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1. INTRODUCTION

The study of the asymptotic behavior of dynamical systems arising from mechanics
and physics is a capital issue, as it is essential, for practical applications, to be able to
understand, and even predict, the long time behavior of the solutions of such systems.
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A dynamical system is a (deterministic) system which evolves with respect to the time.
Such a time evolution can be continuous or discrete (i.e., one only measures the state of
the system at given times, e.g., every hour or every day). We will essentially consider
continuous dynamical systems in this survey.

In many situations, the evolution of the system can be described by a system of ordinary
differential equations (ODEs) of the form

ylzf(t,y), Yy = (yla"'ayN)a (01)
together with the initial condition

y(t)=vy,, TER (0.2)
Assuming that the above Cauchy problem is well-posed, we can define a family of solving
operators U(t, ), t > 7, 7 € R, acting on some subset ® of RV (called the phase space),
ie.,

Uut,r) : -
yr = y(t),
where y(t) is the solution of (0.1)-(0.2) at time ¢. It is easy to see that this family of
operators satisfies

U(r,7) =1d, U(t,s) o U(s,7) = U(t,7), t =2 s >7, 7 €R,
where Id denotes the identity operator. We say that this family of operators forms a

process. When the function f does not depend explicitly on the time (in that case, we
say that the system is autonomous), we can write

U(ta 7—) = S(t - 7—)7
where the family of operators S(t), t > 0, satisfies

S(0) =1d, S(t)oS(s) =S(t+s), t, s > 0.
We say that this family of solving operators S(¢), ¢ > 0, which maps the initial datum at
t = 0 onto the solution at time ¢, forms a semigroup. Furthermore, we say that the pair
(S(t), ®) (or (U(t, 1), P) for a nonautonomous system) is the dynamical system associated
with our problem.

The qualitative study of such finite dimensional dynamical systems goes back to the
pioneering works of Poincaré on the N-body problem in the beginning of the 20th century
(see, e.g., [26] ; see also [66] and the references therein for the study of discrete dynamical
systems in finite dimensions). In particular, it was discovered, at the very beginning of
the theory, that even relatively simple systems of ODEs can generate very complicated
(chaotic) behaviors. Furthermore, these systems are extremely sensitive to perturbations,
in the sense that trajectories with close, but different, initial data may diverge exponen-
tially. As a consequence, in spite of the deterministic nature of the system, its temporal
evolution is unpredictable on time scales larger than some critical value which depends
on the error of approximation and on the rate of divergence of close trajectories, and can
show typical stochastic behaviors.

Such behaviors have first been observed and established for the pendulum equation
perturbed by time periodic external forces, namely,
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Y (6) + sin(y(1)) (1 + esin(wt) =0,

€, w > 0. Another, important, example is the Lorenz system, obtained by truncation of
the Navier-Stokes equations (more precisely, one considers here a three-mode Galerkin
approximation (one in velocity and two in temperature) of the Boussinesq equations),

=0y —x),
y' = —wy+re—y,
7 =uxy — bz,

where the positive constants o, r, and b correspond to the Prandtl number, the Rayleigh
number, and the aspect ratio, respectively ; in the original work of Lorenz (see [149]), these
numbers take the values 10, 28, and %, respectively. This system gives an approximate
description of a two-dimensional layer of fluid heated from below: the warmer fluid formed
at the bottom tends to rise, creating convection currents, which is similar to what is
observed in the atmosphere. For a sufficiently intense heating, the time evolution has a
sensitive dependence on the initial conditions, thus representing a very irregular (chaotic)
convection. This fact was used by Lorenz to justify the so-called “butterfly effect”, a
metaphor for the imprecision of weather forecast. Other well-known relatively simple
systems which exhibit chaotic behaviors are the Minea system [173] and the Rdossler
system [205].

Very often, the trajectories of such chaotic systems are localized, up to some transient
process, in some subset of the phase space having a very complicated geometric structure,
e.g., locally homeomorphic to the Cartesian product of R™ and some Cantor set, which
thus accumulates the nontrivial dynamics of the system, the so-called strange attractor
(see, e.g., [28]). Ome noteworthy feature of a strange attractor is its dimension. First,
in order for the sensitivity to initial conditions to be possible on the strange attractor,
this dimension has to be strictly greater than 2, so that the dimension of the phase space
has to be greater than 3 ; let us assume, for simplicity, that this dimension is equal to 3,
as in the Lorenz system. Then the volume of the strange attractor must be equal to O ;
indeed, in systems having a strange attractor, one observes a contraction of volumes in the
phase space. Thus, the dimension of a strange attractor is noninteger, strictly between 2
and 3, and we need to use other dimensions than the Euclidean dimension to measure it.
Several dimensions, which are not equivalent and yield different values of the dimension
in concrete applications, can be used (roughly speaking, some notions of dimensions are
related to the connectedness of the sets that one measures, others are related to the
way that these sets are embedded into the ambient space, for instance). We will mainly
consider in this article the box-counting (or entropy) dimension (see below ; see also [87]),
which we will call the fractal dimension. Other possible notions of dimensions are the
Hausdorff dimension or the Lyapunov dimension (see [87]). Thus, the main features of a
strange attractor are
e the trajectories (at least those starting from a neighborhood) are attracted to it ;

e close, but different, trajectories may diverge ;

e it has a noninteger (fractal) dimension (for instance, for the Lorenz system, numerical
investigations show that this dimension is close to, but greater than, 2, namely, 2.05...,
which means that there is a “strong” contraction of volumes).



4 A. MIRANVILLE AND S. ZELIK

Now, for a distributed system whose initial state is described by functions depending
on the spatial variable, the time evolution is usually governed by a system of partial
differential equations (PDEs). In that case, the phase space ® is (a subset of) an infinite
dimensional function space ; typically, ® = L*(Q) or L*>°(Q2), where Q is some domain of
RY. We will thus speak of infinite dimensional dynamical systems.

A first, important, difference, when compared with ODEs, is that the analytical struc-
ture of a PDE is much more complicated. In particular, we do not have a unique solvability
result in general, or such a result can be very difficult to obtain. We can, for instance,
mention the three-dimensional Navier-Stokes equations, for which a proper global well-
posedness result is not known yet (see, e.g., [221]). Nevertheless, the global existence and
uniqueness of solutions has been proven for a large class of PDEs arising from mechan-
ics and physics, and it is therefore natural to investigate whether the features mentioned
above for dynamical systems generated by systems of ODEs, and, in particular, the strange
attractor, generalize to systems of PDEs.

Such behaviors can be observed in a large class of PDEs which exhibit some energy
dissipation and are called dissipative PDEs. Roughly speaking, the highly complicated
behaviors observed in such systems usually arise from the interaction of the following
mechanisms:

e energy dissipation in the higher part of the Fourier spectrum ;

e external energy income in its lower part (in order to have nontrivial dynamics, the
system has to also account for the energy income) ;

e energy flux from the lower to the higher Fourier modes, due to the nonlinear terms of
the equations.

As already mentioned, this class of PDEs contains a large number of equations from me-
chanics and physics ; we can mention for instance reaction-diffusion equations, the incom-
pressible Navier-Stokes equations, pattern formation equations (e.g., the Cahn-Hilliard
equation in materials science and the Kuramoto-Sivashinsky equation in combustion),
and damped wave equations.

It is worth emphasizing once more that the phase space is an infinite dimensional
function space. However, experiments showed that, as in the case of finite dimensional
dynamical systems, the trajectories are localized, up to some transient process, in a “thin”
invariant subset of the phase space having a very complicated geometric structure, which
thus accumulates all the essential dynamics of the system.

From a mathematical point of view, this led to the notion of a global attractor (see
[23], [51], [53], [122], [139], [140], [200], [214], and [220] ; see also [16] and [198] for some
historical comments). Assuming that the problem is well-posed and that the system is
autonomous (i.e., that the time does not appear explicitly in the equations), we have, as
in the finite dimensional case, the semigroup S(t), ¢t > 0, acting on the phase space @,
which maps the initial condition onto the solution at time ¢. Then we say that A C ® is
the global attractor for S(t) if
(i) it is compact in ® ;

(ii) it is invariant, i.e., S(t)A= A, Vt > 0 ;
(iii) VB C ® bounded,

limy_, 4 odist(S (1) B, A) = 0,
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where dist denotes the Hausdorff semi-distance between sets (we assume that ® is a metric
space with distance d) defined by

dist(A, B) := 21615 ;g}f; d(a,b).
This is equivalent to the following: VB C ® bounded, Ye > 0, Ity = to(B,€) such that
t >ty implies S(t)B C U, where U, is the e-neighborhood of A.

We note that it follows from (ii) and (iii) that the global attractor, if it exists, is unique.
Furthermore, it follows from (i) that it is essentially thinner than the initial phase space
® : indeed, in infinite dimensions, a compact set cannot contain a ball and is nowhere
dense. Tt is also not difficult to prove that the global attractor is the smallest (for the
inclusion) closed set enjoying the attraction property (iii) ; it thus appears as a suitable
object in view of the study of the long time behavior of the system. It is also the maximal
bounded invariant set. We finally note that A4 attracts all the trajectories (uniformly with
respect to bounded sets of initial data), and not just those starting from a neighborhood.
The global attractor is sometimes called the maximal or the universal attractor (which
is reasonable in view of the above considerations), although these denominations are less
used nowadays.

It has also been early conjectured that the invariant attracting sets mentioned above,
and, in particular, the global attractor, should be, in a proper sense, finite dimensional
and that the dynamics, restricted to these sets, should be effectively described by a finite
number of parameters. The notions of dimensions mentioned above, and, in particular,
the fractal dimension, should again be appropriate to measure the dimension of these sets.
So, when this conjecture is true, the effective dynamics, restricted to the global attractor,
is finite dimensional, even though the initial phase space is infinite dimensional. This also
suggests that such systems cannot produce any new dynamics which are not observed in
finite dimensions, the infinite dimensionality only bringing (possibly essential) technical
difficulties.

Starting from the pioneering works of Ladyzhenskaya (see, e.g., [138], [139], and the
references therein), this finite dimensional reduction, based on the global attractor, has
been given solid mathematical grounds in the past decades for dissipative systems in
bounded domains. In particular, the existence of the finite dimensional global attractor
has been proven for many classes of dissipative PDEs, including the examples mentioned
above. We refer the reader to [23], [51], [122], [139], [140], [200], [214], and [220] for
extensive reviews on this subject.

Now, the global attractor may present several defaults. Indeed, it may attract the
trajectories at a slow rate. Furthermore, in general, it is very difficult, if not impossible,
to express the convergence rate in terms of the physical parameters of the problem. This
can be seen on the following real Ginzburg-Landau equation in one space dimension:

o —vdu+u® —u=0, €[0,1], v >0,

u(0,t) = u(l,t) = —1, t >0,

see Remark 2.25. A second drawback, which can also be seen as a consequence of the
first one, is that the global attractor may be sensitive to perturbations ; a given system
is only an approximation of reality and it is thus essential that the objects that we study
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are robust under small perturbations. Actually, in general, the global attractor is upper
semicontinuous with respect to perturbations, i.e.,

dist(Ae, Ag) = 0 as e — 07,

where Ajg is the global attractor associated with the nonperturbed system and A, that
associated with the perturbed one, € > 0 being the perturbation parameter. Very roughly
speaking, this property means that the global attractor cannot explode under small per-
turbations. Now, the lower semicontinuity, i.e.,

dist(Ag, Ac) — 0 as e — 07,

which, roughly speaking, means that the global attractor cannot implode also, is much
more difficult to prove (see, e.g., [198]). Furthermore, this property may not hold. This
can already be seen in finite dimensions by considering the following ODE (see [198]):

o= (1-2%)(1-)\), Ae[-1,1].
Then, when A\ = 0, Ay = [0, 1], whereas Ay = {1} for A < 0 and Ay = [V}, 1] for A > 0.
Thus, there is a bifurcation phenomenon at A = 0 and the global attractor is not lower
semicontinuous at A = 0. It thus follows that the global attractor may change drastically
under small perturbations. Furthermore, in many situations, the global attractor may
not be observable in experiments or in numerical simulations. This can be due to the
fact that it has a very complicated geometric structure, but not necessarily. Indeed,
we can again consider the above Ginzburg-Landau equation. Then, due to the boundary
conditions, 4 = {—1}. Now, this problem possesses many metastable “almost stationary”
1

equilibria which live up to a time ¢, ~ € *. Thus, for v small, one will not see the
global attractor in numerical simulations. Finally, in some situations, the global attractor
may fail to capture important transient behaviors. This can be observed, e.g., on some
models of one-dimensional Burgers equations with a weak dissipation term (see [29]).
In that case, the global attractor is trivial, it is reduced to one exponentially attracting
point, but the system presents very rich and important transient behaviors which resemble
some modified version of the Kolmogorov law. We can also mention models of pattern
formation equations in chemotaxis for which one observes important transient behaviors,
i.e., patterns, which are not contained in the global attractor (see [218]).

It is thus also important to construct and study larger objects which contain the global
attractor, are more robust under perturbations, attract the trajectories at a fast (typically,
exponential) rate, and are still finite dimensional. Two such objects have been proposed,
namely, an inertial manifold (see [98]) and an exponential attractor (see [68]). We will
discuss these objects in more details in the next sections, with an emphasis on exponential
attractors (which are as general as global attractors).

An interesting question is whether one has a similar reduction principle for nonau-
tonomous dissipative PDEs (in bounded domains). A first difference, compared with
autonomous systems, is that both the initial and final times play an important role ;
assuming that the problem is well-posed, it defines a process U(t,7), t > 7, 7 € R, which
maps the initial condition at time 7 onto the solution at time ¢. For such systems, the
notion of a global attractor is no longer adequate (in particular, we will not be able to
construct proper time independent invariant sets), and one needs to consider other notions
of attractors.



ATTRACTORS FOR DISSIPATIVE PDES 7

A first approach, initiated by Haraux (see [124]) and further studied and developed
by Chepyzhov and Vishik (see, e.g., [47] and [51]), is based on the notion of a uniform
attractor. Actually, in order to construct the uniform attractor, one considers, together
with the initial equations, a whole family of equations. Then one proves the existence of
the global attractor for a proper semigroup on an extended phase space, and, finally, pro-
jecting this global attractor onto the first component, one obtains the uniform attractor.
The major drawback of this approach is that the extended dynamical system is essentially
more complicated than the initial one, which leads, for general (translation compact, see
Section 3 ; see also [47] and [51]) time dependences, to an artificial infinite dimensionality
of the uniform attractor. This can already be seen on the following simple linear equation:

Oru — Ayzu = h(t), u‘m =0,
in a bounded smooth domain €2, whose dynamics is simple, namely, one has one expo-
nentially attracting trajectory. However, for more or less general external forces h, the
associated uniform attractor has infinite dimension and infinite topological entropy (see
51)).

Nevertheless, for periodic and quasiperiodic time dependences, one has in general finite
dimensional uniform attractors (i.e., if the same is true for the global attractor of the
corresponding autonomous system). Furthermore, one can derive sharp upper and lower
bounds on the dimension of the uniform attractor, so that this approach is appropriate
and relevant in those cases.

A second approach, which resembles the so-called kernel sections proposed by Chep-
yzhov and Vishik (see [46] and [51]), but was studied and developed independently, is
based on the notion of a pullback attractor (see, e.g., [64], [132], and [210]). In that case,
one has a time dependent attractor {A(t), ¢ € R}, contrary to the uniform attractor
which is time independent. More precisely, a family {A(t), ¢t € R} is a pullback attractor
for the process U(t,7) if
(i) the set A(t) is compact in @, Vi € R ;

(ii) it is invariant, i.e., U(¢t,7)A(T) = A(t), Vt > 1, T € R;
(iii) it satisfies the following pullback attraction property:

VB C ® bounded, Vt € R, liljrn dist(U(t,t — s)B, A(t)) = 0.
S—+00

One can prove that, in general, A(¢) has finite dimension, V¢ € R, see, e.g., [40] and
[142]. Now, the attraction property essentially means that, at time ¢, the attractor A(¢)
attracts the bounded sets of initial data coming from the past (i.e., from —oc0). However,
in (iii), the rate of attraction is not uniform in ¢, so that the forward convergence does
not hold in general (see nevertheless [37], [42], and [141] for cases where the forward

convergence can be proven). We can illustrate this on the following nonautonomous
ODE:

y' = f(ty),
where f(t,y) = —yift <0, (=14+2t)y—ty*ift € [0,1], and y —y? if £ > 1. Then one has
the existence of a pullback attractor {.A(t), ¢t € R}, namely, A(t) = {0}, Vt € R. However,
for t > 1, every trajectory, different from {0}, starting from a small neighborhood of 0,
will leave this neighborhood, never to enter it again. This clearly contradicts our intuitive
understanding of attractors.
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So, these two theories of attractors for nonautonomous systems do not yield an entirely
satisfactory finite dimensional reduction principle, contrary to the autonomous case, since
we have either an artificial infinite dimensionality or no forward attraction in general. We
will see below that the construction of exponential attractors allows to overcome the main
drawback of pullback attractors, namely, the problem of the forward attraction, as proven
in [76] ; indeed, one has an exponential uniform control on the rate of attraction. This
yields a satisfactory reduction principle for nonautonomous dynamical systems associated
with dissipative PDEs in bounded domains.

Now, while the theory of attractors for dissipative dynamical systems in bounded do-
mains is rather well understood, the situation is different for systems in unbounded do-
mains and such a theory has only recently been addressed (and is still progressing),
starting from the pioneering works of Abergel [1] and Babin and Vishik [22]. The main
difficulty in this theory is the fact that, in contrast to the case of bounded domains dis-
cussed above, the dynamics generated by dissipative PDEs in unbounded domains is (as
a rule) purely infinite dimensional and does not possess any finite dimensional reduc-
tion principle. Furthermore, the additional spatial “unbounded” directions lead to the
so-called spatial chaos and the interactions between spatial and temporal chaotic modes
generate a space-time chaos which also has no analogue in finite dimensions.

As a consequence, most of the ideas and methods of the classical (finite dimensional)
theory of dynamical systems does not work here (as such systems have infinite Lyapunov
dimension, infinite topological entropy, ...). Thus, we are faced with dynamical phenomena
with new levels of complexity which do not have analogues in the finite dimensional theory
and we need to develop a new theory in order to describe such phenomena in an accurate
way.

It is also interesting to note that, in the case of bounded domains, the dimension of the
global attractor grows at least linearly with respect to the volume of the spatial domain
and, thus, for sufficiently large domains, the reduced dynamical system may be too large
for reasonable investigations. Furthermore, as shown in [17], the spatial complexity of the
system (e.g., the number of topologically different equilibria) grows ezponentially with
respect to the volume of the spatial domain. Therefore, even in the case of relatively
small dimensions, the reduced system can be out of reach of reasonable investigations,
due to its extremely complicated structure. As a consequence, it seems more natural,
at least from a physical point of view, to replace large bounded domains by their limit
unbounded ones (e.g., the whole space or cylindrical domains), which, of course, requires
a systematic study of dissipative dynamical systems associated with PDEs in unbounded
domains.

We will discuss such (for most of them new) developments in Section 5 of this survey.

In a last section, we will briefly discuss extensions of the theory of attractors to ill-
posed problems, with an emphasis on the so-called trajectory attractor, see, e.g., [48], [49],
[51], and [213]. Indeed, for many interesting problems, including the three-dimensional
Navier-Stokes equations, various types of damped hyperbolic equations (e.g., damped
wave equations with supercritical nonlinearities), ..., the well-posedness of the solution
operator S(t) has not been proven yet or/and the proper choice of the phase space is
not known. Furthermore, e.g., for dissipative systems with non-Lipschitz nonlinearities or
for systems arising from the dynamical approach of elliptic boundary value problems in
unbounded domains, nonuniqueness results and the ill-posedness of the associated solution
operator are known.
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2. THE GLOBAL ATTRACTOR

2.1. Main definitions. Let E be a Banach space with norm || - || (actually, in most
results, E' can more generally be a complete metric space ; furthermore, in some cases,
e.g., for the so-called trajectory attractors, see Section 6 (see also Theorem 2.20), even
metric spaces may be inadequate). We consider a semigroup S(¢), t > 0, acting on F,
i.e., we assume that the phase space ® is the whole space F (it is not difficult to adapt
the definitions when ® is a subset of E),

(2.1) S(t) : E— B, Vt>0,
(2.2) S(0) = 1d,
(2.3) S(t +5) = S(t) 0 S(s), Vi, 5> 0,

where Id denotes the identity operator. We will also need some continuity property on
S(t), and we assume from now on that

(2.4) S(t) is continuous from E into itself, V¢ > 0.

Remark 2.1. a) It was recently proven in [189] that condition (2.4) can be relaxed and
that one can prove the existence of global attractors under the following, much weaker,
condition:

(2.5) if 2 — x and S(t)zy — y, then y = S(t)x.

A semigroup satisfying (2.5) is called a closed semigroup (see also [247] for another type of
condition, contained in (2.5)). Condition (2.5) is also important for concrete applications ;
indeed, there are situations in which z; — x only implies that S(t)zy — S(t)x for the
weak topology (this is the case, e.g., for the damped wave equation with a nonlinear
damping, see [189]). However, in contrast to the usual continuous case, the global attractor
may not be connected (see the next subsection) for closed semigroups (even if the initial
absorbing set is connected) and some additional assumptions are necessary to guarantee
this property.

b) In general, the operators S(t), ¢t > 0, are not one-to-one (this property is equivalent to
the backward uniqueness property, see, e.g., [220]). When S(¢), ¢ > 0, is one-to-one, we
can define its inverse, which we denote by S(—t). It is then easy to see that the family
S(t), t € R, enjoys properties (2.1)-(2.3), and we say that it forms a group acting on E.
One new feature of the infinite dimensional theory, compared with the finite dimensional
one, is that, in general, as already mentioned, the operators S(t), ¢ < 0, are not defined
everywhere.

Definition 2.2. A set X C F is invariant for S(t) if

S(tH)X =X, Vt > 0.
If S(t)X C X, Vt > 0, we say that X is positively invariant and, if X C S(¢)X, V¢ > 0,
we say that X is negatively invariant.
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A first, simple, example of invariant sets is given by fixed points (also called stationary
trajectories or solutions) or by sets of fixed points (a € E is a fixed point if S(t)a =
a, VYt > 0). A second example is given by complete trajectories or by sets of complete
trajectories. Let ug belong to E. Then the forward, or positive, trajectory starting at wu
is the set

{S(t)ug, t > 0}.
A backward, or negative, trajectory ending at ug, if it exists, is a set of points of the form
Urcou(t), u(t) € S(—t) " ug, ¥t >0
(we can note that a negative trajectory, if it exists, is not necessarily unique). Finally,
a complete trajectory through u,, if it exists, is the union of the positive and a negative
trajectories. It is not difficult to show that the positive trajectory is positively invariant,
a negative trajectory is negatively invariant, and a complete trajectory is invariant.
Another, more complicated, example of invariant sets is given by w-limit sets ; these
sets are also essential in view of the construction of global attractors.

Definition 2.3. Let uy belong to E. The w-limit set of ug is the set

W(UU) = ﬂszoutZSS(t)Ug,
where the closure is taken in F. Similarly, for B C E, the w-limit set of B is the set

UJ(B) = mszoutZSS(t)B.

We have the following important characterization of w-limit sets: x € w(B) if and only
if there exist sequences {xy, k € N} and {t, k € N}, with x;, € B, Vk € N, and t;, — +0o0
as k — 400, such that S(t)ry — = as k — +o0.

Remark 2.4. Similarly, we define the a-limit set of B, if it exists, by

O[(B) = mSSOUtSSS(—t)ilB.
We then have the

Proposition 2.5. We assume that B C E, B # (), and that there exists to > 0 such that

U1, S (t) B is relatively compact in E. Then w(B) is nonempty, compact, and invariant.
We are now ready to formulate some mathematical concepts of dissipativity. To this

end, we need to recall the notions of absorbing and attracting sets for the semigroup S(t).

Definition 2.6. (i) A bounded set By C F is a bounded absorbing set for S(¢) if, VB C E

bounded, ty = to(B) such that t > ¢, implies S(¢)B C B,.

(ii) A set K C FE is attracting if, VB C E bounded,

lim dist(S(t)B, K) =0,

t—+oo
where dist (or distg if it is necessary to precise the topology) is the Hausdorff semidistance
between sets in F/, defined by

dist(A, B) := sup inf [la —b
ist(4, B) := sup inf fla = bl

(note that dist(A, B) = 0 only implies A C B).
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The existence of an absorbing set is often used as a mathematical definition of a dissi-
pative system. Following this tradition, we give the following definition.

Definition 2.7. The semigroup S(t) is dissipative in E if it possesses a bounded absorbing
set B C E.

In applications, this property is usually verified by proving a so-called dissipative esti-
mate of the form

(2.6) IS uolle < Qluollp)e™" + Ci, 20,

where the monotonic function () and the positive constants . and C, are independent of
ug € F.

Remark 2.8. A different notion of an absorbing set is considered in [122]: the semigroup
S(t) is called point dissipative if there exists a bounded set By C E such that, Yug €
E, 3ty = to(up) such that ¢ > ty implies S(t)ug € By.

We however have to note that the above mathematical definition of dissipativity is
not sufficient to capture the typical physical properties of dissipative systems (see the
introduction). Indeed, let us consider the semigroup generated by the following equation
in an infinite dimensional Hilbert space F:

y' (1) =y = lly®)lz), y(0) =y € E.

Then this semigroup obviously satisfies a dissipative estimate as above and is dissipative
according to the above mathematical definition. However, we do not have here an energy
dissipation in the higher Fourier modes (in fact, the energy increases or decreases simul-
taneously in all modes depending on whether or not ||y(¢)||g > 1). Thus, it is difficult to
consider this semigroup as a dissipative system from a physical point of view.

In order to avoid such a situation, some kind of asymptotic compactness of the semi-
group (e.g., the existence of a compact absorbing/attracting set ; this naturally gives a
decay in the higher part of the Fourier spectrum) should be postulated. This asymptotic
compactness can naturally be expressed in terms of the so-called Kuratowski measure of
noncompactness.

Definition 2.9. Let B be a bounded subset of £Z. The Kuratowski measure of noncom-
pactness of B is the quantity

k(B) := inf {d, B has a finite covering with balls of E with diameter less than d}.

The Kuratowski measure of noncompactness enjoys the following properties (see [122]):
e x(B) = 0 if and only if B is relatively compact in E ;
e x(B) = k(B) ;
e By C By implies k(By) < k(Bs) ;
[ ] KJ(Bl + BQ) S KJ(Bl) + KJ(BQ).

Definition 2.10. We say that the semigroup S(t) is asymptotically compact if, for every
bounded set B C FE, the Kuratowski measure of noncompactness of the image S(¢)B
tends to zero as t — 00,

lim k(S(t)B) =0, VB bounded in FE.

t—+00

We are now ready to define the main object of this survey, namely, a global attractor.
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Definition 2.11. A set A C E is a global attractor of the semigroup S(¢) on E if the
following properties are satisfied:

(i) it is a compact subset of F ;

(ii) it is invariant, S(t)A = A, Vt > 0 ;

(iii) it is an attracting set for S(¢) on E.

It follows from this definition that the dissipativity and asymptotic compactness of the
associated semigroup are necessary for the existence of a global attractor. As we will see
below, these conditions are also sufficient.

As already mentioned in the introduction, the global attractor, if it exists, is unique.
Furthermore, it is the smallest closed set which attracts the bounded subsets of £ and
the maximal bounded invariant set. We also note that it attracts the trajectories starting
from the whole phase space (uniformly with respect to bounded sets of initial data), and
not just those starting from a neighborhood.

We now formulate a simple, but very useful, result on the structure of the global
attractor. To do so, we first give the following definition.

Definition 2.12. The kernel (in the terminology of Chepyzhov and Vishik) K € L*®(R, F)
of the semigroup S(t) is the set of all bounded complete trajectories of the semigroup S(¢),
i.e., the functions v : R — E such that

S(t)u(s) = u(t+ s) and [Ju(s)||p < Cy < +00, Vs € R, t € R,.

Then we have the following result, which follows from the invariance of A, see, e.g.,
[23].
Theorem 2.13. The global attractor A (if it exists) is generated by the set K of all
bounded complete trajectories of S(t),

(2.7) A = K(0) := {u(0), u e K}.

In other words, ug € A if and only if there exists a bounded complete trajectory u such
that w(0) = ug. Furthermore, A= K(s), for every s € R.

Remark 2.14. Together with the concept of a global attractor given above, the so-called
local attractors are widely used in the theory of dynamical systems. Such an attractor
only attracts the images of all bounded subsets of some neighborhood U (A C U). The
largest neighborhood which satisfies this property is then called the basin of attraction of
the attractor A. Another weaker concept of an attractor can be obtained by relaxing the
attraction property. To be more precise, instead of requiring that all trajectories starting
from a bounded subset of the phase space have a uniform rate of attraction to the attractor
(see Definition 2.6), one may allow every trajectory to have its own (nonuniform) rate of
attraction. This leads to the so-called pointwise attractor which has been used, e.g., in
the original works of Ladyzhenskaya, see [140] and the references therein.

In some situations, e.g., for equations in unbounded domains, the attraction holds in
a weaker topology, defined by some topological space F, E C F;. To describe such a
situation, Babin and Vishik proposed the terminology (E, F1)-attractor, see [23]. Roughly
speaking, an (F, E})-attractor attracts the bounded subsets of F in the topology of the
space F (thus, the space E is used here only to determine the class of bounded sets). In
particular, if E; corresponds to F endowed with the weak topology, then one speaks of
weak attractors. Furthermore, it is sometimes more convenient (especially, in the theory
of the so-called trajectory attractors, see Section 6 below) to use more general classes of
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"bounded” sets which are not generated by any Banach space E and can be fixed almost
arbitrarily. The only property of "bounded” sets which seems to be important for the
theory of attractors is the following one.

Definition 2.15. A class B of subsets of E is called a class of "bounded” sets if
(28) B € B and Bl C B 1rnply Bl € B.

Then, naturally, a set B € B is an absorbing set for the semigroup S(¢) if it absorbs the
images of all ”bounded” sets (i.e., all sets belonging to B), see [210].

2.2. Existence of the global attractor. As mentioned in the previous subsection, w-
limit sets play an important role in the construction of global attractors. Indeed, one has
the following result, based on Proposition 2.5 (see, e.g., [23] and [220]).

Theorem 2.16. We assume that the semigroup S(t) is continuous and has a compact
absorbing set By. Then it possesses the global attractor A such that A = w(By). Further-
more, A is connected.

We note that, owing to Proposition 2.5, one only needs to prove the attraction property
to have the existence of the global attractor ; this property follows from the fact that By
is an absorbing set.

In concrete situations, the above result will apply to (most) parabolic systems in
bounded domains, since one has some compact regularizing effect in finite time. For
damped hyperbolic equations and for parabolic equations in unbounded domains, we
need a more general result, since such a regularizing effect is not available. However, not-
ing that one has, in some sense, some compact regularizing effect at infinity, the following
existence result, due to Babin and Vishik (see, e.g., [23]), can be used in most situations.

Theorem 2.17. We assume that the semigroup S(t) is continuous and possesses a com-
pact attracting set. Then it possesses the connected global attractor A. Furthermore, if K
is a compact attracting set, then A = w(K).

Remark 2.18. In order to prove that the attractor A is connected, one only needs the
existence of a connected bounded absorbing set. Since the balls in a Banach space are
always connected, this property holds automatically if the phase space E is the whole
Banach space. In a more general setting, i.e., when E is a metric, or even a topological,
space, this assumption should be added in order to ensure the connectedness.

We give another attractor’s existence result which exploits the Kuratowski measure
of noncompactness (see [122]). Although it is formally equivalent to Theorem 2.17, in
practice, it can be used in a more general setting, namely, when the existence of a compact
attracting set is difficult to verify directly (however, the existence of such a set a posteriori
follows from that of the global attractor), see, e.g., [188] and [201].

Theorem 2.19. We assume that the semigroup S(t) is continuous, dissipative (i.e., it
possesses a bounded absorbing set By ), and asymptotically compact (in the sense of Defi-
nition 2.10). Then it possesses the connected global attractor A such that A = w(By).

We now discuss a general strategy to verify the conditions of the above attractor’s
existence theorems in applications.

The existence of a compact absorbing set (for Theorem 2.16) is typical of parabolic
problems in bounded domains for which the semigroup S(¢) usually consists of compact
operators for £ > 0. In that case, one usually has a smoothing property of the form

1S@) iz < t77Quollr), t € (0.1],
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where F; is some stronger space (i.e., it is compactly embedded into E) and where the
monotonic function @) and the positive constant 3 are independent of ug, see [23], [122],
[220], and the references therein. Then, together with the dissipative estimate (2.6), this
smoothing property guarantees that a ball in F; with a sufficiently large radius R is a
compact absorbing set for S(¢). According to Theorem 2.16, this yields the existence of
the global attractor A C E; and its boundedness in Fj.

However, for more general classes of dissipative systems (e.g., damped hyperbolic equa-
tions), the smoothing property in finite time does not hold and should be replaced by an
asymptotically smoothing property,

(2.9) S(t) = S\ (t) + So(t), Si(t) : E—E, i=1, 2,

where the operators Sy(t) are compact for every fixed t > 0 (i.e., Sy(t) B is precompact in
E for every bounded subset B of E and every ¢ > 0) and the operators Si(¢) tend to zero
as t — 400,

tlifrn |S1(t)Bl|r = 0, for every B C E bounded,
—400

where ||B||g := sup,cg||z||r, B C E (we emphasize here that only the maps S(¢) should
be continuous in E, and no additional continuity assumption on Si(¢) and Sy(t) is re-
quired).

It is not difficult to see that decomposition (2.9) is formally equivalent to the asymptotic
compactness (in the sense of the Kuratowski measure of noncompactness, see Definition
2.10) and, consequently, together with the dissipative estimate (2.6), this gives the ex-
istence of the global attractor, due to Theorem 2.19 (when the space E is a uniformly
convex Banach space, this decomposition can be artificially reduced to that of continuous
operators Sy (t) and Sy(t), see [119] and [220]).

Very often, in applications, S3(¢) maps E into some stronger space E; (which is com-
pactly embedded into E). If, in addition, the operators Sy(¢) are uniformly bounded in
Eyast — +o0,

(2.10) sup ||Se(t)B||g, < +00, for every B C E bounded,
teR

decomposition (2.9), together with the dissipative estimate (2.6), guarantee that a ball in
FE; with a sufficiently large radius is a compact attracting set for S(t) and one can apply
Theorem 2.17 to prove the existence of the global attractor A and to verify, in addition,
that A is bounded in F;. This is the usual way to verify the further regularity of gobal
attractors, see [23] and [220] for details.

However, it is sometimes very difficult, if not impossible, to verify the additional bound-
edness (2.10) and the operators Sy(t) may a priori grow as t — +00, see, e.g., [56]. In
that case, decomposition (2.9) is not strong enough to construct a compact attracting set
(at least in a direct way) and Theorem 2.17 is not applicable. Nevertheless, as already
mentioned, the boundedness property (2.10) is not necessary to verify the asymptotic
compactness and Theorem 2.19 gives the existence of the global attractor A. The main
drawback of this scheme is that we now only have the compactness of A in F and cannot
conclude that A belongs to a more regular space E;. So, Theorem 2.19 cannot be used
to prove further regularity results on the attractors.

We also recall another equivalent definition of asymptotic compactness, namely, in the
terminology of Ladyzhenskaya (see, e.g., [140]), S(¢) is asymptotically compact if
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for every {zy, k € N} bounded and {t;, k¥ € N} such that ¢, — +o0,

(2.11) {S(tx)xr, k € N} is relatively compact in E.

Ball proposed in [25] a general method in order to verify (2.11), based on energy func-
tionals. Roughly speaking, this method is based on the simple observation that a weakly
convergent sequence in a Hilbert (and, more generally, a reflexive Banach) space converges
strongly if the corresponding sequence of norms converges to the norm of the limit func-
tion. Then, in order to verify (2.11), one first extracts a weakly convergent subsequence
from {S(t)xx} by using the dissipativity and the fact that bounded subsets are precom-
pact in the weak topology and then verifies the convergence of the norms by passing to
the limit in the associated energy equality.

This method was applied with success to many equations, both in bounded and un-
bounded domains, see [25], [36], [65], [115], [118], [119], [120], [128], [129], [151], [183],
[184], [185], [201], [202], [220], [229], [230], [231], and [232].

To conclude, we give a result related to global attractors for abstract classes of ”boun-
ded” sets (see [210]) which generalizes the concept of (E, E})-attractors (in the terminol-
ogy of Babin and Vishik) and is very useful, e.g., in the theory of attractors in unbounded
domains, for ill-posed dissipative systems, and for attractors in weak topologies.

Theorem 2.20. Let E be a topological space and S(t) be a semigroup acting on E.
Assume also that a class of "bounded” subsets B of E satisfying (2.8) is given. Let finally
S(t) possess a "bounded”, compact (in E), and metrizable absorbing set By € B and be
continuous on By, for every fizedt > 0. Then there exists a compact and "bounded” global
attractor A C By which is generated by all "bounded” complete trajectories of S(t) in E.

Remark 2.21. We refer the reader to [122], [138], [153], [189], and [247] for other existence
results for the global attractor.

2.3. Attractors for semigroups having a global Lyapunov function.

Definition 2.22. Let X be a subset of F and L : X — R be a continuous function.
The function L is a global Lyapunov function for S(¢) on X if

(i) Yup € X, the function ¢t — L(S(t)ug) is decreasing (i.e., L is decreasing along the
trajectories) ;

(ii) if L(S(t)ug) = L(up) for some ¢ > 0, then ug is a fixed point of S(¢) (i.e., L is strictly
decreasing along the trajectories which are not reduced to fixed points).

Let NV be the set of all fixed points of S(t),

N:={z€eE, S{t)z=2z, Vt >0}.

Let z € N. The unstable set M"(2) of z is the set of all points u € E such that S(¢)u is
defined for all ¢ < 0 and lim;_,_S(t)u = z. Similarly, the stable set M?(z) of z is the set
of all points v € F such that lim; , ;,,S(t)u = z. More generally, let X be an invariant
subset of E. Then the unstable set of X is the (possibly empty) set

M"™(X) :={u, € E, u, belongs to a complete trajectory u(t), t € R,
and limy_, _dist(u(t), X) = 0}.

Similarly, the stable set of X is the (possibly empty) set
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M3 (X) = {u, € E, u, belongs to a complete trajectory u(t), t € R,
and limy_, o dist(u(t), X) = 0}.

Remark 2.23. We assume that S(t) possesses the global attractor A. We can note that
N C A. Furthermore, it is not difficult to show that M"(z) C A, Vz € N ; we also
note that M""(z) and M?5(z) are invariant by S(¢). Finally, if X is an invariant set, then
M"™(X) C A, and M"™(A) = A.

We have the following result on the structure of the global attractor for a semigroup
having a global Lyapunov function.

Theorem 2.24. We assume that the semigroup S(t) possesses a continuous global Lya-
punov function. Then

A= M"(N).
If, furthermore, N is finite, N = {z1, ..., zm }, and t — S(t)x is continuous, Vo € E, then

A = UL M"™(z)
and every trajectory u(t), t € R, lying on A satisfies

tLiEnoou(t) =z, tLi«IEloou(t) =z, 2 # %, %, 2j € N.

Remark 2.25. We further assume that S(t) is differentiable in E (to be more precise,
S(t) € C'*(E,E), § > 0), Vt € R,. A fixed point z is hyperbolic if the spectrum
of S'(t)z does not intersect the unit circle, ¢ > 0. In that case, the unstable set of z,
M"(z), is a k-dimensional submanifold of E, where k is the stability index of z (see
[23] for more details). Therefore, if A is finite and all the fixed points are hyperbolic,
the global attractor A of a semigroup having a continuous global Lyapunov function is
a finite union of smooth finite dimensional submanifolds of the phase space. Such global
attractors are called regular attractors by Babin and Vishik (see, e.g., [23]). They also
possess several additional ”good” properties and, to the best of our knowledge, it is the
only general class of attractors for which a more or less complete description of their
structure is available. In particular, regular attractors are automatically exponential, i.e.,
for every bounded subset B C F, the following estimate holds:

(2.12) dist(S(t)B, A) < Q(||Bllg)e” ™, t >0,

where the positive constant a and the monotonic function () are independent of B.
Furthermore, regular attractors are preserved under general sufficiently regular pertur-
bations (the perturbed system may not have a Lyapunov function and may even be
nonautonomous, see [23], [80], [117], [228], and the references therein). Finally, for one-
dimensional scalar parabolic equations, it is even possible to find explicitly the so-called
permutation matrix of the attractor (which shows whether or not two equilibria are con-
nected by a heteroclinic trajectory) and, on some occasions, to describe the topological
structure of the attractor in terms of the physical parameters of the problem, see [32],
[94], and [95] for details. We however note that, although the finiteness of the set of fixed
points and the hyperbolicity of these fixed points are, in some proper sense, generic prop-
erties, see [23], they are very difficult, if not impossible, to prove for concrete examples
and given values of the physical parameters of the problem, except for scalar parabolic
equations in one space dimension. Furthermore, even if the regularity of the attractor



ATTRACTORS FOR DISSIPATIVE PDES 17

can be proven, one usually cannot compute explicitly the constant « and the function @)
in the exponential attraction property (2.12) and these quantities can be extremely bad.
Indeed, in the example

ou —vd2u+u® —u=0, z€[0,1], v>0, u(0,t) =u(l,t) = —1, t >0,

mentioned in the introduction, the global attractor A = {—1} is obviously regular and
one can take o = 2 in formula (2.12) (this is determined by the hyperbolicity constant of
the equilibrium uy = 1). However, the function @) satisfies
Q(r) > e 1/2, r > 0.

Thus, even for a reasonably small v, one will never ”"see” this regular attractor in numerical
simulations. This phenomenon is related to the existence of metastable almost-equilibria
with an extremely large lifetime in the phase space of this equation (it is also worth
mentioning that they are situated far from the global attractor and have "nothing in
common” with the properties of the global attractor). As we will see in the next section,
this confusing drawback can be overcome by using the general concept of an ezponential
attractor, for which the constant o and the function () can reasonably be found in terms
of the physical parameters of the problem.

We conclude this subsection by the following result on the existence of the global
attractor for a semigroup having a global Lyapunov function (see [61] ; see also [122] and
[138]) which can be useful in applications (see, e.g., [61] and [177]).

Theorem 2.26. We make the following assumptions:
(i) t — S(t)x is continuous, Vo € E ;
(i1) S(t) possesses a continuous global Lyapunov function L such that L(x) — +oo if and
only if o] — +0 ;
(111) the set of fized points of S(t), N, is bounded in E ;
(iv) S(t) is asymptotically compact, i.e., VB C E bounded,
tngrnoolf(S(t)B) =0,
where k is the Kuratowski measure of noncompactness.
Then S(t) possesses the connected global attractor A such that A = M"(N).

Remark 2.27. Theorem 2.26 can be useful, e.g., when the dissipative estimate (2.6) and
the existence of a bounded absorbing set can be difficult to establish (see, e.g., [61] and
[177]), although the existence of the global attractor implies the existence of a bounded
absorbing set (it suffices to take any e-neighborhood of the global attractor). Thus, the
dissipativity can be obtained in an implicit way by using the Lyapunov function and the
fact that the set of equilibria is bounded. Roughly speaking, the dissipativity is related
to the fact that every trajectory converges to the set of equilibria (due to the Lyapunov
function and the asymptotic compactness) and, since the set of equilibria is bounded, the
energy of a "large” solution must decay (due to property (ii) of a Lyapunov function).

2.4. Dimension of the global attractor. As mentioned in the introduction, we will
essentially consider the fractal (or box-counting) dimension here.

Definition 2.28. Let X C E be a (relatively) compact set. For € > 0, let N.(X) be the
minimal number of balls of radius € which are necessary to cover X. Then the fractal
dimension of X is the quantity
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logy N (X In N.(X
(2.13) dimp X = lim sup 282X i gy INE(X),
e—0t lOgQ E e—0t+ n E

(note that dimzX € [0, +00]). Furthermore, the quantity H.(X) := log, N.(X) is called
the Kolmogorov e-entropy of X.
The fractal dimension satisfies the following properties (see [87]):
e dimp(X; X Xy) < dimpX; + dimpXs ;
o if f : X; — Xs is Lipschitz, then dimpX, < dimpX; ;
e if X is a smooth m-dimensional manifold, then dimpX = m.
It is important to note that, for sets which are not manifolds, the fractal dimension can
be noninteger ; for instance, if X is the ternary Cantor set in R, then

In2
dimpX = — <1
i In3
(see [87]). Furthermore, it follows from the definition that, if the minimal number of balls

of radius € which are necessary to cover X satisfies

NX) < ef2)

where ¢ and d are independent of €, then

A strong interest, for considering the fractal dimension over other dimensions, is given

by the (modified) Holder-Mané theorem (see [68], [97], and [125]). We start with the
following definition.

Definition 2.29. [126] A Borel subset X of a Banach space E is prevalent if there exists a
compactly supported probability measure p such that u(X+2z) = 1, Vo € E. A non-Borel
set, which contains a prevalent set is also prevalent.

Remark 2.30. Prevalence extends the notion of “Lebesgue almost every” from Euclidean
spaces to infinite dimensional spaces (see [126] for a discussion on this subject).

Theorem 2.31. (Modified Hélder-Mané theorem, [125]) Let X C E be compact and such
that dimpX = d and N > 2d be an integer. Then almost every (in the sense of prevalence)
bounded linear projector P : E — RN is one-to-one on X and has a Holder continuous
muverse.

It follows from Theorem 2.31 that, if the global attractor has finite fractal dimension,
then, fixing a projector P satisfying the assumptions of the theorem, the reduced dynam-
ical system (S(t),.A), where S(t) := PoS(t)o P~" and A := P(A), is a finite dimensional
dynamical system (i.e., in RY) which is Holder continuous with respect to the initial
data. This result, and the fractal dimension, thus play an important role in the finite
dimensional reduction theory of infinite dimensional dynamical systems.

Remark 2.32. The Hausdorff dimension (see [87]) is also frequently used to measure the
dimension of the global attractor (see, e.g., [23], [51], and [220]). However, Theorem 2.31
does not hold for the Hausdorff dimension.

The next result (see [237] ; see also [139]) gives a general method to prove the finite
fractal dimensionality of a compact set.
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Theorem 2.33. Let X be a compact subset of E. We assume that there exist a Banach
space Ey such that Ey is compactly embedded into E and a mapping L : X — X such
that L(X) = X and

(2.14) | Ly — Loy, < cllmy — ma| 5, Vi, 22 € X,
Then the fractal dimension of X is finite and satisfies

dll’nFX S %%(BEl (0; 1))7

where ¢ is the constant in (2.14) and Bg,(0,1) is the unit ball in Ey (note that it is
relatively compact in F ).

In applications to parabolic systems in bounded domains, one usually proves that, for
instance, (2.14) is satisfied for L = S(1). Then, owing to the invariance property, one
deduces from Theorem 2.33 that the global attractor has finite fractal dimension. We
will come back to the “smoothing” property (2.14), and its generalizations (in particular,
to damped hyperbolic systems), in the next section when discussing the construction of
exponential attractors.

It is essential, in view of the finite dimensional reduction principle given by Theorem
2.31, to find sharp estimates on the dimension of the global attractor in terms of the
physical parameters of the problem. In general, the best upper bounds are obtained by
the so-called volume contraction method, which is based on the study of the evolution of
infinitesimal k-dimensional volumes in the neighborhood of the attractor (see [23], [51],
[200], and [220]) ; see however [70] for a sharp upper bound based on (2.14). One then
proves that, if the dynamical system contracts the k-dimensional volumes, then the fractal
dimension of A is less than k. This method requires some differentiability property of the
semigroup S(t).

Definition 2.34. Amap L : X — X, X C F, is uniformly quasidifferentiable on X if,
for every x € X, there exists a linear operator L'(x) (called quasidifferential) such that

I1L(z +v) = L(z) = L'(z)v]|lz = o(|[v] )
holds uniformly with respect tox € X, v € X, v +v € E.
We now assume that F is a Hilbert space. We have the following result (see [43] ; see
also [23], [51], and [220]).
Theorem 2.35. We assume that X is an invariant subset of E and that S(t) is uniformly
quasidifferentiable on X, with x — S'(t)x continuous, ¥t > 0, and that, for some t, > 0,

Ba(X) 1= sup wa(S'()7) < 1,
zeX

where, for a bounded linear operator L : E — F,

VOld(L(Bd))
wq(L) :=sup —————
d( ) Bf VOld(Bd)
Vol, being the d-dimensional volume and the supremum being taken over all d-dimensional
ellipsoids. Then

dimpX <d.
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We can note that, when F is a Hilbert space, then, if E; is a vector subspace of F of
dimension d, a bounded linear operator L maps a d-dimensional ellipsoid B; C E,; onto
the d-dimensional ellipsoid L(By) C L(E,). Furthermore, Voly(B,) is well-defined. The
quantity wy(L) measures the changes of d-dimensional volumes under the action of L.
Remark 2.36. Another powerful and useful method to prove the finite dimensionality of
the global attractor is based on the so-called [-trajectories: one needs minimal regularity
on the solutions in order to apply this method, see [33], [55], [56], [155], [156], [157], [176],
[193], and [195]. In particular, this method allows to prove the finite dimensionality of
the global attractor associated with generalized Navier-Stokes equations (see [137]) for
which the smoothing property (2.14) and the quasidifferentiability are not known (see
[155], [156], and [157]) ; the quasidifferentiability was however recently proven in [127] for
some of these models in two space dimensions.

It is also essential to derive lower bounds on the dimension of the global attractor and
to compare them with the known upper bounds. The derivation of lower bounds is based
on the following observation: the global attractor always contains the unstable sets of
equilibria. Thus, the stability index of a properly constructed (hyperbolic) equilibrium
yields a lower bound on the dimension of the global attractor (see [23] for more details ;
see also [147], [148], [174], [182], and [220] for examples).

2.5. Robustness of the global attractor. Very often, one needs to consider regular
or singular perturbations of the system under study ; indeed, as mentioned in the intro-
duction, a given system is only an approximation of reality. A natural question is how
these perturbations will affect the asymptotic behavior of the system. One natural idea
is to “compare” the global attractors of the perturbed and nonperturbed systems ; such
results were first established in [121] for systems having a global Lyapunov function and
then in [21] for general systems.

We thus consider a family of semigroups {S\(t), A € I'}, I C Rinterval (more generally,
I can be some topological space), acting on E such that Sy () possesses the global attractor
Ay, VA € 1.

Definition 2.37. (i) The attractors A, are upper semicontinuous at Ay € I if

lim dist(Ay, Ay,) = 0.

AeT—Xo
(ii) The attractors A, are lower semicontinuous at \g € I if

lim diSt(A,\O, A,\) =0.

Ael—=Xo

iii) The attractors A,\ are continuous at )\0 e Iif they are both upper and lower semi-
continuous at )\0.

In general, global attractors are upper semicontinuous, i.e., we can prove the upper
semicontinuity property under natural, and relatively easy to check in applications, con-
ditions. We have, for instance, the following results (see [122]).

Theorem 2.38. Let \g belong to I. We assume that there exist 6 > 0, to > 0, and a
compact subset K of E such that

(i) U)\E(/\o—é,/\o+6)ﬂl~'4)\ C K ;

(ii) for every sequences {\g, k € N} and {xg, k € N}, Ny € I, xp € A\, such that
A — Ao and xp, — 1o as k — 400, then
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S, (to) Tk — Sy, (to)xo as k — +oo.
Then the attractors Ay are upper semicontinuous at \.

Theorem 2.39. Let Ay belong to I. We make the following assumptions:
(1) there exist 6 > 0, ty > 0, and a bounded subset By of E such that

Uxe(ro—sxo+0)n1Ax C By ;
(ii) Ye > 0, Vt > to, there exists § = 0(e,t), 0 < 6 <6, such that

||S)\(t)l‘/\ — S/\o(t)l‘/\HE <, V) € A,\, VA e ()\0 — 9, Ao + 9) NnI.
Then the attractors Ay are upper semicontinuous at \.

Thus, roughly speaking, if the perturbation S,(¢) is continuous with respect to A and
the associated absorbing sets are uniformly bounded, the attractors A, are upper semi-
continuous.

We also mention a simple theorem which follows in a straightforward way from the
definition of upper semicontinuity and which, however, is especially useful for singular
perturbations and, as a rule, gives the ”"simplest” way to establish the upper semiconti-
nuity of attractors (see [23]).

Theorem 2.40. Let the attractors Ay possess the following property: for every sequences
{Ae, k € N} and {zg, k € N}, Ny € I, x € Ay, such that \y — A\ € I, there exists
a subsequence xy, which converges to some xy € Ay,. Then the attractors Ay are upper
semicontinuous at Ag.

In applications, the assumption of Theorem 2.40 is verified based on the fact that the

global attractor is generated by bounded complete trajectories (see Theorem 2.13). Thus,
there only remains to extract, from a sequence of complete trajectories uy, € Ky, , a
subsequence converging to some complete trajectory uy, € Ky, of the limit system. The
advantage of this approach is that the semigroups Sy (¢) (which, for singular perturbations,
may have bad properties such as boundary layers, lack of regularity in finite time, ...) are
not involved in the process and the result can be obtained by directly passing to the limit
in the associated equations for uy,, see [23] for details.
Remark 2.41. Although everything seems satisfactory as far as the upper semicontinuity
of global attractors is concerned, the situation changes drastically if one is interested in
estimating the distance between the perturbed and nonperturbed attractors in terms of
the physical parameters of the problem. Indeed, this distance is naturally related to the
rate of attraction to the limit attractor and, as already mentioned, this rate of attraction
is, in general, impossible to find in terms of the physical parameters of the problem.

Now, the lower semicontinuity property is much more difficult to prove ; actually, as
mentioned in the introduction, it may even not hold. We need, in order to prove this
property, much more restrictive assumptions. For instance, we have the following result
(see [23]).

Theorem 2.42. Let \g € I, the attractors Ay be uniformly bounded in F, i.e., Ay C By
for every X € I, for some bounded subset By of E, and the following uniform (with respect
to \) attraction property hold:

(2.15) dist(Sx(t)Bo, Ax) < B(t), t > tg, A€ 1,
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where 8 : Ry — Ry is some monotonic function which tends to zero as t — +oo.
Assume also that Sy is continuous at \g in the following sense: for every T € Ry,

(2.16) sup sup [|Sy(t)x — Sy, (H)z]|lg — 0 as A = Ao.
t€[0,T] z€Bo

Then the attractors Ay are lower semicontinuous at \g.

Remark 2.43. Under some natural additional assumptions, condition (2.15) of a uniform
rate of attraction is necessary and sufficient to have the lower semicontinuity. However,
it is completely unclear how to verify such a condition in applications (to the best of
our knowledge, no general method to prove this uniform rate of attraction has been
developed). An exception is again the case where the limit attractor A,, possesses a
global Lyapunov function and is regular, see Remark 2.25. Indeed, as already mentioned,
regular attractors attract bounded subsets ezponentially, see (2.12), and persist under
sufficiently regular perturbations. Furthermore, the rate of attraction to the perturbed
regular attractor A, remains exponential and uniform with respect to A, for A close to
Ao, i.e., (2.15) holds with §(t) := Ce™*, @ > 0. This, in turn, gives the upper and lower
semicontinuity, together with the estimate

(2.17) diStsym(A)\, Az\o) < C|)\ — )\0|7,

where distsy, denotes the symmetric Hausdorff distance between sets defined by

disteym (A, B) := max (dist(A, B), dist(B, A))

and for some positive constants C' and 0 < vy < 1, see, e.g., [23] for details. In some
cases, it is also possible to prove that the dynamical system considered is Morse-Smale,
which means that the dynamics, restricted to the regular attractor, is also preserved, up to
homeomorphisms, under perturbations (see [32], [122], and [198] for more details). Finally,
for some one-dimensional scalar parabolic equations, the uniform rate of attraction is
possible to establish even when the equilibria are nonhyperbolic (due to relatively simple
and completely understood structures of degenerate equilibria, see [136]). However, as
mentioned in Remark 2.25, even though regular attractors are, in some proper sense,
generic, it is in general very difficult, if not impossible, to prove that the global attractor
is regular for given values of the physical parameters of the problem. Furthermore, even
when the regularity can be proven, it is also impossible, in general, to obtain explicit
estimates on the rate of exponential attraction. So, the constants C' and + in (2.17) are
also implicit.

Remark 2.44. We refer the reader to [123] for different approaches for the comparison of
attractors under perturbations.

Remark 2.45. Tt follows from the above considerations that the existing perturbation
theory of global attractors has a purely qualitative nature and no quantitative result
(e.g., explicit estimates in terms of the physical parameters of the problem) is available
in general. As we will see in the next section, this drawback can be overcome by using
the so-called exponential attractors for which the analogues of estimates (2.12) and (2.17)
hold without any assumption on the hyperbolicity of the equilibria and the existence of a
Lyapunov function and all the constants can be computed explicitly.



ATTRACTORS FOR DISSIPATIVE PDES 23

3. EXPONENTIAL ATTRACTORS

3.1. Inertial manifolds. We established in Subsection 2.4 a finite dimensional reduction
principle for infinite dimensional dynamical systems based on the finite fractal dimen-
sionality of the global attractor, via the Holder-Mané theorem. However, even though
it is very important, this finite dimensional reduction principle has essential drawbacks.
Indeed, the reduced dynamical system (S(t), A) given by the Holder-Maiié theorem is
only Holder continuous and cannot thus be realized in a satisfactory way as a dynamical
system generated by a system of ODEs; i.e., a system of ODEs which is well-posed. Fur-
thermore, reasonable conditions on the global attractor which would guarantee that the
Mané projectors are Lipschitz are not known. A second drawback is that the complicated
geometric structure of the attractors A and A make the use of this finite dimensional
reduction principle in computations hazardous: essentially, one only has a heuristic esti-
mate on the number of unknowns which are necessary to capture all the dynamical effects
in approximations.

It thus appears reasonable to embed the global attractor into a proper smooth finite
dimensional manifold. The dynamics, reduced to this manifold, would then be realized as
a (at least Lipschitz) system of ODEs which could be used in numerical simulations and
would be a good approximation of the dynamics of the original system. This led Foias,
Sell, and Temam to propose the notion of an inertial manifold in [98].

Definition 3.1. A Lipschitz finite dimensional manifold M C F is an inertial manifold
for the semigroup S(t) if

(i) it is positively invariant, i.e., S(t)yM C M, ¥t >0 ;

(ii) it satisfies the following asymptotic completeness property:

(3.1) Vug € E, Juyg € M such that ||S(¢)ug — S(t)vollz < Q||luol|z)e >, t >0,

where the positive constant o and the monotonic function () are independent of .

It follows from this definition that an inertial manifold, if it exists, contains the global
attractor and attracts the trajectories exponentially fast (and uniformly with respect to
bounded sets of initial data).

Furthermore, the existence of such a set would confirm, in a perfect way, the heuristic
conjecture on a finite dimensional reduction principle of infinite dimensional dissipative
dynamical systems. Indeed, the dynamics, restricted to an inertial manifold, can be
described by a system of ODEs which is Lipschitz continuous (and thus well-posed), called
the inertial form of the system. Furthermore, the asymptotic completeness property gives,
in a particularly strong form, the equivalence of the initial dynamical system (S(¢), E)
with its inertial form (S(t), M).

Remark 3.2. In turbulence, i.e., for the incompressible Navier-Stokes equations, the exis-
tence of an inertial manifold would also yield an exact interaction law between the small
and the large structures of the flow (see, e.g., [96]).

Several methods have been proposed to construct inertial manifolds (by the Lyapunov-
Perron method, by constructing converging sequences of approximate inertial manifolds,
by the so-called graph-transform method, ...) ; we refer the interested reader to [60], [98],
[200], [214], [220], and the references therein for more details.
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However, all the known constructions of inertial manifolds make use of a restrictive

condition, namely, the so-called spectral gap condition (see [98]), which requires arbi-
trarily large gaps in the spectrum of the linearization of the initial system (see [98] for
more details). In general, this property can only be verified in one space dimension.
Nevertheless, the existence of inertial manifolds has been proven for a large number of
equations, essentially in one and two space dimensions ; we refer the reader to [60], [98],
[200], [214], [220], and the numerous references therein. However, the existence of an iner-
tial manifold is still an open problem for several physically important equations, such as
the two-dimensional incompressible Navier-Stokes equations. Furthermore, nonexistence
results have been proven for damped Sine-Gordon equations by Mora and Sola-Morales
[186].
Remark 3.3. Notions of approximate inertial manifolds have been proposed when the
existence of an (exact) inertial manifold is not known and, in particular, for the incom-
pressible Navier-Stokes equations. We refer the reader to, e.g., [98], [99], [102], and [220]
for more details.

3.2. Construction of exponential attractors. It follows from the previous subsection
that it is not always possible to embed the global attractor into a proper smooth finite
dimensional manifold. Nevertheless, and also in view of the possible defaults of the
global attractor as discussed in the introduction, it can be useful to construct larger (not
necessarily smooth) sets which contain the global attractor, are still finite dimensional, and
attract the trajectories exponentially fast. This led Eden, Foias, Nicolaenko, and Temam
to propose the notion of an exponential attractor (also sometimes called an inertial set)
in [68].

Definition 3.4. A compact set M C F is an exponential attractor for S(t) if

(i) it has finite fractal dimension, dimpM < 400 ;

(ii) it is positively invariant, S(t)M C M, Vt > 0 ;

(iii) it attracts exponentially the bounded subsets of E in the following sense:

VB C E bounded, dist(S(t)B, M) < Q(||Bl|z)e ", t >0,
where the positive constant o and the monotonic function () are independent of B.

It follows from this definition that an exponential attractor, if it exists, contains the
global attractor (actually, the existence of an exponential attractor M yields the existence
of the global attractor A C M, since it is a compact attracting set, see Theorem 2.17 ;
note that S(t) is still assumed to satisfy the continuity assumption (2.4)).

Thus, an exponential attractor is still finite dimensional, like the global attractor (and
one still has the finite dimensional reduction principle given by the Hélder-Mané theorem) ;
actually, proving the existence of an exponential attractor is also one way of proving that
the global attractor has finite fractal dimension. Compared with an inertial manifold, an
exponential attractor is not smooth in general, but one still has a uniform exponential
control on the rate of attraction of the trajectories.

Now, the main drawback of exponential attractors is that the relaxation to positive
invariance makes these objects nonunique ; actually, once we have the existence of an
exponential attractor, we have the existence of a whole family of exponential attractors
(see [68]). Therefore, the question of the best choice of an exponential attractor, if this
makes sense, is a crucial one. One possibility, to overcome this drawback, is to find a
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“simple” algorithm which maps a semigroup S(¢) onto an exponential attractor M(S) ;
by simple, we have in particular in mind the numerical realization of such an algorithm.

The first construction of exponential attractors, due to Eden, Foias, Nicolaenko, and
Temam [68], was not constructible ; indeed, Zorn’s lemma had to be used in order to
construct exponential attractors. This construction consists in a way in constructing a
“fractal expansion” of the global attractor A. Very roughly speaking, one considers an
iterative process in which one adds, at each step, a “cloud” of points around the global
attractor. The difficulty is that, at each step, one needs to control the dimension of
this new cloud of points around the global attractor, and also ensure that the new set
remains positively invariant, without increasing its dimension. The key idea which allows
to control the number of points added at each step is the so-called squeezing property
which says, roughly speaking, that either the higher modes are dominated by the lower
ones or that the flow is contracted exponentially: a mapping S : X — X, where X is
a compact subset of a Hilbert space F, enjoys the squeezing property on X if, for some
6 € (0,1), there exists an orthogonal projector P = P(§) with finite rank such that, for
every u, v € X, either

(7 = P)(Su—=Sv)llp < [[P(Su = Sv)|p

or

15w = Sull g < éllu = vl

We can note that this property makes an essential use of orthogonal projectors with finite
rank, so that the corresponding construction is valid in Hilbert spaces only.

The construction of [68] essentially applies to semigroups which possess a compact
absorbing set (although a construction valid for damped wave equations is also given in
[68]). It was then improved by Babin and Nicolaenko (in the sense that one could also
consider semigroups which possess a compact attracting set) in [19] (see also [69]). We
have, based on the construction of [19], the following result (see [83], [84], and [175]).

Theorem 3.5. Let E and E, be two Hilbert spaces such that Ey is compactly embedded
into E and S(t) : X — X be a semigroup acting on a closed subset X of E. We assume
that

(i) there exist orthogonal projectors P, : E — E, k € N, with finite rank such that

(I = Po)ylly < c(B)llyllg,, Yy € Er, c(k) = 0as k — +oo;
(ZZ) Vri, o9 € X, Vit >0,

[S(#) 1 — S()w2l|5, < h(D)||21 — 22|,

where the function h is continuous ;

(1i1) (t,x) — S(t)z is Lipschitz on [0,T] x B, VT > 0, VB C X bounded.

Then S(t) possesses an exponential attractor M on X (i.e., M satisfies all the assertions
of Definition 3.4 with E replaced by X ).

Remark 3.6. a) Actually, (i) follows from the compact embedding E; C E. Furthermore,
it follows from (i) and (ii) that the squeezing property is satisfied for some ¢, > 0.
b) Condition (ii) can be replaced by the more general condition
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Va:l, XTo € X, Vit > 0, S(t):cl — S(t)l“Q = Sl(t,:cl,:cg) + Sg(t,xl,xg),

where

1S1(t, z1, z2)|| p < d(t)||z1 — 2|5, d continuous, ¢ >0, d(t) — 0 as t — +o0,

and

1S2(t, 1, 22) || 5, < h(t)]|w1 — 22|/, t >0, h continuous.

This more general condition allows to construct exponential attractors for damped hy-
perbolic equations (see [85] and [101]).

c¢) One essential difficulty, when constructing exponential attractors for damped hyperbolic
equations, is to prove that the exponential attractors attract the bounded subsets of
the whole phase space, and not those starting from a subspace of the phase space only
(typically, consisting of more regular functions), see [68]. This difficulty was overcome in
[86] by proving the following transitivity property of the exponential attraction: let (E, d)
be a metric space and S(¢) be a semigroup acting on E such that

d(S(t)xy, S(t)ry) < cre®td(xy,x5), t >0, 11, 79 € E,

for some positive constants ¢; and a;. We further assume that there exist three subsets
M, M5, and M; of E such that

dlSt(S(t)Ml, Mg) < 026ia2t, t> 0, Qg > 0,
and

dist(S(t) My, M3) < cze ", ¢ >0, az > 0.
Then

dist(S(t)My, M3) < cie” ™, t >0,

asag
artaztasz’

We note that condition (ii) in Theorem 3.5 resembles the smoothing property (2.14) ;
actually, in order to prove Theorem 3.5, one only needs to prove that S(t,) satisfies
(2.14) for a proper t,. Now, this smoothing property is sufficient in order to construct
exponential attractors and one does not need the squeezing property (and, thus, one does
not need orthogonal projectors with finite rank) ; therefore, exponential attractors can
also be constructed in Banach spaces.

Let thus £ and F; be two Banach spaces such that E; is compactly embedded into E
and let X be a bounded subset of E. Let finally S : X — X be a (nonlinear) mapping.
We then consider the discrete dynamical system (or semigroup) generated by S, i.e., we
set

where ¢4 := c1¢9 + c3 and oy 1=

S(0):=1d, S(n) :==So..0S8 (n times), n € N.
It is easy to see that this family of operators satisfies (2.2)-(2.3), but for ¢, s € N. Then

we say that M C X is an exponential attractor for this discrete semigroup on X if
(i) it is compact in E and has finite fractal dimension ;
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(ii) it is positively invariant, i.e., SM C M ;
(i) dist(S(n)X, M) < ce ", n € N, where ¢ and a > 0 only depend on X.
We then have the
Theorem 3.7. [71] We assume that the mapping S enjoys the smoothing property (2.14)
on X, i.e.,

|Sz1 — Sza|p, < cllvy — ma| g, Vau, 22 € E.

Then the discrete dynamical system generated by the iterations of S possesses an expo-
nential attractor M C X.

Let us now consider a continuous semigroup S(¢) acting on X, i.e.,

S(it) : X =X, t>0.
In order to construct an exponential attractor for S(¢) on X, we usually proceed as follows.
We assume that S(t,) satisfies the smoothing property (2.14) for some ¢, > 0. We then
have, owing to Theorem 3.7, an exponential attractor M, for the discrete dynamical
system generated by the mapping S, := S(t,) and we set

M = Ute[g’t*]S(t)M*.
Finally, if (¢,x) — S(t)z is Lipschitz (or even Holder) on [0,%,] X X, we can prove that
M is an exponential attractor for S(¢) on X (see [68]).
Remark 3.8. a) In applications to PDEs, it is in general not restrictive at all to consider
a bounded invariant subset X C F instead of the whole space E. Indeed, X usually is a
positively invariant bounded absorbing set ; we note that, if By is a bounded absorbing
set for S(t), then By := Uy, S(t) By, where y is such that ¢ > t, implies S(t)By C By and
the closure is taken in F, is a positively invariant bounded absorbing set. Therefore, the
exponential attractors still attract all the bounded subsets of E.
b) For applications to damped hyperbolic equations, we will need a weaker form of a
smoothing property, and, more precisely, some asymptotically smoothing property (see
Remark 3.6, b)). More precisely, the existence of an exponential attractor still holds if
(2.14) is replaced by one of the following weaker conditions (see [71]):

S =51+ 95, where
(32) ||Sll'1 - SleHE S CY“Z‘l — l‘QHE, Vxl, To € X, a < %,
||52x1 — 52x2||E1 < C||JZ‘1 — l‘QHE, V:L“l, To € X,

or

Sy — Szy = Si(x1, 22) + Sa(x1, x2), Va1, 29 € X, where
(3.3) 1S1(z1, 72)|| p < @lw1 — @0 g, @ < 3,
19221, 22) |l g, < ellwn — 22|l -

c¢) If E; and Ey are Hilbert spaces, then we can prove that, if & < é, (3.2) and (3.3) imply
the squeezing property (see [70] ; see also Remark 3.6, a)).

d) Based on the above results, one has been able to prove the existence of exponential
attractors in many situations, see [6], [7], [62], [63], [71], [73], [74], [77], [88], [103], [104],
[105], [106], [108], [109], [110], [111], [112], [113], [114], [160], [178], [179], [180], [187], and
[219]. Actually, exponential attractors are as general as global attractors: to the best
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of our knowledge, exponential attractors exist indeed for all equations of mathematical
physics for which we can prove the existence of the finite dimensional global attractor.
e) Another construction of exponential attractors in Banach spaces was proposed by
Le Dung and Nicolaenko in [143]. This construction consists in adapting the original
construction of [68] to a Banach setting. We can note that it is based on conditions
which are contained in (and are more restrictive than) those given above. Furthermore,
it is worth noting that the construction given in [71] is very simple, in particular, when
compared to those of [68] and [143].

f) The method of I-trajectories is also very efficient to construct exponential attractors.
In particular, this method allows to prove the smoothing property in a simple way. Fur-
thermore, as already mentioned, it requires minimal regularity on the solutions. We refer
the reader to [33], [81], [156], [176], [181], [194], [195], [206], and [209] for more details ;
a necessary and sufficient condition on the existence of an exponential attractor is also
given in [194].

3.3. Robust families of exponential attractors. As already mentioned in the intro-
duction and Subsection 2.5, global attractors can be sensitive to perturbations ; more
precisely, the lower semicontinuity property may not hold. Furthermore, even though this
property is, in some proper sense, generic (see, e.g., [198]), it is in general very difficult,
if not impossible, to prove it for given values of the physical parameters in applications.
Similarly, regular attractors (see Remark 2.25) are robust (see [23]), and, in particular,
lower semicontinuous, but, again, it is in general very difficult, if not impossible, to prove
the existence of such sets for given values of the physical parameters.

It is also worth noting that inertial manifolds are robust under perturbations ; indeed,
they are hyperbolic manifolds, see [203]. However, as mentioned in Subsection 3.1, the
existence of such sets is not known for several important equations and may even not
hold.

Now, since exponential attractors attract exponentially fast the trajectories, with a
uniform control on the rate of attraction, it is reasonable to expect that these sets are
robust under perturbations and that one should be able to construct robust families of
exponential attractors, of course, up to the “best choice”, since they are not unique.

It is possible, based on the initial construction of [68], to construct families of exponen-
tial attractors which are upper and lower semicontinuous (see, e.g., [68], [85], and [101]).
However, this continuity only holds up to some time shift, i.e., one has a result of the
form

lim lim sup [dist (S, () M., M) + dist(So(t) Mg, M.)] = 0,

=0T {400
where (Sc(t), M.) and (Sy(t), My) are the perturbed and nonperturbed dynamical sys-
tems, respectively, € > 0 being the perturbation parameter. Consequently, we essentially
have, as far as the lower semicontinuity is concerned,

lim dist(Ag, M.) = 0,

e—0t
where A, is the global attractor associated with the nonperturbed system, which is not

satisfactory.
This result was improved in [73] (see also [77]) and one has the
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Theorem 3.9. [73] Let E and E be two Banach spaces such that Ey is compactly embed-
ded into E and let X be a bounded subset of E. We assume that the family of operators
S+ X=X, e€l0,6], € > 0, satisfies the following assumptions:

(i) (Uniform, with respect to €, smoothing property) Ve € [0, €], V1, x9 € X,

||Sex1 - Sc—:x2||E1 S Cl”'rl - x2||E7

where ¢, is independent of €.
(ii) (The trajectories of the perturbed system approach those of the nonperturbed one,
uniformly with respect to €, as € tends to 0) Ve € [0,¢], Vi €N, Vz € X,

||S:l’ o Séx“E < Céea
where ¢y is independent of € and, for a mapping L, L' := Lo ...o L (i times).
Then, Ve € [0, €], the discrete dynamical system generated by the iterations of Se possesses

an exponential attractor M, on X such that
1. the fractal dimension of M. is bounded, uniformly with respect to e,

dlmFMe S Cs3,

where c3 is independent of € ;
2. M. attracts X, uniformly with respect to e,

dist(S'X, M,) < c4e™%" ¢5 >0, i €N,

where ¢y and cs are independent of € ;
3. the family {M., € € [0, €]} is continuous at 0,

distgym (M, M) < e,

where ¢g and c7 € (0,1) are independent of € and distsym denotes the symmetric Hausdorff
distance between sets defined by

distsym (A, B) := max (dist(A, B), dist(B, A)).

Remark 3.10. a) The constants ¢;, i = 3, ..., 7, can be computed explicitly in terms of
the physical parameters of the problem in concrete situations. It is worth noting that this
is not the case in general for the constants cg and c¢; in the estimate of the symmetric
distance when such a result can be proven for global attractors, e.g., for regular attractors.
b) In [73], in order to construct this family of exponential attractors, one first constructs
M, and one then constructs M., ¢ > 0, based on M. Therefore, M, depends on S,
but also on Sy, and the continuity only holds at € = 0.
¢) We also mention [7] for robustness results with respect to numerical approximations.
In applications to PDEs, Theorem 3.9 applies to parabolic systems (in bounded do-
mains). In order to construct a robust family of exponential attractors M. for the contin-
uous semigroups S,(t), € € [0, €], associated with such systems, we usually first prove the
existence of a uniform (with respect to €) bounded absorbing set, i.e., a bounded subset
By of F, independent of €, such that, VB C F bounded, 3T, independent of ¢ such that

t > Ty implies S.(t)B C By, Ve € [0, €.
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We then consider the discrete mappings ST° := S (Ty), Ve € [0, €] (possibly for a larger,
but still independent of ¢, Tp). We thus have S0 : By — By, Ve € [0, €], and we then
prove that the ST ¢ € [0, €], satisfy the assumptions of Theorem 3.9, which yields the

existence of a robust family of discrete exponential attractors M ¢ € [0, ¢]. Finally,
we set

M, = Ute[o,To]Se(t)MZh.
Then, if (¢,2) — Sc(t)x is Lipschitz, or even Holder, on [0,Tp] x By, the exponential
attractors M., € € [0, €], satisfy
o dimpM, < ¢, e €[0,¢)] ;
e VB C FE bounded,

dist(S.(t)B, M,) < e~ + >0, e € [0,€)], ¢4 >0 ;

o distsym (M., Mp) < ¢4, e € [0,6), ¢ € (0,1) ;
where the constants ¢}, i =1, ..., 5, are independent of € and can be computed explicitly
in terms of the physical parameters of the problem.

For damped hyperbolic equations, we should replace (2.14) by some asymptotically
smoothing property (see Remark 3.8, b)). More generally, we have, for singularly per-
turbed problems, the following result, proven in [86] (see also [107] for a reformulation of
this result).

Theorem 3.11. We consider two families of Banach spaces E(e) and FEi(¢), € € [0, €]
(which are embedded into a larger topological space V'), such that, Ve € [0,¢], Ei(€) is
compactly embedded into E(e). We further assume that these compact embeddings are
uniform with respect to € in the sense that

Hs(Bp,((0,1), E(€)) < c1(8), V6 > 0,

where Hs(., E(€)) denotes the 6-Kolmogorov entropy in the topology of E(€) and ¢y is a
monotonic function which is independent of €. We then consider a family of closed sets
B. C E(e), with By bounded in E(0), and a family of maps S : B — Be, € € [0,¢],
such that

(i) Ye € [0, €], By C E(¢) and

160l 5y < 2llboll p(o) + €36, Vbo € Bo,

where ¢y and c3 are independent of € ;

(ii) Ve € [0, €], Se = Cc + K., where C. and K. map B, into E(e) and, Vb!, b*> € B,
1Cebe — CebZ| oy < callbe — b2l )
1KCebe — ’Cebg”El(e) < cs|be — szE(e)’

where ¢4y < % and cs are independent of € ;
(i) there exist nonlinear “projectors” Il, : B. — By, € € [0, €], such that 1I.B. = By
and

||Sebe — S{;HEbEHE(E) < cgcke, € €0, €,

where cg and c; are independent of €.
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Then there exists a family of exponential attractors M. C B, for the dynamical systems
generated by the maps S, € € [0,¢€0], such that

1. dimpM, < cg, € €]0,€] ;

2. distp ) (S¥Be, M) < cge F e € [0,¢6)], k€N, ¢19>0 ;

3. diStsym(Me,Mo) S 6116012, €€ [0,60], Cig € (0, 1) ;

where the constants ¢;, 1 = 8, ..., 12, are independent of € and can be computed explicitly.

Remark 3.12. a) In order to construct a robust family of exponential attractors for con-
tinuous semigroups S¢(t), € € [0, ], we essentially proceed as indicated above (see, e.g.,
[86]).
b) Condition (ii) in Theorem 3.11 can be replaced by the more general condition
Sebl — Scb? = C(bl,b2) + K (b, b7),
where
1Ce(be, 02| pey < callbd = B2l ey €4 < 3

€)€

1Ke(be, b 1z, ey < esllbe = B2l ey,

Ve € [0, 6], VL, b? € B..

c) We refer the reader to [62], [63], [73], [77], [86], [104], [105], [106], [107], [108], [111],
[112], [113], [114], [178], [179], and [180] for applications of Theorems 3.9 and 3.11 (or
generalizations).

d) As in [73], the exponential attractors M., € > 0, constructed in [86] depend both on S,
and Sp. These constructions were improved in [76], where the following result was proven
(we will come back to this construction, and its generalizations, in the next section when
discussing nonautonomous systems). Let E and E; be two Banach spaces such that F; is
compactly embedded into £. We then consider a mapping S which satisfies the following
conditions:

e it maps the d-neighborhood (for the topology of F) Os(B) of a bounded subset B of F
into B, for a proper constant § > 0 ;

e V1, x5 € Os(B), one has the smoothing property (2.14),

[Sz1 — Sxo|lp, < Kl|z1 — 22|

Then the discrete dynamical system generated by the iterations of S possesses an expo-
nential attractor M(S) C B such that
e it is compact in F; and

dimpM(S) < ¢ ;

o distp, (S*B, M(S)) < ek k€N, ¢3>0;
e the map S — M (S) is Hélder continuous in the following sense: VS;, S, satisfying the
above conditions (for the same constants ¢ and K),

diStsym,E1 (M(Sl),M(SQ)) < C4||51 — SQHCE), cs > 0,

where

|S|I == sup [[Shllg,-
heOs(B)
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Furthermore, all the constants ¢;, ¢ = 1, ..., 5, only depend on B, E, E;, §, and K
(in particular, they are independent of the concrete choice of S) and can be computed
explicitly.

We thus now have a mapping S — M (S) and, owing to the Holder continuity of this map-
ping, we can now construct robust families of exponential attractors which are continuous
at every point, and not just at ¢ = 0 as in the previous constructions.

4. NONAUTONOMOUS SYSTEMS

We now consider a system of the form

ou

i F(t,u), ulj=r = u,, 7 €R,
in a Banach space F, i.e., we now assume that the time appears explicitly in the equations
(e.g., in the forcing terms). Assuming that the problem is well-posed, we have the process

U(t,7), t > 1, 7 € R acting on E,

Ult,r) : E—FE
u, — u(t),
which maps the initial datum at time 7 onto the solution at time ¢.
For such a system, both the initial and final times are important, i.e., the trajectories
are no longer (positively) invariant by time translations. Thus, the notion of a global
attractor is no longer adequate and has to be adapted.

4.1. Uniform attractors. We consider in this subsection an approach initiated by Ha-
raux [124] and further developed by Chepyzhov and Vishik [47] and [51].
We rewrite the equations in the form

ou

(4.1) En = F(ro(t)(u)a

where o((t) consists of all the time dependent terms of the equations and is called the
symbol of the system. For instance, if F(t,u) = F(u) + f(t), then oo(t) := f(t).

The idea in the approach described here is to actually consider, together with (4.1), a
whole family of equations. To do so, we assume that oy belongs to some complete metric
space © (e.g., © := Cy(R, M), where M is a complete metric space and C, denotes the
bounded continuous functions). We then consider the translations group T'(h), h € R,
defined by

T(h)f(s):==f(s+h), s, heR

and we assume that T'(h)© C © and T'(h) is continuous on O, Vh € R. We finally define
the hull of oy as the set

H(oo) :={T(h)oy, h € R},

where the closure is taken in ©. We say that #(0y) is the symbol space and, for simplicity,
we denote it as ¥ (see also Remark 4.1 below). It is not difficult to see that X is invariant
by the translations group, i.e.,
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(4.2) T(h)E =3, Vh e R.

Remark 4.1. More generally, we can take any subset of ©® which is invariant by the
translations group as symbol space Y ; we will however restrict ourselves to the above
symbol space in this subsection.

Now, together with equation (4.1), we consider the whole family of equations

ou
(43) E = F(r(t) (U), o €.
Assuming that (4.3) is well-posed, Vo € 3, we have the family of processes {U, (¢, 7), t >

7, T € R, 0 € ¥} acting on E.

Definition 4.2. A set Ay C E is a uniform (with respect to o) attractor for the family
of processes {U,(t,7),t > 7, T€R, 0 € L} if

(i) it is compact in E ;

(ii) it attracts the bounded subsets of F, uniformly with respect to o, i.e.,

VB C E bounded, lim sup dist(U,(t,7)B, As) =0 ;

l—=+00 5e5
(iii) it is minimal among the closed sets which enjoy the attraction property (ii).

Remark 4.3. In general, the uniform attractor is not invariant (we say that X C F is
invariant if U, (¢t,7)X = X, Vt > 7, 7 € R, VYo € ¥) and, in some sense, the invariance is
replaced by the minimality property (iii) ; in particular, it follows from (ii) and (iii) that
the uniform attractor, if it exists, is unique.

We then have the following result which is the analogue of Theorem 2.17, see [47] and
[51].
Theorem 4.4. We assume that the family of processes {U,(t,7), t > 1, T € R, 0 € X}

possesses a compact uniformly (with respect to o) attracting set, i.e., a compact subset K
of E such that

VB C E bounded, lim sup dist(U,(¢,7)B, K) = 0.

t——+00 cED
Then it possesses the uniform attractor As.

Remark 4.5. a) It is easy to extend the other notions and definitions given for semigroups,
e.g., bounded absorbing sets, to families of processes (see [47] and [51]).

b) Theorem 4.4 does not require any continuity assumption on the processes, contrary
to Theorem 2.17. This is due to the fact that the invariance property is replaced by the
minimality property.

In applications, we need further assumptions on the symbol space in order to prove the
existence of the uniform attractor, and we assume from now on that the initial symbol o
is translation compact, i.e., that ¥ is compact in © (see however [150], [152], and [154]
in which the translation compactness is relaxed ; more precisely, one considers classes of
time dependences which are translation bounded (i.e., ¥ is bounded), but not translation
compact).
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A first example of translation compact symbols is given by quasiperiodic symbols. More
precisely, oq is quasiperiodic (with values in a metric space M) if it can be written in the
form

oo(s) = p(as), a=(aq,...,ar), k €N,

where ¢ is 2m-periodic in each argument and «;, ..., a4 are rationally independent (for
k = 1, the symbol is periodic). We further assume that ¢ € C(T*, M), where T* is the
k-dimensional torus. Then the hull of g in Cy(R, M) coincides with {¢(as+w), w € T¢}.
Actually, in that case, we take the torus T* as symbol space ; we can note that the
mapping w — p(as + w) is continuous, but not necessarily one-to-one. Furthermore, the
translations group T'(h), h € R, acts on T* by the relation

T(h)w = h(1,...,1) +w (mod TF), w € T, h € R.

Other examples of translation compact symbols are given by almost periodic (in Bochner-
Amerio sense) symbols in C,(R, M) (see [47] and [51] for more details and other examples
of translation compact symbols).

One interesting feature of nonautonomous systems with translation compact symbols
is that we can reduce the construction of the uniform attractor to that of the global
attractor for a semigroup acting on a proper extended phase space ; this also yields
further properties on the uniform attractor.

Noting that, owing to the well-posedness,

Uriye(t,7) =Us(t+h,7+h), Vt > 7, TER, Vo € X, Yh eR,
it is not difficult to show that the family of operators

S(t) : ExY > ExY
(u,0) = (Us(t,0)u, T'(t)o),

t > 0, forms a semigroup on F X 3.
We further assume that, V¢t > 7, 7 € R,

(4.4)

(u,0) — U, (t, T)u is continuous from E x ¥ into E

(we say that the family of processes {U,(t,7), t > 7, 7 € R, 0 € ¥} is (E x X, F)-
continuous). Then the semigroup S(t) satisfies the continuity property (2.4) on E x .

We can now use the results of Subsection 2.2 to construct the global attractor A for S(t)
on the extended phase space F x . In particular, if the family of processes {U,(t, 1), t >
7, T € R, 0 € ¥} possesses a compact uniformly attracting set, then S(t) possesses a
compact attracting set (note that 3 is compact) and we have the following result.
Theorem 4.6. We assume that the family of processes {U,(t,7), t > 17, T € R, 0 € £} is
(E x X)-continuous and possesses a compact uniformly attracting set. Then the semigroup
S(t) defined in (4.4) possesses the connected global attractor A. Furthermore, if II; (resp.,
1) denotes the projector onto E (resp., ), then

As =11 A
is the uniform attractor for the family of processes {U,(t,7), t > 1, T € R, 0 € ¥} and
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HQA =X.

Remark 4.7. It follows from Theorem 4.6 that, under the assumptions of this theorem,
the uniform attractor Ay, is connected.

We say that u(s), s € R, is a complete trajectory for the process U(t,7), t > 7, T € R,
acting on F if

U(t,T)u(t) =u(t), Vt > 71, T€R

(as in Subsection 2.1, we can also define the forward and backward trajectories) and we
define the kernel of this process as the set

K:={u : R— E, uis a complete trajectory of the process U(t,7),
supeg |[u(t)|e < +oo}.
We then have the

Theorem 4.8. Under the assumptions of Theorem 4.6, the global attractor A associated
with the semigroup S(t) defined by (4.4) satisfies

A = UpessKr (0) x {0},

where K, is the kernel of the process U, (t, 7). Furthermore, the uniform attractor Ay =
IT; A satisfies

AE - Uo—ezlco—(()) .

Remark 4.9. a) Tt follows from the invariance of A that

As = Usen Ky (5), Vs € R

b) It follows from the above results that, under the assumptions of Theorem 4.6, the
process U, (t,T) possesses at least one bounded complete trajectory, Vo € X.

Remark 4.10. Tt is also possible to construct, for the initial process U, (¢, 7), the uniform,
now with respect to 7 € R, attractor. We refer the reader to [51] for more details and
conditions which ensure that this attractor coincides with As.

An important issue is whether the uniform attractor Ay has finite (fractal) dimension.
A natural way to prove such a result would be to prove that the global attractor A for the
semigroup S(t) defined by (4.4) has finite (fractal) dimension. Then, since the projector
IT; is Lipschitz, we would infer that Asx, has also finite dimension. Unfortunately, as
mentioned in the introduction, the dynamics of S(¢) is much more complicated than that
of the initial system in general and A has infinite dimension in general ; we also saw that
the uniform attractor can already be infinite dimensional for simple linear equations.

Thus, in general, the uniform attractor does not yield a finite dimensional reduction
principle. Essentially, we are only able to prove the finite dimensionality of the uniform
attractor for quasiperiodic processes (see [51] ; see however [215] for a finite dimensional
result for asymptotically periodic processes).

Remark 4.11. A direct way to study the dimension of Ay consists in computing its Kol-
mogorov e-entropy (see Definition 2.28 ; see also [51] for details). In particular, if the
Kolmogorov e-entropy of Ay, satisfies
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1
HE(AE) < legZ ; +c,

where ¢ and d are independent of €, then

dimFAz; S d.

The use of the Kolmogorov entropy allows in particular to obtain sharp bounds on the
dimension of Ay, for quasiperiodic processes, see [51].

4.2. Pullback attractors. We saw in the previous subsection that the uniform attrac-
tor does not yield a satisfactory finite dimensional reduction principle in general, i.e.,
for a general translation compact process. Furthermore, even though the time appears
explicitly in the equations, the uniform attractor is time independent.

In this subsection, we introduce a second notion of a nonautonomous attractor, now
time dependent.

We consider a process U(t,7), t > 7, 7 € R, acting on a Banach space FE,

Ult,r) : E=>E, t>1, TE€R,

and we assume that

U(t,7) is continuous on E, Vt > 7, 7 € R
Definition 4.12. A family {A(¢), ¢ € R} is a pullback attractor for the process U(t,T)
if
(ii) A(t) is compact in E, Vt € R ;
(ii) it is invariant in the following sense:

U(t,T)A(T) = A(t), Vt > 1, VT € R ;

(iii) it satisfies the following attraction property, called pullback attraction:

(4.5) VB C E bounded, V¢ € R, sEIJPoo dist(U(t,t — s)B, A(t)) = 0.
Remark 4.13. The pullback attraction (4.5) essentially means that, at time ¢, the set A(t)
attracts the bounded sets of initial data coming from —oo.
Remark 4.14. a) We can note that Definition 4.12 is too general to have the uniqueness
of a pullback attractor, if it exists. Indeed, let us consider the following simple dissipative
autonomous ODE:

y +y=0.
Then it possesses the global attractor A = {0}. However, any trajectory y(t) = Ce ™', t €
R, generates a pullback attractor (e.g., A(t) = {0,Ce '}, t € R)! Thus, the uniqueness
of a pullback attractor fails and additional conditions must be added in order to restore
such a property (see [38] and [42]). For instance, the uniqueness holds if one has some
“backward boundedness”, e.g.,

(4.6) sup [|A(t — s)||g(:= sup sup ||z|]|g) < C;, tE€R.
s€ER4 sER4 ze A(t—s)
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b) If the system is autonomous and we further assume that (4.6) holds, then we recover
the global attractor. Indeed, in that case, we can write U(t,7) = S(t — 7), where S(¢) is
a semigroup, and we have, in the pullback attraction property, U(t,t — s) = S(s).

Remark 4.15. The above definition of a pullback attractor resembles that of the so-called
kernel sections introduced by Chepyzhov and Vishik, see [46], [47], and [51]. Actually, in
order to prove that these two objects are equivalent, i.e.,

(4.7) A(t) = K@) = {u(t), ue K}, tER,

where K is the kernel (i.e., the set of all bounded complete trajectories of the associated
process), we need to make further assumptions. In particular, this equivalence holds if one
has the backward boundedness (4.6), together with some forward dissipativity (e.g., the
existence of a (forward) bounded uniformly absorbing set for the process). Furthermore,
as proven, e.g., in [47] (see also [51]), the kernel sections (i.e., the pullback attractor here)
have finite fractal dimension in F,

dimp A(t) < +00, t € R,

under assumptions which are very close to those given in Subsection 2.4 for autonomous
systems, see [46], [47], and [51] for more details. However, pullback attractors have been
introduced and further studied independently ; it is also worth noting that they have been
extended to cocycles in the context of random dynamical systems as well, see, e.g., [64].

Definition 4.16. The family {K(¢), ¢ € R} is pullback attracting for the process U(t,7)
if, Vt € R, VB C F bounded,

lim dist(U(t,¢ — $)B, K(t)) = 0.

§—+00

The following result is the analogue of Theorem 2.17 for pullback attractors (see, e.g.,
[37]).
Theorem 4.17. We assume that the process U(t,T) possesses a compact pullback at-
tracting family {K(t), t € R} (i.e., K(t) is compact, ¥t € R). Then it possesses a
pullback attractor {A(t), t € R}. Furthermore, if the compact pullback attracting family
{K(t), t € R} satisfies (4.6), then a pullback attractor { A(t) C K(t), t € R} also satisfies
(4.6) and is unique (in this class).

Remark 4.18. a) As in the case of semigroups, one usually proves the existence of a
compact pullback attracting family { K (¢), t € R} by introducing a proper decomposition
U(t,7) =U(t, ) + Us(t, ), see [37].

b) Actually, all notions, definitions, and properties introduced for global attractors have a
“pullback counterpart”, see, e.g., [41], [217], and [233]. For instance, the pullback version
of Theorem 2.19 is given in [217] (see also [41]).

An interesting feature of pullback attractors is that, in general, A(¢) has finite fractal
dimension, V¢ € R (see, e.g., [40] and [142] ; see also Remark 4.15), so that the finite
dimensional reduction principle given by the Holder-Mané theorem holds. Unfortunately,
as mentioned in the introduction, the forward convergence, i.e.,

lim dist(U(t,7)B,.A(t)) =0, VB C E bounded, V7 € R,

t——+o00
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does not hold in general, due to the fact that the pullback attraction property (4.5) is
not uniform with respect to t € R (see however [37] and [42] for examples for which the
forward attraction holds) ; we also gave an example of an equation for which the pullback
attractor satisfying (4.6) (we recall that we have the uniqueness in this class) does not
reflect the asymptotic behavior of the solutions of the system. Thus, again, this notion
of a nonautonomous attractor does not yield a satisfactory finite dimensional reduction
principle in general.

Remark 4.19. Nonautonomous inertial manifolds (also called integral manifolds) were
studied, e.g., in [44] (see also [13], [133], [134], and [165]). In that case, under natural
assumptions, the forward exponential convergence, and even the asymptotic completeness
(i.e., a property similar to (3.1)) hold. However, we also have here the drawbacks men-
tioned in Subsection 3.1 and, in particular, very restrictive spectral gap conditions are
necessary to prove the existence of such objects. We also mention that, when the process
U(t,T) is, in some proper sense, close to an autonomous semigroup S(¢) which possesses
a global Lyapunov function and has a reqular attractor, the associated pullback attractor
A(t), t € R, is also regular (i.e., it is a finite union of finite dimensional submanifolds of
E, of course, now depending on ¢) and uniformly (forward and pullback) exponentially
attracting, see [44], [45], [80], [117], and [228] for details.

4.3. Finite dimensional reduction of nonautonomous systems. We saw in the two
previous subsections that neither the uniform attractor nor a pullback attractor yield
a satisfactory finite dimensional reduction principle in general. We noted however that
the problem of the forward attraction for pullback attractors is due to the fact that the
pullback attraction (4.5) may not be uniform with respect to ¢. Therefore, if we are
able to construct (possibly) larger sets for which the pullback attraction is uniform with
respect to £, then we will also obtain the forward attraction: the concept of an exponential
attractor appears as a natural one to reach this goal and it is thus important to extend
it to processes.
We first consider a discrete process U(l,m), I, m € Z, | > m, acting on E, i.e.,

Ull,l)=1d, VIl e Z, U(l,m)oU(m,n) =U(l,n), Yl >m >n, I, m, n € Z.

We set U(n) := U(n + 1,n), n € Z. It is then easy to see that the process U(l,m) is
uniquely determined by the family {¢(l), | € Z} ; indeed,

Un+kn)=Un+k—-1)oUn+k—2)o..old(n), n€Z, keN.

We have the following result, which extends to (discrete) processes that given in Remark
3.12, d).
Theorem 4.20. [76] We consider a second Banach space Ey such that Ey is compactly
embedded into E and a bounded subset B of Ey. We make the following assumptions:
(i) VI € Z, U(l) maps the §-neighborhood (for the topology of E1) Os(B) of B onto B,
where § is independent of [ ;
(i1) ¥l € Z, U(l) satisfies the smoothing property (2.14) on Os(B),

Uz — U)o, < K21 — 29|, V1, 22 € O5(B),

where K is independent of [, xq, and x,.
Then the discrete process U(l,m) possesses a nonautonomous exponential attractor
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{My(n), ne€Z}

such that
1. Vn € Z, My(n) C B and is compact in E; ;
2. ¥n € Z, My(n) has finite fractal dimension (in the topology of E; ),

dimpMy(n) < e,

where ¢q is independent of n ;
3. it is positively invariant in the following sense:

U(lam)MU(m) - MU(Z)a [ Z m, la m € Z )

4. it satisfies the following exponential attraction property:

(4.8) distp, (Ul +m,)B,My(l+m)) < cpe™ ™, 1 € Z, m €N,

where co and c3 are independent of | and m ;

5. the map U — {My(n), n € Z} is uniformly Holder continuous in the following sense:
for every processes Uy(l,m) and Us(l,m) such that U;(1), i = 1, 2, satisfy (i) and (ii),
Vi € Z (for the same constants 6 and K ), there holds

(4.9) disteym, g, (Mo, (1), M, (1) < e sup Z{f“”*m)ﬂul (m) — Us(m)|[*},

me(—oo,l)N

where cyq, c5 > 0, and cg > 0 are independent of [, Uy, and Uy and

1S} :=sup |Sh|g,.
heOs(B)
Furthermore, all the constants only depend on B, E, E, 0, and K and can be computed
explicitly in terms of the physical parameters of the problem.

Remark 4.21. a) It follows from (4.8) that the pullback attraction holds, but one now has
the forward attraction (and, even better, one has a uniform forward attraction). Since,
VI € Z, My(l) has finite fractal dimension, this shows that the asymptotic behavior of
(discrete) nonautonomous systems is also, in some proper sense, finite dimensional in
general, as in the case of autonomous systems.

b) It also follows from (4.9) that the influence of the past decays exponentially, in agree-
ment with our physical intuition.

c) We can also construct the exponential attractor {Mp(n), n € Z} such that the fol-
lowing cocycle identity holds:

My(l+m) = Mr,u(l), I, m €Z,

where T, U(l,m) :=U(l+k,m+k), k, I, meZ, | > m.

d) fU(l) = S, VI € Z, i.e., if the system is autonomous, we recover the exponential
attractor constructed in Remark 3.12, d).

e) If the dependence of U(l) on [ is periodic or quasiperiodic, then the same holds for the
dependence of M (1) on I.
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Remark 4.22. As mentioned several times, the smoothing property (2.14) is typical of
parabolic systems and, e.g., for damped hyperbolic systems, it has to be generalized. In
particular, if the second assumption of Theorem 4.20 is replaced by the following: VI € 7Z,
Vxq, 29 € Os(B), B being a proper closed subset of Ej,

Uy —UDz2||p, < (1= €)|ler — 225, + K21 — z2]|p,
where € € (0,1) and K are independent of [, x, and x5, then, assuming that B can
be covered by a finite number of balls of radius § (in the topology of E;) with centers
belonging to B, Theorem 4.20 also holds. We can obtain a similar result under the
following more general (asymptotically) smoothing property: VI € Z, Yzi, x5 € Os(B),

Uz — U(l)xy = v1 + vy, where

[orlle < (1 = €)llz1 — 22|,
o2l < K|z — 22|p,
where ¢ € (0,1) and K are independent of [, zy, and z5. However, in that case, all
properties are obtained for the topology of E instead of that of Ej, see [76] for more
details.
The next step is to extend such constructions to continuous processes U(t, 1), t >
T, T €R
For instance, for a parabolic system in a bounded domain, we usually proceed as follows.
We first consider a uniform (with respect to 7 € R) bounded absorbing set B in E; (i.e.,
VB, C E; bounded, 3ty = t5(By) such that ¢ > t implies U(t + 7,7)By C B, V7 € R).
We further assume that the map U(T + 7, 1) satisfies the assumptions of Theorem 4.20,
V7 € R, for B as above and for some 7" > 0, 6 > 0, and K which are independent of 7
(typically, in applications, we can take § = 1). Then, for every 7 € R, we consider the
discrete process

U(l,m):=U(r+IT,7+mT), I, me€Z, > m.
Thus, owing to Theorem 4.20, we can construct, for every 7 € R, a discrete exponential
attractor {My(l,7), [ € Z} which satisfies all the assertions of this theorem. In addition,
it satisfies the following properties:

Mu(l,7) =Mp(0,IT+7), l€EZ, TER;

MTSU(Z,T) = MU(Z,T—i- S), l e Z, S, T €E R,
where T,U (t,7) :==U(t+ s, 7+ s), t > 1, s, 7 € R. We finally set

My (t) :==UseomU(t,t =T — s)My(0,t =T —s5), t e R
Then, assuming that L : (t,7,2) — U(t, 7)x is Lipschitz with respect to the x-variable
and satisfies proper Holder type properties with respect to t and 7, typically,

|U(r +s+t,7)z —U(r +t,7)z||z < ¢|s]?,
where ¢ is independent of £ > 0, 7 € R, s > 0, and = € B, and

/ T
WUt +7+s,7+s)x—Ult+7,7)x||p <cetls|’, t >T, s € [0,5], v >0,
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where ¢ is independent of ¢, 7, s, and = € B (see [76] for more details), we can prove the
following result.

Theorem 4.23. [76] The family {My(t), t € R} is a nonautonomous exponential at-
tractor for the process U(t, ) in Ey which satisfies the following properties:
1. Vt € R, My(t) is compact in FEy and has finite fractal dimension,

dimpMy(t) < d, Vt €R,

where ¢} is independent of t ;
2. it 18 positively invariant,

Ult, Y Mpy(t) C My(t), t>71, T€ER;

3. it satisfies the following exponential attraction property:

distg, (Ut +7,7)B, My(t + 7)) < dhe™%t, 7 €R, t >0,

where ¢, and ¢y > 0 are independent of t and T and where B is the bounded absorbing set
introduced above ;

4. it satisfies the following Hélder continuity property: for every processes Uy (t,T) and
Us(t, T) such that U;(t + T,t), i =1, 2, satisfy the assumptions of Theorem 4.20 (for the
constants 6 and K introduced above), ¥Vt € R, then

diStSym,El (MUI (t), MU2 (t)) < Cil sup {670,58“Ul(tat - 5) - U2(t7t - S)Hcg}a
5>0
where ¢y, c5 > 0, and cg > 0 are independent of t € R.
Furthermore, all the constants can be computed explicitly.

Remark 4.24. a) We can give a more precise Holder continuity result in concrete applica-
tions, see [76].
b) We also have the following Hélder continuity with respect to the time:

disteym,z, (My(t + 5), My (t)) < &ls|%, t €R, 5> 0,

where ¢, and ¢ > 0 are independent of ¢ and s.

Remark 4.25. a) We again have properties which are similar to those listed in Remark
4.21. In particular, we have the (uniform) forward attraction and, since My (t) has finite
fractal dimension, V¢ € R, we obtain a satisfactory finite dimensional reduction principle
for nonautonomous systems in bounded domains.

b) Such exponential attractors were constructed for nonautonomous reaction-diffusion
equations (in bounded domains) in [76]. However, this construction has a universal na-
ture and should be applicable to most equations (in bounded domains) for which the finite
dimensionality of pullback attractors can be proven (e.g., the two-dimensional incompress-
ible Navier-Stokes equations, the Cahn-Hilliard equation, damped hyperbolic equations,
Remark 4.26. Tt follows from the Holder continuity that we can construct robust families
of nonautonomous exponential attractors which are continuous at every point, as in the
autonomous case.
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5. DISSIPATIVE PDES IN UNBOUNDED DOMAINS

As mentioned in the introduction, the study of the dynamics of dissipative systems
in large and unbounded domains necessitates to develop new ideas and methods, when
compared with the above sections, devoted to systems in bounded domains. Indeed, we
are faced here with new phenomena which do not have analogues in the finite dimensional
theory.

Our aim in this section is to give a short survey of the recent progress in this direc-
tion, including the so-called entropy theory, the description of the space-time chaos via
Bernoulli schemes with an infinite number of symbols and its relations with the Kotelnikov
formula, the Sinai-Bunimovich space-time chaos for continuous media, ....

We start by introducing and discussing the appropriate class of weighted and uniformly
local Sobolev spaces, which is one of the main technical tools in the theory.

5.1. Weighted and uniformly local phase spaces: basic dissipative estimates.
We first note that, in contrast to the case of bounded domains, many physically rele-
vant and interesting solutions of PDEs in unbounded domains (such as spatially periodic
patterns, traveling waves, wave trains, spiral waves, ...) are not spatially localized and,
thus, usually have infinite energy. Therefore, the typical, for bounded domains, choice of
the phase space as ® = L%(Q) or W' (Q) does not seem to be reasonable here. On the
other hand, all the above mentioned structures are bounded as |z| — +o0 and, therefore,
belong to the phase space ® = L>®(Q2). However, the analytical properties of PDEs in
L*>-spaces are very bad (there is no maximal regularity, no analytic semigroups, ...), so
that this choice of a phase space only works for relatively simple equations (for which the
maximum principle holds).

Instead, it was suggested in [1], [22], and [168], to use weighted and so-called uniformly
local Sobolev spaces which, on the one hand, contain all the sufficiently regular spatially
bounded solutions and, on the other hand, enjoy regularity, embedding, and interpolation
properties which are very similar to those of usual Sobolev spaces in bounded domains.

In order to introduce these spaces, we first need to define the appropriate class of
admissible weight functions (see [78] and [240] for details).

Definition 5.1. Let x> 0 be arbitrary. A function ¢ : R® — R is a weight function
with an exponential growth p if there holds

(5.1) oz +y) < Cpe'¥é(x), ¢(x) >0,
for every z, y € R".

The most important examples of such weight functions are the following ones:
(5.2) Geo(z) =7l e R 25 € R,
or their smooth analogues,
(5.3) Peag(x) 1= eVIF=20P o e R 3y € R,

Obviously, these weight functions are weight functions with an exponential growth |¢|
and the constant Cj is independent of xy. Another important class of weight functions
consists of the so-called polynomial weights,

(5.4) Onao(x) = (14 |z —20|) "2, NeER, z0€R,
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which are also sometimes useful. Obviously, these weight functions have an exponential
growth p, for every p > 0.
We are now ready to introduce the proper classes of Sobolev spaces.

Definition 5.2. Let €2 be a sufficiently regular unbounded domain, ¢ be a weight function
with an exponential growth, and 1 < p < 400. Then the associated weighted spaces LZ(Q)
and weighted uniformly local spaces Ly ,(€2) are defined by the following norms:

Jull = [ #@)lute) ds,

(5.5)
||U||L§ = SUP{¢ o) ||l Lo (2 Be )}
? z0€0

where Bﬁ) denotes the R-ball in the space R™ centered at x,. For simplicity, we will
write Ly (Q) instead of Lj ,(2) and we naturally define the Sobolev spaces Wé’p(Q) (resp.,
W;Z(Q)) as the spaces of distributions whose derivatives up to the order [ belong to L ()
(vesp., Ly 4(92)).

We note that L>(Q2) C LZ(Q) and, consequently, all the dissipative structures men-

tioned above indeed belong to the uniformly local phase space ® := L?(2). Furthermore,
we also have the embedding L>(Q2) C L3(€) if the weight function ¢ is integrable (i.e.,
¢ € L'(Q2)). The important relations between weighted and uniformly local spaces are
collected in the following proposition (see [240]).

Proposition 5.3. Let Q2 be a sufficiently reqular unbounded domain and let ¢ be a weight
function with an exponential growth €. Then, for every u > £, the following norms are
equivalent:

Il /wm/emmmummm
||u||f’£p ~ sup {¢>p($o) / e—u\x—x0||u(x)|10 d:r;},
b,¢ Q Q

ToE

(5.6)

with constants which depend on e, p, and Cy, but are independent of the concrete form
of ¢.

Remark 5.4. Relations (5.6) allow to reduce the calculation and estimation of any weighted
norm (for a weight function with an exponential growth) to those of the special exponential
weight functions ¢, ,, (). In particular, relations of this type allow to reduce most results
concerning embeddings and interpolation estimates for the weighted and uniformly local
spaces, together with the associated regularity results for linear elliptic and parabolic
operators, to the corresponding ones for the weight functions ¢. ,,(z) or ¢. ., (z) (and,
thanks to the natural change of function & = up_.,,, to the classical spaces without
weight). Furthermore, all the constants in such estimates only depend on the weight
exponent and C}, (and on some regularity constants of the boundary) and are independent
of the concrete choice of ¢ and the shape of €, see [78], [168], [240], [245], and the references
therein. This also explains why the linear theory of PDEs in uniformly local spaces is
very similar to that in the unweighted spaces.

We are now ready to return to the main issues of this subsection, namely, the defini-
tion of the proper phase spaces ® for dissipative PDEs in unbounded domains and the
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derivation of the basic dissipative estimate
(5.7) ISt uglle < Q||uglla)e * +C, ug € ®, t >0, a> 0.

A 7general” answer to these questions can be formulated as follows:

1) use the uniformly local Sobolev spaces W}*(Q) or LP(Q) as phase spaces, e.g., in a
Hilbert setting, i.e., p =2 ;

2) use the so-called weighted energy estimates and weighted regularity theory to obtain
a dissipative estimate in the spaces Wé’fzo (Q) ;

3) pass from the weighted to the uniformly local spaces by using the second estimate of
(5.6) with ¢ = 1.

This machinery has been successfully applied to many physically relevant PDEs in
unbounded domains, including various types of reaction-diffusion equations (see [9], [78],
[79], [168], and [240]), damped wave equations (see [90] and [238]), elliptic equations in
unbounded domains (see [169] and [227]), and even the Navier-Stokes equations in a strip
(see [245]).

For the reader’s convenience, we illustrate below such a scheme on the relatively simple
example of a reaction-diffusion system in Q = R® (see [240] for more details):

(5.8) O = algu—\u— f(u)+g, ul,_, = uo.

Here, u = (u!,...,u*) is an unknown vector-valued function, a is a constant diffusion
matrix satisfying the standard assumption a + a* > 0, A > 0 is a fixed constant, g
corresponds to the external forces and belongs to LZ(R*)* and f is a given nonlinear
interaction function satisfying the following standard dissipativity assumptions:

1. f € CYRF, RF) ;

2. f(u)u>—-C

3. f'(u) > —K ;

4 [f(u)] < O+ [ul?) ;

u € RF, O, K > 0, where u.v denotes the usual inner product in R¥ and p > 0 is arbitrary.

Theorem 5.5. Let the above assumptions hold. Then, for every uy € @, := LZ(R3)*,
problem (5.8) possesses a unique solution u(t) € @y, and the following dissipative estimate

holds:
(5.10) lu(®)]|rz < Cllugllze™ + C(1 + llgllz2), t >0,

where the positive constants o and C' are independent of uyg.

(5.9)

—

Proof. We only give a formal derivation of the dissipative and uniqueness estimates. The
remaining details can be found in [240]. We multiply equation (5.8) by u¢?, where ¢(x) =
G zo(7) 1= e~l#=%l for a sufficiently small & which will be fixed below, and integrate
with respect to x € R”. Then we have

(5-11) 1/20|u(®)72 + (aVau(t), Va[d"u(®)]) + Alu(®) 72 =

= —(f(u(t)).u(t), 6*) + (*u(t), g)

(here and below, (-,-) denotes the scalar products in L?(R3), L%(R®)*, and L%(R?®)%*).
According to the dissipativity assumption (5.9) 2., we see that

(5.12) —(¢%, f(u)u) < Cllllz. = Ce™
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and, thus, the nonlinear term can be controlled. Furthermore, thanks to the obvious
inequality

(5.13) Vite mo ()] < Cede 4y (),

together with the positivity of a, we conclude that, if ¢ > 0 is small enough, the following
estimate holds:

(5.14) (aVou, Va[o*u)) + Alull3s >
> 20(|Vaullys + llullz2) — Ce(lul, [Vauld®) > a(Vaullzz + [lullzz),

for some positive constant « which is independent of xy. Inserting these estimates into
(5.11), we deduce that

Orllu(®)ll7z + 2allu(®) [y < O+ llgll72)

and the Gronwall inequality gives

T+1
(5.15)  [lu(T)II7: +/ lu(@)lFre dt < Cllu(0)][7; e+ C(1+]lgl7, ).
vewo g be 20 be,z0 be,0
It is crucial here that the constants C' and « in this inequality are independent of xg.
Therefore, taking the supremum over o € R* and using the second relation of (5.6) with
¢ = 1, we deduce the required dissipative estimate (5.10) in the uniformly local phase
space @, = LZ(R?)*.

We now verify the uniqueness. Let u;(t) and us(t) be two solutions of (5.8) and set
v(t) := uy1(t) — ug(t). Then this function solves the linear equation

(5.16) O = alzv — v —I(t)v, I(t):= /01 f'(sur(t) + (1 — s)ua(t)) ds.

We note that, due to the third (quasimonotonicity) assumption of (5.9), we have [(t) >
— K. Multiplying now equation (5.16) by vqﬁixw using the last inequality, and arguing
exactly as in the derivation of the dissipative estimate, we obtain

2 K 2
(5.17) 0@, < Ce o
for some positive constant C' which is independent of x,. This estimate gives the unique-
ness and finishes the proof of the theorem. O

Remark 5.6. We see that the growth restriction (5.9) 4. has not been used in the proof of
uniqueness and of the derivation of the dissipative estimate. However, this assumption is
necessary in order to show that the associated solution satisfies equation (5.8) in the sense
of distributions. Furthermore, as shown in [240], f(u(¢)) and Azu(t) belong to L7 (R?)*,
for every ¢ > 0, so that the equation can be understood as an equality in L?(R?)*.

Remark 5.7. Estimates (5.15) and (5.17) show that the reaction-diffusion problem (5.8)
is well-defined not only in the uniformly local phase space ®, = LZ(R*)*, but also in the
larger phase space ®. := L?__,/(R*)*, provided that £ > 0 is small enough. Roughly
speaking, this space contains not only all functions which are bounded as |z| — +o00, but
also functions which grow at most like e°l*l at infinity. Thus, the alternative choice of
the weighted phase space ®. (or the choice of weighted spaces with polynomial weights as
in the first articles on this subject, see [22]) is also possible here, see also [19], [78], and
[230]. However, such a choice has essential drawbacks related to the addition of the above
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spatially unbounded solutions. Indeed, on the one hand, all the dissipative structures
mentioned above are bounded as |xr| — +oo, so that the class of bounded (uniformly
local) solutions seems physically natural and sufficient. On the other hand, the analytical
properties of the equations in spaces of spatially unbounded functions are essentially more
complicated (in particular, even in the case that we consider, there is no differentiability
with respect to the initial data in ®.). Furthermore, even the uniqueness in such classes
is strongly related to the restrictive quasimonotonicity assumption (5.9) 3. and can be
violated if it is not satisfied, see [78]. Thus, the choice of the uniformly local phase spaces
seems more general and preferable.
Remark 5.8. We note that, in contrast to bounded domains, the space C*(2) is not dense
in the uniformly local space L7(£2). As a consequence, even the linear equation (5.8) with
f = g = 0 does not generate an analytic semigroup in L7(R3)¥ and, in particular, the
solution w(t) is not continuous at ¢ = 0 for generic ug (i.e., u ¢ C([0,T], LZ(R?)*)).
However,

u € C([0,T], L3(R)"),
for every ¢ € LY(R?), see, e.g., [239]. This inconvenience can be overcome by introducing
a more restrictive uniformly local space L() as follows:

ZZ(Q) = [COO(Q)]L,E(Q);

where [-]y- denotes the closure in the space V. Roughly speaking, u € L?(Q2) means
the boundedness of the L?-norm, plus some kind of ”translation compactness”. Indeed,
as proven in [239], at least for Q = R*, the space L}(Q) coincides with the space of
the so-called translation compact functions introduced by Chepyzhov and Vishik for the
theory of nonautonomous attractors, see [51]. We recall that the function v € LZ(R") is
translation compact if its hull,

H(u) == [Tou,s € R"] 2 , Tou(z) == u(z +3s), s, v € R,

is compact in the local space L7 (R™). Under such a more restrictive choice of the phase
space, the analytic semigroups theory works and the continuity of u(¢) also holds, see [9]
and the references therein. We note however that, although it is crucial for the general
analytic semigroups approach, the above density problem does not seem to be essential
for the weighted energy methods considered here, since every u € LZ(Q2) can obviously
be approximated by smooth functions in the local topology of L7 (), and this is enough
in order to establish the existence of a solution, see, e.g., [78] and [240]. Furthermore,
verifying the artificial translation compactness requirement is an extremely difficult (un-
solvable?) problem for more complicated equations (such as the two-dimensional and,
especially, the three-dimensional Navier-Stokes equations in cylindrical domains, see [245]

and [246]). Thus, we will no longer consider the space L2(€2) in this survey.

5.2. Attractors and locally compact attractors. We now consider the theory of
attractors in the uniformly local phase spaces. The first essential difference here is that,
contrary to bounded domains, the embedding

(5.18) W)2(Q) C Li(Q)

is not compact. Thus, the usual smoothing (or asymptotically smoothing) properties
are not sufficient to establish the existence of a compact attractor in the uniformly local
phase spaces. As a consequence, the global attractor only exists in some exceptional cases
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(which will be considered in the next subsection) in the initial phase space and, in order to
construct a general theory, the compactness assumption must be weakened. In particular,
as shown in [240], already for the simple real Ginzburg-Landau equation in R,

Oy = Ou +u — u?,

the associated set of equilibria is not compact in L?(R). Thus, this equation cannot have
a compact global attractor in the phase space L?(R).

This difficulty is overcome by a systematic use of the local topology of L? (Q) and
the related locally compact global attractors. To be more precise, the set A is the locally
compact global attractor for the semigroup S(¢) acting on the uniformly local phase space
OTES Wbl’p(Q) if:

(i) it is bounded in @, and compact in the local topology of ;.. := WP (Q) ;
(ii) it is invariant, S(¢)A = A, Vt > 0 ;
(iii) it attracts the bounded subsets of the phase space ®;, in the local topology of ®,,..

This means that, for every bounded subset B of &, and every bounded subdomain ; of
Q

Y

lim_distyy1(0,)(S(H) Bl , Al,,) =0,

t——+o00

where u|, denotes the restriction of the function u (defined in () to the subdomain €.

Remark 5.9. Tt is not difficult to see that the attractor defined above is a (®y, @.)-
attractor in the terminology of Babin and Vishik, and, consequently, its existence can
be verified, e.g., by using the general attractor’s existence Theorem 2.20. However, in
contrast to the case of usual global attractors, the compactness assumption on the ab-
sorbing/attracting sets should now be verified in the local topology of ®;,. only. Since the
embedding

Wer(Q) ¢ Wi (Q)

loc

is compact for a > 0, verifying such a compactness assumption can be reduced (exactly as
in the case of bounded domains) to the derivation of an appropriate smoothing property
for the equations under study.

For the reader’s convenience, we illustrate the above theory on the reaction-diffusion
system (5.8) (see [71], [78], [79], [164], and [168] for more general classes of reaction-
diffusion equations, [54], [90], and [238] for damped wave equations, and [245] and [246]
for the Navier-Stokes equations in unbounded domains).

Theorem 5.10. Let the assumptions of Theorem 5.5 hold. Then the semigroup S(t)
possesses the locally compact global attractor A in the uniformly local phase space ®, =
L2(R?)*.
Sketch of the proof. According to the abstract attractor’s existence theorem mentioned
above, we need to verify that the semigroup S(t¢) is continuous in the local topology of
®ye == L7 .(R®)* on every bounded subset of ®, and that there exists a compact (in the
topology of ®,.) absorbing set (for bounded subsets of ®,).

The continuity follows in a standard way from estimate (5.17). Thus, we only need to
construct a compact absorbing set.

As usual, the basic dissipative estimate (5.10) guarantees that the ball of radius R,
Bp := {u, |lul[,z < R}, in the phase space @, is an absorbing set if R is large enough.
However, this ball is obviously not compact in ®),.. For this reason, we construct a new
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absorbing set in the following standard way:
B = [S(]‘)BR](DIOC'

Since the embedding Wbl’Z(R?’)k C &), is compact, it is sufficient, in order to prove that
the set B is compact in @y, (and, thus, finish the proof of the theorem), to prove a
smoothing property on the solutions of problem (5.8) of the following form:

(5.19) lu()llfy2 < CO+ [[u(0)lIZz + llglIZz).

where the constant C' is independent of .
In order to prove (5.19), we multiply equation (5.8) by the following expression:

3
(5.20) £ 0 (6°05,u(t)) =: t.Tu(t),

i=1
where ¢(2) = @ 4o(z) = e 5% and £ > 0 is small enough. Then, integrating with
respect to x, we have

(5:21)  1/20,(tIVau(®)lI72) + M| Vau®)llzs + tadzult), Tou(t) =
= [IVau(®)ll72 = 1" f'(u(t) Vault), Vaou(t)) + g, Tou(t)).
Using now the positivity of @ and estimate (5.13), we note that

(5.22) (aAyu, Tyu) > (al,u, QSZA,;U) — Ce(¢2|Axu|, |V ul) >

> O‘HAJCUH%; - C&QHquH%i,

for some positive constant a. Using this estimate, together with the quasimonotonicity
assumption f'(u) > —K, we deduce from (5.21) that

O(tIVau(®)z2) + MIVau®)Izz +HAzu®)llzz < C+D(llgllzz + IVau(®)z2)-

Integrating this estimate with respect to ¢ € [0, 1] and using (5.15) to estimate the time
integral of V, u, we find

(5.23) [ <CA+glzz  +IluOz: ),
d)E,zO ¢e,m0 ¢E,z0

where the constant C is independent of x,. Taking the supremum over z, € R?® in both
sides of this inequality and using (5.6), we obtain the required smoothing property (5.19),
which finishes the proof of Theorem 5.10. |

Remark 5.11. The trick consisting in multiplying equation (5.8) by the expression T,u
(suggested in [240]) allows to estimate the nonlinear term f(u) in an optimal way by only
using the quasimonotonicity assumption (exactly as in bounded domains). In contrast
to this, the straightforward multiplication of the equation by ¢?A,u (as performed in
[19] and [22]) gives, when integrating by parts in the nonlinear term, the additional
"bad” term (V¢ f(u)", V,yu) and the extremely restrictive growth assumption p < 1 +
min {4/n,2/(n —2)} in (5.9) 4. is necessary in order to handle it. Thus, in three space
dimensions, this yields that p < 7/3, and even cubic nonlinearities cannot be treated.
The above mentioned simple trick allows to avoid to impose a growth restriction to prove
the existence of attractors.
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5.3. The finite dimensional case. Before discussing the general infinite dimensional
case in the next sections, we consider some rather exceptional cases in which the global
attractor remains finite dimensional. As we will see below, in such cases, in spite of the fact
that the underlying domain is unbounded, the attractor is localized (up to exponentially
decaying terms) in some bounded domain (due to some special structural assumptions on
the nonlinearity and the external forces). Thus, the corresponding theory is very similar
to that in bounded domains and seems to be well-understood now (see [1], [19], [22], [71],
[74], [78], [93], [163], [238], and the references therein).

As above, we consider, for simplicity, the reaction-diffusion system (5.8), although the
approach described below has a general nature, see, e.g., [238] for nonlinear damped
wave equations, [91] for degenerate parabolic equations, and [11] for the Navier-Stokes
equations.

The most commonly used structural assumption on the nonlinearity f (suggested in
[22]) is the following one:

(5.24) flu)u>0, VuecRF

(compare with (5.9) 2.). In addition, some decay assumptions on the external forces g as
|z| — 400 are necessary. In order to formulate them, we need to introduce some more
specific classes of uniformly local spaces.

Definition 5.12. Let 2 be a sufficiently smooth unbounded domain. The space Wblp(Q)
consists of all functions u € W*(Q) which satisfy

(5.25) lim ||U||Wlm(QmB;0) = 0.

|zo|——+00
Roughly speaking, the space 1W}”(2) consists of all functions v € W,?(€) which decay as
2| = +00. In particular, obviously, W' () € W,”(Q).

Finally, following [71], we impose a decay assumption on the external forces g of the
form

(5.26) g € LAR3)*,
The following simple lemma (see [74]) is a key technical tool in the theory.
Lemma 5.13. Let g € L2(Q)* and set

Ry(ao) = ;.

for some positive €. Then

(5.27) lim Ry(z) = 0.

|xo|—+00

Returning to the reaction-diffusion system (5.8) and to the weighted dissipative estimate
(5.15), we see that, owing to the structural assumption (5.24) (instead of f(u).u > —C),
the constant 1 disappears in the right-hand side of (5.15) and we have an homogeneous
estimate,

(5.28) [u@ 1z, ¢ < Crllu®llz < Coe™lu(O)l:  +Callgllzz
0 ¢E,zo ¢E,zo ¢E,zo

where the positive constants Cs and « are independent of zy and w. In particular, the
first term in the right-hand side vanishes on the attractor and we have

(5.29) luli2sm1 e < CaBy(o), Vu € A
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Thus, owing to Lemma 5.13, A C L2(R®)* and, besides, (5.29) gives a uniform ”tail
estimate” as |x| — 400 with respect to all functions on the attractor. This tail estimate,
together with the embedding A € W,*(R*)* which follows from the smoothing property
(5.19), guarantee the compactness of the (locally compact) attractor A on the initial
topology of the phase space as well. Finally, a slightly more accurate analysis of estimate
(5.28) allows to check the asymptotic compactness of the associated semigroup S(¢) in
®,. Thus, we have the following result (see [71] and [74] for a detailed proof).

Theorem 5.14. Let the assumptions of Theorem 5.5 hold and let, in addition, the struc-
tural assumptions (5.24) and (5.26) be satisfied. Then the semigroup S(t) associated with
the reaction-diffusion system (5.8) possesses the compact global attractor A on the initial
uniformly local phase space ®, (exactly as in bounded domains).

Furthermore, exactly as in bounded domains, we have the finite dimensionality of the
above global attractor in the phase space.

Theorem 5.15. Let the assumptions of the previous theorem hold. Then the global at-
tractor A has finite fractal dimension. Furthermore, the associated semigroup possesses
a finite dimensional exponential attractor M in the phase space ®,.

The proof of this theorem is also based on the uniform tail estimate (5.29) and can be
found in [71] and [74].
Remark 5.16. In the original article [22], the uniform tail estimate on the global attractor
was proven in an alternative and more complicated way. To be more precise, the equations
were considered in the phase space @, := Lz(Q)k, with growing weight functions of the
form ¢(x) :== (1 + |z|*)Y, N > 0 (thus, ®, consists of functions which decay sufficiently
fast at infinity). Then the compactness of the global attractor in ®, was deduced by
proving the embedding

A C L. (Q)F nw?(Q)F,

for some o > 1. This however requires the artificial restriction g € L3(©2)* and some
additional assumptions on f. In particular, the Hilbert case ¢ = 1 was not covered by
this approach. This drawback was overcome in [230], in which a more accurate method to
estimate the tails in the Hilbert case ® = L?(Q)* was suggested and the compactness of
the attractor for ¢ = 1 was proven. An alternative very simple and effective way to handle
the Hilbert case ¢ = 1 is based on the so-called energy method, see [25], [201], and [220].
This approach is based on the elementary fact that a weakly convergent sequence in a
Hilbert (reflexive) space converges strongly if the associated sequence of norms converges
to the norm of the limit function. The convergence of the norms is then verified by
passing to the limit in the energy equality. Thus, the asymptotic compactness of the
semigroup can be verified without requiring to work on weighted spaces. This approach
is especially helpful for complicated equations (such as the Navier-Stokes equations) for
which estimates in weighted spaces are rather difficult to obtain, see [220]. A drawback of
this approach is that it does not give any qualitative nor quantitative information on the
spatial structure of the global attractor, which are available when using weighted spaces,
and only works in the Hilbert case. However, it is worth noting that, as usual, the global
attractor (if it exists) is independent of the choice of the admissible phase space, see [78],
so that all cases mentioned above are actually contained in the general Theorems 5.14
and 5.15.
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Remark 5.17. We finally mention that the constant A in (5.8) can be replaced by z-
dependent functions A\(x) which are not necessarily positive everywhere, see [9] and [163] ;
actually, it is sufficient to require that

(aV,v, Viv) + (Av,v) > Xo||v||Ze, Yo € WEA(R)E Ay > 0.

Indeed, all the estimates given above can be obtained by repeating word by word the
corresponding proofs. Another slight generalization consists in considering functions f
which depend on x and requiring that, instead of (5.24),

flz,u)u> —C(z), v € R®, uc R,

where C' belongs to L} (R?).

We now formulate, following essentially [238] (see also [74]), some natural generaliza-
tions of the structural assumption (5.24) and discuss the spatial asymptotics of the global
attractor.

Assumption A. Let the nonlinearity f and the external forces g € L?(R?)* be such that
there exists a solution Zy(x) of the associated elliptic equilibrium problem

(5.30) al,Zy — N7y — f(Zy) + 9 =0, v € R®*\BEF, Z, € W*(R*\ Bf)",
outside a large ball BE of R® which satisfies the following property:
(5.31) [f(v+ Zo(2)) — f(Zo(x))]v >0, v € R 2 € R\BL.

The following generalization of Theorem 5.14 gives the spatial asymptotics of the global
attractor up to exponentially small terms.

Theorem 5.18. Let the assumptions of Theorem 5.5 hold and let Assumption A. be
satisfied. Then the associated semigroup S(t) possesses the global attractor A in the phase
space Oy which satisfies the following estimate:

(532) ||U0 — ZOHZ?(B%O)’? < C’e_o‘|‘”°|, |l‘0| >R+1, ug € A,

where the positive constants C' and o« are independent of ug € A and xq.

Sketch of the proof. Let Zo(x), Zy € W;*(R*)*, be some extension of Zy(x) inside the
ball BE. Then this function satisfies

(5.33) al,Zo — Ny — f(Zy) + 9 =§,
where g € Lj(R*)* and supp g C Bg'.

We now set v(t) := u(t) — Zy. Then this function solves
(5.34) O = algv — v — [f(v + Zo) — F(Zo)] + 7.

We recall that, owing to Assumption A., [f(v + Zo) — f(Zo)].v > 0, for z ¢ BE. Using
the quasimonotonicity assumption f’'(v) > —K to estimate this term inside the ball Bl
we infer

(5.35) [f(v(z) + Zo(2)) — f(Zo(z))]-v(2) = —K[v(z)]*xr(z) >
> —K(|u() " + | Zo(@)]")xr(z), © € R,

where y () is the characteristic function of the ball B.
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Multiplying now equation (5.34) by ¢?, v(t) and arguing exactly as in the derivation
of (5.15) and (5.28), we conclude that

(5.36) oll7; < ClluxallZ;  +1Zoxrlli;  +llaxali; ),
E,ZI)O E,ZI)O E,$0 E,$0

where the constant C' is independent of 2o and v € A — Z,. Multiplying this inequality
by the weight function
¢(x) := inf emo—
zEBé2
with o < £ (which, obviously, is a weight function with an exponential growth «/), taking
the supremum over o € R?*, and using the equivalence (5.6) 2., we finally find

(5.37) Iolz;, < Cllluxall3; + 1 ZoxallZ; +11312;) < Cu,

where we have implicitly used the fact that the L-norm of the attractor is bounded.
There remains to note that (5.37) is equivalent to (5.32) to finish the proof of Theorem
5.18. 0
Remark 5.19. Tf, in addition, the attractor A is bounded in C,(R?*)* by some constant L,
it is, obviously, sufficient to verify estimate (5.31) from Assumption A. only for |v| < 2L.
We also note that Theorem 5.18 shows, in particular, that the spatial asymptotics (5.32)
holds with Z; replaced by any true equilibrium of the problem.

We conclude the section by giving two examples to illustrate the above theorem.
Example 5.20. Let the assumptions of Theorem 5.14 hold. We claim that Assumption A.
is automatically satisfied here and, therefore, the global attractor A possesses the spatial
asymptotics (5.32). Indeed, as proven in [240], A is globally bounded in W;*(R?)*. This
fact, together with a proper interpolation inequality and the tail estimate (5.29), yield

(5.38) lulleqmy, < C[Ry(w0)]"*.

Therefore, the global attractor also belongs to C,(R*)* and is bounded in this space. In
particular, any equilibrium zo(x) of this problem satisfies lim; . 20(2) = 0. Thus, in
order to verify Assumption A., with Z, = z, it is sufficient to check that there exists
€ > 0 such that

(5.39) [f(v+2) = f(2)]v > =A/200],

for every v, 2 € R¥, Ju| < 2L (L is the C-diameter of the attractor) and |z| < . Indeed,
Assumption A. then holds with f replaced by f(u)+A/2u, for a sufficiently large R = R(z).
In order to verify inequality (5.39), we consider two cases, namely, |v| < ¢ and |v| > §,
where § > 0 is a sufficiently small number to be fixed. In the first case, both v and z
are small, so that inequality (5.39) follows from the continuity of f’ and the fact that,
owing to assumption (5.24), f(0) = 0 and f'(0) > 0. We now consider the second case

(0 > 0 has been fixed at this stage). It is sufficient, in view of inequality (5.24) and the
assumption |v| > ¢, to find £ > 0 such that

flo+2)z+ f(2)v <A§/2,

for every |z] < e and |v| < 2L. Since f(0) = 0, the existence of such an ¢ = (¢, L) is
straightforward, see [238] for more details. Thus, Assumption A. is verified and Theorem
5.18 (together with the W/ *-bound on the attractor) now gives

(5.40) lu(z) — 2o(x)| < Ce 7 Vu € A, xR
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Remark 5.21. In particular, we see that, although the rate of convergence to zero of the
external forces g determines that of any function belonging to the global attractor, the
"thickness” of the attractor decays exponentially, no matter how slow this rate is. Thus,
the attractor is, in fact, concentrated (up to exponentially small terms) in a bounded
domain. This property clarifies the nature of the finite dimensionality of the attractor in
that case. Furthermore, to the best of our knowledge, such an exponential localization
holds for all examples for which the finite dimensionality is known.

Ezxample 5.22. We consider the real Ginzburg-Landau equation in R3,

(5.41) O = Agu+u—u® +g.
We claim that Assumption A. is satisfied if g € L?(R?) and

2
5.42 liminf g(z) > ——.
(5.42) |x|ﬁ+oog( ) 373

Indeed, an elementary analysis shows that

[f(v+2)— f(2)]v >0, YoveR, f(u):=u®—u,
if and only if |z| > % On the other hand, assumption (5.42) guarantees that the function
Wy(x) :== % + ¢ is a subsolution of (5.41) if £ is small enough and |z| is large enough.

Therefore, by the comparison principle, there exists a solution Z; of the equilibrium
equation (5.30) outside a large ball which satisfies Zy(x) > % + ¢ and Assumption A.

is verified. Thus, we see that, under assumption (5.42), the global attractor is spatially
localized (in the sense of estimate (5.40)) and, for this reason, it is compact in L7 (R?)
and finite dimensional. As already mentioned in the previous section, when g = 0, the
associated global attractor is not compact in L7 (R?) (and is infinite dimensional).

5.4. The infinite dimensional case: entropy estimates. Starting from this section,
we consider the general case in which the dimension of the global attractor is infinite.
Indeed, the simplest way to understand why this dimension must be infinite in general is
to consider the real one-dimensional Ginzburg-Landau equation (5.41) with zero external
forces ; we also consider the space periodic solutions with period 2L. Then the associated
dynamical system acting on the space L7 ([—L, L]) of 2L-periodic functions is dissipative
and possesses the (finite dimensional) global attractor A;,. Furthermore, we see that, by

computing the dimension of the unstable set at u = 0,
2L
—.

2
per

On the other hand, since the phase space L2 . ([—L, L]) is contained in the phase space

®y, := L}(R), we also have the embedding
AL C A,

where A is the (locally compact) global attractor of the equation in the whole space.
Thus, since the dimension of Ay, grows as L — +00, the dimension of A cannot be finite.

This simple example shows that, in contrast to bounded domains, we cannot now
expect any finite dimensional reduction in general and the dynamics reduced to the global
attractor remains infinite dimensional. However, it is intuitively clear that the attractor
A is essentially ”thinner” than the initial phase space and, in some proper sense, the
reduced dynamics can be described by less degrees of freedom here as well. Now, in
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order to make this observation rigorous, we need to be able to compare the ”thickness”
of infinite dimensional sets.

One possible approach to this problem (which is widespread in the approximation
theory, see, e.g., [222]) consists in using the Kolmogorov e-entropy, see Definition 2.28.
Indeed, owing to the Hausdorff criterium, the entropy H.(X, M) is finite for every € > 0
and every compact subset X of the metric space M. Then, according to formula (2.13),
the set X is finite dimensional if and only if

1
H(X, M) < dlog, = +C.

for some constants C' and d which are independent of ¢ — 0. So, under this approach,
the infinite dimensionality of X just means that the quantity H.(X) has another, more
complicated, asymptotics as ¢ — 0T, which is to be found or estimated.

To the best of our knowledge, the idea of using the Kolmogorov e-entropy in the theory
of attractors was suggested by Chepyzhov and Vishik in [224] in order to study the infinite
dimensional uniform attractors of nonautonomous dynamical systems in bounded domains.
However, such an approach appears as especially adapted to the study of equations in
unbounded domains and, starting from [58] and [236], the s-entropy has become one of
the most powerful technical tools in view of the study of the locally compact attractors
in large and unbounded domains.

We start our considerations by giving several examples of asymptotics of the e-entropy
for some typical infinite dimensional function spaces.

Ezample 5.23. Let Q be a regular bounded domain, M := Wr1(Q), and X be the unit
ball of the space W%2(Q), with

poonop n
Then it is well-known that X is (pre)compact in M, so that H. (X, M) is well-defined and
satisfies

1\ ™/ (2=h) 1\ "/ 2=l)

where the constants C and Cy are independent of ¢, see, e.g., [222].

Thus, the typical asymptotics of the entropy of Sobolev spaces embeddings are polyno-

mial with respect to e~'. The next example shows the typical behavior of the entropy for
classes of analytic functions embeddings.
Ezxample 5.24. Let K be the set of all analytic functions f in a ball By of radius R in C"
such that ||f|lc(sgr) < 1 and let M be the space C(B®¢), where BR® := {2z = (21, ..., 2,) €
C', Imz; = 0, i = 1, ..., n, |z] < 1}. Thus, K consists of all functions of C(B®¢)
which can be holomorphically extended to the ball Br and for which the C-norm of this
extension is less than one. Then

1 n+1 1 n+1
(544) Cl (10g2 g) S %E(K, M) S 02 (10g2 g) s

see [135].

In particular, the above asymptotics show, in a mathematically rigorous way, that the
set, of real analytic functions is indeed essentially smaller than that of functions with finite
smoothness C¥.
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We now recall that, here, the global attractor is not compact, but only locally compact,
in the phase space. In order to compare such types of sets, we need to introduce, following
[135], the so-called entropy per unit volume or mean e-entropy.

Definition 5.25. Let K be a locally compact set in some uniformly local space ®;, :=
Wbl’p(R"). Then, for every hypercube [—R, R|", the entropy HE(K‘}R R}") of the restric-
tion of K to this hypercube is well-defined. By definition, the mean 5—éntr0py of K is the
following (finite or infinite) quantity:

5.45 H. (K, ) := limsu
(5.45) ( 2 R—H—oop (2R)™

As we will see below, the next example is crucial for the theory of attractors in un-
bounded domains.

Ezample 5.26. Let B, (R"), o0 € Ry, be the subspace of L>(R") consisting of all functions
u whose Fourier transform u has a compact support,

suppu C Bj :={£ e R", ||€]| < o}.

(K

‘ [~ R,R]" )-

It is well-known that the space B, (R™) consists of entire functions (i.e., functions which
are analytic on the whole space R") with an exponential growth. Furthermore, if B(o) is
the unit ball in this space (endowed with the usual L*-metric), then

| Rgp— 1
(5.46) Ci log, g < H.(B(o)) < Csylog, o

where C; and C5 depend on o, but are independent of ¢, see [135]. Moreover, we have,

concerning the entropy of the restrictions B(O’)‘[_R R

1 1 1
(5.47) C1R" log, - < ’HQ(B(J)‘[_R’ < Cy(R + log, g)" log, =

where ('} and (5 are independent of £ and R. We can note that these estimates are sharp
for R > log, % and for R ~ log, %, but, for R < log, %, the lower bound is far from being
optimal and can be corrected as follows:

10g2 1 n+1
4 : = 8 ’
(5.48) He (B ) 2 Cr ((log2 log; 1/s>">

where Cr depends on R, but is independent of €. The proof of estimates (5.47) and (5.48)
can be found in [239].
Finally, we also mention the analogue of Example 5.23 for the uniformly local case.

Example 5.27. Let the exponents [; and p;, 2 = 1, 2, be the same as in Example 5.23. Let
also K be the unit ball in the space W,>"*(R") and set M := W, (R*). Then

1\ M-ty 1\ "/ 2—1)

where the constants C; and C are independent of . Actually, these estimates immedi-
ately follow from (5.43).

We are now ready to formulate the universal entropy estimates for the uniformly local
attractors of dissipative systems in unbounded domains which, as we will see below,
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are natural generalizations of the fractal dimension estimates to systems in unbounded
domains. These estimates have the following form:

(550) He(Aly e B0 BR)) < Cvol(Q0 BE 0% 12) g, <,
ro

where vol(-) denotes the usual Lebesgue measure in R” and the constants C' and L are

independent of R, xg, and . Thus, (5.50) gives upper bounds on the entropy of the

restrictions of the attractor A to all bounded subdomains Q N Bfo which depend on the

three parameters R, xy, and €.

The above formula has a general nature, independent of the concrete class of dissipative
systems considered, and has been verified for various classes of reaction-diffusion systems
(see [79], [236], [239], and [240]), for damped wave equations (see [238]), and even for
elliptic boundary value problems in unbounded domains (see [169]). Indeed, roughly
speaking, it is sufficient, in order to prove such estimates, to verify a weighted analogue
of the ”parabolic” smoothing property (2.14),

(5.51) 1S(Mur — S(Nusl|yyre < Lilug —usllpz 5 w1, us € A,
du,zq du,zq

for some fixed p and every x, in Q (or its "hyperbolic” analogues (3.2) and (3.3)), see
[238] and [239]. Thus, these entropy estimates are also based on rather simple and general
(weighted) energy estimates and do not use any specific property of the dissipative system
under study. This somehow clarifies the nature of their universality. We also mention
that the upper entropy estimates are sharp with respect to the three parameters R, x,
and R (appropriate examples of lower bounds will be given in the next subsections).

In order to further clarify these universal entropy estimates, we conclude this subsection
by considering the most interesting particular cases and by comparing them with the
typical asymptotics given above.

Egample 5.28. Let Q be a bounded domain. Then vol(Q N BE) = vol(Q) if R is large
enough. Therefore, (5.50) gives

H.(A) < Cvol(Q) log, é

Thus, in the case of bounded domains, the entropy formula allows to recover the standard
result on the finite dimensionality of the global attractor and reflects in a correct way the
typical dependence of the dimension on the size of the domain (dimz A ~ vol(Q), see [23]).
However, even in that case, the entropy estimate gives some additional information which
may be important, especially for large bounded domains, namely, it allows to estimate
the entropy of the restrictions A|B%0 and, thus, to study the ”thickness” of the attractor
with respect to the position inside the domain.

Ezample 5.29. We now assume that Q = R”. Then vol(Q2 N Bf) = ¢R" and (5.50) reads
1 1
(5.52) He(Alpr) < C(R + Llog, g)" log, -

We see that this estimate coincides with the upper bound (5.47) for the space B, (R")
of entire functions and, in particular, dividing (5.52) by R"™ and passing to the limit
R — +00, we also obtain the analogue of (5.46),

(5.53) H(A) < Clog2§
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(for the one-dimensional real Ginzburg-Landau and damped wave equations, this estimate
was obtained independently in [57] and [59]). Thus, we see that the ”thickness” of the
attractor A is of the order of that of the class B, (R™) of entire functions and is essentially
less than that of the class of finite smoothness, see Examples 5.23 and 5.27 (and, in
particular, it is essentially less than the thickness of any absorbing set). However, even
when all the terms in the equations are entire, the attractor is usually not entire (the
simplest example is the real Ginzburg-Landau equation) and only the analyticity in a
strip Ry, := i[—p, p]" x R takes place. The mean entropy for such classes of functions has
an asymptotics of the form (log, %)1“’, for some p > 0, and is worse than (5.53). Therefore,
even in the real analytic case, the nature of the universal entropy estimates cannot be
explained by regularity arguments and reflects the dynamical reduction of the number of
degrees of freedom by the dissipative dynamics. Furthermore, we emphasize here that the
analyticity is not necessary for the validity of the entropy estimates. In particular, these
estimates hold for the reaction-diffusion system (5.8) under the assumptions of Theorem
5.5, see [240]. In that case, the regularity of f and g only yields that A C W>*(Q)*, so
that the best entropy estimates which can be extracted from this regularity is polynomzial
with respect to e~' (673/2 to be more precise).

Remark 5.30. Estimates (5.50) can be rewritten in the more compact equivalent form
1 n+1
(5.54) He (A, @pmto—zot) < C(logy g) ;

i.e., the entropy of the attractor can be equivalently computed in weighted phase spaces
with the ezponential weight functions e 1*~?ol. In particular, in the spatially homogeneous
case, the sole space ®,--) with xy = 0 is sufficient. Indeed, using the simple "summation”
properties of the Kolmogorov entropy, one can easily show that (5.54) implies (5.50).
Actually, estimate (5.50) has first been obtained precisely in this form, see [236]. However,
we prefer to use the more complicated formulation (5.50) in order to avoid artificial weight
functions in the formulation and to prevent from the confusing feeling that log, terms in
the entropy estimates are related to the artificial choice of exponential weight functions
and are, thus, also artificial.

5.5. Infinite dimensional exponential attractors. In this subsection, we discuss the
theory of exponential attractors for systems in unbounded domains, following essentially
[75]. Since even the global attractor (which is always contained in an exponential attrac-
tor) is now infinite dimensional, one cannot expect an exponential attractor to be finite
dimensional. Thus, this assumption must be relaxed in Definition 3.4. On the other hand,
this assumption cannot be simply omitted, since, otherwise, any compact absorbing set
would be an exponential attractor, which does not make sense. In any case, one wants to
make an exponential attractor as small as possible (i.e., to add a ”minimal number” of new
artificial points to the global attractor) and, therefore, it is natural to use the Kolmogorov
entropy to control its "thickness” ; in particular, it is natural to look for an exponential
attractor which satisfies the universal entropy estimates (5.50) known for global attractors
(an analogous idea was also used in [72] for infinite dimensional exponential attractors for
nonautonomous problems in bounded domains).

Another difference, when compared with bounded domains, is the fact that the locally
compact global attractor only attracts the bounded sets in the local topology (counterex-
amples for the attraction in the uniform topology of the initial phase space can be easily
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constructed, see [239]). Thus, one would expect the same type of attraction for exponen-
tial attractors as well. However, as shown in [75], this drawback of the theory of global
attractors can be overcome by constructing proper exponential attractors and one can
obtain the (exponential) attraction in the topology of the initial phase space.

Thus, based on the above considerations, the following modifications of the concept of
an exponential attractor are natural.

Definition 5.31. Let S(t) be a dissipative semigroup in the uniformly local Sobolev space
®, := W}*(Q), for a regular unbounded domain Q. A set M is an (infinite dimensional)
exponential attractor for the semigroup S(¢) if the following conditions are satisfied:

(i) it is bounded in ®, and compact in Py, ;

(ii) it is positively invariant, S(t) M C M, t > 0 ;

(iii) it attracts exponentially the bounded subsets of ®, in the uniform topology of @,
i.e., there exist a monotonic function () and a positive constant « such that, for every
bounded subset B C ®,, the following estimate:

(5.55) diste, (S(t)B, M) < Q(|| B|a,)e ™

holds, for every ¢ > 0 ;
(iv) it satisfies the universal entropy estimates (5.50), for some positive constants C' and
L which are independent of R, zg, and ¢.

The following theorem, proven in [75], gives the existence of such an object for the
reaction-diffusion system (5.8).

Theorem 5.32. Let the assumptions of Theorem 5.5 be satisfied. Then the associated
semigroup S(t) possesses an infinite dimensional exponential attractor M in the phase
space &, = L2(R*)* in the sense of the above definition.

This result is, to the best of our knowledge, the only one on the existence of infinite
dimensional exponential attractors in unbounded domains. However, its construction
mainly exploits the smoothing estimate (5.51) on the difference of two solutions, but
does not involve the specific properties of the reaction-diffusion system (5.8). Thus, we
expect that the existence of such an exponential attractor is a general fact which can be
established for all dissipative systems in unbounded domains for which the validity of the
universal entropy estimates is satisfied (for the global attractor).

We conclude this subsection by considering the problem of the approximation of equa-
tions in an unbounded domain by appropriate equations in large bounded domains. It is
well-known that the global attractor is not robust with respect to this singular limit and
can change drastically. To illustrate this, we consider the one-dimensional real Ginzburg-
Landau equation with a transport term,

(5.56) O = 02u — LOyu +u —u®, L > 2,

and approximate it by analogous equations in the bounded domains Qp := [—R, R],
endowed with Dirichlet boundary conditions. Then, as shown in [75], the global attractor
Ap for the approximate problem is trivial for every (finite) R, A = {0}. However,
the limit attractor for R = 400 is completely nontrivial and has infinite dimension and
infinite topological entropy. Thus, this approximation problem seems to be very difficult
as far as global attractors are concerned and, probably, cannot be solved in a reasonable
way.
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In contrast to this, as the following theorem (proven in [75]) shows, this approximation
problem has a natural and adequate solution in terms of exponential attractors.

Theorem 5.33. Let the reaction-diffusion system (5.8) in the unbounded domain Q =
R® satisfy the assumptions of Theorem 5.5 and let Sy (t) be the associated dissipative
semigroup acting on ®, = L2(R®)*. We also consider the same problem in the large,
but bounded, ball Qp = Bl in R® with Dirichlet boundary conditions and we let Sg(t)
be the dissipative semigroup associated with this problem on ®y(R) := LZ(B{):. Then
there ezists a family of closed bounded sets Mg, R € [Ry,+00], of ®y(R) such that,
for every finite R, My is an exponential attractor for Sg(t) in the usual sense and, for
R = 400, the corresponding set is an infinite dimensional exponential attractor for Sx(t).
Furthermore, the following additional properties are satisfied:

1) the sets Mg are uniformly (with respect to R) bounded in ®y(R) ;

2) there exist a positive constant o and a monotonic function @ such that, for every R
and every bounded subset B of ®,(R),

dista, (r) (Sr(t) B, Mr) < Q|| Bllaym)e '

(uniform exponential attraction) ;
3) uniform entropy estimates:

1

HE(MR‘QR < Cvol(Qp N B o8 1/¢) log, =

o)
where the constants C' and L are independent of R, r < R, xg, and ¢ ;
4) the attractors Mpg tend to My, in the following sense:

(5.57) distsym,o,(r) (Mo, Mool ) < Ce 7T,
where the positive constants C' and v are independent of R and r < R.

In particular, estimate (5.57) shows that, if we want to approximate the attractor
M, with an accuracy ¢ inside the ball €Q,, it is sufficient to construct the usual finite
dimensional exponential attractor Mp(.) for the reaction-diffusion problem in a ball of
radius R(¢) = r + Llog, % We also note that one cannot expect that Mz approximates
M, in the whole ball Qf, since the additional boundary conditions on 02y for the
approximate problems should be satisfied. Nevertheless, estimate (5.57) also shows that
the influence of the boundary and the boundary conditions decays exponentially with

respect to the distance to the boundary (in agreement with our physical intuition).

5.6. Complexity of space-time dynamics: entropy theory. In the previous subsec-
tions, we gave sharp upper bounds on the Kolmogorov e-entropy which characterize the
"size” or ”thickness” of the attractors. Starting from this subsection, we describe some
general dynamical properties of a dissipative system in a large or an unbounded domain,
restricted to its global attractor.

As already mentioned, contrary to bounded domains, the reduced dynamics now re-
mains infinite dimensional and dynamical effects of essentially new higher levels of com-
plexity (which are not observable in the classical finite dimensional theory of dynamical
systems) may appear. In particular, the Lyapunov and topological entropy dimensions
for such dynamics are usually infinite, see [242]. For this reason, most ideas and methods
from the classical theory fail (at least in a straightforward way) to describe these new
types of dynamics. Thus, a new theory, which is only developing now, is required.
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Another essential difference from the classical theory is the fact that, in addition to
complicated temporal dynamics, the solutions may have very irregular (chaotic) spatial
structures, i.e., the so-called spatial chaos may appear. Furthermore, as a result of the
chaotic temporal evolution of spatially chaotic structures, the so-called space-time chaos
may appear.

The most studied case is that of spatial chaos which is already observable on the set of
temporal equilibria of the dynamical system. Indeed, the equilibria satisfy some elliptic
equation of the form

(5.58) alAyu — f(u)+g =0,

so that the number of independent variables is reduced by one, which is an essential sim-
plification. So, in the particular case of one space variable, (5.58) becomes an ODE and
the (spatially) chaotic behaviors of its solutions can be successfully studied by classical
theories (homoclinic bifurcation analysis, variational methods for constructing complex so-
lutions, ..., see [4], [130], [190], and the references therein). Furthermore, many interesting
multi-dimensional problems in cylindrical domains can be reduced to this one-dimensional
one by using the so-called spatial center manifold reduction, see [3], [31], [131], [166], [167],
and the references therein. Also, direct generalizations of the techniques from ODEs to
multi-dimensional elliptic PDEs of the form (5.58) (e.g., the shadowing lemma, variational
methods, ...) are available, see, e.g., [8] and [197]. We finally mention a rather simple
and very effective method to construct spatially chaotic patterns which are, in addition,
stable with respect to the time developed in [2], [14], [15], and [17]. This method is based
on the study of homotopy properties of the level sets of the nonlinear term f and related
energy functionals and is somehow close to the variational methods, see the recent survey
[16] for more details.

We however note that all the above mentioned methods give examples of spatial chaotic
behaviors with finite topological entropy (usually related to the Bernoulli scheme M :=
{0,1}% or M, := {0,1}%2" in the multi-dimensional case), which is typical of ODEs, but
does not capture the ”"whole” complexity of the spatial dynamics, since its topological
entropy is usually infinite, see [57], [169], [240], and [242]. In order to overcome this
problem, an alternative method, related to the so-called infinite dimensional essentially
unstable manifolds and the Kotelnikov formula, which gives a description of the spatial
chaos in terms of the Bernoulli scheme M, := [0, 1]%" with a continuous number of symbols
and an infinite topological entropy, has been suggested in [240]. This method will be
discussed in more details in the next subsection.

Now, the case of full space-time dynamics is essentially less understood. However, even
here, some reasonable progress related to the so-called Sinai-Bunimovich space-time for
continuous media has recently been obtained. This topic will be discussed in a subsequent
subsection.

In the remaining of this subsection, we discuss (following essentially [242] and [244])
topological and smooth invariants for the space-time dynamics which are strongly based
on the universal entropy estimates on the global attractor and give useful ”upper bounds”
on the possible complexity of the dynamics. For simplicity, we restrict ourselves to {2 = R”
and to spatially homogeneous dissipative systems (i.e., the coefficients and external forces
do not depend explicitly on x ; this constitutes a natural analogue of ”autonomous”
systems for space-time dynamics). In that case, the attractor A possesses a very important
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additional structure, namely, the group {7}, h € R"} of spatial shifts acts on it,
(5.59) TwA=A, heR" Tyu(z) :=u(r+h), h, x € R".

Thus, in addition to the temporal evolution semigroup S(t), we also have the action of
the spatial shifts group 7}, on the attractor which, obviously, commutes with S(¢). As a
result, the extended (n + 1)-parametric spatio-temporal semigroup S(¢, h),

(5.60) S(t,h)A= A, S(t,h):=S(t)oT}, t >0, h e R",

acts on the attractor.

Following [240] and [242], we will treat this multi-parametric semigroup as a dynamical
system with multi-dimensional ”time” (¢, h) € R, x R", which describes the space-time
behavior of the dissipative system under study, and we will describe the space-time chaos
by finding appropriate dynamical invariants of this action. In particular, under this
approach, the spatial x and temporal ¢ directions are treated in a unified way. Some
justifications for such a unification will be given at the end of the next subsection when
giving examples for which these directions are indeed equivalent (in spite of the fact that
they seem essentially different from an intuitive point of view).

In order to introduce these invariants, we need to make some reasonable assumptions
on the attractor A, namely,

(i) it is locally compact on some uniformly local Sobolev phase space ®, = ®,(R") which
is embedded into L*(R") ;

(ii) the dissipative system is spatially homogeneous, i.e., the extended semigroup (5.60)
acts on the attractor ;

(iii) the universal entropy estimates (5.52) hold ;

(iv) the evolution semigroup S(t¢) is Lipschitz continuous in a weighted space ®, - (R™)
on the attractor,

(5.61) 1S@)uo — SH)urlla ., < CeM ||lug — wle, ug, up € A, t >0,

,€|$|7

for some fixed £ > 0 and positive constants C' and L which are independent of ¢, ug, and
Uq.

We note that the assumption ®, C L*(R") is not essential and was introduced in [242]
just to avoid additional technicalities.

The first, and most natural, dynamical invariant of the action of (5.60) is its topological
entropy, see [130] for details.

Definition 5.34. We endow the attractor A with the topology of L2, (R") and define,
for every R € R, , an equivalent metric dp on A by

(562) dR(Uo,Ul) = sup ||S(t, h)UO — S(t, h)u1||LO(i|a:|’ Ug, U1 € L?M(Rn).
(t,h)ER-[O,I]n+1 ©

Since A is bounded in ®; and compact in @y, it is compact in L, (R") (thanks to
the embedding ®, C L*(R")) and, therefore, it is also compact in the metric of dg and
the Kolmogorov e-entropy H.(A, dg) is well-defined. Then the topological entropy of the

action of S(¢, h) on A is the following quantity:

- 1
(5.63) htop(S(t, h), A) ;== lim lim sup W’HQ(A, dg).

e=0" Rytoo
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Remark 5.35. Although this definition depends on the specific metric, it is well-known (see,
e.g., [130]) that the topological entropy only depends on the topology and is independent
of the choice of the equivalent metric on A. Furthermore, it is also not difficult to show
that the space L*°(R™) in the definition of dr can be replaced by ®,_.(R"™), see [242].
However, we define dr by special exponentially weighted metrics keeping in mind other
invariants which will depend on this choice.

We now recall that the topological entropy for one-parametric evolution semigroups
S(t) is usually finite in the classical theory of dynamical systems. The following theorem,
proven in [242], can be considered as a generalization of this principle to spatially extended
systems.

Theorem 5.36. Let the attractor A satisfy the above conditions. Then the topological
entropy of the action of the extended space-time semigroup S(t, h) is finite,

htOD(S (ta h)a A) < +00.

Furthermore, it coincides with the so-called topological entropy per unit volume (introduced
by Collet and Eckmann, see [57] and [59]) and can be computed by the following simplified
formula:

(5.64) hyop(S(t, ), A) = lim H (K, L*(R""")) =

e—0+
1
= lim lim ——
e—0+ R—to0 RN HL

Ha(K‘R[ LOO(R [071]n+1))7

0,1]n+1°
where K C L™®(R, ®,) C L>®(R""!) is the set of all bounded trajectories of the dissipative
system (the so-called kernel in the terminology of Chepyzhov and Vishik, see [51]) and

H.(K) denotes its mean e-entropy, see Definition 5.25.

Remark 5.37. 1t can also be shown that any sufficiently regular bounded subdomain
V C R™ can be chosen as a ”window” instead of [0, 1]""! in (5.64), namely,

1/ 0 n+1ly __ : ]' 00
HE(ICJL (R ) - R1—1>r-il:loo VOl(R'V)HE(’C‘R'V,L (R V))

We now note that the complexity of the dynamical behaviors of the extended system
(5.60) may essentially differ in different directions. In particular, for the so-called extended
gradient systems, see [100], [216], [241], and [242], the space-time topological entropy
hiop(S(t, h), A) vanishes, due to the simpler temporal dynamics induced by the gradient
structure, which however does not reduce the complexity of the spatial dynamics. In
order to capture these directional dynamical effects, it seems natural to consider the k-
parametric subsemigroups SV#(¢, h) of the extended space-time dynamical system S(¢,h)
generated by the restrictions of the argument (¢,h) to k-dimensional linear subspaces of
the space-time R+,

(5.65) SYe(t, h) := {S(t,h), (t,h) €V}, t >0, h € R"},

and to study their invariants with respect to the linear space V; and its dimension k.
For instance, the choice V; = R; gives the purely temporal dynamics, SY1(t,h) = S(t),
the choice V,, = R? gives the spatial dynamics and spatial chaos, S'"(¢,h) = T}, and the
intermediate choices of planes V} describe the interactions between the temporal and the
spatial chaotic modes, e.g., the complexity of profiles of traveling waves.

In particular, it seems natural to study the topological entropies hyop(SY%(2, h), A) of
the action of these semigroups on the attractor (i.e., the directional topological entropies
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introduced by Milnor for cellular automata, see [172]). Now, in contrast to the cellular
automata, these entropies are typically infinite for dissipative dynamics if £ < n + 1.
In order to overcome this difficulty, it was suggested in [242] to modify the definition of
the topological entropy by taking into account the typical rate of divergence of the mean
entropy as € — 0%.

Definition 5.38. Let V; be a k-dimensional plane in R**" and let [0,1]f, be its unit
hypercube generated by some orthonormal basis in Vj. Analogously to (5.62), for every
R > 0, we introduce a new metric d;k by

(5.66) dyf (ug,ur) == sup  ||S(¢, h)uo — S(t, h)u1||L°‘l|m|’ ug, uy € L2, (R™).
(t,h)ER-[O,l]’{,k €

Then a modified topological entropy ?Ltop(SVk) of the action of the directional dynamical
system SV(t, h) on the attractor is given by the following quantity:

k—n—1
~ : : 1
(5.67) hiop(SYE(t, h), A) = lim sup <10g2 g> lim sup ﬁHE(A, dy),

e—0+ R—+o0

see [242] for details.

We see that the above definition differs from the classical one by the presence of a nor-
malizing factor (log, 1/¢)¥~"~! which guarantees that this quantity is finite. In particular,
if the modified entropy is strictly positive (examples of such cases will be given in the
next subsection), then the corresponding classical topological entropy must be infinite.

The next theorem from [242] establishes the finiteness of these modified quantities and
gives some of their basic relations.

Theorem 5.39. Let the assumptions of Theorem 5.36 hg\ld. Then, for every k and every
k-dimensional plane Vi, the associated modified entropy hiop(S'*) is finite,

BtOD(SVk(ta h)a A) < +00.
Furthermore, if Vi, C Vj,, then
(5.68) Tiop (SVi2(8, ), A) < L¥*1p (SV1 (¢, h), A),

where L 1s some constant which is independent of k; and Vy,, 1 =1, 2.

Remark 5.40. Inequalities (5.68) can be considered as a natural generalization of the
classical inequality relating the fractal dimension to the topological entropy to the spatially
extended case. Indeed, in the case of an ODE (without spatial directions), we have

n = 0 and, as it can easily be shown, /l\ztop(SVO) coincides with the fractal dimension of A,
hiop(SY?) gives the classical topological entropy, and (5.68) reads

hiop (S(8), A) < Ldimp A,

which coincides with a classical inequality, see [130]. Roughly speaking, the invariant
lALtop(SVk) has the structure of a topological entropy in the directions of V; and of a (gen-
eralized) fractal dimension in the orthogonal directions, see [242] and [244] for details.

Remark 5.41. Inequalities (5.68) are particularly useful to verify whether or not some
modified directional entropy is strictly positive. In particular, the positivity of the full
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space-time entropy hiop(S(t, h),.A) (which, e.g., corresponds to the presence of the so-
called Sinai-Bunimovich space-time chaos in the system, see the next subsections) implies
that all the above modified entropies are strictly positive. On the contrary, if

1 —n—1
lim <10g2 g) HE(AJ Lz(ilwl (Rn)) = 0’

e—0t

then all the above modified entropies automatically vanish.
Remark 5.42. Analogues of the simplified formulas (5.64) to compute the directional
entropies are also deduced in [242]. In particular, for the spatial dynamics V;, = R?, we
have a particularly simple formula,
-1

(5.69) hsp(A) := hiop(Th, A) = lim sup <10g2 1) H-(A).

e—0t €
Thus, contrary to the usual Kolmogorov e-entropy which measures the ”thickness” of a
set (of the attractor here), the mean e-entropy is more related to the complexity of its
spatial structure.
Remark 5.43. To conclude this subsection, it is worth noting that, in contrast to the
full space-time topological entropy, the directional entropies introduced above are not
topological invariants, but only Lipschitz continuous invariants (like the fractal dimension),
due to the presence of the term log, % in the definition. Furthermore, it is possible to show
that there is no topological invariant which is typically finite and strictly positive when
k < n. When k = n (e.g., for spatial dynamics and spatial chaos), such an invariant exists,
namely, the so-called mean topological dimension introduced in [145] (for the Bernoulli
scheme with a continuous number of symbols) which can be obtained as in Definition
5.38, but by taking the additional infimum with respect to all metrics which induce the
local topology on A, see [242] for details.

5.7. Lower bounds on the entropy, the Kotelnikov formula, and spatial chaos.
In this subsection, we discuss, following essentially [240] and [242], the derivation of lower
bounds on the Kolmogorov e-entropy and related lower bounds on the complexity of the
dynamics. We start by recalling that, in bounded domains, one usually estimates the
dimension of the global attractor from below by finding a proper equilibrium with a large
instability index and by constructing the associated unstable set. Since an unstable set
always belongs to the global attractor, the instability index of this equilibrium then gives
a lower bound on its dimension, see [23], [220], and the references therein.

Thus, it seems natural to try to extend this theory to unbounded domains and to obtain
lower bounds on the e-entropy from the existence of large (infinite dimensional) unstable
sets for appropriate equilibria. However, the main difficulty here is that, contrary to
bounded domains, the spectrum of an equilibrium usually consists of continuous curves
(or continuous sets) and does not have reasonable spectral gaps in order to use the usual
theory of unstable manifolds. As a consequence, the unstable set of an equilibrium is
usually not a manifold and a straightforward extension fails.

This obstacle can be overcome by using (following [78], [240], and [242]) the so-called
essentially unstable manifolds which consist of the initial data of the solutions which tend
to an equilibrium as ¢ — —oo with a sufficiently fast exponential rate. As the following
theorem (proven in [242]) shows, no spectral gap condition is required for the existence
of such manifolds.
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Theorem 5.44. Let X be a Banach space and let S : X — X be a nonlinear map
satisfying
(5.70) S(u) = Sou+ K(u), KeC'"(X,X), K(0)=K'(0) =0,
for some 0 < a < 1 and some linear operator Sy € L(X, X). Let then the linearization
So of the operator S at zero be exponentially unstable, i.e.,
r(Sp) = sup (o, X)| > 1,

where o(L, V') denotes the spectrum of the operator L in the space V. We finally assume
that there exists a closed invariant subspace X of Sy such that
(5.71) inf |a(50\X+,X+)| >0y >1, 0,7 > r(S)).
Then there exists a ball B := Bx, (0,p) and a C** map V : B — X such that

[V(z4) —2illx < Cllayg[I5, 2y €B.

Furthermore, for every uy € V(B), there ezists a backward trajectory {u(n)},ecz_ such
that

u(n+1) = S(u(n)), u(0) =uy, ||un)||x <CO, neZ_,
and, consequently, V(B) is an essentially unstable manifold of the equilibrium u = 0 of
the map S.

We see that, in contrast to the usual theory of unstable manifolds, see, e.g., [23],
neither the finite dimensionality of X, nor any spectral gap assumption (and nor even
the existence of a complement to X, in X) are required.

We illustrate the application of this theorem to dissipative dynamical systems on the
simple example of the real Ginzburg-Landau equation in R,

(5.72) O = Agu 4 u — u?,
and we consider the equilibrium » = 0. In that case, the first variation equation reads
(5.73) O = Ayv + 0.

Let S(t) and Sy(t) be the solution operators associated with equations (5.72) and (5.73)
in X := L*(R"), respectively. Then condition (5.70) is obviously satisfied for S = S(1),
So = So(1), and o = 1. In order to find the space X, it is sufficient to write the Fourier
transform of Sy,
Solt)ua(€) = o 1€ ¢).

This shows that 7(Sy) = e and that the unstable part of the spectrum is related to the
functions B; (R"), the support of the Fourier transform of which belongs to the unit ball,
see Example 5.26. Furthermore, condition (5.71) is satisfied if we take X, := B, (R"),
with o < LQ

Thus, thanks to Theorem 5.44 and to the fact that an unstable manifold always belongs
to the global attractor, we have verified that the attractor A contains a smooth image of
a ball B of the space B, (R™) (of entire functions with an exponential growth). Combining
this embedding with the lower bounds on the e-entropy of the spaces B, (R") collected in
Example 5.26, we obtain the following result.

Theorem 5.45. The Kolmogorov e-entropy of the global attractor A of the real Ginzburg-
Landau equation has lower bounds which are analogous to estimates (5.47) and (5.48) and,
consequently, the universal entropy estimates (5.52) are sharp.
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Of course, the approach based on infinite dimensional essentially unstable manifolds
described above is not related to any specific property of the Ginzburg-Landau equation,
but has a universal nature. Actually, only the existence of at least one spatially homo-
geneous exponentially unstable equilibrium is necessary to apply this method (and, as a
consequence, to obtain sharp lower bounds on the entropy), see [78], [79], [240], and [242]
for applications of this method to various types of reaction-diffusion systems and [238] for
damped hyperbolic equations.

As a next step, we mention that the embedding V. : B(o) — A of the unit ball
B(o) = Bpg, (0,1) in the space of entire functions into the attractor A gives much more than
just estimates on the e-entropy. Indeed, since the dissipative system and the equilibrium
are spatially homogeneous, the unstable manifold map V commutes with the spatial shifts
Tha

T,oV=VoT,, heR",
and, consequently, we have obtained a smooth embedding of the spatial dynamics on the
space B, (R™) of entire functions into that on the attractor A,

(5.74) V : (B(o),T)) — (A, T),

see [240] for details. Thus, the shifts dynamics on the unit ball B(c) gives a universal
model for the spatial dynamics on the attractor.

In order to clarify the complexity of this model dynamics, we need to introduce a special
type of Bernoulli shift dynamics.

Definition 5.46. Let M, := [0, 1]”" be endowed with the Tikhonov topology. We recall
that M, consists of all functions v : Z"™ — [0,1] and the Tikhonov topology can be
generated by the following metric:

(5.75) o1 — va| := sugn{qﬁ(m)wl(m) — vo(m)|}, vi, ve € M,

where ¢ is an arbitrary weight function such that limy, ;. ¢(m) = 0. We define the
action of the group Z" on M, in the following standard way:

Tw(m) :=v(l+m), veM,, [, meZ",

and interpret the group (M, 7;) as a multi-dimensional Bernoulli scheme with a contin-
uum of symbols w € [0, 1].

Our approach to the study of the dynamics generated by the shifts group (B(c),T)
is based on the following elementary observation: according to the classical Kotelnikov
formula (see [30] and [135]), every function w € B, (R) N L?*(R) can be uniquely recovered

from its values on the lattice pZ, p = 7,

(5.76) w(x) = Z w(pl)w

(see also the Whittaker-Shennon-Kotelnikov formula, e.g., in [30], which allows to recover
an arbitrary function w € B,(R"™) from its values on a lattice). Given an arbitrary
sequence v = {v }ez € [, formula (5.76) allows to construct a function w € B, (R)NL?(R)
such that w(pl) = v, for every | € Z. Furthermore, the spatial shifts T,;w of this function
obviously corresponds to the shifts 7;v of the sequence v. This leads to a description
of the spatial dynamics on B, (R) N L?(R) in terms of the Bernoulli scheme introduced
above (with the additional restriction v € [2). The extension of representation (5.76) in
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the spirit of the Whittaker-Shennon-Kotelnikov formula leads to the following result, see
[242].
Lemma 5.47. For every o > 0, there exist p = p(o) and a map
(5.77) U : M, — B(o) such that T,,oU=UoT, | €Z"
Furthermore, for every polynomial weight 0 = Oy, (see (5.4) with N > 0), there holds
Crlor = vallg < |U(01) — U(ws)|lnge < Chllor — wallg,
where Cy depends on N, but is independent of v; € M,,, i =1, 2.
Combining this lemma with (5.74), we obtain the following result, see [240] for details.

Theorem 5.48. Let A be the global attractor of the real Ginzburg-Landau equation (5.72).
Then there exist a positive constant p and a map

(5.78) U : M, > AsuchthatUoT,=T,oU, | € 7"

Furthermore, U is continuous in the local topology (and even Lipschitz continuous in
appropriate weighted spaces).

Thus, we see that the Bernoulli scheme (M, 7;) can be considered as a universal model
for the spatial dynamics on the attractor A. Indeed, on the one hand, this model has
infinite topological entropy and strictly positive modified entropy hs,(M,, 7;) (see (5.69)),

(5.79) 1= hey(My, Ti) = p"hep UM,), T}) < hep(A, T}) < +00,

and, therefore, this gives an example of spatial dynamics of "maximal” complexity (in
the sense of the entropy theory). On the other hand, (5.78) holds under very weak
assumptions on the dissipative system under study (namely, the existence of at least one
spatially homogeneous exponentially unstable equilibrium, see [240] and [242]) and thus
has a universal nature.

To conclude this section, we briefly discuss the possibility of extending such a complexity
description from the spatial dynamics V,, = R® to the dynamics of SY(¢, h), where V,,
contains the temporal direction, e.g., V,, = span{e;, é,,, -+, e, }. As above, we restrict
ourselves to the real Ginzburg-Landau equation, but now with a transport term along the
T1-axis,

(5.80) Ou = Agu — L0y, u +u — u,

although the result also holds for the general reaction-diffusion system (5.8) under the
assumptions of Theorem 5.5, plus the spatial homogeneity and the exponential instability
of the zero equilibrium, see [244].

The main idea here is to "change” the temporal ¢ and spatial x; directions by consid-
ering 1 as a new “time” and t as one of the ”"spatial” variables. Then, describing the
spatial chaos in this new dissipative system by the scheme introduced above, we would
automatically obtain the description of the n-directional space-time chaos in the plane
V. In order to realize this strategy, we consider equation (5.80) in the half-space 21 > 0,
endow it with the following unusual ”initial” condition:

(5.81) Ou = Agu — LOpu+u—ud, t €R, (w9,...,2,) € R, 2y >0,
' ul, _y=u’ € ¥y = L*(R"),

and treat it as an ”evolutionary” equation with respect to the time variable x; and the
spatial variables t, x, ..., z,. Clearly, this problem is ill-posed if L = 0 (as well as for
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small L). However, as proven in [242] and [244], it indeed generates a well-posed and
smooth dissipative system in Wy if L is large enough (L > 2 for the real Ginzburg-Landau
equation). Furthermore, the zero equilibrium remains exponentially unstable for this new
system, so that the theory of essentially unstable manifolds is applicable and gives the
following result, see [242].

Theorem 5.49. Let A be the global attractor of the real Ginzburg-Landau equation (5.80)
with a sufficiently large transport term (L > 2). Then there exist a positive constant o
and a map W : B(o) — A, which is continuous in the local topology, such that

(5.82)  SHt)oW=WoT, , Th, oW=WoTh,,i=2, .., n heR t>0,

where Thev(x) == v(r + hé), h € R, z € R".

A combination of this result and Lemma 5.47 gives the desired embedding of the
Bernoulli scheme (M,,7;) into the n-directional space-time dynamics of S¥»(¢,h). In
particular, this embedding shows that the modified topological entropy of this dynamics
is strictly positive,

hiop(SY(t, h), A) > 0,
and, owing to inequalities (5.68), the modified entropy of the temporal evolution group
S(t) (Vi = Ry) is also strictly positive,

Riop (S (1), A) > 0.

We also recall that the modified entropy for S(t) differs from the classical topological
entropy by the presence of a factor (log, %)_" in the definition and, consequently, its
positivity implies that the classical topological entropy is infinite,

(5.83) hiop (S(1), A) = +00.

To the best of our knowledge, this is the first example of a reasonable dissipative system
with an infinite topological entropy.

Remark 5.50. To conclude, we note that, although the above method gives an adequate
description of the n-directional complexity and the n-directional space-time chaos for an
arbitrary plane V,, under weak assumptions on the system, it does not give reasonable
information on the full (n+1)-directional space-time complexity, since one direction should
be interpreted as the time and we should have exponential divergence in this direction.
Furthermore, the (n + 1)-dimensional Bernoulli scheme M, ; cannot be embedded into
the global attractor, since its space-time entropy hiop(S(t, h), A) is finite, see Theorem
5.36.

5.8. Sinai-Bunimovich space-time chaos in PDEs. In this concluding subsection,
we discuss very recent results concerning the full (n + 1)-directional space-time chaos
and, in particular, we give examples of dissipative systems in unbounded domains with a
strictly positive space-time topological entropy,

(5.84) heop (S(t, h), A) > 0,

which shows that space-time dynamics with a maximum level of complexity (from the
point of view of the entropy theory) can indeed appear in dissipative systems generated
by PDEs.

We first recall that, in spite of a huge amount of numerical and experimental data on
various types of space-time irregular and turbulent behaviors in various physical systems,
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see, e.g., [116], [158], [159], [196], and the references therein, there are very few rigorous
mathematical results on this topic and mathematically relevant models which describe
such phenomena.

The simplest and most natural known model which exhibits such phenomena is the
so-called Sinai-Bunimovich space-time chaos which was initially defined and found for
discrete lattice dynamics, see [5], [35], [191], and [192]. We also recall that this model con-
sists of a Z"-grid of temporally chaotic oscillators coupled by a weak interaction. Then, if
a single chaotic oscillator of this grid is described by the Bernoulli scheme M! := {0, 1}”
(now with only two symbols w € {0,1}, in contrast to the previous subsection!), the
uncoupled system naturally has an infinite dimensional hyperbolic set which is homeo-
morphic to the multi-dimensional Bernoulli scheme M"t! := {0,1}?"" = (M")?". The
temporal evolution operator is then conjugated to the shift in M"*! along the first coor-
dinate vector and the other n coordinate shifts are associated with the spatial shifts on
the grid. Finally, owing to the stability of hyperbolic sets, the above structure survives
under a sufficiently small coupling. Thus, according to this model, the space-time chaos
can naturally be described in terms of the multi-dimensional Bernoulli scheme M"*!,

It is worth noting that, although this model is clearly not relevant to describe the space-
time chaos in the so-called fully developed turbulence (since it does not reproduce the
typical properties, such as energy cascades and the Kolmogorov laws, which are believed
to be crucial for the understanding of this phenomenon), it can be useful and relevant
to describe weak space-time chaos and weak turbulence (close to the threshold), where
the generation and long-time survival of such global spatial patterns are still possible.
Furthermore, to the best of our knowledge, it is the only mathematically rigorous model
which gives positive space-time topological entropy and an associated space-time dynamics
with maximal complexity.

Thus, the possibility of having hi.,(S(%, h)) positive is clear for space-discrete lattice
dissipative systems. However, verifying the existence of such space-time dynamics in
continuous media described by PDEs is an extremely complicated problem. Furthermore,
even the existence of a single PDE which possesses such an infinite dimensional Bernoulli
scheme has been a long-standing open problem.

The first examples of reaction-diffusion systems in R” with Sinai-Bunimovich space-
time chaos were recently constructed in [170]. We describe below this construction in
more details.

We consider the following special space-time periodic reaction-diffusion equation:

(5.85) Ou = yAgu — fr(t,z,u) in R*, v >0,

where the nonlinearity f, has the following structure: there exists a smooth bounded
domain ©Qy € (0,1)" such that, for every x € [0, 1]", there holds

f(t,u) for z € Qq,

(5.86) Pty @, u) = {)\u for x € [0 1]”\90

where f(t,u) is a given function (which is assumed to be 1-periodic with respect to t)
and A > 1 is a large parameter. Then we extend (5.86) by space-periodicity from [0, 1]"
to the whole space R”. Thus, we have a periodic grid of “islands” €, := 1+ €y, | € Z",
on which the nonlinearity f coincides with f(¢,u) and can generate nontrivial dynamics.
These islands are separated from each other by the “ocean” €1_ := R"\(UzeZan), where
we have the strong absorption provided by the nonlinearity fy (¢, x,u) = Au.
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It is intuitively clear that, for a sufficiently large absorption coefficient A, the solutions
of equation (5.85) should be small in the absorption domain Q_ and, consequently, the
interactions between the islands are also expected to be small, and the dynamics inside
the islands are “almost-independent”. Thus, if the reaction-diffusion system in g,

(5.87) 0w = yAzv — f(t,v) in Qy, v =10 on 9y,

which describes the limit dynamics inside one “island” as A = +00, possesses a hyperbolic
set [y, then, according to the structural stability principle, the whole system (5.85) should
have a hyperbolic set which is homeomorphic to (I'g)2" if the absorption parameter ) is
large enough. Furthermore, if, in addition, the initial hyperbolic set ['y is homeomorphic
to the Bernoulli scheme {0,1}Z, then (5.85) contains an (n + 1)-dimensional Bernoulli
scheme {0,1}”""" ~ ({0,1}”)7", in a complete analogy with the Sinai-Bunimovich lattice
model.

These intuitive arguments were rigorously justified in [170], where the following result
was obtained.

Theorem 5.51. Let the limit equation (5.87) possess a hyperbolic set which is homeo-
morphic to the usual Bernoulli scheme M' = {0,1}2 and let some natural assumptions
on [ be satisfied. Then there exists \g = \o(f, M) such that, for every X > Xq, prob-
lem (5.85) possesses an infinite dimensional hyperbolic set which is homeomorphic to
M= {0, 1}Z"+1. Furthermore, the action of the space-time dynamics on this set (re-
stricted to (t,h) € Z"™") is conjugated to the Bernoulli shift on M™*".

Since the existence of a hyperbolic set which is homeomorphic to M! for the reaction-
diffusion system (5.87) in a bounded domain is well-known (the existence of a single
transversal homoclinic trajectory is sufficient in order to have such a result, see [130] ; see
also [170] for an explicit construction), the above theorem indeed provides examples for
Sinai-Bunimovich space-time chaos in reaction-diffusion systems and, in particular, exam-
ples of reaction-diffusion systems with a strictly positive space-time topological entropy.
Furthermore, owing to the stability of hyperbolic sets, the space discontinuous nonlinear-
ity fn can then be replaced by close C* ones and, finally, by embedding the space-time
periodic system that we obtain into a larger autonomous one (one creates the space-time
periodic modes by using the additional equations), examples of space-time autonomous
reaction-diffusion systems of the form (5.8) were also constructed in [170].

Remark 5.52. We note that the spatial grid Z™ (which is crucial for the Sinai-Bunimovich
model) is directly modulated by the special spatial structure of the nonlinearity fy in the
continuous model (5.85) (see (5.86)) and, therefore, the above approach does not allow to
find such phenomena in many physically relevant equations for which the structure of the
nonlinearity is a priori given (such as the Navier-Stokes equations, the real and complex
Ginzburg-Landau equations, ...). In order to overcome this drawback, an alternative,
potentially more promising, approach was suggested in [171], where the spatial grid is
obtained by using the so-called spatially-localized solutions (pulses, standing solitons, ...)
initially situated in the nodes of the grid. Then, due to the ”tail”-interaction between
solitons, a weak temporal dynamics appears and this dynamics allows a center manifold
reduction to a lattice system of ODEs (roughly speaking, this system describes the tempo-
ral evolution of the soliton centers, see [82], [171], and [207] for details). Finding then the
Sinai-Bunimovich space-time chaos in these reduced lattice equations, one can lift it to
the initial PDE. The advantage of this method is that the spatial grid is now modulated
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in an implicit way by the positions of localized solutions in space and the center mani-
fold reduction, and the underlying dissipative system may be autonomous and spatially
homogeneous. In particular, this approach was realized in [171] for the one-dimensional
space-time periodically perturbed Swift-Hohenberg equation,

(5.88) O+ (02 + 1)%u + f%u + u® + ku® = h(t, z),

for values of 5 and k for which the existence of a spatially localized soliton is known.
To be more precise, for these values of 3 and k, the existence of a hyperbolic set AM?
for (5.88) is proven for special (rather artificial) space-time periodic external forces h
with arbitrary small amplitudes. The presence of these external forces are unavoidable
for the Swift-Hohenberg model, since it belongs to the class of the so-called extended
gradient systems and, when h = 0, its space-time topological entropy vanishes, see [242],
and the Sinai-Bunimovich space-time chaos is then impossible. Finally, we also mention
a very recent result [223] in which the above method allowed to prove the existence of
a Sinai-Bunimovich space-time chaos for the one-dimensional complex Ginzburg-Landau
equation,

u = (1+iB)d%u + yu — dulul® + ¢,

where f € R, 7, § € C, and £ € R is an arbitrary small real parameter. Contrary to the
above examples, this equation is already space-time homogeneous and does not contain
any artificial nonlinearity or external forces. This confirms that the Sinai-Bunimovich
space-time chaos may appear in natural PDEs arising from mathematical physics.

6. ILL-POSED DISSIPATIVE SYSTEMS AND TRAJECTORY ATTRACTORS

In this concluding subsection, we briefly discuss possible extensions of the theory of
attractors to ill-posed problems. Indeed, in all the above results, we required the solution
operator

(6.1) S(t) = wup > u(t)

to be well-defined and continuous (in a proper phase space). However, as mentioned in
the introduction, in several cases, such a result is not known or does not hold.

There exist two approaches to handle dissipative systems without uniqueness.

The first one allows the solution operator (6.1) to be multi-valued (set-valued) and then
extends the theory of attractors to semigroups of multi-valued maps. Actually, all the
results on the existence of the global attractor given in subsection 2.2 have their natural
analogues in the multi-valued setting, see [12], [20], [24], [25], [52], [161], [162], [204],
[211], [212], and the references therein ; see also [39], [144], and [234] for nonautonomous
systems.

An alternative, more geometric, approach consists in changing the phase space of the
problem and in passing to the so-called trajectory phase space and the associated trajec-
tory dynamical system, which is single-valued, and, thus, the usual theory of attractors
can be applied, see [48], [49], [50], [51], [92], [213], [214], [225], [226], [235], and the refer-
ences therein. We illustrate this approach on the simple example of an ODE in F = R”,
see [51] for details,

(6.2) u' + f(u) =0, u(0) = u,
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for some, at least, continuous nonlinearity f. We also assume that the system is dissipative,
so that it is globally solvable for every ug € E and the following estimate holds:

(6.3) lu®)lle < QUu(0)llp)e " + Cp, t >0,

for some positive constants a and C'r and monotonic function ) and for every solution u
of (6.2). This holds, e.g., if f satisfies a dissipativity assumption of the form

fw)u>—C +Bluf’, weR", C, B>0.

Let us assume for a while that f is Lipschitz continuous. Then we have the uniqueness
of solutions and, for every two solutions wu;(¢) and us(t), the following estimate holds:

(6.4) lur(t) = ua(t)llp < Ce"'Jur (0) — ua(0) |, ¢ >0,

where the constants C' and K depend on ||u;(0)||z, i =1, 2.

In this classical case, the dissipative estimate (6.3) guarantees the existence of a compact
absorbing set for the semigroup S(¢) associated with problem (6.2) via (6.1) (we recall
that dim E < 4+00). Thus, this semigroup possesses the global attractor Ay on E which
has the usual structure,

(6.5) Ag = K|y,

where KK C Cy(R, E) is the kernel (i.e., the set of all bounded complete trajectories of
problem (6.2), see Subsection 2.1).
We now define a trajectory phase space for problem (6.2) as follows:

(6.6) K :={u € C(R, E), u(t) = S(t)ug, up € E, t > 0}.

In other words, K, consists of all positive trajectories of (6.2) starting from all points
ug € E. Then, owing to the uniqueness, K, is isomorphic to E' by the solution operator

Sug == u(-) = S(-)uo,
6.7 S : E—®:=CR,,E), S(E) =Ky, S'u=u(0), uec K, S'K,,=FE.

Furthermore, as it is not difficult to see, the semigroup S(¢) is conjugated to the time
translations on Kj, under this isomorphism,

(6.8) Ty : Ky — Ky, T,=808(t)oS™, Tyu(s) :=u(t+s), t>0, s € R

We call the shifts semigroup {7}, t > 0} acting on the trajectory phase space the trajectory
dynamical system associated with problem (6.2).

We now fix a class of bounded sets and a topology on Kj, via this isomorphism. Indeed,
obviously, the set B C E is bounded if and only if S(B) is bounded in ®, (see the
dissipative estimate (6.3)) and S is an homeomorphism if we endow the phase space Kj,
with the topology of @iy := Cioc(Ry, E) (due to the Lipschitz continuity (6.4)).

Thus, owing to the homeomorphism S, the existence of the global attractor Ay for
the semigroup S(t) on E is equivalent to that of the (®y, ®),c)-global attractor Ay, of the
trajectory dynamical system (7}, Ki,) (we recall that a (®,, @0 )-attractor attracts the
bounded subsets of @, in the topology of @, see [23]). We refer the attractor Ay, as the
trajectory attractor associated with problem (6.2). As usual, this trajectory attractor is
also generated by the set IC of all bounded complete trajectories of the problem,

(69) Atr = ’C‘tZO’ Ag] = Atr

A key observation here is that, although crucial for the usual global attractor Ay, the
uniqueness and continuity (6.4) are not necessary for the existence of the global attractor

o
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Ay for the trajectory dynamical system (7}, Ky,) and can be relaxed. Indeed, the phase
space K, is well-defined and the shifts semigroup 7; acts continuously on it, no matter
whether or not the uniqueness holds (only the dissipative estimate (6.3) is necessary to
ensure that K C ®, ; of course, we also need the continuity of f to ensure that the
solutions exist and Ky, is not empty). Furthermore, the dissipative estimate (6.3) also
guarantees that the set

Btr = {U - Ktra ||’U/||<I>b S R}

is a ®,-absorbing set for 7;. Finally, this absorbing set is compact in the ®;,.-topology
(since E is finite dimensional and we have a uniform control on the norm of ‘2—1; for every
u € B, from equation (6.2)). Thus, the existence of the trajectory attractor Ay, is verified
when f is only continuous and we have the following theorem.

Theorem 6.1. Let the nonlinearity f in (6.2) be continuous and let the dissipative es-
timate (6.3) be satisfied for all solutions. Then the trajectory dynamical system (Ty, Ki;)
possesses the (®y, Pioc)-global attractor Ai. (which is the trajectory attractor associated
with problem (6.2)) which is generated by all bounded complete trajectories of the system,

(6.10) A = K|,

It is also worth noting that, projecting this trajectory attractor A;., we obtain the
global attractor Ag ™" for the multi-valued semigroup S(t) associated with problem (6.2)
in a standard way,

(6.11) mv_ A,

see [51] for details.

Thus, we see that, although the trajectory approach usually essentially gives the same
object as the multi-valued semigroup (see (6.11)), it allows, on the one hand, to avoid
the use of "unfriendly” multi-valued maps and, on the other hand, to study the long
time behavior for ill-posed problems by using the classical theory of attractors for single-
valued semigroups. We also note that the trick consisting in passing from the usual to the
trajectory dynamical system may be useful even when the uniqueness holds. In particular,
the aforementioned [-trajectories method for estimating the dimension of global attractors
and constructing exponential attractors is essentially based on this trick, see [156] and the
references therein. Furthermore, this trick was also used in [170] to prove the persistence
of hyperbolic trajectories when the perturbation is not small in the initial phase space,
but only in some averaged time-integral norms.

However, it is worth mentioning that the above trajectory approach has not been ap-
plied to artificial problems like (6.2) (for which the nonuniqueness appears due to the lack
of regularity on f), but to extremely complicated equations such as the three-dimensional
Navier-Stokes equations and even to equations in compressible fluid mechanics for which
only minimal information on the associated weak solutions is available. This leads to
several unusual ”common” delicate points in the theory which we would like to outline
before passing to more relevant examples.

o

Remark 6.2. a) Very often, the dissipative estimate (6.3) can be verified not for every
solution belonging to some function space, but only for some special weak solutions (e.g.,
obtained by Galerkin approximations, as for the three-dimensional Navier-Stokes equa-
tions). So, one should somehow exclude the ”pathological”, possibly non-dissipative,
trajectories from the trajectory phase space Ki.. By doing this, one should, however, take
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a special care to preserve the action of the shifts semigroup on K. In particular, the
direct way which consists in incorporating the dissipative estimate into the phase space
K., i.e., in defining K, as the set of all trajectories satisfying a dissipative estimate of
the form (6.3), may fail for this very reason. Indeed, typically, for ill-posed problems,
we can construct a solution which satisfies the energy inequality between ¢ = 0 and any
t =T (which gives the dissipative estimate), but not between ¢t =7 and t =T for 7 > 0
(see the example of a damped wave equation below). So, in that case, we cannot verify
a dissipative estimate of the form (6.3) starting from ¢ = 7 and, for this reason, we lose
the invariance T; K. C K, which is crucial in the theory! This problem can be overcome
(following [49]) by using, instead of (6.3), a weaker dissipativity assumption of the form

(6.12) lu®)]|e < Cue™ + Cr or | Tiulle, < Cue™™ + Cp, t >0,

where the positive constants a and C are the same as in (6.3), except that C), is now some
constant depending on u (without specifying any relation with «(0)). Such dissipative
inequalities are, obviously, invariant with respect to time shifts and the action of 7T; on
K, is recovered.

b) In order to prove the existence of the global attractor, one usually uses a compact
absorbing/attracting set By, C Ki,. The semi-compactness is usually not a problem, since
the weak and weak-* topologies are used, and immediately follows from energy estimates.
The fact that the limit points of By, solve the equations is also not an essential problem,
since, with a proper choice of the topology of @), it can usually be done as in the proof
of existence of a weak solution (which should be done before proving the existence of
attractors!). However, since K, does not contain all the solutions of the problem, these
limit points may not belong to K, and the existence of a compact absorbing set may be
lost in such a procedure. For instance, without a special care, the limits of solutions which
are all obtained by Galerkin approximations may not satisfy this property. Analogously,
concerning the dissipative inequalities (6.12), if one defines an absorbing set in the natural
way, namely, By, := {u € Ki,, ||ul]|le, < R}, then it may very well be not closed, since an
estimate of the form (6.12) may be lost under the limit procedure. Thus, the closure of
the absorbing/attracting set indeed requires an additional attention. These considerations
show that the use of the space ®;, to define the class of bounded sets is not sufficient and
more general abstract definitions of ”bounded” sets should be used instead, see Definition
2.15. In particular, for dissipative inequalities of the form (6.12), it is sufficient to define
the class of bounded sets in the following natural way:

(6.13) B C K, is "bounded” if and only if C,, < Cp < +o0, u € B.

In other words, B is "bounded” if there exists a uniform constant C'z such that (6.12)
holds with C, replaced by Cpg, for every u € B. Then the existence of a "bounded”
absorbing set is an immediate consequence of (6.12) and such estimates are preserved
under the limit procedure, see [51] for details. This problem, when K only consists of
solutions obtained by some (e.g., Galerkin) approximation scheme can also be solved in
a similar way, see [243] and the examples below.

Example 6.3. Here, we briefly consider the application of the trajectory approach to the
three-dimensional Navier-Stokes equations in a bounded domain Q (see [49], [51], and
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[214] for more detailed expositions),

{&u + (U, VI)U = VAIU - vzp +9,

(6.14) .
divu = 0, U‘BQ =0, u‘t:[] = Uy.

Let, as usual, H and H; be the closures of the smooth divergent free vector fields in (2
which vanish on the boundary in the metrics of L*(Q2)® and W"2(Q2)3, respectively. Then,
as is well-known (see, e.g., [51], [146], and [220]), for every uy € H, the Navier-Stokes
problem possesses at least one global weak energy solution

u€ @ = LRy, H)N L} (R, Hy)

which satisfies, in addition, an energy inequality in the following differential form:
d
(6.15) 12wl + vIIVau®) < (v, 9)n

To be more precise, this inequality should be understood in the sense of distributions, i.e.,
+00 +00

(6.16) ~1/2 / O -6 (1) di 4 / IVauIP-o e < [ 6(t)- (g, ut))

0

holds for every ¢ € Ci°(Ry) such that ¢(t) > 0. In particular, this energy inequality
implies that, for almost every t, 7 € Ry, t > 7, the following dissipative estimate holds:

t
(6.17) ()] + V/ e D Vau(s) i ds < flu(r)lze 7 + Cligllz.,

for some positive constants C' and a which only depend on v and ). Since the existence or
the nonexistence of other weak solutions u € ®, (which do not satisfy the energy inequality
and, thus, are non-dissipative) is not known yet, it is natural to define the trajectory phase
space Ky, as the set of all weak solutions satisfying this energy inequality,

(6.18) Ky := {u € &, u solves (6.14) and satisfies (6.15)}.

Indeed, since the energy inequality is shift-invariant, the phase space K, thus defined is
also invariant with respect to the shifts semigroup 7;, T, : K, — K, and, therefore,
the trajectory dynamical system (T}, K;,) is well-defined. Furthermore, the dissipative
estimate (6.17) implies that

(6.19) 1Tl < Cllulliee, me ™+ Cllgllzz; t =0,

for every u € K, and for positive constants C' and a which are independent of v and ¢.
Therefore, the R-ball in ®;, intersected with K,

Br = {u € Ky, ||u|ls, < R},

is a ®p-absorbing set for the trajectory semigroup 7; on K, if R is large enough. Thus,
there only remains to fix the topology of ®,. on Kj, in such a way that this ball is
compact. To be more precise, we set

(I)loc = L;):c’w* (RH H) N LIZO’TCU(RH Hl)a
where w and w* denote the weak and weak-x topologies, respectively. We recall that a
sequence u,, converges to u in the space @y, if and only if, for every T" > 0, the sequence
u”‘[O,T} converges to u|, ,, weakly in L3([0,T], H,) and weakly-+ in L>([0,T], H), see [51]
for details. Then every bounded subset of &, is precompact and metrizable in ®,,., see,
e.g., [208], and we only need to verify that B is closed in K, in the ®j.-topology. As
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already mentioned in Remark 6.2, this can be done as in the justification of the passage
to the limit N — +oo in Galerkin approximations for weak energy solutions u, see [51]
for details. Thus, the assumptions of the (®,, @), )-attractor’s existence theorem (see
Theorem 2.20 and [23]) are verified and, consequently, the trajectory dynamical system
(T}, Ki;) possesses the global attractor A, which attracts the bounded subsets of ®; in
the topology of ®y,.. As usual, the trajectory attractor A, is generated by all bounded
complete solutions of the Navier-Stokes system (of course, satisfying the energy inequality)
via (6.10) and its restriction at ¢ = 0 gives the global attractor of the associated semigroup
of multi-valued maps (i.e., (6.11) holds), see [49] and [51] for details. To conclude with
the Navier-Stokes equations, we mention that, although the above trajectory attractor
attracts the bounded subsets of @, in the weak topology of &), only, this weak convergence
implies the strong convergence in slightly larger spaces (due to compactness arguments).
In particular, for every bounded subset B C K., every T' € R, , and every § > 0, we have
(6.20) lim diStC([U,T},H,,;)DLQ([O,T],HI,(;)(TtB‘[O’T]a Atr‘[O,T}) = 0,

t—+400

where H, is a scale of Hilbert spaces associated with the Stokes operator in 2, see [51]. We
also recall that, although nothing is known, in general, concerning the additional regularity
and/or the structure of the attractor Ay, of the three-dimensional Navier-Stokes problem,
there are several special cases for which such results can be proven. In particular, for thin
domains Q = [—h, h] x Qy, where € is a bounded two-dimensional domain and h is a
small parameter (depending on v), endowed with Dirichlet boundary conditions on 0
and Neumann boundary conditions on {—h,h} x €, the smoothness A, C Cp(R,, Hy),
which is enough for the uniqueness on the attractor, follows from [199]. Another nontrivial
example is a three-dimensional Navier-Stokes system with an additional rotation term,

Ou+ (u, Vy)u+w xu=vAu—V,p+g

in the domain Q = [0, 71] x [0, T3] x [0, T3] with periodic boundary conditions. As proven
in [18], if w is large enough and the periods T;, i = 1, 2, 3, satisfy some non-resonance
conditions, the attractor A, is also smooth and the uniqueness holds on the attractor.
FEzample 6.4. As a next example, we consider ”the second” (after the three-dimensional
Navier-Stokes equations) classical ill-posed problem, namely, a damped wave equation
with a supercritical nonlinearity,

(6.21)
=0, U‘t:o = Uo, atu‘t:o = up,

U‘BQ

in a bounded smooth domain Q of R®. Here, £ and 7 are positive parameters, g € L*(Q)
corresponds to given external forces and the nonlinearity f € C*(R) is assumed to satisfy
the following dissipative and growth assumptions:

(6.22) L f'(u) > —CH+CilulP™', 2. |f"(u)] < O+ |uP™?),

C, C; >0, u € R p>0. It is well-known, see, e.g., [23], that, in the subcritical
p < 3 and critical p = 3 cases, problem (6.21) is well-posed in the energy phase space
Wy () x L*(Q) and possesses the global attractor A, see also [122], [139], [220], and the
references therein. In contrast to this, in the supercritical case p > 3, the well-posedness
of (6.21) in a proper phase space is still an open problem (the limit exponent p = 3 can

be shifted till p = 5 when Q = R?, see [89], but, to the best of our knowledge, this result
is not known for bounded domains). On the other hand, it is well-known (see, e.g., [51]
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and [146]) that, for every (ug,up) € E := W, ?(Q) N (LPT(Q) x L*(Q)), equation (6.21)
possesses at least one global weak energy solution

u e By = L¥(R,, Wy P(Q) N D (Q)) x WH9(R,, L(%))
which satisfies the dissipative estimate

(6.23) 1(u(), ru(t))l|l 2 < QU ((0), 0u(0))l|p)e™" + Qllgllz2), t > 0,

where the positive constant o and monotonic function () are independent of . As shown in
[49] and [51], this is sufficient to verify the existence of the trajectory attractor. However,
we are now exactly in the situation mentioned in Remark 6.2. Indeed, in contrast to
the three-dimensional Navier-Stokes equations, here, the dissipativity estimate cannot
be formulated as a differential inequality similar to (6.15) and the dissipative estimate
(6.23) is the best known one. As already mentioned, this estimate is not shift-invariant
and, therefore, cannot be directly used to define the space K, (this is related to the
fact that, when constructing the solution u(t), e.g., by Galerkin approximations, we can
easily guarantee that u,(0) converges strongly to u(0) in E, but, for u,(r) with 7 > 0,
we only have a weak convergence, which does not yield the convergence of the norms
and, consequently, ¢ = 0 cannot be replaced by ¢ = 7 in (6.23)). Thus, following the
general scheme described in Remark 6.2, we consider a dissipative estimate in a weaker,
but shift-invariant form,

(6.24) | Tyulle, < Cpe™® +C,, C.=Q(lgll12), >0, t>0,

where (), is a constant which depends on u, and define the trajectory phase space K, by
using this dissipative estimate,

Ky :={u € &, u solves (6.21) and satisfies (6.24)}.

Thus, the trajectory dynamical system (73, Ki,) is well-defined. Furthermore, following
the general scheme, we also define a class of ”bounded” sets via (6.13). Then the existence
of a "bounded” absorbing set, e.g., of the form B := {u € K, C, < 1}, immediately
follows from the dissipative estimate (6.24) and the definition of "bounded” sets. So,
there only remains to fix a topology on K, in such a way that the absorbing set B is
compact. This can be done by using the local weak-* topology on ®,, exactly as in the
case of the three-dimensional Navier-Stokes equations, namely,

(6.25) Proc 1= Lie" (R, Wy () N LPHH(Q) x L™ (Ry, LA ().

loc loc

Then B is precompact and metrizable in @, since it is bounded in ®;, see [208], and
the fact that it is closed in K, can be verified in a standard way, see [49] and [51]
for details. Thus, the assumptions of the attractor’s existence theorem (see Theorem
2.20) are verified and the semigroup (73, Ki;) possesses the global attractor Ay, (i.e., the
trajectory attractor) which attracts the "bounded” (in the sense of (6.13)) subsets of K,
in the topology of ®,.. Again, the trajectory attractor A is generated by all bounded
complete solutions (satisfying |ju|ls, < C,) via (6.10) and its restriction at ¢ = 0 gives
the global attractor of the associated semigroup of multi-valued maps constructed in [20]
(i.e., (6.11) holds), see [49] and [51] for details.

FEzample 6.5. In this example, we consider, following [243], an alternative way to con-
struct a trajectory attractor for the damped wave equation (6.21) which a priori contains
a ”smaller number” of possible pathological solutions and, as a consequence, some reason-
able results concerning its structure are available. To this end, we first recall a construction
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of Galerkin approximations for (6.21). Let {ex};>] be an orthonormal basis in L%(Q) (say,
generated by the eigenvectors of the Laplacian with Dirichlet boundary conditions) and
denote by Py the orthoprojector onto the first N vectors of this basis. Then the N-th
Galerkin approximation for (6.21) reads

(626) e@fuN + vatuN — AIUN + PNf(UN) = PNg, Uy € PNL2(Q)

Actually, the weak energy solutions mentioned in the previous example are usually con-
structed by solving the Galerkin ODEs (6.26) and by then passing to the limit N — +o0
in a proper sense, namely,

(6.27) = P — kgrfoo UN,

where the space @y, is the same as in the previous example, see (6.25). The main idea
is now to restrict ourselves to the solutions which can be obtained via (6.27) only and to
define the trajectory phase space K, as follows:

(6.28) Ky := {u € &, u solves (6.21) and is obtained via (6.27)}.

The main problem here is that the weak limit of solutions which can all be obtained by the
above Galerkin approximations may a priori not satisfy this property, so that the usual
bounded subsets of &, may not be closed in Kj,. In order to overcome this difficulty and
to define the proper class of "bounded” sets, we need to introduce the following functional
on Ki,:
(6.29) M (u) == inf {liminf||(un,(0), Orun, (0))||r, v = Pipe — lim wup,},

k k—+o0

—+00

where the infimum is taken over all sequences uy, of Galerkin solutions which converge
weakly to a given solution u. We now define the class of M-bounded sets of K, as the sets
on which the functional M is uniformly bounded. Then, as shown in [243], the trajectory
dynamical system (73, Ki;) possesses an M-bounded absorbing set and the weak limit of
a sequence u,, belonging to any M-bounded set belongs to K, (i.e., it can be obtained by
the above Galerkin approximations). Thus, according to the abstract attractor’s existence
theorem, the trajectory dynamical system (T}, K;,) possesses the global attractor A&
which attracts all M-bounded sets in the topology of ®... It is worth noting once more
that, in contrast to the trajectory attractor A;, constructed above, this new attractor
Ag*ﬂ C A, possesses several good properties which are not available for A;, and, in
particular,

1) it is connected in @y, (since the simplest M-bounded sets Bg := {u € K, M(u) < R}
are connected ; this follows from the fact that they can be approximated, in ®,., by
analogous sets for the Galerkin approximations which are clearly connected) ;

2) every complete trajectory belonging to this attractor tends in a proper sense to the set
of equilibria as time goes to plus or minus infinity ;

3) every complete trajectory u(t) on A is smooth for sufficiently small ¢, i.e., there
exists T = T, such that u(t) € W22?(Q) C C(Q) for t < T,, and every solution is unique
(in the above class) as long as it is smooth. So, the only way for a singular solution to
appear on the attractor A% is by a blow up of a strong solution, see [243] for details ;
4) as proven in [243], the whole attractor A5 is smooth if the coefficient ¢ > 0 is small
enough, A% C Cy(R, , W*2(Q)).

A drawback of such a construction is that A* depends on the concrete approximation
scheme (e.g., different Galerkin bases may lead to different attractors). However, the

Gal
tr
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attractor A, constructed in the previous example also depends a priori on the artificial
constant C, in the dissipative estimate (6.24).

Remark 6.6. To conclude, we note that the above trajectory approach has been success-
fully applied not only to ill-posed evolutionary problems, but also to elliptic boundary
value problems in unbounded domains (for which the nonuniqueness does not appear as
a consequence of poorly understood analytical properties of the equations under study,
but is related to the classical ill-posedness of the Cauchy problem for elliptic equations),
see [169], [225], and [226] for trajectory attractors for elliptic problems in cylindrical do-
mains and [27] and [235] for more general classes of unbounded domains. Finally, we also
note that most of the results considered in this subsection can naturally be extended to
nonautonomous ill-posed problems as well, see [51] for details.
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