > 1 is arbitrary then (9.25) proves Theorem 9.2.

Corollary 9.3. Let A be the attractor of the equation, constructed in Proposition
9.2. Then for every § > 0 there exists Cs such that

n+1—4
(9.26) B, (4.0(5}) > Cs (n )

g

Remark 9.2. Note that the assertion of Theorem 9.2 is not valid for § = 0. Indeed,
according to (9.2) the set B(0,1, B, ) is a subset of the class of functions, considered
in Example 7.4. Thus, according to (7.8),

(In )"

£

(9.27) H. (B(0,1,B,),C(By)) < Cm

Remark 9.3. Let n = 1. Then a little more accurate using Hadamard lemma
implies the estimate

(9.28) H. (B(0,1,B,),C(By)) > C: ( lni)
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§10 UNSTABLE MANIFOLDS AND LOWER BOUNDS OF &-ENTROPY.

In previous Section the examples of equations which possess sharp lower bounds
of Kolmogorov’s entropy have been constructed. Note, however that these examples
seemed artificial. In this Section, using the technique of infinite dimensional unsta-
ble manifolds, developed in [10], we obtain the same estimate for rather wide class
of natural equations, including Chafee-Infante equation, complex Ginzburg-Landay
equation, etc.

We assume in this Section that Q@ = R” and the equation (3.1) has the form

(10.1) ou = Agu+o’u— f(u), f(0)=0, f(0)=0, a>0

and the nonlinear term f € C? satisfies the condition

(10.2) fw)u>—C+Bluf?, B>a?

To construct the unstable manifold of the equation (10.1) near the equilibria point

u = 0 we study for the first the linear (f = 0) nonhomogeneous equation (10.1)
with the right-hand side h(¢).

Definition 10.1. Let 8 > 0. Then we define the space LLg by the following ex-
pression

(10.3) Lsg ={ue L¥R_ xQ): ||ull, = s1<1%) e P u(t), R™|p.c0 < 00}
t<

Proposition 10.1. Let 3 > o> and h € L. Then the equation
(10.4) 0w = Ayv+av+h(t), t<0

possesses the unique solution v € LLg and consequently defines the linear operator
Ts:Ls — Lg, v(t) = (Tgh)(t).
The proof of Proposition can be derived in a standard way (see [10], for instance).

Proposition 10.2. Let 0 < 555 then for every ug € B, the backward parabolic
problem

0w = Agv +a?v, t<0
(10.5) {t v =
v|t:0 =Uo
possesses the unique solution v € Lg, with By = % and consequently the linear

operator Pg, : B, — Lg,, v(t) = (Pg,u0)(t) is defined.

The proof of this Proposition can be derived in a standard way applying the
Fourier transform to the problem (10.5).

Now we are in position to study the neighborhood of zero equilibria point for
the nonlinear equation.
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Theorem 10.1. Let the nonlinearity f satisfy (10.2) and A be the attractor of the
equation (10.1) which exists according to Theorem 5.1. Then there exist 0 = o(a),
8o = do(f, @) and C*-map

(10.6) Uy : B(0,00,B,) = A
Moreover,
(]_07) ||Z/{0(U0) — U(),RnHO,oo < CHan]Rn“%,oo

for every ug € B(0, do, B,)

Proof. The proof of this Theorem is based on the implicit function theorem and on
the following lemma.

Lemma 10.1. Let f € C? such that f(0) = 0 and f'(0) = 0. Then for every 3 > 0
the Nemitskij operator Fu = f(u) belongs to the space C'(Lg,Lag).

Indeed, since f(0) = f'(0) = 0 then f(u) = u?¢(u) and consequently the Ne-
mitskij operator F' : Ly — Lyg. The differentiability of this map follows from the
following estimate with v(t) = u1(t) — u2(t)

€25 f(un () — Flus(t)) — F(un (8)) (ur (8) — us(8))] <
=25t () / [ (un (£) — Br0(t)) — (s ()| d6y <

e8! (t)? / / 111" (un (1) — 0260, 0(1)) |01 dB5 < CJo2,
0 0

Let us fix 8 = i and rewrite the equation (10.1) near the equilibria point u = 0
in the following form
(108) u+ TogFu =Pgug, u € lLg

where ug € B, and o satisfies the conditions of Proposition 10.2. Note that every
solution of (10.8) is simultaneously a solution of the equation (10.1) hence it is
sufficient to solve (10.8) in Lg.

We will solve the equation (10.8) using the implicit function theorem. To this
end we introduce a function F : Lg x B, — Lg by formula

(109) .7:(’11, U,()) =u+ TQBFU — ]P)BUO

It follows from Propositions 10.1, 10.2 and from Lemma 10.1 that F € C*(Ls x
B,,Ls) and D,F(0,0) = Id. Hence due to the implicit function theorem (see [24]
for instance) there exists a neighborhood B(0, &y, B, ) and a C''-function

(10.10) U : B(0,60,B,) — Lg

such that F(U(up),uo) = 0 and consequently U(ug)(t) is a backward solution of
the problem (10.1). The equation (10.8) implies now that

(10.11)  ltd(uo) = PsuollL, < Cllf U(uo)) oy < Crlltd(uo) |7, < Colluollf,

Let us define now Uy (uo) = U (uo) |t:0. Then (10.11) together with the evident asser-
tion (Pgup)(0) = up imply the estimate (10.7). The assertion Uy (B(0, 6o, Bs)) C A
can be derived as in the proof of Proposition 9.2. Theorem 10.1 is proved.
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Corollary 10.1. Let u},u3 € B(0,4,B,) and § < &. Then for every R > 0

(10.12) 12 (ug) — Uo (ud)l oo (pry > llug — udll L () — CO°
with C' independent of R.
Indeed,

[12o (ug) — Uo (ud)ll oo (1) >
> [Jugp — u%||L°°(B§) — |ledo (ug) — ugll oo mm) + o (ug) — ugll Lo mm) >
> [Jug — up|l Lo sm) = Cr(llugllf, + ugllE, ) > llug — ugll ooy — 20167
The estimate (10.12) admits to obtain the analogues of (9.15),(9.16) and (9.26)

for the equation (10.1). Indeed, let € > 0 be small enough, § = ( = )1/2

59 and
ud,ud € B(0,d,B,) such that

(10.13) lug = gl oo (pr) > €
Then it follows from (10.12) that
(10.14) 164 (ug) — U)o () > /2

The estimates (10.13),(10.14) together with the assertion (10.6) imply that
(10.15)  HL/s (A, C(Bg)) >
> H. (B(O, (

<
2C
The last estimate together with (9.8) and (9.19) imply that

Corollary 10.2. Let A be the attractor of the equation (10.1) and let € < g9 and
R>1In % Then

)1/2 7130)70(B(1)2)> = H(2Cs)1/2 (B(07 laBJ)aC(Bé{))

1 1
(10.16) CiR"In =< H. (A,C(B)) < CoR"In .

Particularly, 0 < CyIn1 <H.(A) < CyInl.

Corollary 10.3. Let A be the attractor of the equation (10.1). Then for every
& > 0 there exists Cs such that

n+1—4
(10.17) H (4,C(BY)) > C (m 1)

Example 10.1. The simplest example of the equation (10.1) for which our esti-
mates are valid is Chafee-Infante equation in R"

(10.18) ou—Ayu=a*u—u®, a>0
Thus, the estimates (10.16) and (10.17) are valid for the attractor A of the equation
(10.18)
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