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ABsTRACT. We study the long time behavior of solutions of autonomous and nonau-
tonomus reaction-diffusion equations in unbounded domains of R3. It is shown that,
under appropriate assumptions on the nonlinear interaction function and on the
external forces, these equations possess compact global (uniform) attractors in the
corresponding phase space. Estimates for the Kolmogorov’s e-entropy of these attrac-
tors in terms of the Kolmogorov’s entropy of the external forces are given. Moreover,
(infinite dimensional) exponential attractors with the same entropy estimate as that
of the corresponding global (uniform) attractor are also constructed.
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INTRODUCTION.

We consider the following system of reaction-diffusion equations:

(0.1) { Opu — alAzu + f(u, Vyu) + dou =g,
“‘t:o = Uo; “‘asz =0,

where € is an unbounded domain of R® with a sufficiently regular boundary 95
(see Section 1), u = (ul,---,u¥) is an unknown vector-valued function, A, is the
Laplacian with respect to z, f(u, V,u) and g = g(z) are given interaction function
and external forces respectively and Ag > 0 and a > 0 are given constants.

The long time behavior of the solutions of (0.1) is of a great current interest. It is
well known that, under appropriate assumptions on the nonlinear term f(u, V u),
on the external forces ¢ and on the domain €2, this behavior can be described in
terms of the global or/and exponential attractors of the dynamical system generated
by (0.1) (see e.g. [1-4], [11-13], [15-17], [20-21], [24-27], [30-31], [34-36] and the
references therein). In particular, when € is bounded, the global attractor A of
problem (0.1) has usually finite Hausdorff and fractal dimensions (see [3] and [27]).
In that case, infinite dimensional attractors can naturally appear only in the case
of nonautonomous equations (0.1) (e.g. with ¢ = ¢(¢)) and only when the time
dependence of the external forces is described by an infinite number of parameters
(e.g. in the case of almost-periodic external forces, see [5-6]). In contrast to this, in
the case of unbounded domains, the attractor of problem (0.1) has usually infinite
Hausdorff and fractal dimensions, even in the autonomous case and, consequently,
in that case, the infinite dimensionality of the attractor has an internal nature and
can appear even when the external forces vanish (see [9], [12], [25] and [34-36]; see
also [10], [19] and [32] for analogous results for damped hyperbolic equations in
unbounded domains).

Nevertheless, there exist several particular cases of equations (0.1) in unbounded
domains 2 for which the associated dynamics is finite dimensional (and very similar
to the case of bounded domains, see [1-2], [8], [11] and [13]).

In the present paper, we give a systematic study of one of the particular cases
mentioned above, which is determined by the following assumption on the nonlin-
earity f(u, Vzu):

(0.2) f(v,w)w >0, forallveRF and w e R

(here and below, u.v denotes the standard inner product in R¥) and assuming that
the external forces g(z) tend to zero in an appropriate sense as |z| — oo. For
instance, the case 2 = R"” and g belonging to a weighted Sobolev space L;a (R™),
with ¢q(7) := (1 + |z|>)* and a > 0, was studied in [1-2], [4], [8] and [11] and
the case a = 0 was considered in [13] (exponential attractors for (0.1) in weighted
Sobolev spaces W;j (R™) were constructed in [4] and [11] under additional strong
growth restrictions on the nonlinearity f(u, V,u)).

In this paper, we remove the growth restrictions on f(u, V,u) (see Section 2 for
the precise conditions on f(u, V,u)) and weaken the assumptions on the external
forces g by taking

(03) g € L3(Q) = {9 € L3,(Q). lim_gllcs(anm) = 0},
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where BZ denotes the open R-ball in R? centered at z € R3.

We note that (0.3) requires no additional assumption on the rate of convergence
of g(x) — 0 as |z| — oo and, consequently, the space L%(Q) is larger than L2(Q2). On
the other hand, as elementary examples show (see [2] and [13]), the dimension of the
attractor may be infinite (even under assumption (0.2)) if (0.3) is violated. Thus,
assumption (0.3) looks like a sharp border between finite and infinite dimensional
dynamics.

The following theorem gives the spatial asymptotics for the attractor A up to
exponentially small terms as |z| — oo and clarifies the nature of its finite dimen-
sionality (see also [33] for an analogous result for nonlinear damped hyperbolic
equations in an unbounded domain).

Theorem 1. Let the above assumptions hold and let zy be an arbitrary equilibrium
of (0.1). Then, there exists an effective radius Rer¢ > 0 which is determined by the
rate of convergence in (0.3) such that

. R,
(0.4) v(2) — 20(z)| < CePast @B ™) gor gl v € A,

where the constants B > 0 and C > 0 are independent of z € Q, v € A and Resy.

Estimate (0.4) suggests that the fractal dimension of the attractor should be
estimated in terms of the effective radius R.¢f. The next theorem gives such
estimates for the case of global A and exponential M attractors of problem (0.1).

Theorem 2. Let the above assumptions hold. Then, there exists a finite dimen-
sional exponential attractor M for problem (0.1) such that

(0.5) dimp (A, C(Q)) < dimp(M,C(Q)) < Cvol(QN BI/7),

where the constant C' is independent of R.sy.

Moreover, examples of equations (0.1) for which estimate (0.5) is sharp with
respect to the radius R.¢s are also given (see Section 6). We also note that the
proof of Theorem 2 essentially uses the construction of exponential attractors in
Banach spaces proposed in [15].

We then apply Theorem 2 to the following RDS with a small diffusion parameter
vl

(0.6) Owu = vAzu — f(u) — Aou + g, u‘aﬂ =0,

where, in contrast to (0.1), the interaction function f does not depend explicitly
on the gradient V,u. Indeed, after the rescaling z — z'v'/2 in (0.6), we obtain
equation (0.6) with v/ = 1 and with external forces g, (z') := g(z'v'/?). Applying
then Theorem 2 to this new equation and noting that Ress(g,) = v~ 2Res4(g),
we obtain the following result.

Corollary 1. Let the above assumptions hold an let, in addition, g belong to LOO(Q)
(which is defined analogously to (0.3)). Then, equation (0.6) possesses a uniform
family of exponential attractors M, whose fractal dimensions can be estimated by

(0.7) dimp(A,, C(Q)) < dimp(M,,C(Q)) < C1v3/2,
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where C1 is independent of v, and this estimate is sharp (see Section 6 for details).

We also consider the nonautonomous analogue of equation (0.1):

0.8) { Ou — algu+ f(u, Veu) + Aou = g(t),

ul,_g = to; |y =0,
where the external forces g(t) depend explicitly on ¢. Following the general scheme
of construction of the (uniform) attractor for nonautonomous equations via the
skew-product technique (see [5-7] and [21]), we introduce the hull g € C(R, L2 (Q)):

(0.9) H(9) = [Tug, h e Rl iz (Thg)(t) = g(t+ ),

where [-]y denotes the closure in the space V. A standard assumption on the nonau-
tonomous external forces g (see [6-7] and [34]) is that the hull #(g) be compact in
the appropriate topology, namely

(0.10) H(g) CC Cloce(R, LE(2)).

Some necessary and sufficient conditions to have such a compactness are given in
Section 3.

As usual, in order to construct the (uniform) attractor for the nonautonomous
equation (0.8), we consider a family of equations of type (0.8) for all external forces
¢ € H(g) and define the extended skew-product semigroup associated with problem
(0.8) by

(0.11) St @y x H(g) = p x H(g), Si(uo,§) = (ue(t), Trg),

where @y, is an appropriate phase space for problem (0.8) (see Section 2) and ()
denotes the solution of equation (0.8) with external forces ¢ € H(g) and with
g (0) = wp. Then, by definition, the projection A := II; A of the global attractor A
of semigroup (0.11) onto the first component is called the uniform attractor of the
nonautonomous problem (0.8), see [6-7], [21], [34] and Section 3 for details.

In contrast to the autonomous case, even in bounded domains €2, the uniform
attractor A of problem (0.8) has naturally infinite fractal and Hausdorff dimen-
sions if the hull #(g) is in some sense infinite dimensional and, consequently, new
quantitative characteristics are required in order to study such attractors. One
possible approach to handle this problem, which was suggested in [7], is to study
the Kolmogorov’s e-entropy of the uniform attractor.

We recall (see [22] for details) that, if K is a precompact set in a metric space
M, then, for every ¢ > 0, it can be covered by a finite number of e-balls in M.
Let N.(K,M) be the minimal number of such balls. Then, by definition, the
Kolmogorov’s e-entropy of K in M is the following number:

(0.12) H. (K, M) := logy N.(K, M).

It is worth to emphasize that, in contrast to the fractal dimension, quantity (0.12)
is finite for every precompact set K in M and, in particular, it is finite for the
uniform attractor A of problem (0.8).
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The entropy of infinite dimensional uniform attractors of (0.8) in bounded do-
mains ) was studied in [6-7]. The case of autonomous RDEs in R” was considered
in [9] and [30]. The entropy of attractors of autonomous and nonautonomous RDEs
in unbounded domains was investigated in [34-36]. Analogous results for damped
hyperbolic equations were obtained in [32-33].

We now recall that an exponential attractor M (if it exists) always contains the
global (uniform) attractor, see e.g. [4] or [15-18]. Consequently, a finite dimensional
exponential attractor M cannot exist for problem (0.8) if the dimension of the
associated uniform attractor is infinite. Therefore, it is natural, following [16],
to introduce the notion of infinite dimensional exponential attractor and use the
Kolmogorov’s e-entropy in order to control its ’size’. It is also natural to seek for
an exponential attractor with the same type of asymptotics of the e-entropy as that
of the uniform attractor:

HE (Aa (I)b) ~ HE (M7 (I)b)

Infinite dimensional exponential attractors for nonautonomous reaction-diffusion
equations in bounded domains Q2 were constructed in [16]. In the present paper,
we extend this result to the case of unbounded domains €.

Theorem 3. Let the above assumptions hold. Then, there exists an infinite dimen-
sional exponential attractor M for the nonautonomous problem (0.8) which pos-
sesses the following entropy estimate:

(0.13) L (A, C(Q)) < H. (M, C(Q)) < Cvol(@ N BF/") log, §+
1 .
+ IHIzz/K <H(g)‘[0,L10g2 %]Xgac([oaLlog2 g],L%(Q))) )

where the constants C', K and L are independent of € and the effective radius Rqy¢
15 determined in the same way as in Theorem 1.

Although the exponential attractor M constructed in Theorem 3 is a priori infi-
nite dimensional, estimate (0.13) guarantees that it is finite dimensional if the hull
H(g) is finite-dimensional; this is in particular the case for quasiperiodic external
forces.

Corollary 2. Let the above assumptions hold and let the external forces g(t) be
quasiperiodic with respect to t, with m rationally independent frequencies. Then,
(0.8) possesses a finite dimensional exponential attractor M such that

(0.14) dimp (A, C(Q)) < dimp(M, C(Q)) < Cvol(Q N BE1) 4 m,

where C' is the same as in (0.5).

As in the autonomous case, applying Corollary 2 to the nonautonomous version
of problem (0.6), we obtain the following result.

Corollary 3. Let the above assumptions hold and let, in addition, the external

forces g(t) be quasiperiodic with respect to t, with m rationally independent fre-

quencies, and belong to the space Cy,(R x Q). Then, equation (0.8) possesses a
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uniform family of nonautonomous exponential attractors M, and the following es-
timate holds:

(015) dlmF(Avv C(Q)) < dlmF(Mm C(Q)) < C'11/_3/2 +m,

where the constant C is independent of v and m.

Finally, in Section 6, we also verify the sharpness of (0.15) and indicate examples
of nonlinearities f for which we have

(0.16)  Cw ™2+ m < dimp(Ay, C(Q)) < dimp(My, C(Q) < Cor™2 +m,

where C; and (5 are independent of v and m.

This paper is organized as follows. The definitions of the functional spaces
which are necessary to study problem (0.8) in an unbounded domain and their
basic properties are briefly indicated in Section 1. Analytic properties of the solu-
tions of problem (0.8) in a finite time interval, such as existence and uniqueness,
regularity and smoothing property, are established in Section 2. The global (uni-
form) attractor for problems (0.1) and (0.8) is constructed in Section 3. Estimate
(0.13) for the e-entropy of the global attractor A is obtained in Section 4. The
construction of an exponential attractor M, which satisfies estimate (0.13), is given
in Section 5. Finally, in Section 6, we apply the above results to equation (0.6) and
indicate analogous results for more general classes of reaction-diffusion equations
with nonscalar diffusion matrices a.

The results of the present paper have been partially announced in [15].

Acknoledgements. This research was partially supported by INTAS project
no. 00-899 and CRDF grant no. 10545.
§1 FUNCTIONAL SPACES.

In this section, we introduce several classes of Sobolev spaces in unbounded
domains and briefly recall some of their properties which will be essential in the
sequel. For a detailed study of these spaces, see [13] and [32-34].

Definition 1.1. A function ¢ € L7 (R™) is called a weight function with growth
rate p > 0 if the condition

(1.1) d(z +y) < Cpe™(y), ¢(z) >0,

15 satisfied for every x,y € R™.
Remark 1.1. [t is not difficult to deduce from (1.1) that

(1.2) plx +y) > Cr e lg(y),

is also satisfied for every x,y € R™.

The following example of weight functions are of fundamental significance for
our purposes:
$(Bya0 () = e P77l B ER, 2y € R™.

(Obviously, this weight has the growth rate |3].)
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Definition 1.2. Let Q C R™ be some (unbounded) domain in R™ and let ¢ be a
weight function with growth rate p. We set

§) = {ue D@ s [l = [ ol < oo,

Analogously, the weighted Sobolev space Wé)’p(ﬂ), [ € N, is defined as the space of
distributions whose derivatives up to order | belong to LZ(Q).

In order to simplify the notations, we will write throughout the paper W{Sﬁﬁ(Q)
instead of W, . ().

We also define another class of weighted Sobolev spaces as follows:
l, . —
Wbﬁ(Q) = {u € D'(Q) : ||u,Q||€7¢7l,p = sue%{(ﬁ(.ro)ﬂu,(l N B;OHf’,p} < oo} )
o

Here and below, we denote by Bf; the ball in R™ of radius R centered at xy and
|lu, Vli,p stands for |[ullwiry-
We will write Wé’p(Q) instead of Wé’f(ﬂ).

Proposition 1.1.
1. Let u belong to LZ(Q), where ¢ is a weight function with growth rate p. Then,
for any 1 < q < oo, the following estimate holds:

s ([ oo ([ e—ﬁlx—wowu(xnpdx)qd:co)l/qso [ st i

for every B > p, where the constant C' depends only on 3, i and the constant Cy
in (1.1) (and is independent of Q2).

2. Let u belong to L;O(Q) Then, for every B > u, the following analogue of
estimate (1.3) is valid:

(1.4) sup {¢>(wo) Sup{e_ﬁ'm_”°'|U(w)|}} < Cigg{é(rm(rﬂ}-

o EQ e

The proof of this Proposition can be found in [13] or [34].

In order to study reaction-diffusion equations (0.1) and (0.8), we need to impose
some regularity assumptions on the unbounded domain 2 C R™, which are assumed
to be valid throughout the paper.

We assume that there exists a positive number Ry > 0 such that, for every point
xp € (2, there exists a smooth domain V,, C €2 such that

(1.5) BEnQc Vv, c Bietina.

Moreover, we also assume that there exists a diffeomorphism 6,, : B2 — Bﬁ)‘)“
such that 0, (z) = o + Puy (), Oz (B) = Vi, and

(1.6) P20 lo~ + [IP7) [lor < K,

where the constant K is independent of xy € Q and N is large enough. For
simplicity, we assume from now on that (1.5) and (1.6) hold for Ry = 2.

We note that, in case © is bounded, conditions (1.5) and (1.6) are equivalent
to the following: the boundary 02 is a smooth manifold. Now, for unbounded
domains, the sole smoothness of the boundary is not sufficient to obtain the regular
structure of Q as |z| — oo, since some uniform (with respect to xg € Q) smoothness
conditions are required. It is however more convenient to formulate these conditions
in the form (1.5) and (1.6).
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Proposition 1.2. Let the domain 2 satisfy conditions (1.5) and (1.6) and the
weight function ¢ satisfy condition (1.1) and let R be some positive number. Then,
the following estimates hold:

(1.7) Cl/ﬂqﬁ(x)|u(x)|pdx§ /Q¢(x0) /QmBR |u(z)|P dz dzy <
<Cs [ Gt da.

Proof. We have

) [ oo [ I [ @ ([ xansa(ao)d(an) dsa) as

Here, xonpr denotes the characteristic function of the set £ N BE.
It follows from inequalities (1.1) and (1.2) that

(1.9) Cip(z) < infy epr d(z0) < sup,,cpr ¢(0) < C2o(2),

and assumptions (1.5) and (1.6) imply that
(1.10) 0 < C; < mes(QN BE) < ¢,

uniformly with respect to z € Q2.
Estimate (1.7) is an immediate corollary of estimates (1.8)—(1.10) and Proposi-
tion 1.2 is proved.

Corollary 1.1. Let (1.5) and (1.6) hold. Then, the following norm is equivalent
to the usual norm in qu;p(Q):

1/p
(1.11) I 0oay = ( [ doollu @0 B, doo)

In particular, all the norms (1.11) are equivalent, for R > 0.

To study equation (0.1), we also need weighted Sobolev spaces of fractional order
s € Ry (and not for s € Z only). We first recall (see [28] for details) that, if V' is
a bounded domain, a classical norm in the space W*P(V), s = [s] + [, 0 < [ < 1,
[s] € Z4, can be defined by

|Du(x) — D*u(y)[?
112) [ VIE, = | V||s]p+||z[]// |$_y|n+lp dz dy.

It is not difficult to prove, arguing as in Proposition 1.2 and using this representa-
tion, that, for any bounded domain V' with a sufficiently smooth boundary

(1.13) Crllu, VI[E, < /V lu, VA B |12, dzo < Collu, VIE,

This justifies the following definition.



Definition 1.3. We define the space W(Z’p(Q), for s € Ry, as the space of distri-
butions whose norm (1.11) is finite.

It is not difficult to check that these norms are also equivalent for different R > 0.
We now note that the weight functions

(1_14) Qs{ﬁ},mo — e—5|w—$0|7

satisfy conditions (1.1) uniformly with respect to o € R™ and, consequently, all
the estimates obtained above for arbitrary weights will be valid for family (1.14)
uniformly with respect to z¢p € R™. Since these estimates are of fundamental sig-
nificance for what follows, we write them explicitly in several corollaries formulated
below.

Corollary 1.2. Let u belong to LI{’(;}(Q), for 0 < § < B. Then, the following

estimate holds uniformly with respect to y € R™:

(1.15) < /Q ¢~a8la0—y] < /Q e—ﬂlm—xol|u(x)|pdx>quo> 7

< C’g,(s/ e 012 =Yly(z)|P de.
Q

Moreover, if u € L?E}(Q)’ 5 < 3, then

(1.16) sup {e—Blmo—yl sup{e_ﬁ|$_”°||u(a7)|}} < Cgssup{e 0¥l |u(z)]}.
o EQ TEQ TEQ

Corollary 1.3. Let u belong to Wég(Q) and ¢ be a weight function with growth
rate pn < 3. Then

(117) Cillu, QI ,,, <

< sup {¢)(a70)/ e—ﬁlw—$0|||u,QmB;||§’,p d:c} < CzHU’QHg,W,p'
ToEQN €N

For the proof of this corollary, see [34].

We will essentially use the subspaces of Wé’p (22) which consist of functions de-
caying when |z| — oo below.

Definition 1.4. We define the space Wé’p(Q) as follows:

(1.18) WeP(Q) = {u e WPP(Q): lim |lu,QN Bl

|zo|—>00

The following proposition gives simple compactness criteria for sets in W,f’p (Q).

Proposition 1.3. A set B € Wé’p(Q) 1s compact if and only if:
1. For every zog € (2, the restriction B

Wi (V).

v of the set B to Vy, is compact in

o



2. The set B possesses a uniform ’tale’ estimate, i.e. there exists a continuous
function Rp(z) : Ry — Ry such that lim,_, o Rp(z) =0 and

(1.19) |u, 2N B

1p < Re(|rol), Yu € B.

This proposition can be easily proved by using the Hausdorff criterium.
The next proposition will be useful in order to verify that a function belongs to
the space Wé’p (). In order to formulate it, we need the following definition.

Definition 1.5. For every 8 > 0 and every u € W,f’p (2), we introduce the function
szp(u, z), z € Ry, as follows:

(1.20) Rf,p(u, Z) 1= SUPgeq {e_ﬁ dist(@,R"\Bo) |14, 0 N B;“l,p}-

Proposition 1.4.

1) Let u € Wé’p(Q). Then, the following estimate holds for every z € Ry and
B >0:

(121) R (u.2) < max { oty ot e, 5D a2 j2 s 21 Béllz,p}}-

In particular, u € Wé’p(Q) if and only if
(1.22) pr(u,z) — 0, as |z| = co.

2) Let, in addition, a function v € Wél’pl (Q) satisfy the estimate

l,p},

(1.23) 0,20 BL |1y p < C sup {e—mm_m”u, Qn B!
TE

for an appropriate B > 0. Then

(1.24) R

l1,p1

(v,2) < CRﬁp(u, z), z€Ry,

where the constant C' is independent of I, p, l1, p1, B >0, z € Ry, u and v. In
particular, if u € WiP(Q), then v € WP (Q).

Proof. The proof of estimate (1.21) is straightforward and we omit it here. In order
to prove estimate (1.24), there remains to observe that the weight function

(1.25) 0p.(x) i =e " dist(z,R™\ BZ)

has the growth rate 3 and satisfies inequality (1.1) with C,, . = 1. Multiplying now
inequality (1.23) by ¢g..(70), applying the operator sup, .o and using inequality
(1.4), we obtain estimate (1.24) and Proposition 1.4 is proved.
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§2 A PRIORI ESTIMATES. EXISTENCE AND UNIQUENESS OF SOLUTIONS.

In this section, we consider the following parabolic boundary value problem:

@.1) { Oyu — aAgzu+ f(u, Vau) + Aou = g(t),

=0,

“‘t:o = Uo; U‘E)Q

in an unbounded domain 2 C R?® which satisfies conditions (1.5) and (1.6).
We recall that u = (ul, - ,u¥), a, g > 0, f = (fY,---, fF), g = (g%,
and that the nonlinear term f satisfies the following conditions:
(1. f € CY(RF x R3* | RF),
2. f(v,p).v >0,
(2.2) 3. 10,0 < [0l QUul)(1 + oI, 7 < 2,
411 (v, p) < PolQ(lw)(1 + [pI"),
C5 [ fp (v, )| < IQ(v) (1 + [p[™ ),

for every (v,p) € R¥ x R% and for some monotonic function Q : Ry — R, .
We further assume that the right-hand side ¢g(t) = ¢(¢,x) belongs to the space

(2.3) S = Oy(R, [2())

(we will assume below that ¢ is translation-compact in ¥, endowed with the local
topology, see Section 3). The phase space ®;, for problem (2.1) is defined as

(2.4) By, == Wy "2(Q) N {uo| 5, = 0},

i.e. ug € ®p, where the fixed exponent 6 > 0 is such that § < min{% — %, %} A
solution of equation (2.1) is defined as a function u belonging to the space

L> (R-l-v (I)b) n Cb([07 00)7 Lg(Q))a

which satisfies equation (2.1) in the sense of distributions.

The main aim of this section is to derive several useful a priori estimates for the
solutions of (2.1) and to prove, based on these estimates, the unique solvability of
the problem under consideration. We start by formulating the following L°°-bounds
on the solution u.

Theorem 2.1. Let u be a solution of (2.1). Then, the following estimate holds,
uniformly with respect to xo € €):

(2.5)  [ul(T,20)* < Csupyeqfe ™" Nu(0,2) e+

+ C sup {e_V(T_t)/e‘ﬁlx_m°||g(t,x)|2dx},
te[0,T] Q

for some v > 0 and sufficiently small B > 0.

Inequality (2.5) follows from a standard application of the maximum principle
to the function w(t,z) = u(t, z).u(t, ), see [13] or [23] for details.
The next theorem gives a dissipative estimate for the solution u(t) in the phase
space ®y,.
11



Theorem 2.2. Let u be a solution of problem (2.1). Then, the following estimate
1s valid, uniformly with respect to xy € €):

(2.6) [[w(T), 2N By, ll2-52 <

< Quoll)supd e 001 Bla-sa ¢
pAS

+Qullals) s {0 sup (g0, 00 B} |
te[0,T] z€Q

for some monotonic function Q1 and small constants v > 0 and > 0.

Proof. We rewrite equation (2.1) as a linear equation:
(2.7) 0w — alzu + Aou = h(t) := g(t) — f(u(t), Viu(t)).

The following analogue of parabolic regularity theorems for weighted Sobolev spaces
is proved in [13]:

(2.8) / &= 2010=00l||(T), V, |2y  dir <
Q

< Ce—yT/ e—2ﬁ|w—y0|“uO7Vm“§_5,2 dxz+
Q

+C sup {MT—” / e—”'ﬂﬁ—w'llh(t),vu%2d:c},
te[0,T7] Q ’

for some positive constant C' and small positive constants v and S which are in-
dependent of yo € Q and V,, defined in (1.5) and (1.6). Applying the operator
SUD,,cq e~PAlzo=wol to both sides of (2.8) and using (1.17), we obtain the following
estimate:

(29) sup {e ol u(T), V, |35, <
T€EQ

< C'e T sup {e_mm_w‘)'“ltov Va:“%—&,z} +
TEQ

L Sup {e—v(T—t) sup {e—ﬁlm—mol ||g(t), V$||§ 2}} +
te[0,T) TEQ ’

+0" sup LT sup {0l (), V(0. Vil } .
te[0,T] zeQ ’

where C’ and the small positive constants v and 3 are also independent of x.
Thus, there only remains to estimate the last integral in the right-hand side of
(2.9). According to (2.2), we have

(2.10) [ (u(t), Vou(t)), Vallg 2 < Cllu(t), Vs

18,00 @2 (lu(t) | Lo () (1, Vil [T72, +1).
Using a standard interpolation inequality (see [28]), we obtain

(2.11) ||, Va

l12r < Cllu, Vallooallu, Vall—s 2,
12



where § = 5= € (0,1) (we also note that, due to assumptions (1.5) and (1.6), the
constant C' in (2.11) is independent of z). It follows from our assumptions on §
that 2rf < 2 and, consequently, (2.10) and (2.11) imply

(2.12) [If (u(t), Vou(t)), Vallgo < [1u(t), Vallg oo Qu(lu(t) | o= o) +aellu(t), Vall3_s -

Here, 1 > 0 is an arbitrary positive number and (), is an appropriate monotonic
function, depending on p. According to Theorem 2.1, we have

(2.13) Qu ([u®)ll=)) < e " Qu (luollL~(@) + Qu (lglls) ,

for an appropriate new function Qu- Consequently, due to (2.5), (2.9), (2.12) and
(2.13), we obtain

(2.14)  Zuo(T) < e Qu(lluolls,) Sgg{fw_mﬂuo,Vw||3—6,2}+

+Qullglls) sup {1 sup (el 0, VR | +
t€[0,T] LIS
+0p sup {7 T07,,(0)},
te[0,T]

where Z, (1) := sup,cq {e‘m“’_‘”o' |u(t), V$||§_572} and where p > 0 can be chosen
arbitrarily small. We now fix p > 0 such that Cu < 1/2. Then, (2.14) implies that

(215) Z2q(T) < Cre™Qunlloy supd e o, Vo s b+
z€

+Ca@lgls) sup {0 sup (e Pmullg0), VIR } .
te[0,T7] TEQ

for an appropriate monotonic function @ (see [13]). Estimate (2.15), together with
the obvious estimate

(2.16) C~'sup {e“"x‘”f"llv, Qn Billz,p} <
rEQ

< sup L= P00, Vg § < Csup {000, 201 Bl }
=19 TES2

imply (2.6) and Theorem 2.2 is proved.

Corollary 2.1. Let the assumptions of Theorem 2.2 hold. Then, the following
estimate is valid:

(2.17) lu@®)lle, < Q1(lluolle,)e™" + Q1(llgllx),

for some monotonic function Q1 and positive constant .

Indeed, applying sup, cq to (2.6), we derive (2.17).
13



Corollary 2.2. Let u be a solution of (2.1) and let the assumptions of Theorem 2.2
be satisfied. Then

(2.18)  |If (u(T), Vou(T)), 2N By 5 5 <

< T Qulually) sup] e * o, 20 BIR g |+
T

# Qallgls) swp {0 sup feste=miljg(o), 00 BLIR .
te[0,T] TEQ

for some monotonic function Q2 and positive constants v and 3.

Indeed, (2.18) follows from estimates (2.5), (2.6) and (2.10).

Corollary 2.3. Let u be a solution of (2.1) and let the assumptions of the previous
theorem be valid. Then, u € C1=/2(Ry, L?(Q2)) and

2
(2.19) ||7~t||c,~14/2([T,T+1],L2(QnB;m))S

< T Qaluall) sup] e * o, 20 BIR g |+
T

+ Qallgls) s {0 sup {ee=ealgo), 00 B} |
te[0,T7] TEQ

Indeed, rewriting equation (2.1) in the form (2.7) and applying the parabolic
regularity theorem, together with estimate (2.18), we derive estimate (2.19) (see
also [13] for details).

We now derive the smoothing property for equation (2.1).

Corollary 2.4. Let u be a solution of (2.1) and let us assume that the assumptions
of Theorem 2.2 hold. Then, for every fixred 0 < §1 < ¢

u € C([1,00), Wy "%(),
and, for arbitrary T > 1, the following estimate is satisfied:
(2:20) |lu(T), 2N By [l5-5, 2 <

< e " Q4(uoll5,) Sgg{e_mw_mnuo’ 0 B;||§_5’2}+
x

+Qullgls) sup {0 sup fest=mljg, 00 BLIR
te[0,T] z€Q

where the monotonic function Q4 depends on 01, but is independent of xy € €.

Proof. We introduce the function w(t) = (t — T + 1)u(t). Then, this function
satisfies

(2.21) { Opw — algw +Aow = (t =T +1)g = (t =T + 1) f(u, Vau) + u = h(t),

w‘t:T—l =0; w‘aQ =

Applying the parabolic regularity theorem to the linear equation (2.21), we derive
(2.20), analogously to (2.9), but replacing § by 07, using estimates (2.9) and (2.18)
in order to estimate the right-hand side of (2.21) and taking into account that
w(T —1)=0.

The next corollary shows that the trajectory wu(t) is Holder continuous with
respect to ¢t € [1,00) in the space Dy,
14



Corollary 2.5. Let the assumptions of Theorem 2.2 hold and let u be a solution
of (2.1). Then, the following estimate is valid, for T > 1:

(2.22) lulles gz 11,2, < Qs(lluolle,)e™" + Qs(llgll=),

where s := %(5 — 61)%, Qs is an appropriate monotonic function and v > 0 is a
constant.

Indeed, according to (2.19) and (2.20), we have
||u||01*5/2([T,T+1],L§(Q)) + ||u||Loo([T,T+1],Wb2_61’2(9)) < Q(||U0||<I>b)e_7T + Q(HQHE)

Interpolating between C1=9/2(L2) and L>° (W72 °"?), we obtain estimate (2.22).
The next theorem shows that, under the assumptions of Theorem 2.1, equation
(2.1) generates a Lipschitz continuous dynamical system in ®,.

Theorem 2.3. Let the assumptions of Theorem 2.2 hold. Then, for every ug € ®p,
equation (2.1) possesses a unique solution u(t) € Py, t > 0, i.e. this equation
generates a dynamical process {Uy(t,7),t > 7, 7 € R} in the phase space Py:

(2.23) Ug(t,m): &y = Dy, Uy(t, T)u(r) :=u(t), t>7.

Moreover, if uy(t) and ua(t) are two solutions of (2.1) with right-hand sides g1 and
gs respectively, then

(2:24) Nur(T) — ua(T), 2N By ll3 52 <

< CeKT sup {e—ﬁ|w—$o| |u1(0) — u2(0),2N BaI;”%—(S,z} +
e

+0 sup {0 sup {0y (1) — ga(0), 00 BIR .
te[0,T] e ’

where the constants C > 0 and K > 0 depend on ||u;(0)||s, and ||gi||s, but are
independent of xg € 2.

Proof. The existence of a solution for problem (2.1) can be verified, based on es-
timate (2.17), in a standard way (e.g. by approximating the unbounded domain
Q2 by bounded ones €2, solving (2.1) in €,, by the Leray-Schauder principle and
finally passing to the limit n — oo, see [13] for details).

So, there only remains to verify estimate (2.24). Let wuy(f) and uz(t) be two
solutions of (2.1) with right-hand sides g1 (t) and g2(t) respectively. Then, the
function v(t) := w1 (t) — u2(t) satisfies the equation

(2.25) Qv = aAgv — Agv — Ly (t, x)v — La(t, 2) Voo + (1), v|,_, = u1(0) — us(0),
where h(t) := g1(t) — g2(t) and

(2.26) {

1(t,x) = fol flL(sur(t) + (1 — s)ua(t), sVyur(t) + (1 — s)Vyua(t)) ds,

o(t, ) == fol fo, u(sur(t)+(1 — s)uz(t), sVaui (t)+(1 — 5)Vyua(t)) ds.
15
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We note that, due to Holder’s inequality, assumptions (2.2) on the derivatives of f
and the Sobolev’s embeddings

(227) W2_6’2 C W1,37“ C Wl,G(T—l) and W2—6,2 c C,
(we recall that n =3 and 6 < L — ), we have

(2:28) ||Z1(t), Viellos + [|Z2(t), Virllos <
< (JJur(t), Vallz—s2 + llua(t), Valla—s,2) Q (|lu1(t), Vallza—s2 + [Jua(t), Vall2a—s2)

where the monotonic function @) is independent of x € 2. Consequently, according
to (2.17)

(2.29) 1Z4(8), Vallos + 1 E2(1), Villo,s < M,

where the constant M depends on ||u;||s, and ||gi||z, ¢ = 1,2, but is independent
of x.

We derive estimate (2.24) in two steps. In a first step, we obtain an estimate of
the L2-norm of v, similar to (2.24).

Lemma 2.1. Let the assumptions of Theorem 2.3 hold. Then, for every xy € €2,
the following estimate is satisfied:

(2.30)  sup {e‘mm_mMHU(T),Va:||g,2} <
o EN

< Cue®m T sup {e=P1=o0l|jo(0), V, 3.} +
o EN

+ Cy sup {eKM(T_t) sup {e_m“’_m‘)'“h(t),vx
t€[0,T] 2o €EQ

Bab )

where B > 0 is a small constant and constants Cyy and Ky depend on the constant
M in (2.29), but are independent of xy.

Proof of Lemma 2.1. We multiply equation (2.25) by ve=2#l#=vl integrate over Q
and use the obvious inequality

(2.31) |V g~ 2Ple—wl| < 98e=2hle—vol,
Then, we obtain, for a sufficiently small 5 > 0
(2.32) 8t/ﬂe_25|x_y°||v(t,x)|2dx+)\0/{26_2B|m_y°||v(t,x)|2dx+
-|-a/Q6_25|x_y°||vmv(t,a¢)|2d:p§ /Qe_w|x_y°||f1(t,:c)|-|v(t,x)|-|v(t,a:)|d:c-|—
" /Q e~ Ple=wol| Lo (t, )| - |v(t, 3)| - |Vav(t, 7)] dot

+/ e=2le=w0l | (1, )2 di.
Q

16



We estimate the first two terms in the right-hand side of (2.32) by using repre-
sentation (1.17), Holder’s inequality, classical Sobolev’s embedding theorems and
estimate (2.29). Indeed, the first term can be estimated as follows:

(2.33) Ii(t) < O / e Pla=aol|[ 1Ly (8)] - [u(t)] - [o(t)], Vielloa d <
Q
= 02/ e=2812=0 | T, (8), Villos - [[o(£), Vallo.z - [[0(2), Vallp.2 do <
Q
< C’3M2/ 6_2B|x_y0||’0(t,$)|2d$-|-CL/4/ e~ 2le=vol |y _u(t, x)|? d.
Q Q

Analogously, using, in addition, the interpolation inequality

1/2 1/2

||U;Vx||0,3 < CHU,Vx 0,2 ° ||U7Vm||1,27

we find
(2.34) L(t)<C / e~ le=wl|| | Ly ()] - |Vau(t)] - [u(t)], Vil do <
Q

<Ci [ L0, Vallog - o0 Valoa - [0(0). Ve
Q

l12dz <

1/2 3/2
ol (), Vallis de <

lo,6 - [[v(t), Va

§02/ 6_2’8|w_y0|||iz(t),vw
Q

< C’3M4/ e~ 2Ble=volly (¢, ) |2 da: + a/4/ e~ 2Ple=vol |y u(t, x)|? d.
Q Q
Inserting (2.33) and (2.34) into (2.32), we have

(2.35) at/ 6_2B|$_y°||v(t,x)|2da:—KM/6_25|”_y°||v(t,x)|2d:c-l-
Q Q

+a/2/e_2ﬁ|”_y°||vwv(t,:c)|2da7§/e_2ﬁ|w_y°||h(t,x)|2da7,
Q Q

where K7 := —\g+C3M?(1+ M?). Applying Gronwall’s lemma to relation (2.35),
we obtain

(2.36)  [[o(T), Viol3.2 < CMeKMT/ e~ 2Ple=vol|y(0, z)|2 da+
Q

T
+ / T (71 / e~ 201e=w0l (1, ) ? v .
0 Q

Multiplying (2.36) by e~#l#o—¥0l  taking the supremum over yo € € of both sides
of the obtained inequality and using inequalities (1.17), we finally find (2.30) and
Lemma 2.1 is proved.

We are now in a position to complete the proof of the theorem. Indeed, ap-
plying the parabolic regularity theorem to equation (2.25) (see [13]), we obtain,
17



analogously to (2.8) and (2.9)

(237)  sup {e 1ol |o(T), V350 } < Ce™ T sup {170l [0(0), V2|35 |
o€ zEQ

+C sup {e—v(T_t) Sup {e—5|w—$0|”h(t>, Vx||%,g}} +
te[0,T TEQ

¢ sup {e1 T sup (eI B 00(0), Vil + 1BV, V2 0}
te[0,T] xeQ

Thus, there remains to estimate the last supremum in the right-hand side of (2.37).
To this end, we note that, due to Holder’s inequality, the Sobolev’s embedding
theorems and estimate (2.29)

(2.38) L1(t)v(t), Vallg 2 + 1 L2(t) Vo (t), Vallg 2 <
< Cullo(t), Vallg 2 + wllo(t), Vall3_s 2.

which is valid for every p > 0; see also (2.33) and (2.34). Inserting these estimates
into (2.37) and using (2.24), we find

(2.39) Z,,(T) < CL@KEWT sgg {e_mm_m'HU(O), V:z:”%_(s,z} +

+C' sup {eK;M(T—t) sup {e—mx—molnh(t), Vx||372}} +
tE[O,T] e

+0p sup {7 07,.(1)},
te[0,T]

where K3, := max{—y, Ky} and Z, (t) := sup,cq {e‘mx_"”‘)'“v(t),Vw||%_5,2}.
Fixing p < 1/(2C) in (2.39), we obtain (2.24) as in (2.14) and Theorem 2.3 is
proved.

Remark 2.1. We note that the constant K = K}, in (2.24) is defined by
(2.40) K = max{—y, —\o + CM?(1 + M?)},

where M is defined in (2.29) and v and C are independent of M. Therefore, the
exponent K, is negative, if M is small enough. This will be essential for the next
sections.

The next corollary is an analogue of Corollary 2.4 for equation (2.25).

Corollary 2.6. Let ui(t) and uz(t) be two solutions of (2.1) with right-hand sides
g1(t) and go(t) respectively. Then, for every fized 0 < 61 < § and for an arbitrary
T > 1, the following estimate holds:

(241) Nur(T) = ua(T), 2N By, ll3-5, 2 <

< CeKT sug{e_mw_m0| |u1(0) — u2(0), Vcr:”%—&,Q}"‘
S

+ C sup {eK(T—t) sup {6_5|fl/‘—mo|||g1(t) — gz(t), V:E”(% 2}} )
+€[0,T] z€Q ’

18



where the constant C' depends on 1, but is independent of xqy € 2.
Indeed, we set w(t) = (t — T + 1)v(t). Then
(2.42) Oww — aAzw + dow =v(t) + (t =T + 1)h(t)—
— (=T +1) (La®)o(t) + La(O)Var(t)) = h(t), w],_p_, =0, w|yq =0,
Applying the parabolic regularity theorem to the linear equation (2.42), we obtain
(2.41), analogously to (2.9), but replacing ¢ by 01, using estimates (2.24) and (2.38)

in order to estimate the right-hand side of (2.42) and taking into account that
w(T —1)=0.

§3 THE GLOBAL (UNIFORM) ATTRACTOR.

In this section, we prove that equation (2.1) possesses the global (uniform) at-
tractor in the phase space ®,. To this end, following [6-7], [21] and [34], we consider
a family of equations of type (2.1), generated by all time translations of the initial
equation and their limits in the corresponding topology. To be more precise, we
consider the following family of problems:

(3.1) Opu = aAgzu — Mu — f(u, Vyu) +£(t), € € H(g),
where H(g) is the hull of the initial external forces g, defined via
(3.2) H(g) := [Thg,h € R] S (Thg)(t) :=g(t + h),

Yioe = Cloc(R, L% (Q)) and [-]x,,, denotes the closure in the space ¥j4.
In order to construct the attractor for family (3.2), we further assume that the
hull (3.2) is compact in the space Y.

(33) rH(g) cC Eloc

(following [6], such functions are called translation-compact in ¥;,.). We now
introduce the function

(3.4) R 5 (H(g),2) :=sup sup Rf,(£(t), 2),
tER £€H(g)

where 8 > 0 is a sufficiently small parameter which will be specified below and the
function R§72(§, z) is defined by (1.18). Then, due to (3.3) and due to Propositions
1.3 and 1.4, we have

(3.5) Ry o(H(g),2) = 0 as z — 0.

We now define the semigroup {Sj, h > 0} in the extended phase space ®, x H(g)
via

(36) Sh : (I)b X H(g) — (I)b X H(g), Sh(UO,f) = (Ug(h, O)Uo,Thf),

where Ug(t,7) is the solving operator of problem (2.1) with the external forces g
replaced by & € H(g).
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We recall that a set A C @, x H(g) is the global attractor of semigroup (3.6) if

1. The set A is compact in @ x H(g).

2. The set A is strictly invariant, i.e. SpA = A,

3. A is an attracting set for the semigroup Sy, i.e. for every neighborhood O(A)
of the attractor A in the space @, x H(g) and every bounded subset B C &, x H(g),
there exists T'= T'(O,B) such that

(3.7) SyB C O(A) for h> T,

(see e.g. [6-7] for details). If the global attractor A exists, then the projection
A :=TI1A onto the first component of &, x H(g) is called the uniform attractor of
equation (2.1).

Theorem 3.1. Let the assumptions of Theorem 2.2 hold and let in addition the
external forces g be translation-compact in Yioe (see (3.3)). Then, the semigroup
Sk possesses the global attractor A in the space ®, x H(g). Moreover, the associated
uniform attractor A belongs to the space

(3.8) &y, == W22(Q),
and has the following structure:

(3.9) A= U&e’f—t(g)lc£ ‘t:O’

where K¢, £ € H(g), is the set of all solutions u(t) of (3.1) defined and bounded for
allt e R (ue L®(R,Pyp)).

Proof. We first prove that Sj possesses a locally compact attractor in the space
®, x H(g), i.e. an attractor that is a priori only bounded in @, x H(g), but
compact in the local topology of ®;,. x H(g), where

(3.10) Broe = W272(Q),
and attracts bounded subsets of ®;, x H(g) also in the local topology (i.e. the
neighborhood O(A) in (3.7) must be understood in the space ®;,. x H(g), see e.g.
[34]). We recall that, due to the abstract attractor’s existence theorem (see [3]), it
suffices, in order to obtain such an attractor, to verify the following conditions:

1. The operators S; are ®;,. X H(g)-continuous on every @, x H(g)-bounded
subset B and every fixed t > 0.

2. The semigroup S; possesses a bounded in ®, xH(g) and compact in ®;,. xH(g)
attracting set K.

Let us verify these conditions for our semigroup. The first condition is an im-
mediate corollary of estimate (2.24). Applying the operator sup, . to both sides
of (2.20) and using (1.4), we have, for T > 1

(3.11) [u(T)ly2-512 gy < €T Qlluolle,) + Qlglle),

b

for an appropriate monotonic function ) and fixed constants 0 < d; < § and v > 0.
Estimate (3.11), together with (3.3) and the obvious inequality

(3.12) 1€]l2 < llgllz, for every & € H(g),
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imply that the set

(3.13) K:{weW?%%n:wwwsms%mmm}x%@

is indeed an absorbing set for the semigroup S;. We note that the embedding
Wb2_51’2(9) C Py is compact (since d; < §). Thus, the second condition is also
satisfied and, consequently, the semigroup S; possesses a locally compact attrac-
tor A. Relation (3.9) then follows from the general global attractor’s description
theorem, see [3] and [6].

Let us now prove that the obtained attractor is in fact compact in the uniform
topology of @, x H(g). To this end, we note that, according to (2.6), every complete
bounded solution u(t) € IC¢ of equation (3.1) satisfies the estimate

(3.14) [u(T), 2N By [13_52 <

<Qllgls)_sp {0 sup (el 20 BB
te(—o00,T) rEQ ’

Proposition 1.4 now implies that

(3.15) [u(T), 20 By, lla—s,,2 < Q(llglln)RG 2 (H(9), o),

for some function ) and, consequently
(3.16) 14, B, N Qla—s, 2 < Qllglls)RG 2 (H(g). wo).

Estimate (3.16), together with condition (3.5), imply that A4 C ®, and possesses a
uniform ’tale’ estimate, i.e.

(3.17) lim [|A,QN B, [la—s2=0.

|zo|—00

We also note that, by construction, A is compact in ®;,.. Thus, due to Proposi-
tion 1.3, the set A is compact in @, and, therefore, A is compact in @, x H(g).

So, there remains to verify that A is an attracting set for S; in the uniform
topology of @, x H(g). Let us assume the converse. Then, there exist a sequence
&n € H(g) of external forces, a sequence of solutions u,(¢) of (3.1) with ¢ replaced
by &, u,(0) belonging to some bounded subset B C @3, and a sequence ¢, — oo
such that

(3.18) diste, (un (tn), A) > Bo > 0.
Since A is a locally compact attractor, then there exists ug € A such that
(3.19) |t (t) — 10, 2N BE||2_s5.2 — 0, for every R > 0.

It follows from (3.6) and Proposition 1.4 that

(3.20) lun(tn), OB 2—s2 < e Q(||Blla,) + QUllgll=)Ro 2(H(9), R),
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and, consequently, due to (3.16) and (3.20)

(3.21) lim sup [t (tn) — 10, A\ Bf[l2-s2 < Qllgll£)RY 2(H(9), R).

n—> 00

Convergences (3.5), (3.19) and (3.21) contradict (3.18). Therefore, A is an attract-
ing set in the uniform topology of @, x H(g) and Theorem 3.1 is proved.

Remark 3.1. The uniform attractor A of equation (2.1) can be defined without
using the extended semigroup Sj; and the skew-product technique. Namely, the set
A is called the uniform attractor of equation (2.1) if

1. A is compact in ®y,.

2. A is a uniformly attracting set for the process {Uy(t,7),t > 7, 7 € R}, i.e.
for every neighborhood O(A) in ®;, and for every bounded subset B C ®;, there
exists T = T'(O, B) such that, for every 7 € R

(3.22) Ug(tr+t,7)B C O(A) fort>T.

3. A is minimal among the closed sets enjoying properties 1 and 2.
The equivalence of the two definitions is proved in [6].

Remark 3.2. We note that every periodic, quasiperiodic and almost-periodic with
values in Lg(Q) external force is obviously translation-compact in ¥;,. and, con-
sequently, equation (2.1) with right-hand sides from these classes possesses the
uniform attractor A. We also note that the class of translation-compact functions
is larger than the class of almost-periodic functions. Indeed, it is not difficult to
verify, using the Arzela-Ascoli theorem, that every

(3.33) g € Cf(R,W;2(Q)), a >0,
is translation-compact in L{° (R, L?(£2)). So, the translation compactness can be
interpreted as some regularity assumption on g. Moroever, it is possible to verify
that ¢ is translation-compact in ¥, if and only if

(3.34) g € |Cy (R, Cgo (R?) ) ,
O (R,L3())

where Cgq(R3?) denotes the subspace of C1(R?) consisting of functions with finite
support in R? (see [34] for details).

Now, in order to study the Kolmogorov’s entropy of the obtained attractor, we
need some estimates on the difference of solutions belonging to a neighborhood of
the attractor A. First, we construct a special neighborhood of A in ®;. To this
end, analogously to (3.4), we introduce, for every ug € ®;, the function

(3.35) Rgb (uo, 2) 1= Rg_m(uo, 2),

where the constant 8 > 0 is the same as in (2.6). Then, due to (2.6), (1.23) and
(1.24), we have the following ’tale’ estimate for the solution u(t) of equation (3.1):

(3:36) R, (u(t),2) < Q(lu(0)l|s,)e” "Ry, (u(0), 2) + Q(lgll=)Ro 2(#(g), 2)-
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We finally set, for every R > 0

RS L(H(g),2), z <R,
3.37 RE L (H(g), 2 R) := 2 02
(3.37) 0,2(H(9), 2, 1) Q(Ilgllz){ P (M9 R). 2 > R,
and
(3.38) Vr = {up € By : R, (u0,2) < RY,(H(9),2 R), ¥z € Ry }.

Then, on the one hand, it follows from (3.36) that set (3.38) is a uniformly absorbing
set for the family of equations (3.1). On the other hand, (3.36) implies that, for
every ug € Vg, the corresponding solution u(t) of (3.1) satisfies

(3.39) R, (u(t), 2) < Q(llgll=)RE 2 (H(9), 2 R),

where Q is independent of R.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold. Then, there exists R =
Rer¢ > 0 such that, for every solutions uq(t) and ua(t) of equation (3.1) with right-
hand sides g1 € H(g) and g2 € H(g) respectively and with initial data uq(0),uz(0) €
Vr

eff

(3-40) Uy (t) — U2 (t) = ['umm (t) + Numm (t),

where the first term in (3.40) satisfies

(3:41) Loy s Wla, < Ce™[ur(0) = uz(0) @, + Ce™ llg1 — galleo.n,2),

and the second one can be estimated as follows:

—B dist(z Reff
(3:42)  [|Nuy o (8), 20 B [l2—5, 2 < CeFF 580 B0 4y (0) — up(0) g,

where the constant R.ry can be found from the following equation:

(3.43) R 2 (H(9), Reps) = 1, 1= p(f,a, o, [|glls),

and the positive constants C,v, B, u, K and 61 < § depend only on ||g||s, but are
independent of v, Repy and uy(0),u2(0) € Vg, -

Proof. We set v(t) := uy(t) — u2(t) and h(t) := g1(t) — g2(t). Then, the function
v obviously satisfies equation (2.25). Let us split the function v(¢) into a sum of
three functions v;(t), i = 1,2, 3:

(3.44) v(t) = vi(t) + va(t) + vs(t),

where vy (t) is solution of

(345) (9t1)1 = aAmvl — )\0’01 — El(t)vl — Zz(t)vxvl + h(t), Ul‘t:O = 0,
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(the functions El(t) and iz(t) are defined by (2.26)), the function v (t) is solution
of

(3.46) Dyv2 = alyvs—Aova— (1= xRr)L1(t)v2— (1—XR)L2(t)Vava, va,_, = v(0),

Xr = Xr(x) being the characteristic function of the R-ball BE in R", and the
function wv3(t) is solution of

(347) 8,51}3 = CLAw’Ug — )\0’03 — El(t)vg — 21\2 (t)vag + hR(t), ’Ug‘tzo = 0,

with hig(t) = —xr(z) (Z (t)va(t) + La(t) Vst )
We note that equation (3.45) is very similar to (2.25) and, consequently, estimate
(2.24) implies that

(3.48) lor®)lle, < Ce™ hlleqon.L29)),

for appropriate constants C' and K, depending only on ||g||s. Let us then investigate
equation (3.46). To this end, we observe that, due to (2.28) and (3.39), we have

(3.49) |1 — xr) L1 (1), (1 - xr)La(t),
< Q(|lgllz)RY 2(#(g), R) := Mg,

for some monotonic function Q. We note that equation (3.46) is also of the form
(2.25) and, consequently, the function v, (t) satisfies the following analogue of (2.24):

(3.50) [v2(t)l|3, < Ce MR [u(0)]|a,,

where C' depends only on ||g||s and the coefficient K satisfies

(3.51) K i= C1MA(1+ M3) — Cy ).

Since Rg,z(’H(g), R) — 0 as R — oo, then it is possible to fix R = R.¢s such that
Ky < —v := —C3\p/2. Moreover, the minimal number R which possesses this
property obviously satisfies (3.43). In that case, (3.50) reads

(3.52) lv2(®)lle, < Ce™[0(0)|a,-

So, there only remains to study equation (3.47). As above, equation (3.47) is of the
form (2.24). Applying the smoothing property (2.40) and using estimates (2.38)
and (2.53), we deduce that, for some 0 < §; < 0 and for all t > 1

(3.53) lvs(t), 2N By, ll2-5, 2 <
< C sup {eK(t 5) sup {e” Blz=mol||h(s5), QN B} o2t} <

s€[0,t]
< C1eK vy (t)]| 3, sup {e 1o} < CyeKt=F dist@o.B) |1y (0) g, .
lz|<R
We now set,
(3.5 Luns () 5= 02(0) + 130, Ny 0) 5= 50,
Then, estimates (3.48), (3.52) and (3.53) give (3.41) and (3.42) and Theorem 3.2 is

proved.
The next theorem shows that the ’size’ of the attractor A‘Qm g decays expo-
)

nentially as |zo| — oo.
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Theorem 3.3. Let the assumptions of Theorem 3.2 hold and let uy(t) and uq(t),
t € R, be two arbitrary solutions belonging to the set K¢ (defined in (3.9)), for some
& € H(g). Then, the following estimate is valid:

ff)
)

. Re
(3.55) i (t) — ua(t), 2N BL |la—s,2 < Ce™? dist(@o. B teR,

where the constant C' is independent of ui,us € K¢, t € R and & € H(g) and the
constants B > 0 and Rct¢ are the same as in Theorem 3.2.

Proof. We set v(t) := uy1(t) — uz(t). Then, this function satisfies the equation
(3.56) 90 = alyv—Aov—(1—xr,,, ) L1()v—(1—xr.,, ) La(t) V0 = hy(t), t € R,

where the functions Ly and Ly are defined in (2.26) and

-~

(3.57) ho(t) == Xr.,, (@) Li(t)0(t) + Xr.,, (@) L2(t) Va0 (t).
Since the attractor A is bounded in @y, then

(3'58) ||hv(t)7B;0||L2 < CXReff‘l']-(xO)?

where the constant C' is independent of £, uy,us and &. We now recall that we fix
the effective radius R.ss such that (see (3.51)) equation (3.56) (or, equivalently,
equation (3.46)) is exponentially stable and, consequently, according to (2.24), we
have

(3.59) lv(t), 2N By [l3-52 <

<O sup {e—ﬂ“—s){supe—ﬁ'm—wowmv(s),smB;n%z}},
SE(—o00,t] A 7

where 5 > 0 and C are independent of ¢, uy,us and £. Inserting estimate (3.58)
into the right-hand side of (3.59), we finally obtain inequality (3.55). This finishes
the proof of Theorem 3.3.

Corollary 3.1. Let the assumptions of Theorem 3.2 hold and let, in addition,
equation (2.1) be autonomous:

(3.60) g(t,x) == g(x) € L3(Q).

We further assume that zg € W>2(Q) is an arbitrary equilibrium of equation, (2.1):

(3.61) alzzo — Aozo — f(%0, Vz20) = 9, ZO‘@Q = 0.
Then, the following estimate holds:

. Rg
(3.62) | A= 2,20 B;0||2—5,2 < Ce P dist(zo,B, ff)7

where > 0 and C > 0 are independent of 2.

Indeed, taking us(t) := zo in (3.55), we find (3.62).
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Remark 3.3. Estimate (3.62) describes the asymptotic behavior of the attractor A
as || — oo in the autonomous case. Moreover, this estimate shows that, outside the

effective domain Q. f¢ := QN Bé% /7 the attractor A coincides with the equilibrium
zo up to exponentially small terms as || — oo. That is the reason why we can
predict that the dynamics generated by (0.1) in an unbounded domain € can be
more or less well approximated by equation (0.1) in the bounded domain Q.fs. In
the next section, we partially prove this conjecture by showing that A has indeed
a finite fractal dimension which can be estimated from above in terms of R.:

(3.63) dimp (A, ) < Cvol(Qeyy),

where C' is independent of R.fr. We also note that the right-hand side of (3.63)
coincides with the typical asymptotics for the dimension of the attractor A of
equation (0.1) in the bounded domain Q.r¢ (see e.g. [3]).

§4 KOLMOGOROV’S e-ENTROPY OF THE GLOBAL (UNIFORM) ATTRACTOR.

This section is devoted to the study of the Kolmogorov’s e-entropy of the global
(uniform) attractor A of equation (2.1). First, we briefly recall the definition of
Kolmogorov’s e-entropy and give some classical examples (see [22] and [28] for a
more detailed study).

Definition 4.1. Let K be a (pre)compact set in a metric space M. Then, due
to Hausdorft’s criteria, it can be covered by a finite number of e-balls in M. Let
N (K, M) be the minimal number of e-balls that cover K. Then, by definition, the
Kolmogorov’s e-entropy of K is defined as follows:

(4.1) H, (K, M) :=log, N.(K, M).

We now give several examples of typical asymptotics for the e-entropy.

Example 4.1. We assume that K = [0,1]” and M = R" (more generally, K is a
n-dimensional compact Lipschitz manifold of a metric space M). Then

(4.2) H (K, M) = (n +3(1)) log, g Case 0.

This example justifies the definition of the fractal dimension.

Definition 4.2. The fractal dimension dimg (K, M) is defined as

: : H. (K, M)
(4.3) dimp (K, M) := limsup,_,, Togy 1/

The following example shows that, for sets that are not manifolds, the fractal
dimension may be noninteger.

Example 4.2. Let K be a standard ternary Cantor set in M = [0, 1]. Then

In2
dimp(K,M)=— < 1.
r ) In3
The next example gives the typical behavior of the entropy in classes of functions
with finite smoothness.
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Example 4.3. Let V be a smooth bounded domain of R” and let K be the unit
ball in the Sobolev space W':P1(V) and M be another Sobolev space W'2:P2 (V)
such that the embedding W' Pr c W'P2 is compact, i.e.

[ 1 l 1
ll>l220, —1——>—2——.
n

Then, the entropy H. (K, M) has the following asymptotics (see [28]):

1\ 7/ (i=l2) 1\ "/ (li=i2)
w ()" cmman<a (D)
€

Finally, the last example shows the typical behavior of the entropy in classes of
analytic functions.

Example 4.4. Let V; C V5 be two bounded domains of C”. We assume that K is
the set of all analytic functions ¢ in V3 such that ||¢]|¢(v,) < 1 and that M = C(V1).
Then

(4.5) Cs (logy 1/e)" ™ < HL (K|, , M) < Cy (logy 1/)"*",
(see [22]).

We now state the main result of this section.

Theorem 4.1. Let the assumptions of Theorem 3.1 hold. Then, the entropy of the
attractor A satisfies (for e > 0 small enough):

1
(4.6) H.(A, &) < Cvol(2N B! log, -+

+Hey i (0|0 1105, 17100 Col10, Llog 1/6], LE(€2)))

where Rey¢y is defined in Theorem 3.2 and constants C, C', L and K depend only
on the left-hand side of equation (2.1) and on ||g||s and are independent of Resy.

Proof. We adapt the method suggested in [16] and [34] to our situation. Let Vg C
®;, be the same as in Theorem 3.2. Then, according to (3.41), (3.42) and (3.36),
there exists a time T' = T'(||g||s) such that

(4.7) Ug(T +T,T)Vr CVg, TER, £€Hg),
and, for every u1(0),uz(0) € Vg, decomposition (3.40) is valid:

(4.8) { 1£us s (T) @, < 1/16[u1 (0) = u2(0) e, + Killgr = 92llc, (0,11,22):
[Nuyus (Tl @, < Laf|ua(0) — uz(0) ],

where ®py := szf;fz(ﬁ), befi(x) :=etP diSt(”’Bfe”), d1 < 40, and the constants
K and Ly depend only on ||g||s. It is extremely important here that the embedding
®.rr C Dy be compact. Let now B = B(R, ug, ®p), up € Vg, be a ®p-ball of radius
R centered at wug such that A C B (such a ball exists, since A is bounded in
®;). Our task is to construct, starting with the initial ball B, an R/2*-covering of
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the attractor A, for every fixed k. Estimating then the number of balls in these
coverings, we will deduce estimate (4.6).

Let k € N be fixed. We fix the minimal rﬁzik—covering of the set rH(9)‘[O,(k+1)T]
for the metric of C([0, (k+ 1)T], LZ(Q)) (it is possible to do so, since g is translati-
on-compact; the reason for taking the interval [0, (k + 1)T] instead of [0, kT will
be clarified in the next section, devoted to the construction of an exponential at-
tractor). Let G := {&1,---,&n} C H(g) be the centers of this covering. Then,
obviously

(4.8") logy N =logy N (k) :=
= HR/(2k+3K1)(H(g) ‘[0,(k+1)T]’ C([Oa (k + 1)T]7 LE(Q)))

Let us also fix the minimal covering of the unit ball B(1,0, ®.¢s) for the ®.s-norm
by a finite number P of 1/(8Lq)-balls for the metric of ®; (such a covering exists,
since ®or¢ CC Pp) and

(4.9) logy P :=Hy/s1,)(B(1,0,®czy), Pp).

It is important that, for every r > 0 and v € ®y, the ball B(r,v, ®.¢s) of radius
r in ®.r¢ centered at v can be covered by the same number P of balls of radius
r/(8L1) for the ®p-norm (this covering can be constructed from the initial covering
of the unit ball B(1,0, ®.¢s) by shifting and homotetion).

We now set, L{g :={up} C Vg, j=1,---,N, where ug is the center of our initial
R-ball and we define the sets U C Vg by induction.
Let us assume that the sets Yf C Vg, j =1,---, N, are already defined for some

[ < k. We now define the sets le+1 as

(4.10) W),y = Ug, (L + )T, IT)U; .

We consider, for every j € [1,N], the system of LiR/2!-balls for the ®.fs-norm
centered at the points of W}. We cover each of these balls by a finite number P of
R/(213)-balls for the metric of ®, and we denote by U/ ; the set of all centers of

these new balls. We finally construct the sets uij-4-1 from U], by the following rule:
if u € U/, and Vg N B(R/2"2 u;, ®,) # &, then we add one (arbitrary) point
from this intersection to U7, ,; if this intersection is empty, then we add nothing.

I4+1°
Thus, obviously

#ulj;i-lé#ul/-l-lgp#uljv 1=0,---,k—1.

Thus, we have defined by induction the sets L{lj, for every 0 < [ < k and j €
[1,---, N]. We also note that the number of points in U] is given by

(4.11) #U) < Pl
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Lemma 4.1. The R/2%-balls in ®, centered at the points of the set Uy, = uf’:lu,g'
cover the attractor A.

Proof. Let w be an arbitrary point of A. Then, according to Theorem 3.1, there
exist £ € H(g) and a complete bounded solution u(t) of (3.1) such that u(kT) = w.

According to our construction, there exist j* € [1,---, N] and uj := ug € Z/lg*
such that
R 1 N .
(4.12) 1€ = &+ lleqo,w+nym, L2 (0)) < 8K, 2k’ 1u(0) — uplle, < R.

Let us assume that we have already proved that, for some [ < k, there exists
uf € U} such that

R

(4.13) 1a0T) - vi s, < 5;-

We now set v := Ug. (I + 1)T,IT)uj € Wi

i1- Then, due to (4.8)

(4.14) U(l+1)T) € Opjarrs (B(L1R/2 vig1, Pegy), ),

where O, (V, ®) is a p-neighborhood of the set V' in the space ®,. Thus, due to
our construction, there exists u;,, € U], such that

a((l + I)T) € OR/21+3 (B(R/2l+37 u;—i—lv (I)b)) = B(R/2l+27 u;—i—lv (I)b)

We note that Vr N B(R/2'%2 u; 1, ®y) # 3, since it contains u(IT). Consequently,
by definition of U/, ,, there exists uy,, € U}, such that

R

(4.15) &+ 1)T) = uiyilla, < 57

Thus, by induction, we conclude that there exists uj, such that

~ « R
[3(T) = i s, < 57
Since w = u(kT) € A is arbitrary, Lemma 4.1 is proved.

Therefore, we have constructed the R/2*-covering of the attractor A (centered
at the points of Uy, := Ué-V:lZ/{,z). Consequently,
(4.16) Npg ok (A, &) < NP".

Taking the logarithm of both sides of (4.16) and writing the explicit expression of
N = N(k), we obtain, for every k € N
(4.17)  Hpg/or (A, @p) < klogy P+

+ Hp2r+21,)(H(9)
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Estimate (4.6) is a simple corollary of (4.17). Indeed, let R > ¢ > 0 be fixed and
let k& be such that

R R

Then, noting that the e-entropy is a nonincreasing function of ¢, it follows from
(4.17) that

R
(4.19) H.(A, D) < (1+ log, ;) log, P+
R 2
#5121 (0 11105, 00 O0. 70+ o, D). 231@))).
In order to complete the proof of the theorem, there remains to verify that

(4.20) log, P < Cvol(Q2 N Bee/ T,

Indeed, according to our choice of space ®.¢r and, due to (4.9), there exists a
constant Cy; = C1(Lq, 3) such that

(421) 10g2P < Hl/(lGLl) (B(L 0, Wb2—51,2(Q N B(I)%eff-f—c'l), (I)b(Q N B(I)%eff—i-CH)) )

It is well known (see e.g. [32] or [34]) that the right-hand side of (4.21) can be
estimated as follows:

(4.22) Hyjqery) (3(1, 0, W2~ 2(Qn By ), @y (20 B?ef”Cl)) <

< Coyvol(Qn Bl 1+eny,

where the constant Cy is independent of R.¢¢. Theorem 4.2 is proved.

Remark 4.1. We note that, in the autonomous case g = g(z), (4.6) implies the
following estimate for the fractal dimension of A:

(4.23) dimp (A, &) < Cvol(Qn BT,
We also recall that, for bounded domains €2, we have the estimate
(4.24) dlmF (A, (I)b) S CVOI(Q)

§5 EXPONENTIAL ATTRACTORS.

The main aim of this section is to construct an (infinite dimensional) exponential
attractor for the nonautonomous problem (0.1). For the reader’s convenience, we
start our considerations by giving the standard definition of exponential attractors
for semigroups (see [17]).

Definition 5.1. Let S;, : &, — &3, h > 0, be a semigroup. Then, a set M is an
exponential attractor for Sy, if
1. M is compact in Py,
2. M is semi-invariant with respect to Sy, i.e. S;M C M, Vh > 0.
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3. M attracts the bounded subsets of ®; exponentially, i.e. there exists v > 0
such that, for every bounded subset B C @y, there exists a constant C' = C(B) such
that

(5.1) distg, (SpB,M) < Ce™", v >0, h>0.
4. The set M has finite fractal dimension, i.e.
(5.2) dimp (M, @) < co.

For nonautonomous equations, a definition of exponential attractor can be ob-
tained from Definition 5.1 by using the skew product technique and by projecting
the exponential attractor for the extended semigroup onto the first component (see
[16] and [18]). We give this definition in the case of equation (3.1).

Definition 5.2. Let U¢(t,7) : &, — Pp be the solving operators for (3.1). Then,
a set M is an exponential attractor for this equation if

1. M is compact in ®y,.

2. M attracts exponentially the trajectories of the family of equations (3.1), i.e.
for every bounded subset B C @y, there exists C' = C'(B) such that

(5.3) SUpgey(g) dista, (Ue (,0)B, A) < Ce™", v > 0.

3. For every ug € M, there exists £ € H(g) such that Ue(t,0)up € M, for every
t>0.
4. The set M has finite fractal dimension: dimg (M, @) < oc.

As in the autonomous case, it follows immediately from the definition that the
uniform attractor is a subset of any exponential attractor:

(5.4) AC M.

We note that, although this definition of nonautonomous exponential attractors
is well adapted to the study of nonautonomous equations in bounded domains €2
with periodic or quasiperiodic external forces (see [11] or [16]), it is not convenient
for more general translation-compact time dependences or/and for unbounded do-
mains. Indeed, as already mentioned, there is no reason to expect the uniform
attractor to have finite dimension in general and point 4 of Definition 5.2, together
with the embedding (5.4), imply that dimg A < co. Consequently, there is also no
reason to expect the existence of an exponential attractor in the sense of Definition
5.2 in general.

Thus, condition 4 of Definition 5.2 should be modified. We note, however, that
this condition cannot be dropped completely. Indeed, in that case, every compact
(semi-invariant) absorbing set of (2.1) would be an exponential attractor, which
does not make sense.

We note that, although an exponential attractor must have infinite dimension (if
the same is true for the uniform attractor), it is reasonable to construct it as 'small’
as possible. Using Kolmogorov’s entropy in order to compare the ’size’ of infinite
dimensional sets, we come to the following problem: construct an exponential at-
tractor M whose entropy H. (M) has in some sense the same type of asymptotics,
as ¢ — 0, as the entropy H, (A) of the uniform attractor:

(5.5) He (M, Vp) ~ H. (A, Vp).
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Having estimate (4.6) for the entropy of the right-hand side of (5.5), it looks reason-
able to give the following definition of (infinite dimensional) exponential attractors
for equation (2.1).

Definition 5.3. A set M is an (infinite dimensional) exponential attractor for
equation (2.1) if conditions 1-3 of Definition 5.2 are satisfied and if, in addition

' 1
(5.6) H.(M,®,) < Cyvol(QN B ) log, —+

+ Ha/Ll (%(g)‘[07K1 log, 1/]xQ’ C([O, K 10g2 1/6]7 Lg(Q))> ’

for appropriate constants Cy, C’, L; and K; depending only on ||g||s, a, A¢g and f.

Remark 5.1. We note that, if the external force g is in some proper sense finite
dimensional (e.g. if it is quasiperiodic; see also the examples in Section 6 below),
then the second term in the right-hand side of (5.6) has the asymptotics L log, 1/¢
and, consequently, (5.6) implies that M is finite dimensional (that is the reason
why we put into parentheses the words ’infinite dimensional’ in Definition 5.3). In
this situation, Definition 5.3 for exponential attractors coincides with the standard
definition (i.e. Definition 5.2).

The main result of this section is the following theorem.

Theorem 5.1. Let the assumptions of Theorem 3.1 hold. Then, equation (2.1)
possesses an (infinite dimensional) exponential attractor M in the sense of Defini-
tion 5.5.

Proof. We first note that it is sufficient to verify the exponential attraction for an
absorbing set for equation (2.1) (indeed, the image of every bounded subset of @,
enters the absorbing set after a finite time).

Let us construct an absorbing set B C @, x H(g) for the extended semigroup
St : @y x H(g) — Py X H(g) via the expression

(5.7) B :=Vr x H(g),

where Vg := Vg, is the same as in Theorem 3.2. We now fix the time 7" = T'(||g||x)
exactly as in the proof of Theorem 4.1 (in order to satisfy (4.7) and (4.8)). Then,
obviously

(5.8) S7B C B.

As usual, we first construct an exponential attractor for the discrete semigroup
S(n) :=S,r, n € N. Then, we extend this result to the continuous case.

We will use the notations of Theorem 4.1. Namely, for every k£ € N, we consider
the R/(K12F%3)-net G(k) := {¢F,--- &k} in the hull %(g)‘[o,(k L1yry Of the right-
hand side, restricted to the time interval [0, (k + 1)T']. Then, the number N = Ny
satisfies estimate (4.8"). For every j € [1,---,N(k)] and [ < k, we fix the sets
Ul (k) C Vg constructed in the proof of Theorem 4.1 (except that, in contrast
to Section 4, we now indicate explicitly the dependence of sets G := G(k) and
L{lj = Z/{f(k) on k). We also recall that

(5.9) #U (k) <P 1<k, je[L,-- N(K),
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where the constant P is defined in (4.9).

Then, it can be proved (repeating word by word the proof of Lemma 4.1) that
the system of R/(2¥)-balls for the ®,-metric centered at the points of Uy (k) :=
U;-V:(’f)blz(k) covers the set I1;SxB. We reformulate this property in the following
equivalent way:

R

(5.10) distq>b (Hl(SkB), Z/{k(k)) S 2k'

Roughly speaking, the main idea of our construction of exponential attractor is to
take this attractor as the union [Ugen Uy (k)] s, Lhen, (5.10) gives the exponential
attraction, whereas (5.9) gives the proper entropy estimate. However, in order to
satisfy the other conditions of Definition 5.3, we have to be a little more accurate.

Let us first define the lifting of the sets L{,g(k) (which will be denoted below by
U7 (k) in order to simplify the notations) to the extended phase space ®; x H(g).
To this end, for every v € U’ (k), we take a point (u,,&,) € B such that

(5:11) o = Ug, (b, 0unllvy < R/2*, 11— &olleqogernyryon < R/CHK).

(It is clear from the proof of Lemma 4.1 that the points v € U (k) for which such a
point does not exist can be dropped out of U (k), thus preserving property (5.10)).

We set U7 (k) == {Sk(uy, &) € Py x H(g) : v € U (k)} and U(k) := UL, T (k).
Then (due to (5.9)—(5.11))

(5.12)  distg, (TT1(SkB), T U(k)) < R/2"7, U(k) C SiB, #U(k) < N(k)P*.

We are now in a position to construct the discrete exponential attractors M? and
M :=TI;M?. To this end, we first define a sequence of sets E(k) by induction:

(5.13) E(0) :=TU(0), E(k+1):=S1E(k) UUk + 1),
and we then define the exponential attractor M? as follows:

(5.14) M = [ Upen E(k)] BoxHlg)
Indeed, the semi-invariance (S;M? C M?) is an immediate consequence of (5.13)
and (5.14). Furthermore, the exponential attraction follows from the first formula of
(5.12). Thus, there only remains to verify the entropy estimate. We recall that the
entropy of a set coincides with that of its closure. Consequently, we will estimate
the entropy of M¢ := UgenIl;E().

Let us fix an arbitrary €, R > ¢ > 0, and compute k = k(e) from the inequality

R
(5.15) oF <€ < gt

We then split M¢ as follows:
(5.16) M = (U<xTHE(D)) U (Urs kT E(R))

We note that, according to our construction, E(k) C SgB. Consequently (since B
is semi-invariant), the second set in decomposition (5.16) is a subset of Sg11B. We
33



recall that (due to (5.12)) the system of R/2%(< ¢)-balls centered at the points of
IT;U(k + 1) covers II; (Sk4+1B) and, consequently, covers the second set in (5.16).
Thus, the minimal number N (M, ®;) of e-balls which cover the attractor satisfies

(5.17) No(M* @) < #E(k) + #U(k +1) < > #E(k

1<k I<k+1

It follows immediately from the inductive definition of the sets E(l) that

(5.18) #E(l) < 3 #U(m) < 1#U() < (k+ 1D)#U(k +1) < (k+ )N(k + 1) P*.
m<l

Inserting this estimate into (5.17) and applying the log,, it follows that
(5.19) H. (M?, &) < 2log,(k + 1) +logy N(k+1) + (k + 1) log, P.

Expressing k& = k(e) from (5.15) and inserting this expression into (5.19), we obtain
(as in the end of the proof of Theorem 4.1) estimate (5.6). Thus, the set M? is
indeed a discrete exponential attractor. We also note that the upper bound (4.6)
for the entropy of the global attractor differs from the estimate for the exponential
attractor M? by the term log,(k(¢) + 1), which is proportional to the logarithm of
the logarithm of €.

To complete the proof of the theorem, there remains to extend M¢% to a contin-
uous exponential attractor.

Lemma 5.1. We set
(5.20) M = M° := U0 71S:M?.

Then, M := II1M is an (infinite dimensional) exponential attractor for equation
(2.1).

Proof. Let us verify the conditions of Definition 5.3. The semi-invariance follows
immediately from the discrete semi-invariance of M? and from (5.20).

Let us now verify the exponential attraction. To this end, we fix an arbitrary
(v,€) € B with corresponding trajectory u(t) := Ug(t,0)v and we consider the time
t = kT + s, where k € N and 0 <t < T. Then, according to the construction of
the sets U(k), there exists (v*,£*) € B such that Si(v*,£*) € U(k) and

(5.21) [lu(k) = Ug(k,0)v*[la, < R/2°7 (1€ =& loqo,maym,L200)) < B/(2MFPE).

The second inequality follows from the second inequality in (5.11) and from the
fact that G(k) = {&;,j = 1,--- ,N} is an R/2**2K;-net. In particular, we note
that this inequality implies that

(5.22) ITé = Thé*llco.,L20) < R/(2°F2K).

(That was the reason why we have considered the time interval [0, (k4 1)T] instead
of [0, kT] from the very beginning.)
34



We note that, by definition of M|, the point w*(t) := Ur, ¢+ (KT +s, kT)Ue (KT, 0)v*
belongs to M. Moreover, estimate (2.24) implies that

(5.23) [[u(®)—u* (), < " ([u(kT) = u* (W) 13, + Te€ = Tet" om0 -

(We note that the constant L” > 1 is chosen such that (5.23) holds uniformly with
respect to u(k),u*(k) € Vg and 0 < ¢t — kT < T. It is possible to do so thanks to
Theorem 2.3.)

Inserting estimates (5.21) and (5.22) into the right-hand side of (5.23), we have

(5.24) u(t) — u*(t)||le, < L127% < L2747,

Since u*(t) € M, we obtain the attraction property.
So, there only remains to verify the entropy estimate. To this end, it is convenient
to introduce the operator

(5.25) S:®, x H(g) = C([0,T],Dp), S(v,§):= Ue(t,0)wv,

and to consider the set M := SM C C([0,T],®;). (Roughly speaking, we replace
every point of M by the piece of the corresponding trajectory of length T'.) We
also need the following proposition.

Proposition 5.1. The L" R/2%=2-balls for the topology of C([0,T], ®p) centered at
the points of S(U(k)) cover S(SiB).

Proof. The proof of this proposition is similar to our proof of the attraction prop-
erty. We take an arbitrary point (v,£) € B and we set u(t) := Ug(¢,0)v. Then,
there exists a point (v*,&*) € B, u*(t) = Ug«(t,0)v*, such that (u*(k), Tp&*) € U(k)
and

(5.26) Ju(kT) — u*(kT)||s, < R/2°7', |I€ — lleqo, 1y, L2) < R/2FH1,
Thus, according to estimate (5.23)

(5.27)  |u(s + kT) — u*(s + kT)||s, <
< L'"(R/2* '+ R/2M1) < L"R/2¥% 0< s < T,

and Proposition 5.1 is proved.

Let us now fix e, R > ¢ > 0, and let us construct the e-covering of M. Asin the
discrete case, we compute k = k(e) from the inequality

(5.28) L"R/2% < e < L"R/2F1.

We then decompose the set M as follows:

(5.29) M = Ui S(E(D)) U'S (UpskE(D)) := My U Ms.

We note that, as in the discrete case, M\g C S(Sk+1B) and, due to Proposition 5.1,

it can be covered by the e-balls centered at the points of S(U(k+1)) C S(E(k +1)).
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Thus, we have proved that the system of e-balls centered at the points of S(E(()),

[ =1,---,k+ 1, covers M. Consequently (compare with (5.19)), the entropy H.
of this covering satisfies

(5.30) H.(M,C([0,T],®)) < H. < (k+ 1) log, P + logy N (k) + 2logy (k + 1).

Computing k = k(e) from (5.28) and inserting this value into (5.30), we obtain an
entropy estimate of the form (5.6) for the set M.

We are now in a position to estimate the entropy of M and to complete the
proof of the lemma. To this end, we introduce the projector
PR : C([0,T], &) — 2%, Pr(v) := {v(t): t € [0,T]}.

—~

Obviously, M = PR(M) and, consequently
(5.31) diste, (M, Ui<k4+1 PR(S(E(1)))) < e,

where k = k(¢) is defined by (5.25). Thus, there remains to construct the covering
of the sets O.(PR(S(E()))), where O, denotes the e-neighborhood in ®;,. We recall
that the sets E(/) contain a finite number of points. Therefore, it is sufficient to
know how to cover the sets

(5.32) O(S(v,€)) = {we By : I e[0,T)], [lu(t) — wlls, <e, v(t) = Ue(t,0)},

for every (v,&) € E(l). In order to construct such a covering, we note that, according
to our construction, M C S4B (since we take a union in (5.14) not from &k = 0, but

from k = 1). Then, according to Corollary 2.4, M is bounded in sz_‘s,’z(ﬂ) and,
consequently (due to Corollary 2.5), every trajectory u(t) := Ug(t, 0)v starting from
an arbitrary point (v, &) € M is uniformly Hélder continuous in @y, i.e.

(5.33) lu(t + s) —u(t)||v, <Cs?, t>0,0<s<T.

In particular, (5.33) holds uniformly with respect to (v,§) € E(l), [l € N.
Let us fix so = so(¢) = (¢/C)*/" and let us consider the following discrete subset
of (5.32):

(5.34) Ly :={v(nso) : n=0,1,---,[T/s0]}.
Then, obviously, the 2¢-balls centered at the points of L, ¢) cover (5.32). Moreover
(5.35) #L(we) = 14 [T/s0] < (C/e)'/,

and, consequently, the system of 2e-balls centered at the points of L, ¢), (v,€) €
E(l), | < k+ 1, covers M. The entropy of this covering can be estimated by
H. + 1/vlog, C/e. Thus

1
(5.36)  Hye (M, Pp) < (k+1)logy P+ logy N(k) + 2logy(k + 1) + 5 log, C'/e.

Computing k() from inequality (5.28) and inserting this expression into (5.36), we
obtain estimate (5.6). Lemma 5.1, and thus Theorem 5.1, are proved.
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§6 EXAMPLES AND CONCLUDING REMARKS.

In this section, we derive several corollaries of the results obtained above which
show in particular that estimates (4.6) and (5.6) are in a sense sharp. We re-
strict ourselves to the case where the attractors A and M are finite dimensional
only (examples for the infinite dimensional case are given in [16]). We start our
considerations with the autonomous case

(6.1) g9=g(z) € Ly(9).
Then, estimates (4.6) and (5.6) imply that

(6.2) dimp(A, @) < dimp(M, dp) < Cvol(QN B(I)zeff-l-(j/)’

where Ress is defined in Theorem 3.2 and €' and C” depend only on [[g][z2. So, in
that case, we have a finite dimensional exponential attractor in complete agreement
with the standard definition. Moreover, in the particular case Q = R3, (6.2) reads

(6.3) dimp (A, @) < dimp(M, ®p) < C1(Repys + 1),

where C'y depends only on ||g||z2 and is independent of Reyy.

Let us now verify the sharpness of estimate (6.3) with respect to the parameter
Re¢s — oo. To this end, we consider the following particular scalar (k = 1) case of
equation (2.1)

(6.4) Opu = Agu — f(u) — Aou + gr(z),
where f(u) is an interaction function satisfying the conditions
(6.5) 1. f€ C*(RR), 2. f(u)u>0, 3.3uo €R, f'(po) < —Ao— 1.

For a given R > 1, we construct an equilibrium point ug(x) of equation (6.4) via

(6.6) ur () := pox (|z|/(2R))

where x(z) € C*°(R) is such that 0 < x(z) <1, x(2) =1 for |2| <1 and x(z) =0
for |2| > 2. Having the functions ug(x), we finally define a family of external forces
gr(z) such that ug(x) is the equilibrium point of equation (6.4), namely

(6.7) gr(z) := f(ur(x)) + Xour(z) — Ayur(z).

Then, ||gr||z~ < C, uniformly with respect to R > 1. Moreover, supp gr C B
and, consequently, we have the following estimate for the effective radius R.f; =

Resf(gR):
(68) ClR S Reff(gR) S CQR
In order to obtain a lower bound on the dimension of the global attractor A, we

use the well-known fact that this dimension is greater than the unstable index of
any equilibrium point of equation (6.4):
(6.9) dimp (A, &) > Ind;

UR"’

(see e.g. [3] or [27]). On the other hand, it is not difficult to verify, using the
min-max principle, that

(6.10) Ind} > nd* (A, +1d, B/?) > C3R?,

(see [3] for details). Thus, we have proved the following result.
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Proposition 6.1. Let the above assumptions hold. Then, the following estimates
are satisfied for the global and exponential attractors of (6.4):

(6.11) C'R?® < dimp(A, &) < dimp(M, &) < C"R3,

where C' and C" are independent of R > 1.

Thus, (6.11) shows that (4.6) and (5.6) are sharp as R.s¢ — 0.
For our next applications, it will be useful to have an exponential attractor not
only in the phase space ®, but also in the space L ().

Proposition 6.2. Let the assumptions of Theorem 3.1 hold and let, in addition,
(6.1) be satisfied. Then, there exists an exponential attractor M € @y of equation
(2.1) such that:

1. There exists a positive constant v > 0 and a monotonic function ), which
are independent of Regy, such that, for every bounded set B C L>(12)

(612) diStLoo(Q) (StB,M) S Q(||B||Loo(9))6_7t.
2. The fractal dimension of M satisfies the estimate:
(6.13) dimp (A, L®(Q)) < Cvol(Q 0 BE11+C"),

where C' and C' are also independent of Reyy.

Proof. The assertion of Proposition 6.2 for the phase space ®; is proved in Theorem
5.1. In order to extend this result to L°°(£2), there remains to note that, as proved
in [13], equation (2.1) possesses a L (£2) — ®;, smoothing property of the following
form:

(6.14) lu(Dle, < QUu0)]lz=) +Qlgllzz),

where the function () is independent of R.fr, which finishes the proof of Proposi-
tion 6.2.

In our next application, we consider the following reaction-diffusion system of
type (2.1), with a small diffusion parameter v < 1, in the domain Q:

(6.15) Ou = vAzu — Aou — f(u) + g(z),
where the nonlinearity is independent of V,u.
Proposition 6.3. Let the function f satisfy

(6.16) 1. f € C*(R* R*), 2. f(u).u>0,
and let, in addition, the external forces satisfy

(6.17) g € L®(Q).

Then, equation (6.15) possesses an exponential attractor M, for every v > 0, in
L>°(2). Moreover, these attractors satisfy (6.12) uniformly with respect to v > 0
and their fractal dimension can be estimated as follows:

(6.18) dimp(A,, L®(Q)) < dimp(M,, L>®(Q)) < Cv=3/2,
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where the constant C' is independent of v > 0.

Proof. Indeed, the form of equation (6.15) is preserved under the rescaling x —
2'v'/? (which obviously also preserves the L>°-norm). We should then only replace
the domain Q by Q' = v~1/2Q, the diffusion coefficient v by 1 and the external
forces g(x) by g.(7') := g(a'v'/?). We also note that the L?-norms of g, are
uniformly bounded as v — 0 (to this end, we need the assumption g € L>(Q)).
Thus, constructing an exponential attractor for the rescaled equation, returning
then to the initial problem and using the invariance of the L°°-norm, we construct
exponential attractors M, enjoying property (6.12) uniformly with respect to v
and satisfying the following estimates:

(6.19) dimp(M,, L®(Q)) < Cvol(r="2Q N BR110)+C") < O (Ross(g0) + 1),

where the constant C; is independent of v. So, there remains to estimate the
quantity Ref(g,) with respect to v. To this end, we note that the assumption
g € L>(Q), the obvious formula

Rg,z(?{(g), z) < C’ngoo(?{(g), z):=C sup sup {e‘ﬁ diSt(”’RS\Bg)|§(O,I)|},
¢cH(g) T€Q

where C' is independent of z and g, the equality

Rp oo (H(g). 2) = R oo (H(g), 20'/?)
and the definition of R.f¢ (see Theorem 2.3) immediately imply the estimate
(6.19") Ross(g,) < Cqu™1/2,

Inserting (6.19’) into (6.19), we finally obtain (6.18) and Proposition 6.3 is proved.

Remark 6.1. It is well known (see e.g. [3], [20] and [27]), that estimate (6.18) is
sharp with respect to the parameter v.

Remark 6.2. We note that we have rigorously proved estimate (6.18) only for
scalar diffusion matrices a. Nevertheless, we have used this assumption only in order
to derive the dissipative estimate (2.5) for the L°-norm (applying the maximum
principle). Consequently, if this estimate is a priori known, then we can extend the
result of Proposition 6.3 to larger classes of reaction-diffusion systems. In particular,
instead of (6.15), we can consider the system

(6.20) Owu = avAzu — Aou — f(u) + g(z),

with an arbitrary diffusion matrix a satisfying a + a* > 0 and a nonlinearity f
satisfying the assumptions

(6.21) 1. f € C*(R*,R*), 2. f'(u) > —K, 3. f(u).u>0, 4. |f(u)] < C(1+ |ulP),
where p is arbitrary. The dissipative estimate for the L>°-norm, of the form (2.5)

(for v = 1 after rescaling), has been obtained in [35]. Thus, equations (6.20)
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possess exponential attractors M, which satisfy (6.12) uniformly with respect to v
and their fractal dimension satisfies the sharp estimate (6.18).

Let us now consider the case of quasiperiodic external forces g(t). More precisely,
we assume that the function g has the following structure:

(6.22) g(t) == G(T¢o), G € CH(T™, L3(Q)), ¢o € T™,

where T™ is the m-dimensional torus, w = (w?!, -+ ,w™) is a rationally independent
frequency vector and T ¢g := (¢ + wt) (mod (27)™) is a standard linear flow on
the torus. In that case, the hull H(g) possesses the following description:

(6.23) H(g) ={G(Ty'¢), €T},

and, consequently, using the obvious fact that the standard linear flow preserves
the metric on the torus and the smoothness of G (G € C!), we have

(6'24) IHIa/L1 (%(g)vLoo([OvKl lnl/‘g]’L%(Q)) < HE/Ll (H(g)’C(R’ L%(Q))) <
<

(m+0(1)) In L

<H,./cqr,) (TT,R™) -

where Cg only depends on ||G||lc1 (g r2(q))- Thus, Theorem 5.1 and (6.24) imply
the following result.

Proposition 6.4. Let the assumptions of Theorem 3.1 hold and let, in addition, the
external forces g have structure (6.22) (i.e. let g be quasiperiodic with m indepen-
dent frequencies). Then, there exists finite dimensional uniform A and exponential
M attractors of equation (3.1), whose fractal dimensions satisfy

(6.25) dimp (A, &) < dimp (M, By) < Cvol(Q N BF1+") 4 m,

where the first term in the right-hand side of (6.25) is the same as in the autonomous
case, see (6.2).

As in the autonomous case, it is not difficult to verify the sharpness of estimate
(6.25).

Proposition 6.5. Under the assumptions of Proposition 6.4, there exists a family
of equations of the form (3.1) in Q = R® such that

(6.26) C1R2 ;¢ +m < dimp (A, @) < dimp(M, D) < CoRZ 4+ m,

where C;, i = 1,2, are independent of Regy and m.

Proof. Let us consider equation (6.4) in Q = R® under assumptions (6.5) on the
nonlinearity and with the external forces gr(z) defined in (6.7). Then, without loss
of generality, we may assume that the equilibrium ug(x) is hyperbolic (it is well-
known, see e.g. [3] and [33], that the hyperbolicity of an equilibrium is a generic
property, so, if it is violated for the initial gr, one can find a new ggr arbitrarily
close to ggr for which this assumption is satisfied). Thus, we have

(6.27) Dy, = B, + P,
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where the subspaces (192' = 111 @3 and @, := II_®; correspond to the stable and
unstable parts of the linear operator A, — Ao — f'(ug). Moreover, it is well-known
that the unstable subspace is finite dimensional:

(6.28) dim ®; < oo,
and there exists the finite dimensional local unstable manifold M™(ug), defined by

+ o .
= : — p &, —
(6.29) MT(ur) :={ug € ®p : ||ug — urlle, <e, Ju e Cp(R_, Pp)
such that u(t) solves (6.4), u(0) = ug and , lim u(t) =ugr},
——00

where ¢ > 0 is small enough (see e.g. [2] or [33] for details). This manifold is
C'-diffeomorphic to CDZ', i.e. there exists

(6.30) M € C'(B(e,0,9;),®;), M(0)=M'(0)=0, such that
Mt (ug) ={v € ®p : Juf € B(,0,9;), v=ur +ug + M(ugd)}.

Let us now construct the small nonautonomous perturbation of equation (6.4). To
this end, we fix an arbitrary quasiperiodic function w(t, ¢g) satisfying

(6.31) w(t, go) := W(T¥¢o), W e C*(T™,C%(R%)),

define the nonautonomous perturbation of the external forces gg(z), for every small
0 >0, by

(632) 9R,m,¢o (t) ‘=JRr + 691 (ta 67 ¢0)7

where

1
(6.33)  g1(t, 6, ¢o) := Orw(t, o) — alzw(t, o) + g[f(UR + 0w(t, o)) — f(ur)],
and consider the following equation:

(6.34) Oru = Agu — f(u) + grm,p0 (1)

We note that the external forces in (6.34) are defined such that the function a(t) :=
ur + ow(t, gp) is a solution of (6.34).

Then, according to the standard theory of nonautonomous perturbations of un-
stable manifolds (see [14] and [29]), for every ¢¢ € T™, the set

(6.35) M (ur, do) = {ug € By : Ju € Cy(R_, Py)
such that u(t) solves (6.34), u(0) = ug and ||u(t) — ug|ls, <&, V¢ <0 },
is a C''-submanifold of @, that is diffeomorphic to ®; if § > 0 is small enough.
Moreover, these manifolds tend to (6.29) as § — 0; more precisely, there exists
(6.36) N € C*([0,00] x B(e,0,®;") x T™, ®p) such that
M (ur, ¢o) = {v € By, Jug € B(e,0,d;),

v="V(0, ua', ¢o) == ur + uE',' -+ M(ua') + 0N (6, uE',', bo)}-
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We now recall that, according to the construction of the uniform attractor A of
problem (6.34)

(6.37) UgoeTn M3 (up, o) C A.

Consequently, there only remains to find an m + dim @Z—dimensional submanifold
of @, which is contained in the left-hand side of (6.37). Thanks to the implicit
function theorem, such a submanifold exists if

(6.38) rank{Duar V (6,0, ¢0), Dy, V (6,0, ¢0)} =

— rank EK, 6DU3‘N(57 0, ¢0) —Kk4+m
N 6H+D¢0N(67 07 ¢0) 6H_D¢0N(57 07 ¢0) B ,

at least for one point ¢y € T™, where k := Ind;l'R and F, is the identity matrix.

It is not difficult to verify that condition (6.38) is satisfied for sufficiently small
0> 0if

(6.39) rank{II_Dy N (0,0, ¢o)} = m.

There remains to note that the derivative in (6.39) can be found as a unique bounded
solution of the variation equation associated with (6.34). More precisely, let v € R™
and let v” (¢) be the unique bounded solution of

(6.40) Opv? =TI (AgvY — f'(ug)vY) + II_Dyyg1(t, 0, ¢o)y, ¢ <O0.

Then, Dy, N (0,0, ¢p)y = v (0). On the other hand, (6.33) implies that

(6'41) D¢ogl (t’ 0, QSO) = atD¢0w(t7 q30) - aAqubow(ta QSO) + f/(uR)Dqﬁow(t’ d)O)
Comparing (6.40) and (6.41), we conclude that

(642) H—D¢0N(0707¢0) = H—D¢0W(¢0)'

Therefore, condition (6.39) is obviously satisfied if the nonautonomous perturbation
satisfies the additional generic assumption

(6.43) rank{II_Dg W (¢o)} = m, for some ¢y € T™.

Thus, under assumption (6.43), the uniform attractor A of equation (6.34) contains

+
a submanifold that is diffeomorphic to R™%x ™ if § > 0 is small enough, and,
consequently

(6.44) dimp (A, @) > Ind} +m.

Combining now (6.10), (6.44) and Proposition 6.4, we finish the proof of Proposi-
tion 6.5. Thus, (6.25) is indeed sharp with respect to R.r¢ and m.

Let us formulate, to conclude, the nonautonomous analogue of Proposition 6.3.
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Proposition 6.6. Let the function f = f(u) satisfy (6.16) and let, in addition,
the external forces g be quasiperiodic with m independent frequencies:

(6.45) g(t) == G(T¢), G e CHT™, L>(Q)).

Then, there exists a family M, ., of exponential attractors for equations (6.15)
(with g replaced by g(t)) such that

1. There exists a positive constant v > 0 and a monotonic function () which
are independent of v and m (but which obviously depend on ||G||ct) such that, for
every bounded set B C L>(Q)

(6.46) dist e () (Ug(T 4+ £,7) B, My ) < Q(|| B| o (a))e ™"
2. The fractal dimension of M, ,, satisfies the inequalities
(6.47) dimp (A, m, L (Q)) < dimp(M,y m, L7(Q)) < Civ=3/2 4 m,

where C' s independent of v and m.

The proof of Proposition 6.6 is based on a rescaling argument and is very similar
to that of Proposition 6.3 and we omit it here.

Remark 6.3. Applying the rescaling arguments to Proposition 6.5, we obtain
examples of nonautonomous equations (6.15) for which

(6.48) C1v732 +m < dimp(Ay,m, LO(Q)) <
< dimp (My m, LP(R)) < Cov™3/% 4 m,

where C1 and C5y are independent of ¥ and m. We also note that estimates of the
form (6.48) for uniform attractors in bounded domains € are obtained in [6].

Remark 6.4. To conclude, we note that, although we have considered in this paper
only the case of three dimensional domains  C R®, the main results of the paper
remain true (after minor changes) for an arbitrary space dimension n. Obviously,
in that case, instead of assumption (2.3), we should require that

(6.49) g € Cp(R, LY (Q)), with ¢ > g

and is translation-compact in the local topology of this space, and consider problem
(0.1) in the phase space

o .= W7 "(Q)
(see also [12] and [34]).
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