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INTRODUCTION

We consider the reaction-diffusion system

0.1) { Opu=Acu— f(u)+g, ©€e€Q,

“‘t:o = Yo, “‘asz =0

in a bounded domain Q@ CcC R? with a sufficiently smooth boundary. Here u =
u(t,z) = (ul,---,u”) is an unknown vector-valued function, the functions f(u) =
(f*(u), -, f¥(u)) and g = g(x) = (g¢%,---,g*) are given and the second order
elliptic differential operator A, has the following form:

(0.2) A.u = diag (Alu', - ,A’guk)
with
3
(0.3) ALyl = Z O, (aéj (e7'z) 05,0l (2)), e< 1
1,7=1

where the functions aéj (y), y € R® are assumed to be symmetric (aéj(y) = aéz(y))

and almost-periodic with respect to y € R3 (i.e. aéj € AP(R3?) see e.g. [10]) for
every fixed indexes ¢, 7,1 and the uniform ellipticity condition

(0.4) Sl ()&t > vl y e R

i,
is also assumed (with the appropriate v > 0) to be valid for every operator AL.
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We impose the regularity conditions to the non-linear term f:

1. feCYRF,R");
(0.5) { 2. [f(u)] < C(1 + [ufP);

for a certain p > 1 and the following anisotropic dissipativity condition: there are
the exponents p; > 2(p—1),i=1,--- , k such that

k

(06) S hiwplle’

=1

Pi > _(C, forallveRF

which generalizes the standard isotropic one (p; = 0) and from the ours point of
view is more adopted to study the problems of the type (0.1) with diagonal leading
part A..

For example if £ = 2, v = (v, w) the anisotropic dissipativity assumption is
satisfied for the following non-linearities:

f(u)z(”?"“”‘ﬁw), or f(u)z(”?"“;), 08,7 € R

w — YU w—v

Note that the first example (which corresponds to the Fitz-Nagumo equation see
[8]) satisfies the standard isotropic dissipativity assumption as well; the second
non-linearity satisfies the relation f!(u)+ f2(u) = 0 (which is natural for chemical
kinetics) and evidently does not satisfy the isotropic dissipativity condition (see the
end of Section 2 for the further examples).

It is assumed also that the external force g € L?(£2), the initial date ug € L ()
and the solution u(t) of the problem (0.1) is defined to be a function

(0.7) u e L=([0,T] x Q) N L2([0, T], Wy*(Q)) N C([0, T), L*())

which satisfies the equation (0.1) in the sense of distributions. (Here and below we
denote by WP the Sobolev space of functions whose derivatives up to the order {
inclusively belong to L? and || - |[i,p == || - [|w.»).

The problems of the type (0.1) has been intensively studied by many authors.
The long-time behaviour of solutions of (0.1) for fized € > 0 are considered under
the various assumptions on the nonlinear term f and the operator A, = A in [1],
[6], [13].

The homogenization problems for individual solutions of linear and nonlinear
elliptic or parabolic equations of the form (0.1) has been investigated in [2], [5], [7],
[20] (see also the references therein).

The long-time behaviour of solutions of RDE and even hyperbolic equations in
the non-homogenized periodic media with asymptotic degeneracy has been studied
in 3], [12].

In the present paper we study the case where we have a system of reaction-
diffusion equations (0.1) in the non-homogenized almost-periodic media. (For sim-
plicity we restrict ourselves to consider only the most relevant from the applications
point of view 3-dimensional case but the applied methods works after the minor
changings for an arbitrary dimension n.)
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It is proved that under the assumptions (0.2)-(0.6) for every fixed € > 0 the
problem (0.1) possesses a global attractor A® in the phase space ug € ® = L ().
Moreover, these attractors are occured to be uniformly bounded with respect to
e — 0 in the space C?#(Q) of Hélder continuous functions with an appropriate
Holder exponent 1 > 23 > 0:

(0.8) | A®||c26(0) < C fore < g

In order to study the behaviour of attractors A° when ¢ — 0 we introduce the
homogenized problem for the equation (0.1)

0.9) {8tu:A0u—f(u)-|-g;
. ulaq =0, ul,_o=1uo
where Ay = diag{A}, -, Ak} and the elliptic operators A} are constructed by the

standard formulae of the almost-periodic homogenization theory (see e.g. [20]).

It is proved that this limit problem also possesses the attractor .A° in the phase
space ug € ® and the family of attractors A° tends to the limit attractor A? in the
following sense:

(0.10) distgesr () (A%, A°) = 0 when e — 0

here the Hoélder exponent 0 < 23" < 23 < 1 and disty means the non-symmetric
Hausdorff distance between subsets of the space V:

(0.11) disty (X,Y) 1= sup,cx infyey |z — yllv

Thus, the attractors A°, € € [0,e¢] are occured to be upper-semicontinious at € = 0
in the space C27'(Q).

In order to illustrate the obtained results we give a more detailed consideration
in the case where the coefficients aéj are assumed to be periodic. In this case,
imposing some additional requirements on the structure of the limit attractor .A°
and using the method of asymptotic expansions we give the explicite estimate of the
error of approximation of the non-homogenized attractors of (0.1) by the attractor
A? of the homogenized equation (0.9). Namely, assume in addition that the limit
attractor is exponential, i.e. there is a positive number v > 0 and the function @)
such that for every bounded subset B C ® the following is true:

(0.12) distz2 (o) (Sp B, A%) < Q(||Blle)e™"

where S is a semigroup in ® generated by the limit equation (0.9).

Theorem. Let the coefficients azj be periodic and smooth enough and let the limait
attractor A° be exponential. Then

(0.13) distc (o) (A%, A%) < Ce”
where the constant C' and exponent 0 < k < 1 can be calculated explicitly.

It is worth to emphasize also that the exponential rate of converges (0.12) has
been already established for some classes of equations (0.9). For instance, let the
non-linear term f(u) be potential, i.e.

(0.14) f(u) =V, F(u), FeC*RR)
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which is always true in a scalar case & = 1. Then the equation (0.9) evidently
possesses the global Lyapunov function and consequently for generic g’s (for which
the equation (0.9) has a finite number of equilibria points and all of them are
hyperbolic) the attractor A° is regular and exponential (see [1], [15]). Therefore,
due to the theorem, the estimate (0.13) is valid in this case.

Note that the estimates of the form (0.13) (for a symmetric or non-symmetric
distance) for the regular attractors of the abstract semigroups which possess the
Lyapunov functions and depend regularly on a parameter £ has been obtained in
[1] (see Remark 4.3 for the estimate (0.13) of the symmetric distance in our case).

These results has been recently applied in [16] for obtaining the estimates of the
form (0.13) for the reaction diffusion equations with A. = A, and spatial rapid
quasiperiodic oscilations in the subbordinated terms (ie. f(u) = a(e™'z)f(u)
or a more general non-linearities f(u,e~'x)). The analogues of these estimates
for a singular perturbed non-autonomous parabolic systems with rapid temporal
oscilations in subbordinated terms (for instance with g = g(¢~1t,z)) has been
obtained in [19].

§1 UNIFORM A PRIORI ESTIMATES.

In this Section we derive a number of estimates for the solutions of the equation
(0.1) which are of fundamental significance for our purposes.

We start with the uniform (with respect to e — 0) LPi- estimates for the solutions
of (0.1).

Theorem 1.1. Let the above assumptions be satisfied and let u be a solution of the
problem (0.1). Then the following estimate is valid:

k k
Pz (z 1) %’f;'}2+2> R (1 el €f§2>
=1 =1

where C,a > 0 are independent of €.

k
(EUD 0

Proof. Let us multiply the I-th equation of (0.1) by u!(¢)|u’(¢)|”, integrate over
r € Q and integrate by parts the leading term AL in the following way

(1.2)  (ALu! ululPr) =

= plz

_ At at.d,, (|ul|(pz+2)/2> 0, <|ul|(pl+2)/2) <
Y]

< —Cv||V, (Ju!| P +272) |2,
(here we have used also the uniform ellipticity (0.4)).

Taking the sum of all obtained inequalities and taking into the account the
dissipativity assumption (0.6) we derive that,

k
(1.3) 0, (Z l|u? ()

k
zf,;tiz> + vy |V ()72 |2, <
=1

k

<CrL+ Y (g ') |ui()

=1

Pi) = C1 4 Gy (1)
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Denote also

k
(1.4) Fu(t) := Z lu* (t)

Bha @l va( 0)|2)72)

|0,2

Note now that the Fridrich’s inequality implies that F,(t) < C1®,(t) and con-
sequently applying the Gronwall inequality to (1.3) we derive after the standard
computations that

T+1
(1.5) sup  F,(t) + / D, (t)dt <
te[T, T+1] T

T+1
< CF,(0)e T + ¢y + / e~ T+1=1G, (t)| dt
0

with the appropriate a > 0.

Thus, the main problem now is to estimate the integral into the right-hand side
of (1.5). To this end we transform it to the following form which is more convenient
for our purposes:

T+1 t+1
(1.6) /0 G (D) dt < Cy sup <e—a<t—T>/2 /t |Gu(s)|ds>

t€[0,T]

It is essential for us that C5 in this estimate is independent of T'.
Let W;([t,t +1]) := LPi+1([t, ¢t + 1], L2®+1)(Q)). Then due to Hélder inequality

pi+1
W ([t,64+1]

t+1
(1.7) /t (9", ' (3) |’ (5)[P9) | ds < [Ju’

pit+2
Wi ([t

< |t

where the constant i can be choosen arbitrary small. In order to estimate the first
term in the left-hand side of (1.7) we need the following interpolation result.

Lemma 1.1. Let Q cC R® be smooth domain. Then
(1.8) ||U||Lq [t,t4+1],L29(Q)) < C'||U||Loo [t,t+1], L2(Q))||v||%2([t,t+1],W1=2(Q))

where ¢ = % and 0 =

~Nio

Proof. Indeed, according to the standard interplolation theorem (see e.g [14]) the
inequality (1.8) is valid with exponents ¢ and 6 satisfying the relations

1 1-0 6 1 1-6 1 1
1.9 -—=—+t - —=—+49
(1.9) q 00 +2’ 2q 2 +( -3

2)
Solving the system (1.9) we obtain the exponents from the lemma. Lemma 1.1 is
proved.
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The embedding (1.8) implies particularly that

i+2 i+2
(1'10) ||uz||€V ([t,t+1]) < C||uz||]£q(pl+2)/2([t t+1], LQ(P1+2)(Q)) —

t+1 ]
batas [ IVe (W 2r2) s ) <

< Cy ( sup  Fyu(s)+ /t+1 D, (s) ds)

sE[t,t+1]

< (Cy sup ||u’(s)
s€[t,t+1]

(here we have used the evident fact that q(p; +2)/2 = Z(p; +2) > p; +1).
Inserting this estimate to the right-hand side of (1.7) and taking a sum over the
indexes ¢ = 1,--- , k we derive the estimate

t+1 t+1
(1.11) / Gu(s)|ds < p | sup Fu(s)-l-/ By () ds
¢ €[t t+1] ¢

where 1 > 0 can be chosen arbitrary small.
Denoting the left-hand side of (1.5) by Z,(T') and inserting the estimate (1.11)
into the right-hand side of (1.5) we derive that

It can be easily proved (see e.g. [17]) that if 4 < 1/2 then (1.12) implies the estimate

(1.12) Z,(T) < CF,(0)e™*T+pu sup (e AT=0)/27 (4 ) (
t€[0,T]

(1.13) Zu(T) < C1F,(0)e°T/2 + ¢y ( >4 1)

Theorem 1.1 is proved.

Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then
(1.14) 1f (w(®)llo2 < Q(lluollo,c0)e™ + Q(llgllo,2)

for the appropriate o > 0 and monotonic function (Q which are independent of €.

Indeed, (1.14) is an immediate corollary of (1.1), the second assumption of (0.5)
and our choice of the exponents p; (2p < p; + 2).

Remark 1.1. Note that the estimate (1.14) (and consequently all corollaries of it
which will be formulated below) remains valid if we replace the growth restriction
2) from (0.5) by the following one:

k
(1.15) f))><C (1 + Z v’ pi“)

Having the uniform estimate (1.14) for the nonlinear term f(u) in the equation
(0.1) we can apply the standard methods (see e.g. [1], [9]) in order to obtain more
convenient estimates. Since these methods are well known we formulate below the
estimates and indicate only the main ideas of their proofs (in order to show that
they are really uniform with respect to ).

Firstly, taking the inner product in R¥ of the equation (0.1) with the function
u(t), integrating by 2z € Q (with the integration by parts in A, and using the uniform
ellipticity conditions), estimating the non-linear term by (1.14) and applying the
Gronwall inequality we obtain the following estimate.

6




Proposition 1.1. Let the above assumptions hold. Then

2)

T+1
(1.16) IIU(T)||3,2+/T lu)lF 2 dt < Q(lluollo,cc)e™" + Q(

where the constant o > 0 and the monotonic function @ (which are not the same
as in (1.14)) are independent of .

Corollary 1.2. Let the above assumptions hold. Then
T+1

T+1
@w>mmwb+ﬁvnmmw@ﬁ+41|@ww@ﬁs

< (Q(lluollo,c0) + Clluolli 2) ™" + Q(llgllo,2)

where the constants o, C' > 0 and the function QQ are independent of €.

Proof. Indeed, taking the scalar product in R¥ of the equation (0.1) with the func-
tion Acu(t) and integrating by parts the term (Oyu, Acu) and using the fact that
AL are symmetric we obtain the inequality

(1.18)  2:()_ a0l (t), 05u' (1)) + (Acu (), Acu' (1)) + > (ak; 050l (£), 05’ (1)) <

W5, Y
0,2)

< (ak;0pl (1), 05ul (£) + C (I (u(®)][3 2

2,7,0

Recall now that the coefficients aéj(y) are assumed to be almost-periodic and con-
sequently uniformly bounded in R3. Therefore the first term in the right-hand side
of (1.18) can be estimated by Cqllu(t)||3 , with the constant C, independent of e.
Inserting now the estimate (1.14) into the right-hand side of (1.18) applying the
Gronwall inequality and using (1.16) for estimating the integral of the W12-norm
we derive the estimate (1.17), but without the norm of dyu in the left-hand side:

T+1
aw>mmwa+ﬁvn&mw@ﬁs
< (Q(] ) 72) e +Q(lgllo,2)

The estimate for the time derivative 0;u can be easily obtained now from the
equation (0.1) and from the estimates (1.14) and (1.19). Corollary 1.2 is proved.

Analogously, taking the inner product of the equation (0.1) with the function
tAlul(t) we derive in a standard way the following version of the smoothing prop-
erty.

Corollary 1.3. Let the above assumptions hold. Then

T+1 T+1
@m)nwnmg+L, www%ga+ﬂ,|Mww%gws
T+1 .
< T QUuolloco)e + QUlgllo2))

- T
where a > 0 and Q) are independent of € > 0.
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Corollary 1.4. Let the previous assumptions be valid. Then the following estimate
holds:
(1.21) [u(®)llo,00 < QUlluollo,c)e™" + Q(llgllo,2)

where the monotonic function Q and the constant o > 0 are independent of €.
Moreover, there is a positive number > 0 (independent of €) such that for every
T > 1 the solutions u(t) of (0.1) belongs to the space CP28 ([T, T+1]x Q) of Hélder
continuous functions with Holder constants B and 2 with respect to the variables
t and x correspondingly (see [9]) and the following estimate is valid:

(1.22) [ull s 26 (i rr11x2) < Q1([uolloco)e™ " +Q1(llgllo2), T >1
where the constant o and the function Q1 are independent of €.

Proof. Indeed, let us consider the [-th equation of (0.1)

(1.23) Opu' — Alu! = fl(u(t)) + ¢" = (1)

Applying the maximum principle for solutions from the class (0.7) of this equation
(see [9, Th. 3.7.1]) we obtain that for ¢ € [0, T]

(1:24) Jlu' (®)lo,0 < C (Jlug

lo,00 + 17| 2o 0,71, 22(02))) <

< Cllgllo,2 + Cllf ()l Lo=(10,17,22(22))

L

i; and on the uniform

where the constant C' depends only on the L°°-norm of a
ellipticity constant (0.4) (and independent of ¢).

Inserting the estimate (1.14) into the rigth-hand side of (1.24) we deduce that

(1.25) [[w()]]0,00 < Q([[uoll0,00) + Q([gll0.2)

Note however that the estimate (1.25) is not dissipative with respect to the initial
conditions ug. In order to obtain the dissipative one we fix T" > 1 and consider the
function v!(t) = (t — T + 1)u!(t) which evidently satisfies the equation

(1.26) o' — A% = u! (1) + (t =T+ 1)l (u)+(t—T+1)g" := b (t), v'(T—1)=0
It is proved in [9, Th. 3.10.1] that there is a positive Holder constant 8 > 0 such
that

(1.27) ([ llgs.es o +11x0) < CIRE e (r-1,7411,22(2)) <
< Ollgllo2 + Cllul| oo ((r—1,7+11,22(2)) + Cllf (W)l Lo ((r=1,7+1],22(2))
Moreover the constants > 0 and C' are independent of .

Inserting the estimate (1.14) and (1.16) into the right-hand side of (1.27) we
derive the following estimate

(1.28)  (lullgs.26 (r,r411x0) < Cillvllesesrriixa) <

< Q(lluollo.co)e™" + QUllgllo,2)
which holds for T' > 1. The estimates (1.21) and (1.22) are immediate corollaries
of (1.25) and (1.28). Corollary 1.4 is proved.

We obtain now some estimates for the time derivative dyu(t) for the solutions of
(0.1). To this end we differentiate the equation (0.1) with respect to ¢t and denote
0(t) = Opu(t). Then we obtain the equation

(1.29) 0p0(t) = A0(t) — f'(u(t))0(t)
Recall that f € C!, consequently (1.21) implies that
(1.30) 1 (@()llo,00 < Qu([luollo,c0)e ™" + Q1(llgllo,2)

therefore the equation (1.29) also can be treated as the linear one.
8



Corollary 1.5. Lett > 1. Then

lo.2 < Q(luollo,cc)e ™ + Q(llglo,2)

where the constant > 0 and the function QQ is independent of €.

(1.31) |18yu(t)

Proof. According to the smoothing property (1.20) we have

T+1
(1.32) /T 10(8)]12 5 dt < Q(l[uo

lo,00)e™ T + Q(l|gl0,2)

for T' > 1/2. Taking the inner product in R* of the equation (1.29) with (¢—1/2)0(t)
and integrating over x € {2 we obtain using the integration by parts, and the uniform
ellipticity assumption (0.4), that

(1.33) 9 ((t = 1/2)10(1)115.2) +v ((t = 1/2)10(1)][52) <
< ClOE,2 + Cult = 1/2) |1 (w(t)]lo,c0[l0(E)
Applying now the Gronwall inequality (starting with the time moment ¢t = 1/2) to

the estimate (1.33) and estimating the right-hand side of it by (1.32) and (1.30) we
derive after the standard computatins the following estimate for ¢ > 1/2

16,2

t+1

(1.34) 100162 < 7175

(QUluollo,c0)e™*" + Q(llgllo,2))

Restricting in (1.34) ¢ > 1 we obtain the estimate (1.31). Corollary 1.5 is proved.

Having the estimate (1.31) for the time derivative § = 0;u of the solutions of
(1.29) and arguing as in the proof of the estimate (1.22) one can proof the following
result.

Corollary 1.6. Let the above assumptions hold and let u(t) be a solution of the
equation (0.1). Then there is the exponent B > 0 such that O;u € CP2P([T, T +1] x
Q) for T > 2 and the following estimate is valid:

lo,00)e™ T + Q(llgllo,2), T >2

where the exponents B, > 0 and the function (Q are independent of ¢.

(1.35) |0su| .28 (7, r11x ) < Q([Juo

We summiraze the obtained results in the following theorem.

Theorem 1.2. Let the assumptions (0.2)—~(0.6) hold. Then for every fized e > 0 the
problem (0.1) possesses a unique (in the class (0.7)) solution u(t) and the following
uniform with respect to € estimate is valid:

lo,00)e ™" + Q(llg

T+1
(1.36) [u(T)I15 00 +/T lu(®)F 2 dt < Q(lluo lo,2)

where a > 0 and @) are independent of ¢.
Moreover, the following smoothing property is valid: if T > 2 then the function
u € CHA28(T, T +1] x Q) and

T+1
(1.37) (DT 2 + [[ullgresos 7. r417x0) +/T [Acu(t)[[5 o dt <

< Q([luollo,c0)e™ " +Q(llg

l0,2)



where the exponents o, B > 0 and the function () are independent of ¢.

Proof. Indeed, the estimates (1.36) and (1.37) has been obtained in Corollaries 1.1
1.6. The uniqueness of a solution in the class (0.7) is evident. The existence of a
solution can be deduced from the a priori estimates (1.36) and (1.37) by standard
arguments (e.g. for the smooth initial data uy and smooth coefficients aéj the
existence of a solution can be obtained by Leray-Schauder principle as in [9], the

existence of a solution u in general situation can be obtained approximating the
initial data u® and the coefficients azj by smooth ones u{} and aé’j(")

to the limit n — o00). Theorem 1.2 is proved.

and then passing

Remark 1.2. As it has been already mentioned in Remark 1.1 the result of the
Theorem remains valid if the condition 2) of (0.5) will be replaced by (1.15).

62 THE ATTRACTORS.

In the previous Section we have proved that for every fixed € > 0 and every
ug € ® = L°°(Q) the problem (0.1) possesses a unique solution u(t) € ® and
consequently the semi-group

(2.1) Sy ® — ®, Sfug = u(t)

where u(t) is a solution of (0.1), is correctly defined.

In this Section we prove that for every € > 0 the semigroup (2.1) generated by
the equation (0.1) possesses an attractor A° in the phase space ® and obtain a
number of uniform with respect to € > 0 estimates for these attractors which will
be used in the next Sections in order to study the homogenization limit ¢ — 0.
Moreover, in order to clarify the anisotropic dissipativity assumption (0.6) we will
give a number of examples of the right-hand sides f which admit the above theory.

For the convenience of the reader we recall shortly the definition of the attractor
and it’s basic properties (see e.g. [1], [6], [13] for the detailed exposition).

Definition 2.1. Let S} : ® — ® be a semigroup, acting in a B-space ®. Then a
set A° is defined to be the attractor for Sy if the following is true:

1. The set A® is compact in P.

2. The set A® is strictly invariant, i.e. Sf.A° = A°.

3. The set A° is an attracting set for the semigroup S;, i.e. for every open
neighbourhood O(A%) of the set A° in ® and for every bounded subset B C ®
there is T = T'(O, B) such that

(2.2) SiB C O(A%), ift>T

Remark 2.1. The punkt 3) of the previous Definition is equivalent to the following:
for every bounded subset B C ®

(2.3) limg_, o, dists (S; B, A%) =0
where distg means the nonsymmetric Hausdorff distance, i.e.

(2.4) diste (V, W) := sup,cy infyew ||v — wl|ao
10



It is also know (see e.g. [1]) that if the attractor A° exists then it is generated
by the complete bounded trajectories of the semigroup S, i.e.

(2.5) A ={ug e ®: Jue L*®(R, D), u(0)= uop;
Siu(s) =u(t+s), VseR te Ry}

The following proposition gives the sufficient conditions which imply the existence
of the attractor.

Proposition 2.1 [1]. Let S§ : ® — ® be a semigroup. Then it possesses an
attractor in A° in ® if

1. The semigroup S§ possesses a compact attracting set K in ® (in the sence
of punkt 3) of Definition 2.1).

2. The operators S; : & — ® have closed grafs for every fized t > 0 (as usual, it
means that the set {(ug, Sfug) : ug € ®} is closed in & x & ).

Moreover, in this case A° C K.

We are in a position now to state the main result of this Section.

Theorem 2.1. Let the assumptions of Theorem 1.2 hold. Then for every e > 0
the semigroup (2.1) generated by the equation (0.1) possesses an attractor A° in the
phase space @ := L>®(Q) which admits the following description:

(2.6) Af = Kf\tzo

where K¢ is a collection of all bounded with respect to t € R solutions u(t) of the
equation

(2.7) () = Aa(t) — f(@(t) +g, tER, ,,=0

Proof. Let us verify the assumptions of Proposition 2.1. Indeed, it follows from the
estimate (1.37) that the ball K of radius R in the space ®5 := C?#(Q) will be the
attracting set for the semigroup (2.1) if R is large enough (namely if R > Q(||g||o,2))-
Since the embedding &3 C ® is compact then the set Kp is a (pre)compact at-
tracting set for the semigroup (2.1). Taking it’s closure in ® we will construct the
compact attracting set for S;. Thus, the first assumption of Proposition 2.1 is
verified.

Let us verify the second one. Recall, that we should prove that if ugj — up in ®
and un (T) := SFuo — v in ® then v = u(7T) := SFuo.

Note, for the first that the operator S7 is uniformly Liptshitz continuous with
respect to the L?-norm on every bounded subset B in ®. Indeed, let u}, u3 € B be
an arbitrary initial data, u;(t) be the corresponding solutions of the problem (0.1)
and w(t) = u1(t) — uz(t). Then this function satisfies the equation

(2.8) hw = Acw — I(t)w, w‘t:o = up — uy, 0

]y =
where [(t) = fol f'(su1(t) + (1 — s)uz(t)) ds. The estimate (1.21) implies that
lui(t)]]o,.o < Cp where the constant C'p depends only on the norm ||B||s and
consequently

(2.9) 11(t)]]0,00 < C1(B)
11



Taking the inner product in RF with the function w(t), integrating over z € €,
estimating [(¢) by (2.9) and applying the Gronwall inequality we derive the estimate

(2.10) lur(T) = uz(T)[[§ 2 < Ce™Tlur(0) — uz(0)

6,2

where the constants C' and K depend only on ||B||g.

Having the L?-Lipschitz continuity (2.10) we immediately conclude that S& has
a closed graph in ®. Indeed, let ufj — ug in ® and u,, (T) — v in ®. Then according
to (2.10) u,(T) — u(T) in L*(Q) and consequently v = u(T).

Thus, all assumptions of Proposition 2.1 are verified for the semi-group (2.1)
generated by the equation (0.1) and therefore this semi-group possesses an attractor
A®. The description (2.6) is an immediate corollary of the formula (2.5). Theorem
2.1 is proved.

The following Corollary is of fundamental significance for our study the homog-
enization limit: lim._,o A% in the next Sections.

Corollary 2.1. The attractors A° € ®g N WOI’Q(Q) and uniformly bounded with
respect to € > 0 in this space

(2.11) A2 + | A%l c28 () < Q(lg

lo,2)

where the exponent B > 0 and the function Q are independent of €.
Moreover, let u(t) € K¢ be a bounded solution of the equation (2.7). Then

T+1
(212)  @llEr1s.28 o rr1yxey + 1D 5 -l-/T A5 2 dt < Q(llgllo,2)

where the function Q) is independent of €, u, and T € R.

Indeed, the first estimate is an immediate corollary of the second one together
with the representation (2.6) and the estimate (2.12) can be easily derived from the
estimate (1.37) and from the fact that ||%(¢)||0,00 remains bounded when ¢t — —oo.

Recall that we have proved the attractor’s existence Theorem 2.1 under aniso-
tropic dissipativity assumption (0.6) on the non-linear term f which looks a little
unusual. In conclusion of this Section we discuss this assumption and give a number
of examples where it is satisfied.

Note for the first that in a scalar case £ = 1 we need only the following natural
assumption on the non-liner term f: there is Ry < oo such that

(2.13) sgnvf(v) > 0if |[v| > Ry

(which as known is essential in order to obtain the global existence of solutions of
(0.1)). Note also that in this case the polynomial growth restriction 2) of (0.5) is
also can be removed due to the maximum principle.

Consider now the case of systems (k > 2). The usual (for the attractor’s indus-
try) assumptions for the non-linearity f are the following

L f(u).u> —C+ Ciluf*!
(2.14) 2. |f(u)] <CA+|uP), p<pe

3.1 (w)] < C(A+ [ufp™)
12



(see e.g. [1], [13]) which involve the growth restrictions p < p.. Unfortunately the
limit, exponent p. under the assumptions (2.14) is too restrictive (p. = 1+ 4/n =
7/3 < 3 (see [1])) and consequently even the cubic nonlinearities are out of the
consideration).

Another standard possibility is to impose the additional quasi-monotonicity as-
sumption

(2.15) f(u) > —K

to the non-linear term f. In this case the global existence and uniqueness of weak
solutions and even the existence of the attractors A° in L?(Q) can be obtained
without the growth restriction p < p. (analogously to [1]). Moreover, in the case
where A, = A = aA,, a € L(RF,RF) with a+a* > 0 the considerable theory (which
includes the L°°-bounds for weak solutions, their smoothness, the differentiability
of the corresponding semi-group, the finite dimensionality of the attractors, etc.)
can be constructed for the equation (0.1) with essentially weaker growth restriction
p<1l+4/(n—4),e.g. if n =3 the following assumptions on f

(2.16) 1. f e C*(R*,R¥), 2. f(u)u>—C, 3. f'(u) > -K

are sufficient in the case A. := aA, (see [18]). But the proof of these results is
essentially based on the trick with multiplication of the equation (0.1) by A,u and
does not work in our situation where the operator A, has the form (0.2), (0.3).
Therefore, even under the additional assumption (2.15) we do not know how to
obtain the additional regularity of weak solutions of (0.1) (which is necessary to
study the limit behaviour as e — 0 of attractors A°) without the growth restriction
p<p.<T/3.

In order to remove this extremely restrictive growth condition we suggest to use
the dissipativity assumption in a new form (0.6) which from the one side looks
not very restrictive (as the examples given below show) and from the other side
admits to obtain the L*°-bounds of solutions of (0.1) (with the diagonal leading
part A, see (0.2)) without the growth restrictions. We illustrate this anisotropic
dissipativity assumption on a number of examples.

Assume for the first that the nonlinearity f possesses the following decomposi-
tion:

(2.17) f(w) = fi(v) + fa(v), where fi(v) := diag{f{ (v1), -, i’ (vr)}
and the functions fi(v*) satisfy the assumptions

(218) f{(vz) . vi Z _Cz + ai|vi qi+27i - ]-7 e ,k

for the appropriate ¢; > 0, a; > 0 and the functions fo(v) satisfy the following
growth restrictions

(2.19) f35(0)] < CA+ |v), i=1,--k, ;>0
Assume also that
(2.20) Li<l4q, i=1,-,k

13



Lemma 2.1. Let the assumptions (2.17)—(2.20) hold. Then for every q > g,
i=1,---,k the non-linearity (2.17) satisfies the anisotropic dissipativity condition
(0.6) with the exponents p; = q — q;.

Proof. Indeed, due to (2.18)
k

P> —CH1/2) aofIF > —C + Bl|TT?

=1

k
(2.21) S Fiwh) - oo
=1

It follows from the restrictions (2.19) and (2.20) and Hdélder inequality that

(2.22) | fi(0)] - [0 [0} |79 < plof] 172 4 G| fi(v)| @D/ @+D) <
< pl|TT2 + O, + O o] @D/ (@) < 9y p[at? 4 c

where 1 > 0 is an arbitrary positive number. The estimates (2.21) and (2.22) prove
the lemma.

Remark 2.2. Note that under the assumptions of Lemma 2.1 (0.6) is valid with
pi = q — q; where ¢ may be arbitrary large. Consequently, for every nonlinearity
(2.17) with the polynomial rate of growth (p. 2 of (0.5) is satisfied) we may satisfy
also the assumption p; > 2(p — 1) and therefore Theorem 2.1 is valid for such
nonlinearities.

Example 2.1. The simplest example of such non-linearities is the following;:
(2.23) f1(v) = diag{avt|vt|®, - ago®|v¥|%}

with ¢;,; > 0 and fs is linear fo(v) = Lv. Then all assumptions of Lemma 2.1
are evidently satisfied and consequently the result of Theorem 2.1 hold for such
non-linearities.

Example 2.2. Consider the case k = 2, v = (v1,v3) and the non-linearity

v:{’ — avy — [us
(2.24) flv) = < vy — Y01 ) , a,B,yeR
which corresponds to the Fitz-Nagumo system (see [8]). Note that although the
assumptions of Lemma 2.1 are violated (g2 = 0, I3 = 1, I3 = g3 + 1). Nevertheless
a simple checking shows that the dissipativity assumption (0.6) is valid with the
exponents p; = ps = ¢ for every ¢ > 0 and consequently the result of Theorem 2.1
remains true for the nonlinearity (2.24).

Example 2.3. Consider the case £ = 2 and the nonlinearity

V3 — awg

229 = (E0%), el 418 <5 208l + el <3

If « = B =1 then (2.25) satisfies the equation f!(v) + f2(v) = 0 which is natural

from the reaciton-diffusion point of view. Note that this non-linearity evidently

does not satisfy the standard dissipativity assumption (f(v).v > —C). Nevertheless

the elementary computation shows that the anisotropic dissipativity assumption is
14



satisfied with p; = 5 and p; = 1. Note also that the function (2.24) satisfies also
the condition (1.15) with these exponents. Consequently the assertion of Theorem
2.1 holds for this non-linearity.

Example 2.4. We conclude the section by considering the following ’exotic’ ex-
ample

(2.26) o= (2)

Vg — Uy

of two RDEs coupled by the monom v} of the higest order. Nevertheless the
anisotropic dissipativity condition is valid with the exponents ps = 4 and p; = 10.
Since (1.15) is also hold for this exponents then the assertion of Theorem 2.1 is
valid for the non-linearity (2.26).

§3 THE HOMOGENIZATION.

This Section is devoted to study the behaviour of the attractors A° constructed
in the previous Section when € — 0. The main task of the section is to prove that
these attractors tend as ¢ — 0 to the attractor A° of the homogenized problem
(0.9). In order to write this homogenized system we recall briefly some known
results from the theory of almost-periodic homogenization (see e.g. [20] for the
detailed exposition).

Recall, that every almost-periodic function w € AP(R®) possesses the mean
value which can be calculated by the following formula:

1
= lim ——— d
(W)= Jim g [ wle)da
and the following Fourier expansion
(3.1) w(z)= Y (&)™)
w(£)#0
where the amplitudes @(£) € C, £ € R? can be found by the expression

(3:2) W(€) == <w(x)e—z‘(m,e>>

(see e.g. [10], [11]). Tt is known that the set o(w) := {£ € R®, @(&) # 0} is not
greater than countable therefore the sum (3.1) has a sense. Moreover,
(3.3) Y la©)P < oo

{eo(w)

and the series (3.1) converges to the function w in the sense of the Bezikovich norm
||v||%2(R3) := (v(x)v(x)) (see [10] for details).

As usual, we denote by Trig®(R?) the space of all finite trigonometric polyno-
mials of the form (3.1)

(3.4) Trig®(R3) := {w(:c) = Zwkei(m,&c) :

NeN, & eR3, wy €C, kzl,---,N}

15



Now we are in a position to write the formula for the homogenized operator Ay
for the problem (0.1). To this end we define firstly the functions B!(¢), ¢ € R3,
[=1,---,k by expressions

(35  BY¢):= __ inf <Z ai;(y) (& + 0y, N() (& + %N(y))>

NeTrig® (R3) —
2¥)

where aij( ) has been defined in (0.3). Note, that (3.5) has a sense since the
expression inside of (-) is evidently an almost-periodic function.
It is known (see [20]) that the functions B!(¢) are the positive definite quadratic

forms with respect to &, i.e.

(3.6) Z &k, L ER

Define now the operators A} and the operator Ay in the following way:

3.7 = 890 a ;0 u Agu = diag{Alut, -, AkuF
J 0 0

This choice of the leading part of the homogenized equation for (0.1) is justified by
the following proposition.

Proposition 3.1 [20]. Let the functions v© € Wy >(Q) be the solutions of the
following problem:

(3.8) ALv® =h, he W=h2(Q)

where | € {1,-+- k} is fivred and the operator AL is defined by (0.3). Then v — v°
weakly in Wy2(Q) as e — 0 and the function v° € Wy*(Q) is a solution of the
limit problem

(3.9) ALv® =1

where the operator Al is defined by (3.5)—(3.7).

Let us consider the homogenized equation

(3.10) { Opu = Aou — f(u) +g

) “‘39:0

u‘tzo = Uo

for the non-homogeneous equation (0.1). Note that this equation satisfies all as-

sumptions of Theorem 2.1 (due to the fact that the forms B! (¢) are positive defined)

and consequently possesses the attractor A° in the phase space ® = L*(Q). More-

over, the estimates (1.11) and (2.12) remains valid for the limit equation (3.10).
The main result of this Section is the following theorem.
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Theorem 3.1. Let the assumptions of Theorem 2.1 hold and let A° be the attractor
of the limit (e = 0) problem (3.10). Then the attractors A° of (0.1) converges to
A® when ¢ — 0 in the following sense

(311) lima_)o distczgl Q) (AE, AO) =0

for the appropriate sufficiently small positive exponent 3 > 0.

Proof. As usual (see [1]) in order to prove the upper-semicontinuity (3.11) one
should consider an arbitrary sequence €, — 0 and ug, € A°" and prove that it is
possible to extract from it a subsequence ug , — uo € A® in Dy

Let us fix an arbitrary sequence €, — 0 and an arbitrary sequence ug, € A°".
Let u,(t) € K¢ be the corresponding bounded solutions of the equation (2.7) with
e replaced by e, such that ug, = U,(0) (which exist due to the representation
(2.6)). Then, according to (2.12)

(3.12) |t llcra.28 (77 411x0) < Qllgllo,2)

with the appropriate 8 > 0 and the function ) independent of T € R and n € N.
Let us fix 0 < 8’ < 8. Then due to the compactness of the embedding

CHHA2 (T, T + 1] x Q) cc CYHP2([T, T 4+ 1] x Q)

and due to Cantor diagonal procedure we may assume (passing to a subsequence if
necessary) that there is a function @ € C'*+8" 26" ([T, T + 1] x Q) such that

(3.13)  Un — 1, Oy, — 04l as n — oo in the space CP 28 ([T, T + 1] x Q)

for every fixed T € R. Particularly, 4, (0) — %(0) in ®g . Therefore if 4 € K° then
due to (2.6) ug = 6(0) € A°. Thus, it remains to prove that the limit function (t)
is a bounded solution of the limit equation (3.10). The latter can be easily verified
using Proposition 3.1 and the convergence (3.13). Indeed, let us verify that the
function u!(t) satisfies the I-th equation of (3.10). Since % and ;% are continuous
with respect to (¢, x) it is sufficient to verify this identity for every fized T € R.
To this end we rewrite the [-th equation of (1.2) in the form of elliptic boundary
problem:

(3.14) AL 7t

En N

(T) = hy(T) := 8y, (T) + fHU(T)) — ¢, W(T)] 50 =0
Note that the convergence (3.13) implies that
(3.15) R (T) = hh(T) == 0, (T) + f1(u(T)) — ¢

in the space C?%1(Q).
Let v, € W,°?(Q) be a solution of the following elliptic boundary problem

(3.16) Al v, = h{(T)

€

Then from the one side

(3.17) [ (T) = vall12 < Cllhg (T) = ho(T)|| =12 = 0
17



due to (3.15) and due to the uniform with respect to ¢ boundedness of (A.)~! :

W—12(Q) — W, *(Q). From the other side due to Proposition 3.1

(3.18) 0™ — g, in Wy ?(Q) where Abvy = bl (T)

The convergences (3.17) and (3.18) imply that @'(T) = vy and consequently
(3.19) Ay (T) = ho(T) = 9 (T) + f1(@(T)) — g'

since T is arbitrary then the function u’(t) really satisfies the [-th equation of (3.10)
and therefore (since [ € {1,--- ,k} is arbitrary) u satisfies the homogenized equation
(3.10). Note also that the uniform estimate (3.12) and the convergence (3.13) imply
that @ is bounded. Thus, 7 € K° Theorem 3.1 is proved.

§4 THE CASE OF PERIODIC COEFFICIENTS: ESTIMATES OF THE ERROR.

This Section is devoted to a more detailed consideration of the particular case
where the coefficients af;(y) are periodic and smooth (C?(R?)) functions in R?, i.e

it is assumed that there are positive numbers T = (T, T, T3) > 0 such that
(4.1) aéj(y + (T, m)) = azj(y), for all 4, 4,1 and for all m € Z3, y € R?

In this case using the method of asymptotic expansions (see [2], [20]) we obtain
the error estimates for the approximation of the individual solutions of (0.1) by
the solutions of the homogenized problem (3.10) and basing on these estimates we
derive after that the estimates for the distance between the global attractors A®
and A° under some additional assumptions on the limit attractor A°.

Theorem 4.1. Let the assumptions of Theorem 3.1 hold and let in addition (4.1)

be also wvalid. Then for every e > 0 small enough and every ug € N W01’2(Q) the
following estimate is valid

(4.2) lue (8) = @(®)lo,2 < Qo poeaypp2)e ™ e

where u.(t) = Sfug, u(t) = SPug are the solutions of the problems (0.1) and (3.10)
respectively, the function Q@ and the constant K = K(||uol|o,00) are independent

of €.

Proof. Note for the first that due to the fact that the elliptic operator Ay has the
constant coefficients one can derive from (1.17) that

T+1 T+1
(43) [a(T)|2, + /T 10125 dt + /T |02, dt <

< Qllwollo,co + [luo

l1,2) + Q(llgllo,2)

for the appropriate function @ independent of T > 0 (here we have implicitly used
the elliptic regularity estimate ||u/|2,2 < C||Aoullo,2).
Let us fix [ € {1,--- ,k} and consider the [-th equation of (0.1):

(4.4) Opul = ALul — f'(u) + g ul|,_, = ub
18



and introduce the correctors N, ,i (y), k = 1,2, 3 as solutions of the following auxiliary
periodic problems:

{ 5 =1 O (al; ()9, NE (1)) = = 320 Oyaly(y), y € R

(4.5) l . o s
Ny(y+ (T,m)) = Ni(y), meZ

It is well-known that the periodic problems (4.5) have unique solutions (due to the
uniform ellipticity assumption (0.4)) and since al;(y) are smooth (C?) then

(46) IV llop oy < €

Moreover, if the solutions of (4.5) are known then the coefficients a - of the limit
elliptic operator A}, can be calculated by the following formulae (see e.g. [20]):

(4.7) aly = (al;(9)) + Y (abk(®)9y N (v))

Lemma 4.1. Define the functions

(4.8) i (t) +€ZNk 1)y, ' (t)

Then
(4.9) JALGL(t) — AGT'(t)||-1,2 < Cell*(t) 2,2

where the constant C' is independent of .

Proof. Indeed, it is computed in [20, page 27] that

3

(4.10) > (alj(e7 )0y, ik — al;0,,0') = gZaw] alf (e w) 0y, t) + rlf
j=1

where a}%(y) are certain periodic functions such that

(4.11) aif(y) = =l (y)

and the remainders r% are

(4.12) _5ZNk ~ig ul —eakl(e712)02 ,

m mk 27 m]mk
k,j=1

Note that due to (4.11) the divergence from the first term into the right-hand side
of (4.10) equals zero and consequently

Azt (t) — A ()] —1.2 < ZHT” Moz < Cell@' (t)]]2,2

=1
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Lemma 4.1 is proved.

Note that the constructed functions @' (t) do not satisfy the boundary conditions
(i (t) ¢ W, *(Q)) which is inconvenient for our purposes (we are planning to
multiply the equation (4.4) in L2(Q) by @.(t) — 4'(t) and integrate by parts). In
order to avoid this difficulty we introduce (following to [20]) the family 7.(z) €
C§° () of cut-off functions satisfying the following conditions

1. 0 <7 <1, and 7-(z) = 1 if z € Q\O(09), where O,(92) means the
e-neighbourhood of the boundary 0€2.

2. ¢|Vyre(z)| < C for every z € Q and € > 0.

(Such family exists because the boundary 02 is assumed to be smooth (see [20]))

and make the following boundary correction of the functions ul (t):

(4.13) wl(t) == al(t) —e(1l — 7o(x)) Z Ni(e™ )0y, 0 (t)

Then, evidently, w! (t) € Wy () (to be more precise wh € L2([0,T], W, *(Q))) and
the W12-distance between @' and w! is sufficiently small as the following lemma
shows.

Lemma 4.2. Let the functions ul(t) and wl(t) be defined by (4.8) and (4.13) re-
spectively. Then

(4.14) I — will1z < O (2)]]2,

where the constant C' is independent of .

Proof. Indeed, since N}(y) € C¢(R?) then due to our choice of cut-off functions 7.

(4.15)  [IVao(ie — w17 <

< / |5Vm7'5|2|Vf,;€ll(15)|2 +(1- 7'5)2|VyN(6_1aC)|2|Vf,ﬁ(t)|2 + 062|Vgﬂ(t)|2 de <
Q

<C Vot (1)) da + Ce?[[@ (1)]]3 5
€0 (09)

Applying the Holder inequality to the first term in the right-hand side of (4.15) and
using the embedding W22 Cc W16 we derive that

(4.16) / V@' () ? da < |0 (09) P73 (1)[]] 6 < C*2 @ (1) ][5,
T€O.(0Q) ’ ’

(here we have used the fact that the volume of the e-neighbourhood |O.(99Q)| < Ce
because 2 is assumed to be smooth). The estimates (4.15) and (4.16) prove the
lemma.

Now we are in a position to complete the proof of the theorem. To this end we

introduce the function v.(t) := u.(t) — u(t). Then

(4.17) (9t1)i(t) = [Ala ,l_: — Aaal )] - [fl(ue(t)) - fl(a(t))L Ui‘ag =0
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Let us take the inner product in L2(f2) of this equation with the function wul(t) —

wl (t):

€

T T
(@18) [ @kl = b)) de= [ (AL (0) — A5 (1), ubte) - wl (1) o~
0 0
T
- [ a0y = @0, k0~ wlr)
Note that the definitions (4.8) and (4.13) imply the estimate
(4.19) ik (t) = wh () — vt (®) o2 < Cell ().

Consequently, the estimate (1.17) and (4.3) imply the inequalty

a20) | [ @otwat) - ut) a- [ ut.o) al <

T 1/2 T 1/2
< Ce ( / ||atvi<t>||%;,2) ( / ||al<t>||1,zdt) < Qluollprw2)eT
0 0

for a certain monotonic function @ independent of ¢.

The third term in (4.18) can be estimated analogously using the fact that we
have the uniform with respect to e L*-estimate for the solutions u.(t) and u(t)
(due to Corollary 1.4):

(4.21) \ [ (7o) - @) - utio) a-
~ [ (e0) - £1@0).020) ] < QluolloeeT

with the appropriate () independent of e.

Thus, it remains only to estimate the most complicated second term of (4.18).
We will do so using the results of Lemmata 4.1 and 4.2 and the uniform ellipticity
(with the constant v > 0) of the operators Al:

[ » e

— (ALag(t) — AGE' (1), ug () — we(t)) =
> vllug (t) — a7, — Cllag(t) — w7 5 — v/Allut(t) — az ()3 2~
— C?[[@ )32 — v/Alluc(t) — wi(®)| 2 = —Cre®?|[a(t)

(422) = (Azuc(t) — Agu' (1), ug — wp) = — (AL(ug(t) — (1)), ug () — we(t)) -

2,2

Intergating the inequalty (4.22) over ¢ € [0,7T] and taking into the account the
estimate (4.3) we derive that

T
(4.23) / (ALul(£) — Agd (1), ub (t) — wk(®)) dt < Q (|uo|onwr2) /3T
0
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Inserting the estimates (4.20), (4.21) and (4.23) in the relation (4.18) and taking
into the account the fact that v1(0) = 0 we derive the estimate:
(4.24)  1/200d(T)15 2 < Q ([uollpcrwr2) €727~

_ /0 (f'(ue(t)) — fl@@(t)), vl (t)) dt

Summing the inequalities (4.24) for [ = 1,--- , k we finally obtain that

(4.25) loe(T)[IF» < 2kQe>>T — 2/0 (f (ue(t)) = f(u(t)), ve(t)) dt

Recall that the function f € C!' and we have the uniform with respect to e L°°-
estimates of solutions u.(t) and %(¢). That is why we can estimate the intergal in
(4.25) in a standard way and obtain the estimate

T
(4.26) lve (TG < 2K/ lve(£)1[5 2 dt + 2kQe>>T
0

where K = K (||uol0,00)-
The Gronwall inequality applied to (4.26) complets the proof of the theorem.

Remark 4.1. Note that in the case where the limit solution #%(¢) is smooth enough
(e.g. 1 € CY2(Qr), it will be so for example if in addition g € C#(Q2) and the initial
value ug € C?T#(Q)) one can expect much better estimate then (4.2) (with exponent
1/2 or even 1 instead of 1/3). But in this case the function @) will also depend on
||uo||c2+s which is not permit to apply this result for estimation the difference
between the attractors. So, taking in mind the application of this estimate to the
attractors we cannot consider the initial data more regular than C?# N WO1 2 and
this was the main difficulty in the proof of Theorem 4.1.

Now, having the error’s estimate for approximation the individual solutions of
(0.1) by the solutions of homogenized equation (3.10), we are in a position to derive
the analogous error’s estimates for the (global) attractors A° and A°. To this end
we need some additional information about the attractor A° of the limit equation
(3.10). Namely, we require the rate of convergence of images of bounded sets to the
attractor A° to be exponential, i.e.

(4.27) distzz2(o) (S¢ B, A°) < Q (|Blls) e

for a certain positive exponent v > 0 and the appropriate function Q.

Theorem 4.2. Let the assumptions of Theorem 4.1 hold and let the limit attractor
A be exponential. Then the nonsymmetric Hausdorff distance between A¢ and A°
possesses the following estimate

(4.28) distz2(q) (A%, A°%) < Ce®

where the constant C' and the exponent 0 < Kk < 1 can be calculated explicitly.

Proof. The assertion of the theorem is a simple corollary of the estimates (4.2) and
(4.27). Indeed, let u? € A° be an arbitrary point of the attractor A°. Then due
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to (2.6) there is a complete bounded trajectory u.(t) € K€ such that u.(0) = u?.
Moreover, according to the estimate (2.12)

(4.29) e (t)|| Loenwi2@) < C

where C' is independent of t € R, ¢ and u?. Let us fix now an arbitrary T € R,
and consider the solution u(t) of the homogenized problem (3.10) with the initial
value %(0) := u.(—T). Then, according to the estimate (4.2),

(4.30) e (0) — U(T)|oo < Cr/3eKT

where the constants C7 and K depend only on C' from (4.29) and on the functions
Q and K in (4.2) and independent of u2, T and e.
From the other side since the attractor A" is exponential then

(4.31) distr2(q) (4(T), A%) < Coe™T

where the constant Cy is also independent of u2, T and ¢ (due to the uniform
estimate (4.29)). Combining the estimates (4.30) and (4.31) we derive that

(4.32) diSth(Q) (ug, AO) < 0181/36KT + CQB_VT

Recall that T > 0 is arbitrary, therefore we chose it in order to minimize the
right-hand side of (4.33), i.e. from the equation

0181/3€KT — CQQ_UT

solving this equation and inserting 7' = T'(¢) in the right-hand side of (4.32) we
obtain that

(4.33) distz2(q) (ul, A%) < C3e”

where k = Since u? € A° is arbitrary then (4.33) implies (4.28). Theorem

3(1/’1}—14,) :
4.2 is proved.

Corollary 4.1. Let the assumptions of Theorem 4.2 hold. Then
(4.34) distc o) (A%, A4%) < Ce™

for the appropriate 0 < k1 < Kk < 1.

Indeed, due to Corollary 2.1 the attractors A® and A° are uniformly bounded
in C?'(Q), B > 0 therefore the estimate (4.27) together with the appropriate
interpolation inequality implies (4.34).

Remark 4.2. Assume in addition that the attractors A°, ¢ < gg are uniformly
with respect to € exponential, i.e.

(4.35) dist 20y (SEB, A%) < Q(|| Blle)e™"
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where the positive constant ¥ > 0 and the function @) are independent of e. Then
arguing as in the proof of Theorem 4.2 one can easily obtain the lower semicontinuity
of the attractors A® and the estimate

(4.36) distr2(q) (A%, A%) < Ce®

and consequently in this case we have the estimate (4.2) not only for symmetric
Hausdorff distance but for the non-symmetric one as well.

Note in conclusion that there is a large class of systems of the form (0.1) for
which the estimate (4.27) is known. Indeed, assume in addition that the nonlinear
function f has a gradient structure (which is always true in a scalar case k = 1)

(4.37) f(u) =V, F(u)

Then as known (see e.g. [1]) the equation (3.10) possesses a global Lyapunov
function

(4.38) L(u) = AZdéjamiulamjul +2F(u) — 2g.udx

i,3,0

and consequently in the generic case where we have only finite number of equilibria
points R := {z1,---, zn} for the equation (3.10) and all of them are hyperbolic the
attractor of the equation (3.10) is regular i.e. consists of a finite collection of the
finite dimensional unstable manifolds M™(z;) of the equilibria points z; € R:

(4.39) A’ = UL M* ()

(see e.g. [1] or [15]). Moreover, it is also known (see [1]) that the regular attractor
is exponential i.e. (4.27) holds for the regular attractors. Thus, we have proved the
following theorem.

Theorem 4.3. Let the assumptions of Theorem 4.2 holds and let in addition (4.37)
is satisfied and all equilibria points of the homogenized equation are hyperbolic. Then
the estimate (4.28) holds.

Let us consider now several examples of reaction-diffusion systems arising in
mathematical physics for which the assumptions of Theorem 4.2 are fulfilled.

Example 4.1. One of the simplest examples is a Chaffee-Infante equation in the
nonhomogenized almost-periodic media:

(4.40) Opu = Acu — u® + au + g(), 0

ulpo =
Here u is a scalar function (k = 1), g € L?(Q), @ € R is a given constant and
the operator A, is defined via (0.3). All assumptions o Theorem 3.1 are evidently
satisfied for this equation and consequently (4.40) possesses a global attractor A°
for every € > 0. Moreover, these attractors tend to the limit attractor A4° of the
homogenized problem as ¢ — 0 in the sense of (3.11).

Note also that the equation (4.40) has a gradient form ((4.37) is satisfied) and
consequently for generic g € L2(£2) the limit attractor Ay is regular and exponential.
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Thus, in the case of periodic media the estimate (4.28) is also valid for the external
forces g belonging to a certain open and dense set in L?(£2).

Example 4.2. Consider now the following generalization of Lotka-Volterra system:

{ Opui = Abu; — fi(ui) — u; (Z?;l bij“?) + gi(x)
—0, i=1,---,k

(4.41)
“i‘aQ

where A are defined via (0.3), b;; > 0 are given nonnegative constants, g; € L?({)
and the functions f; are assumed to satisfy the following assumptions:

(4.42) 1. f; € CY(R), 2. fi(v)-sgnv>0for [v| >R, 3.|fi(v)| < C + |[v|P)

for a certain constants R > 0, C' > 0 and p > 0. It is not difficult to verify that the
system (4.41) satisfies all assumptions of Theorem 3.1 (particularly, the anisotropic
dissipativity condition (0.6) is valid with py = ps = --- = pp = ¢ for arbitrary
q > 0), consequently the attractors A°, ¢ > 0 associated with the problems (4.41)
converge as € — 0 to the attractor 4° of the limit homogenized problem.

Note also that in the case where the matrix {b;;}},;_; is symmetric, i.e.

(4.43) bij=1b;; >0, i,j=1,---,k

the equation (4.41) has a gradient form, therefore in the case of periodic media the
estimate (4.28) for the rate of convergence of A° as ¢ — 0 is valid for g; belonging
to a certain open and dense subset of L?(£2) and for b;; satisfying (4.43).

Example 4.3. We conclude our consideration by the so-called FitzHugh-Nagumo
system:

(4.44) { Opur = Alur — f(ur) —us + g1(x), w1y =0

Opus = A2uy + dug — yus + ga(x), “2‘39 =0

Here k = 2, the operators A% are defined via (0.3), J,y > 0 are positive constants
and the nonlinearity f(v) is assumed to satisfy the fullowing assumptions:

(4.45) 1. f e CYHQ), 2. f(v)w>—C + Oyl 3. |f(w)| < C(1 + |v]P)

for a some positive C,C4,q,p > 0. A simple checking reveals that the equation
(4.44) satisfies all assumptions of Theorem 3.1 (particularly the anisotropic dissi-
pativity assumption (0.6) holds with p; = ps = r and arbitrary r» > 0), consequently
the attractors A associated with the nonhomogeneous problem (4.44) tend as e > 0
to the attractor A° of the limit homogenized problem.

Note that the equation (4.44) does not have a gradient structure. Nevertheless,
it is shown in [4] that under the additional assumptions

(4.46) 1. f'(v) > —y for all v € R,

where « is the same as in the second equation of (4.44), this problem possesses a
global Lyapunov function in the form:

% (A;Ubul) + X (AEU%'UQ) +

1
(447) L(’U,l,’u,z) = 5”8{&1”%2 + _Hat’U,z“%z - 25

1
20
2 2 v
+yF (u1) + 7y (u1, u2) — 2_5||U||L2 — v (91,u1) + 5 (g2, u2)
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where (-,-) means the inner product in L?(Q), F(u) = [, f(u)du and the terms
Oyuy and dyug should be expressed from the equations (4.44) (according to Theorem
1.2 all terms in (4.47) are well posed on the attractor A%). Thus, in the case of
periodic media and under the additional assumption (4.47) the estimate (4.28) holds
for every g; from a dense and open subset of L2((2).

Remark 4.3. It is also known that the regular attractors are structurally stable in
the sence, that representation (4.39) preserves under the small permutations of the
equation (3.10), moreover the uiniform exponential attraction property is also valid
if the pertrubation is small enough (see [1]). Note also that the non-homogenized
problem (0.1) can be considered as a small pertrubation of the homogenized equa-
tion (3.10) because

||(AE)_1 — (AO)_1||L2(Q)—>L2(Q) —0ase—0

(see [20]). Therefore one can expect that the uniform attraction property (4.35) is
valid for our case if the limit homogenized attractor is regular. Then according to
Remark 4.2 we will have the lower semicontinuity of attractors A® as ¢ = 0 and
estimate (4.28) for the symmetric Hausdorff distance. We will give the rigorous
proof of this assertion in the forthcoming paper.
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