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ABsTRACT. We apply the trajectory dynamical systems approach to study the po-
sitive solutions of a semilinear elliptic problem in an unbounded domain 2. The
existence of the global attractor for the trajectory dynamical system associated with
this problem is proved. The symmetrization and stabilization properties of positive
solutions as |z| — oo are also established in three dimensional case Q C R3.

§1 INTRODUCTION

It is well known that positive solutions of semilinear second order elliptic pro-
blems have symmetry and monotonicity properties which reflects the symmetry of
the operator and of the domain, see e.g. [GNN81,BeN91] for the case of bounded
domains and [BeN90,BeN92,BCN97,BCNO98] for the case of unbounded domains
(such as Q = R*, Q = R,y x R*~!, cylindrical domains, etc.).

These results have been extended to the case of positive solutions of second
order parabolic problems in bounded symmetric domains in [HeP94,Bab95a,BaS00].
Moreover, the simmetrization and stabilization properties of such solutions as t —
oo were investigated using the combination of moving planes method with the
classical methods of dynamical systems theory (such as w-limit sets, attractors,
etc.).

The main goal of the present paper is to apply the dynamical approach to
study the symmetrization and stabilization as |z| — oo properties of positive so-
lutions of elliptic problems in asymptotically symmetric unbounded domains. To
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the best of our knowledge the use of dynamical systems methods for elliptic pro-
blems was initiated in the pioneering paper of K.Kirchgéssner [Kir82] where a local
center manifold for a semilinear elliptic equation on a strip was constructed, see
also [CMV89,Mie90,I10K92,GrT97] for further development and applications of this
construction.

One of the main difficulties which arises in dynamical study of elliptic equations is
the fact that the corresponding Cauchy problem is not well posed for such equations,
and consequently the straightforward interpretation of the elliptic equation as an
evolution equation leads to semigroups of multivalued maps even in the case of
cylindrical domains, see [Bab95]. The usage of multivalued maps can be overcome
using the so-called trajectory dynamical approach (see [ViZ96,Zel98,SVWZ99)).
Under this approach one fixes a signed direction [ in R* which will play the role
of time. Then the space KT of all bounded solutions of the elliptic problem in th(i
unbounded domain €2 is considered as a trajectory phase space for the semi-flow T}

of translations along the direction [ defined via
(T}:u)(a:) =u(z+hl), he Ry, ue Kt

In order the trajectory dynamical system (T,l: , KT) to be well defined one evidently
needs the domain €2 to be invariant with respect to positive translations along the

[ directions: B . .
T'QCQ, Tiz:=x—hi

The above approach was applied in [ViZ96,SVWZ99,MieZ01] for study the elliptic
boundary value problems in cylindrical domains and in [Zel98] for more general class
of unbounded domains, see also [Sel96,ChV97] for application to evolution problems
for which the uniqueness problem is not solved yet (e.g., for 3D Navier-Stokes
equations) and [CMS93] for another possibility to avoid the usage of multivalued
maps in the case of elliptic equations in cylindrical domains.

In this paper we apply the trajectory dynamical systems approach to more de-
tailed study the asymptotic behavior of positive solutions of the following model

elliptic boundary problem in an unbounded domain z := (x1,22,23) € Q4 =
R+ X R+ x R™:

Azu — f(u) =0;
(L.1) { f(u)

u‘m:() = UO; u‘wgz() - 0;

It is assumed that the nonlinear term f(u) satisfies the following conditions:

1. f e CY{R R),
(1.2) 2. f(v)v > —C +aly|?, a>0,
3. f(0)<0

(see the last section for the relaxation of these conditions).
As it is mentioned above we consider nonnegative solutions of problem (1.1):

(1.3) u(z) >0z ey

and study their behavior when x; — +o00. Thus, in our situation the x;-axis will
play the role of time (I := (1,0,0)). Moreover we restrict ourselves to consider
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only bounded with respect to x — oo solutions of (1.1). To be more precise, a
bounded solution of (1.1) is understood to be a function u € C§+B (€2) for some
fixed 0 < B < 1, which satisfies (1.1) in a classical sense (in a fact due to the interior
estimates this assumption is equivalent to u € Cy(€2y) but we prefer to work with
classical solutions). Therefore the boundary data is assumed to be nonnegative
uo(z2,z3) > 0 and belonging to the space

(1.4) up € C2HP(Qg), (w2,73) € Qo : =Ry x R
Here and below we denote

(15) GV =g ¢ ol cgen = 5up luallgmss oy < o0)

where B¢ means a ball of radius r centered in &.

The paper is organized as follows.

The ‘dissipative‘’ with respect to x; — oo a priori estimate for the positive
solutions of (1.1) which allows to apply the trajectory approach to our situation
and in particular gives the existence of at least one nonnegative solution of (1.1) is
derived in Section 2.

In Section 3 we construct the trajectory dynamical system (T}, KT) associated
with problem (1.1), where KT C C?t8(Q) is a set of all bounded nonnegative
solutions of problem (1.1) (with all admissible boundary data ug) endowed by the
local topology induced by the embedding

K+ c O (@)

and (Thu)(z1, 2, x3) := u(xy+h, x9, 23) is the translation with respect to z; direc-
tion. Moreover, it is proved here that the dynamical system thus obtained possesses
a global attractor A, which is called the trajectory attractor of equation (1.1).

Section 4 is devoted to a more comprehensive study of three dimensional case
(n=1, Qy =Ry xRy x R). In this case, using the symmetry result for bounded
solutions of problem (1.1) in the half-space © := R x Ry X R obtained in [BCN98|
we establish that the attractor Ay consists of functions u(x) := V(z2) which are
independent of £1 and x3 and consequently satisfy the ordinary equation

(1.6) Vi w2) = f(V(x2)) =0, V(0)=0, V>0

Note that the set of bounded positive solutions of ODE (1.6) can be completely
described using e.g. the standard phase portrait technique. Using this description
we prove finally that every positive solution wu(z) of problem (1.1) stabilizes as
x1 — 00 to one of the positive bounded solution V' = V,,(z2) of problem (1.6).

A number of remarks which explains the imposed restrictions to the nonlinearity
is given in Section 5.

Acknoledgements. This research is partially supported by INTAS project no.
00-899.



§2. A PRIORI ESTIMATES AND SOLVABILITY RESULTS

In this Section we prove that problem (1.1) possesses at least one non-negative
bounded solution u and derive the estimate for such solutions which is of fundamen-
tal significance in order to apply the dynamical approach to elliptic equation (1.1).

The main result of this Section is the following theorem.

Theorem 2.1. Let ug € C’g+’8 (Qo) and let the first and second compatibility condi-
tions at 0Qq are valid (i.e. ug(0,23) = 0 and 92, uo(0,z3) = f(0)). Then (1.1) pos-
sesses at least one nonnegative bounded solution and every such solution u satisfies
the estimate

(21) [ullc2teBinay) < Quollgz+s)e™™ + Cy

z = (r1,22,23) € Qp, v > 0, Q is an appropriate monotonic function, and Cy is
independent of ug.

Proof. Let us firstly verify a priori estimate (2.1). To this end we consider (as
usual) the function w(t, z) = u?(¢,x) which evidently satisfies the equation

(2.2) Ayw =2f(u).u+2Vzu.Vyu > —2C + 2aw, w‘m:o = ul, ‘M:O =0
Consider also the auxiliary linear problem
(2.3) Azwy = —2C + 2awn, wl‘m:O = w‘m:o = u(z,, wl‘m:o =0

with the same boundary conditions as for the function w.
Lemma 2.1. Linear equation (2.3) possesses a unique bounded solution wq(x)

which satisfies the following estimate:

(2.4) lwillecpy < Cilluollg, o)™ + Co

Proof. The proof of the lemma is standard and based on the maximum principle.
Indeed, let us decompose wy(z) = v(z) + v1(z), where vi(x) is a solution of non-
homogeneous equation (2.3) with zero boundary conditions and v(x) is a solution
of homogeneous equation with non-zero boundary conditions. Then, evidently,

(2.5) villey sy < C2

with Cy depends only on C' in the right-hand side of (2.3). In order to obtain the
exponential decaying of v(z) we introduce the functions vy, (z) := 1/ cosh(e(z1 —h))
where € > 0 is a sufficiently small number and A > 0. Then it is not difficult to
verify that

(2.6) [V (@)] < evn(x), [vh(2)] < 3e*Pn(w), ¥a(0) <e™™"
Let vy, (z) := ¢p(x)v(z), then this function satisfies the equation

(2.7) Ayvp + Ly (z)on + Lj, (2) 0, v — 20w, =0, vy
4
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and (2.6) implies that |L}(z)| < Ce? and |Li(z)| < Ce (where C is independent
of h). Consequently if € > 0 is small enough the classical maximum principle works
for equation (2.7), therefore

(2.8) lvnlle, @) < llvnlle, o)

Estimate (2.4) is an immediate corollary of (2.5) (2.8) and the third estimate of
(2.6). Lemma 1.1 is proved.

Having estimate (2.4) and applying the comparison principle to the solutions w
2

and wy of (2.2) and (2.3) respectively and the evident fact that w = u* is non-
negative we derive that
(2.9) lulle sy < llwllos) < llwillew: < Cilluollgzrag,ye ™ + Ca

Recall, that due to classical interior estimates for the Laplace equation (see e.g.
[LaU73]), we have the following estimate for every small positive 6 > 0

(2.10)  (lulle2-s@,nBry <
< C([[f(W)llze@nBry + JullL=@npz) + X(2 — z1)[Juol|c2+8(0onB2)) <
< Q[[ullz@,nB2)) + Ox(2 — xl)“UOHC?*“(Qont)a r €y

where the monotonic function () and the constant C' depend only on f and «
and independent of x € 2 and of the concrete solution u, and x(z) is a classical
Heaviside function (which equals zero for z < 0 and one for z > 0). Remind that we
assume the first compatibility condition “O‘mgzo = 0 to be valid. This assumption

is necessary in order to obtain C2~%-regularity in (2.10) in the case where x is near
to the edge 0€p).

Inserting now estimate (2.9) into the right-hand side of (2.10) we derive the
analogue of estimate (2.1) for C2~°-norm:

(2.10°) [ullc2-s B,y < Qluollgz-5)e™" + Cy

In order to derive estimate (2.1) it is sufficient to use now the elliptic interior
estimate in the form

lullg2+s(@ypnpy <
< C(If(Wller@nbry + llulle@nszy + x(2 — z1)|luollc2+5 (@onB2)) <
< Qlullor@ynszy) + Ox(2 — 21) ||[uol|c2+8(QonB2), @ € Q4

(here we have implicitly used the second compatibility condition 8§2u‘w2:0 = f(0)
in order to obtain C2*# regularity near the edge Q). Inserting estimate (2.10")
into the last interior estimate we derive inequality (2.1) for the C2*f-norm.

Let us verify now the existence of a positive solution for problem (1.1). To this
end we consider a sequence of bounded domains Qﬂ\_f , N € N, defined via

N N+1
Q+1:Q+HBO+
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and a sequence of cut-off functions ¢y (z) = 1 if x € BY and ¢n(z) = 0 if v ¢
Bév 1.0 < ¢ < 1. Consider also the family of auxiliary elliptic problems

(211)  Agu® — f(uY) =0, z € QF, “N‘agfrmo = tofn, UN‘BQf\Qo =0

Note that, according to our construction, u™ ‘ sy = 0 and, according to assump-
+

tions (1.2), wY¥ = 0 is a subsolution and w) = R is a supersolution for (2.11)
if R is large enough. Thus (see e.g. [VoHS85]), problem (2.11) has at least one
non —negative solution R > u™ (z) > 0. Note that R is in a fact independent of N.
Consequently, applying again the interior regularity theorem (see estimate (2.10))
we derive that

(2.12) ||UN||C2+ﬂ(B;mQ$’) =C

with C' = C(f, up) is independent of N and = € QF.

Having uniform estimate (2.12) one can easily pass to the limit N — oo in
equation (2.11) and construct a bounded non — negative solution u(x) of initial
equation (1.1). Theorem 2.1 is proved.

§3. THE ATTRACTOR

In this Section we study the behavior of the non-negative solutions of problem
(1.1) when x; — oo applying the dynamical system approach to elliptic boundary
value problem (1.1) in the unbounded domain Q.

Recall that under such consideration we should fix some direction in our unboun-
ded domain €2, and interpret it as the ’time’ direction (see [Zel98]). In our case it
will be the z{-direction then z; variable will play the role of time’ variable and we
(formally) will consider (1.1) as an ’evolutionary’ equation in an unbounded domain
Q. The main difficulty which arises here is the fact that the solution of (1.1) may
be not unique and consequently we cannot construct the semigroup corresponding
to ’evolutionary’ equation (1.1) in the ordinary way.

One of possible ways to overcome this difficulty is to use the trajectory approach
which takes into the accordance the dynamical system to (1.1) in another way
(following to [ViZ96,Zel98]). Namely, let us consider the union K of all bounded
positive solutions of (1.1) which corresponds to every ug € C’f *#_ Then a semigroup
of positive shifts

(3.1) (Thu)(x1, 2, x3) = u(xy + h, T2, T3)
acts on the set K:
(3.2) T,: K+ — K+, K+tc Py

This semigroup acting on K is called the trajectory dynamical system, correspon-
ding to (1.1). Our next task is to construct the attractor for this system. Firstly
we note that the uniform topology of C’g P s too strong for our purposes. That is
why we endow the space KT by a local topology according to the embedding
(3.3) Kt ot @)

loc

where by definition & := C>"° (Q24) is a Frechet space generated by seminorms

loc
|- ||C2+ﬂ(B;0rm+), Ty € Q.
Recall briefly the definition of the attractor adopted to our case.
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Definition 3.1. The set Ay, C KT is called the attractor for trajectory dynamical
system (3.2) (= trajectory attractor for problem (1.1)) if the following conditions
are valid.

1. The set Ay, is compact in C’f;gﬁ Q).

2. It is strictly invariant with respect to Tp: Th Ay = Ay

3. Ay attracts bounded subsets of solutions when x1 — oo. It means that for
every bounded (in the uniform topology of C’g+ﬂ) subset B C KT and for every

neighborhood O(Ay) in CEP topology there exists H = H(B,O) such that

loc
(3.4) TwB C O(Ay,) if h > H

Note that the first assumption of the definition claims that the restriction Ay, ‘Q
is compact in C?7#(Qy) for every bounded Q; C ©, and the third one is equivalent
to the following:

For every bounded subdomain ©; C Q. for every B — bounded subset of K™
and for every neighborhood O(A;, ‘Q in C2+#(Q;)-topology of the restriction Ay,
to this domain there exists H = H(Ql, B, O) such that
(3.5) (TnB)|

COAtT lthH

Qq ‘ Q1

Theorem 3.1. Let the assumptions of Theorem 2.1 hold. Then equation (1.1)
possesses the trajectory attractor Ay which has the following structure:

(3.6) Apr = o, K(Q)

where (r1,x2,23) € Q := R X Ry X R™ and symbol K () means the union of all
bounded nonnegative solutions u(x) € CEJ’B(Q) of

(3.7) Au— f(u)=0, z€Q, 0, u(zx)>0

uloq =
Le. the attractor Ay, consists of all bounded nonnegative solutions u of (1.1) in Q4
which can be extended to bounded nonnegative solution u in €.

Proof. As usual (see e.g. [BaV92]) in order to verify that a semigroup T}, : KT —
K™ possesses an attractor we should verify that this semigroup is continuous for
every fixed h > 0 and that this semigroup possesses a compact attracting (or
absorbing) set in K.

The continuity of the semigroup T}, on KT is obvious in our situation. Indeed,
the semigroup T}, of positive shifts along the x; axis is evidently continuous (for
C2P Q) therefore it’s restriction to K7 is also

every fixed h) as a semigroup in C} "

continuous.
Thus it remains to construct a compact absorbing set for Tj, : KT — K.
Let Br be the R-ball centered in 0 in the space C§+B(Q+). Then estimate (1.1)
implies that the set
Mg := Ktn Br

will be an absorbing set for semigroup (3.2) (more precisely for R = 2Cy where Cy
is defined in (1.1)). But this set is not compact in ®. That is why we construct a
new set

(38) Vg :=T1Mgr C My C K+
7



Evidently this set is also absorbing. We claim also that this set is precompact in .
Indeed, by definition the set Vg consists of all bounded solutions u of equation (1.1)
which can be extended to bounded solution #, defined not for x; > 0, but for
r1 > —1, such that

(3.9) ||a||c§+ﬂ([_1,oo]><90) <k

Note now that, due to (1.2), f € C! consequently we may apply the interior estimate
(see (2.10)) for the solution @ not only with the exponent 2+, but with an arbitrary
one 2 + 3 with 8’ < 1. Particularly, if we fix 3’ > 3 then the interior estimate
together with (3.9) gives us that

(3.10) lullgz+e' 0,y = Tl gz g,y < Ba

where the constant R; depends only on R and f. Consequently, we have proved
that the set

(3.11) Vi C C2HP ()

and is bounded in it. Note now that the embedding C; + (Q4) C @ is compact if
B’ > B and consequently Vg is really precompact in ®. (This was the main reason
to endow the trajectory phase space by the ’local’ topology of ® but not by the
"uniform’ topology of C27#(€,). Indeed, the embedding C2*# () c CZP ()
is evidently non-compact and we cannot construct the compact absorbing set in
this topology. Moreover, the elementary examples show that problem (1.1) really
may not possess the attractor in a 'uniform’ topology.)
Thus, the precompact absorbing set Vg is already constructed and it remains to
find the compact one. The most simple way is to take the compact absorbing set
'» = [Vr]e, where [-]¢ means the closure in ®. Indeed, since Vg C¢ Mp C KT
and Mg is evidently closed in ® then Vj, € KT and consequently it is really the
compact absorbing set for semigroup (3.2). Thus (due to the attractor’s existence
theorem for abstract semigroups) semigroup (3.2) possesses an attractor Ay, which
can be defined by formula

(3.12) Atr = Nhx0[ Us>n Ts Vi ]

As usual representation (3.6) is a standard corollary of definition (3.12) (see [BaV92,
Tem88]) but since this representation is of fundamental significance for our purposes
we recall shortly its proof. Indeed, let u(z), x € Q be a non-negative bounded so-
lution of problem (3.7). Then, particularly the sequence Ilg, (T_xu), h € N is
uniformly bounded in Cg‘m (Q4), consequently, according to the attractor’s defini-
tion

Tpllg, (T_pu) = Agy in @ as h — oo

From the other side TyIlo, (T_p%) = Ilg, u. Thus, Ilg, @ € A and consequently
(3.13) o, K(Q) C A"

Let us prove the opposite including. Let u € A.. Then (3.12) implies that there
are a sequence h, — +00 and a sequence of solutions u, € Vj such that
(3.14) u =& lim T} up

n— 00
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Note that the solution 7T}, u,, is defined not only in €2 but in the domain 7}, 2 :=
(—=hp,0) X Qg and

(3.15) ||u"||C§+B(Tth+) <R

And consequently arguing as in the proof of compactness of Vi, we derive that
the sequence T}, un, n > ng is precompact in Cfotﬂ (Thn0+1Q+) for every ng € N.
Passing to a subsequence if necessary and using the Cantor diagonal procedure
and the fact that h,, — oo we may assume that this sequence converges to a some
function @ € C21P(Q) in the spaces C21° (Th,,,+1824) for every ng € N. Then (3.15)

loc loc
implies that u € C§+B (). Moreover since T}, u, are the non-negative solutions
of (1.1) then passing to the n — oo we easily obtain that @ is a non-negative solution
of equation (3.7) and formula (3.14) gives us that Ilg, 4 = u. Thus, u € IIg, K(£2).
Theorem 3.1 is proved.

§4. SYMMETRY AND STABILIZATION

In this Section we restrict ourselves to consider only the where €2 is 3-dimensio-
nal (n = 1). Then, using the description for the positive bounded solutions of (3.7)
given in [BCN98], we obtain the additional information about the behaviour of
solutions of initial problem (1.1).

Proposition 4.1. Let assumptions (1.2) hold and let n = 1. Then any non-
negative bounded solution u(x) of equation (3.7) depends only on the variable x4,
i.e u(x) = V(x2) where V(z) is a bounded solution of the following problem:

(4.1) V'2) = f(V(2))=0, 2z>0, V(0)=0, V(2)>0

The proof of this Proposition is given in [BCN98] for the case where the solution
u(zx) is strictly positive inside of Q. The general case can be reduced to this one
using the following version of the strong maximum principle.

Lemma 4.1([BCNO98]). Let V C R™ be a (connected) domain with the sufficiently
smooth boundary and let w € C*>(V) N C(V) satisfy the following inequalities

(4.2) Ayw(z) —l(x)w(z) <0, z€V, wx)>0, z€V

Assume also that |l(z)| < K forx € V.. Then either v(z) =0 or v(z) > 0 for every
interior point x € V.

In order to apply the lemma to equation (3.7) we rewrite it in the following form

(4.3) A — I(z)i = £(0) <0, I(z) = L) = F(0)
u(z)

Since f € C! and the solution #%(z) is bounded then I(z) is also bounded in Q.
Thus, according to Lemma 1 either u(z) = 0 (which is evidently symmetric) or
u(z) > 0 in the interior of Q and then Proposition 4.1 follows from the result of
[BCN98] mentioned above. Proposition 4.1 is proved.

Dente by Ry the set of all bounded non-negative solutions V' (z) of problem (4.1).
Then Proposition 4.1 implies that

(4.4) Ay =Ry
9



Let us study now the positive solutions of problem (4.1). It is well known that every
non-negative bounded solution of this problem should be monotonically increasing
V(z1) > V(29) if 21 > 29, consequently there is a limit

(4.5) zo = 2zp(V) := lirf V(z), f(z20)=0, 0<V(z) <2z, 2>0
Z—r1+00
Moreover, it follows from Lemma 4.1 that either V(z) = 0 or V'(2) > 0 for every
z>0.
Multiplying equation (4.1) by V'’ and integrating over [0, z] we obtain the expli-
cite expression for the derivative V' (z)

(4.6) V'(2)2 = —2F(V(2)) +C

where F(V):=— [ f(V)dV.

Passing to the limit z — +oo in (4.6) and taking into account (4.5) one can
easily derive that C' = 2F(zp). Therefore we obtain the following equation for
V(2), stabilizing to zo:

(4.7) V'(2)* = 2(F(20) — F(V (2))

Assume now that F(zp) > 0 (in the other case V(z) = 0). Then the solution
V., (z) of (4.7) which satisfies (4.5) exists if and only if F'(zy) — F'(z) > 0 for every
z € (0, zp). Moreover, such solution is unique because V,, satisfies (4.1) with the
initial conditions

(4.8) V. (0) =0, V, (0)=+/2F(z)
Denote
(4.9) R}F ={z0 € Ry : f(20) =0, F(z0) — F(z) > 0 for every z € (0,2p)}

Note that set (4.9) is totally disconnected in R. Indeed, otherwise it should contain
a segment [, B € R?, B> a > 0. Then, f(zy) =0 for zy € [a, 8] and consequently
F(zy) = F(pB) for every zy € |a,f], which evidently contradicts the fact that
B R}F )

Thus, we obtain the following proposition.

Proposition 4.2. There is a homeomorphism

7 (Ry, CitP (Ry)) = (R}, R)

loc

Moreover, the set ’R}r and (consequently) Ry are totally disconnected.

Indeed, (4.8) defines a homeomorphism between R}L and the set Ry (0) :=
{(0,V’(0)) : V € Ry} of values at t = 0 for functions from Ry . Recall that
Ry consists of solutions of second order ODE (4.1) and, consequently, thanks to a
classical theorem on continuous dependence of solutions of ODE’s, the set Ry is
homeomorphic to Ry (0) and this homeomorphism is given by the solving operator
S :(V(0),V'(0)) — V(t) of equation (4.1). Proposition 4.2 is proved.

10



Remark 4.1. Note that, although for generic fs the sets R}F ~ Ry are finite,
these sets maybe even uncountable for some very special choices of the nonlinearity
f. The simplest example of such f is the following one:

(4.10) f(z) = — dist(z, K)

where K is a standard Cantor set on [0, 1] and dist(z, K) means a distance from z
to K. Indeed, it is easy to verify that for this case RT = K and consequently Ry
consists of continuum elements. (To be rigorous, function (4.10) is only Lipschitz
continuous (but not from C') and does not satisfy also the second assumption
of (1.2), but slightly modifying this function one can construct the function 1,
which will satisfy all our assumptions and R}f = R}r =K.)

We state now the main result of this Section.

Theorem 3. Let the assumptions of Proposition 4.1 hold. Then for every nonne-
gative bounded solution u of problem (1.1) there is a solution V(x3) = V,(x2) € Ry
of problem (4.1) such that for every fired R and © = (x1,z2, T3)

(4.11) lu = Valle2ra(E nayy = 0, = (w1 + h, 22, 73)

when h — 0.

Proof. Indeed, consider the w-limit set of the solution « € K+ under the action of
the semigroup T}, of shift in the z; direction:

(4.12) w(u) = Mhzo[ Uszn Tsul 4

Recall that T}, possesses the attractor Ay in K+, consequently, set (4.12) is non-
empty and

(4.13) w(u) C A

It follows now from Proposition 4.1 that w(u) C Ry.

Note that from the one side the set w(u) must be connected (see e.g. [Hal87])
and from the other side it is a subset of the set Ry which is totally disconnected
(due to Proposition 4.2). Therefore w(u) consists of a single point V,, C Ry:

(4.14) wu) ={Vu}

The assertion of the theorem is a simple corollary of this fact and of our definition
of the topology in K+. Theorem 4.1 is proved.

§5 CONCLUDING REMARKS

In conclusion of the paper we discuss assumptions (1.2) imposed to the nonlinear
term f(u) in order to obtain the results of Section 4. Note firstly that sign condition
(1.2)(3) is evidently essential in order to prove the solvability of (1.1) in the class
of positive bounded solutions for every positive bounded initial data uy (and in a
fact it is also essential for Proposition 4.1 and Lemma 4.1, see e.g. [BCN98]).

The assumption f € C! is not necessary neither for proving the existence of
a positive solution of problem (1.1) (in Section 2) nor for applying the trajectory
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dynamical system approach to this problem (see Section 3) and can be weakened
to f € C(R,R), see [ViZ96] or [Zel98]. Note however that the (local) Lipschitz
continuity of the nonlinear term is very essential for the symmetry result, formula-
ted in Proposition 4.1 (see [BCNO98]) and consequently for all results, obtained in
Section 4.

Thus, assumptions (1.2)(1) and (1.2)(3) seem to be close to optimal in order
to derive the results of Section 4. In contrast to them, dissipativity assumption
(1.2)(2) is far from optimal and has been imposed in such a form only in order to
avoid the additional technicalities and to make the trajectory approach to study
the behavior of positive solutions more clear. In a fact, it can be proven using
the standard sub and supersolutions technique and some monotonicity results for
positive solutions of elliptic equations that under assumptions (1.2)(1) and (1.2)(3)
problem (1.1) possesses at least one positive bounded solution for every positive
bounded initial value ug if and only if its one dimensional analogue

(5.1) V'(2) — f(V(2)) =0, z>0, V(0)=M

is solvable in the class of bounded nonnegative solutions for every M > 0. Remind
that (5.1) is second order ODE of Newtonian type and can be easily analyzed using
e.g. the phase portrait technique.

In the case where n = 1 using the explicit description of the set of bounded
positive solutions of the equation (1.1) in £ one can easily show that the attractor
Ay, exists if and only if the set K of all bounded positive solutions of the problem

(5.2) V"'(2) = f(V(2) =0, 2>0, V(0)=0

is globally bounded in C'(Ry).

Combining (5.1) and (5.2) we derive after the straightforward analysis of the
corresponding phase portrait that under assumptions (1.2)(1) and (1.2)(3), problem
(1.1) possesses the trajectory attractor Ay if and only if the potential F(v) :=
— [ f(u) du achieves its global maximum on [0, c), i.e. if there is vy > 0 such that

(5.3) F(z0) = max F(v)

Hence, all results of Section 4 remain valid in the case where tcondition (1.2)(2)
is replaced by (5.3). Evidently, condition (1.2)(2) is sufficient, but not necessary
for (5.3).
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