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ABSTRACT. The longtime behaviour of solutions of a reaction-diffusion system with
the nonlinearity rapidly oscillating in time (f = f(¢/e,u)) is studied. It is proved
that (under the natural assumtions) this behaviour can be described in terms of
global (uniform) attractors A% of the corresponding dynamical process and that
these attractors tend as € — 0 to the global attractor A° of the averaged autonomous
system. Moreover, we give a detailed description of the attractors A%, ¢ < 1, in the
case where the averaged system possesses a global Liapunov function.
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INTRODUCTION

We consider the following reaction-diffusion system in a bounded domain 2 CC
R™ with a sufficiently smooth boundary:

(0.1) { Owu = alyu— f(t/e,x,u) + g(z),

ulpg =0, uf,_y = uo.
Here ¢ > 0 is a small parameter, u = (ul,---,u¥) is an unknown vector-valued
function, f = (f,---, f¥)and g = (g%, - -, g*) are given functions and the constant
diffusion matrix a is assumed to be diagonal
(0.2) a = diag{ay,--- ,ar}, a; >0, i=1,--- k.
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The external force g is assumed belonging to the space LP(Q2) for a some fixed
p>(n+2)/2.

A solution of equation (0.1) is a function u € W(H2P([T, T + 1] x Q) for every
T > 0 (here and below the symbol W(1:42)?(V) means an anisotropic Sobolev-
Slobodetskii space of functions w(t, x) such that D" w, D2w € LP(Q), see e.g. [19])
and satisfies equation (0.1) in the sense of distributions (note that due to the em-
bedding theorem and our choice of the exponent p, W (%22  C and, consequently,
the nonlinear term in (0.1) is well-defined).

The initial value ug is supposed to belong to the trace space of W(12):2([0, 1] x Q)
at t =0, i.e.

(0.3) ug € p(Q) 1= W20=212(Q) A {up |, = 0}

(see, e.g. [19]).
The nonlinearity f is assumed to have the polynomial rate of growth with respect
to wu:

(0-4) | (2,2, 0)] < C(1+ [o]),

for a some ¢ > 1 and C' which are independent of v € R*, z € Q, and z € R, and
to satisfy the anisotropic dissipativity assumption in the following form: there are
the exponents p; > max{0, pq — 2} such that

k

(0.5) > filz z,0)vilv;

=1

pi Z _Ca

where the constant C' is independent of z € R, z € Q, and v € RF (see [9]).

Moreover, we assume also that the function f(z,z,v) is almost-periodic with
respect to z (see Section 2 for precise conditions), continuous with respect to z and
a sufficiently regular with respect to v, namely,

(0.6) |fo (22, 0) |+ |3 (2,2, 0)| < Q([v]),

where () is a some monotonic function which is independent of z and x.

The long-time behaviour of solutions of (0.1) in the autonomous case is usually
described in terms of global attractors of dynamical systems associated with the
problem under consideration, see [2], [14], [24] and references therein.

The case of non-autonomous equations is essentially less understood. In a fact
up to the moment, there are several natural approaches to extend the attractors
theory to the non-autonomous case. One of them is based on a reducing the non-
autonomous dynamical process to the autonomous one using the skew-product tech-
nique. The realization of this approach leads to the so-called uniform attractor 4°
of equation (0.1) which is independent of ¢ and is uniform with respect to all non-
linearities ¢(t/e,x,u) belonging to the hull H(f) of the initial nonlinearity f, see
[6], [15]. The alternative approach interprets the attractor of the non-autonomous
equation (0.1) as a non-autonomous set as well: A%(#), t € R, see e.g. [8], [18].

The homogenization problems for individual solutions of equations of type (0.1)
with rapidly oscillating spatial and temporal terms were investigated in [3], [4], [21],
[22], [27] (see also references therein).



The homogenization of attractors were also studied by many authors. See, e.g.,
[5], [23] for attractors of reaction-diffusion and even hyperbolic equations in non-
homogenized spatially-periodic media with asymptotic degeneracy. The case of
regular spatially almost-periodic media was considered in [9]. The homogeniza-
tion aspects for the reaction-diffusion problems with spatial rapid oscillations in
subordinated terms (i.e., for f = f(x/e,u) or g = g(x/e)) were considered in [10]
and [11]. The temporal averaging of uniform attractors for evolutionary problems
was studied in [17] (for the case of 2D Navier-Stokes system and for the nonlinear
wave equation with rapidly oscillating in time external forces) and in [26] (for the
case of singular perturbed reaction-diffusion system with rapidly oscillating exter-
nal forces). The homogenization of trajectory attractors associated with ill-posed
evolutionary mathematical physics equations (such as 3D Navier-Stokes equations,
damped wave equations with supercritical nonlinearities, etc.) is studied in [7].

In the present paper we give a comprehensive study of qualitative and quantita-
tive aspects of global temporal averaging in equations (0.1). Particularly, we show
that, under the above assumptions, problems (0.1) possess uniform attractors A®
in ®, for every fixed € > 0. In order to study the behaviour of these attractors
as € > 0, we consider also the averaged problem for (0.1) which obviously has the
following form:

(07) { ?tE:anﬂ__ f(.I‘,ﬂ)—}—g(.’I?),
U‘E)Q =0, u‘t:o = Yo
where
_ ) 1 [T
(0.8) f(z,v) = Th_)n’;o o7 _Tf(h,:v,v) dv.

Autonomous equation (0.7) also possesses a (global) attractor A°, moreover, we
have the following upper semi-continuity of the attractor A°.

Theorem 1. Let the above assumptions hold. Then
diste, (A%, AO) —0, ase—0

where dist means a standard non-symmetric Hausdorff distance between subsets
of ®,.

The main part of our study is devoted to a more detailed investigation of the
case where the limit attractor A° is regular, it will be so, for example, if equation
(0.7) possesses a global Liapunov function and all it’s equilibria are hyperbolic, see
[2]. In this case, the attractor A° can be represented as a finite collection of finite
dimensional unstable manifolds of these equilibria:

(0.9) A° = UL MF

where z;, i = 1,--- , N are (hyperbolic) equilibria of (0.7).

The non-autonomous regular with respect to ¢ perturbations of regular attrac-
tors associated with reaction-diffusion equations were considered in [13]. We prove
that structure (0.9) is in a sense preserves for sufficiently small € > 0, i.e. that the
regular structure of the attractor preserves under rapidly oscillating perturbations
as well. To this end, it will be more convenient to to use the alternative concept
of the nonautomous attractor of (0.1) under which the attractor is defined to be a
set-valued function ¢ — A%(t).



Theorem 2. Let the assumptions of Theorem 1 hold and let, in addition, the
averaged attractor A° is reqular. Then, for every e < eq, there exists a family of
compact sets A‘; (t), t € R in &, enjoing the following properties:

1) This family is invariant with respect to the dynamical process associated with
equation (0.1), i.e.

(0.10) US(t, 1) A5(T) = AS(1), T€R, t>7

where by definition Uz (t, T)u(7) := u(t) and u(t) is a solution of (0.1), defined for
t>rT.

2) There exist a monotonic function Q) and a positive constant vy, which are
independent of € < e, such that, for every bounded subset B C ®,, the following
18 true:

(0.11) dists, (U5(t +7,8) B, A5(t +7)) < Q(||Blls,)e™ 7,

for everyt € R and 7 > 0.
3) The uniform attractor A® can be expressed in terms of attractors A;i(t) via

(0.12) A= = [Uter A5(1)]

where [-|¢, means the closure in the phase space ®,,.

As a simple corollary of the proved theorem we derive that

(0.13) sup distsymm,s, (AF(t), A%) =0 as e =0

tER
where distsymm,s, means a symmetric Hausdorff distance for subsets of @, and,
consequently, the family A® of uniform attractors is upper and lower semicontinuous

at € = 0. The following theorem gives an nonautonomous analogue of decomposi-
tion (0.9).
Theorem 3. Let the assumptions of Theorem 1 hold. Then there exist exactly

N almost-periodic solutions z5 (t) of equation (0.1). Moreover, these solutions are
hyperbolic, tend to z; ase — 0 and the attractors Ajc (t) have the following structure:

(0.14) A5 (t) = ULM;{’ZS (t)

where MT .(t), t € R is a (non-autonomous) unstable manifold of the solution z5.
Note also that ./\/l;l{,zig (t) are diffeomorphic to M}, for every fized t.

Thus, under the above assumptions, every solution of equation (0.1) tends to
one of the almost-periodic solutions z{(¢) and the attractor A% (¢) consists of these
almost-periodic solutions and heteroclinic connections between them in a complete
analogy with the structure of the autonomous regular attractors.

The following corollary clarifies the dependence of A% (¢) on ¢.

Corollary 1. Let P be a complete metiric space of all compact subsets of ®, with
the symmetric Hausdorff distance as a metric. Then the function t — A;i(t) 18
almost-periodic as a P-valued function

A () € AP(R, P)

The rest part of the paper is devoted to study the quantitative aspects of con-
vergence (0.13).



Theorem 4. Let the assumptions of Theorem 2 hold and let, in addition, the

primitive
h E—
(0.15) F(ho,u) = [ 1(h,0) = Tl 0)] i
0
is bounded (and consequently almost-periodic) with respect to h. Then
(0.16) sup dist symm, @, (A’}(t),AO) < Cpe®
teR

where 0 < k < 1 depends only on the constant v from (0.11) and on maximal
Liapunov exponent of problem (0.1) and the constant Cr depends on the equation
and, particularly, on the L*°-bounds of function (0.15).

Note that the assumption on primitive (0.15) is always satisfied for the case of
periodic dependence of f(h,z,v) on h. For the case of more general almost-periodic
(and even for quasi-periodic) dependence on h, primitive (0.15) may be unbounded
indeed (see [21]). Note, however, that even in this case the set of functions f for
which (0.15) is bounded is in a sense dense in the space of all functions f. For
simplicity, we explain this assertion on an example of the so-called quasiperiodic
functions f.

Corollary 2. Let the assumptions of Theorem 2 hold and let, in addition, the
function f have the following structure:

(0.17) f(h,z,v) = G(wih, - ,wnh,z,v)

where the function G is 1-periodic with respect to the first m arguments, and w =
(wi, -+ ,wm) s a frquency vector associated with f. Assume, in addition, that G
15 smooth enough, namely,

G € C*™(R*™ C?(Q x R¥).

Then, estimate (0.13) remains valid for almost all frequency vectors w C R™ (with
respect to the standard Lebesque measure in R™ ):

(0.18) sup dist symm, @, (A?(t),AO) < C(w)e”
teR

Unfortunately, the constant C'(w) depends on some Diophantine conditions on
the vector w and, consequently, it is extremely sensitive to small perturbation of w.
That is the reason why, it seems reasonable to obtain the probabilistic analogue of
estimate (0.18).

Corollary 3. Let the assumptions of Corollary 2 hold and let the frequences w;,
t=1,---,m be independent Gausian random variables. Then the expectation M of
random variable (0.18) possesses the following estimate:

(0.19) M{ sup distsymm,a, (AF(t), A°) } < C(o)e”,
teR
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for some constants 0 < k < 1 and C(o) depending on dispersions of w (but, in
contrast of (0.18), this dependence is 'reqular’).

The paper is organized as follows.

The existence and uniqueness of solutions of (0.1) and uniform (with respect
to ) dissipative estimates are derived in Section 1.

The uniform attractors A° for problem (0.1) are constructed in Section 2. More-
over, their upper semicontinuity at e — 0 is verified here.

The convergence of the nonautonomous dynamical systems Z/l]‘? (t,7) to the aver-
aged one associated with (0.7) (together with their Frechet derivatives) on a finite
interval of time is proved in Section 3. The quantitative bounds for this convergence
are derived in Section 4.

Based on these estimates, we investigate in Section 5 the behaviour of nonaver-
aged system (0.1) near the hyperbolic equilibrium of averaged system (0.7).

The regular structure of the non-averaged nonautonomous attractor A;i (1), if
e > 0 is small enough, is established in Section 6.

The quantitive and qualitative results on the convergence A%(t) to A° are ob-
tained in Section 7. Moreover, the almost-periodicity of the set-valued function
A% (+) is also verified here.

The paper is concluded by Section 8 where we illustrate the obtained results on
a number of concrete equations in the form of (0.1).

Acknoledgements. This research is partially supported by the INTAS project
no. 00-899, CRDF grant RM1-2343-MO-02 and FRRI grant no. 02-01-00227.

§1 UNIFORM (WITH RESPECT TO €) A PRIORI ESTIMATES.

In this Section, we derive several auxiliary estimates for the solutions of (0.1)
which will be used in the sequel. We start from the dissipative estimate in the
phase space ®,,.

Theorem 1.1. Let assumptions (0.2)—(0.6) hold. Then, the solution u(t) of equa-
tion (0.1) possesses the following estimate:

(1.1) lu@®)lle, + [lullwam o) < Qluolle,)e™ + Q(llgllzr)

where the constant a > 0 and the function @ are independent of ug and € € (0, 00).

Proof. Let us first derive the uniform estimate of the LP(Q2)-norm of the solu-
tion u(t). To this end, we multiply (following [9]) the Ith equation of (0.1) by
w;(t)|u;(t)|P* and take a sum over [ € {1,---,k} and integrate over z € ). Then,
we obtain (after using assumptions (0.2) and (0.5) and after the integration by
parts) that

k k A(p; -|-1
42 i i
(1.2) 0, (Zp +2|| ; gpfﬁ) +y e F ||v (Jus| B +2/D)12, <

=1

k
< Cvol(Q) + ||g]|Le (Z || (t)

6

pi+1
p'(pi+1)



where p’ is a conjugated exponent to p (1/p+ 1/p’ = 1) and the constant C' is the
same as in (0.5). Note that, due to the Sobolev’s embedding theorem, the second
term in the left-hand side of (1.2) can be estimated as follows:

"L 4pi + 1) :
Z p,z+ ||V (] Z.|(zoz-+2)/2)||%2 >« (Z p2+2|| u; () %pﬁz> +

i=1 =1
k
it+2
+o (Z ||Ui(t)||’£zn<pi+z>>
i=1

is the Sobolev’s embedding exponent

where o > 0 is independent of ¢ and [,, := 2"

(WL2 c L),
Note that, according to our choice of the exponent p (p > (n + 2)/2), we have
p’ <n/(n+2) <, and, consequently, the last term in the right-hand side of (1.2)
can be estimated in the following way:
pi+2 )
Lin(p;+2)

k k
S ol s ) ta (Z ot
=1 =1

inserting estimates (1.3) and (1.4) in (1.2) we have
k k
i 2 i 2
(15) (Z (o) +) +a (Z (o) *) <
iz P iz Pi
<ca (143l

k
i+1
ity <G Z lgallZ
Z:

The Gronwall’s inequality now yields

k k
S @25, < G (z ||ui<o>||f;;tf2) ity g (1 s ||g,npz+2) |
i=1 i=1

i=1

for the appropriate constants ay > 0, C3 and C4 which are independent of ¢.
Recall now that ®, C C and p; > gp — 2, consequently, (0.4) and (1.6) imply

(1.7) 1£(t/e, 2, ut)llLo(e) < QUluolle, e ™" + Q(llgllLe),

for the appropriate monotonic function ) which is independent of €.
After obtaining estimate (1.7) for the nonlinearity, we may interpret equation
(0.1) as a collection of linear nonhomogeneous heat equations

(1.8) 8tu,~ — aiAxui = hi(t,l‘)

where h(t,z) := f(t/e,z,u(t,x)) + g(x). Estimate (1.1) is an immediate corollary
of (1.7) and the classical LP-regularity theory for the heat equation (see e.g. [19]).
Theorem 1.1 is proven.

The following theorem establishes the unique solvability of problem (0.1) and
gives a uniform (with respect to ) estimate for the differences between two solutions
of this equation.

7



Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Then, for every ug € @,
problem (0.1) has a unique solution wu(t). Moreover, if ui(t) and us(t) are two
solutions of this problem, then

(1.9)  Jus(®) = wz(®)lls, + llur = uzllwa 201 41150y < Cllua(0) = uz(0)[|s, ™"
where the constants C' and K depend on ||u;(0)||s,, ¢ = 1,2, but are independent
of €.

Proof. As usual, the existence of a solution for problem (0.1) is a standard corollary
of a priori estimate (1.1) and the Leray-Schauder fixed point theorem (see e.g. [19]).
So, it only remains to verify (1.9). Indeed, let v(t) := wuy(t) — ua(t). Then, this
function obviously satisfies the equation

(]_]_0) 0,51) = ava - le(t)v, v‘t:O = ’U,1(0) - u2(0)7 U‘SQ = 0

where [.(t,z) 1= fol fl(t/e,z, sui(t,z) + (1 — s)ua(t, z)) dz. Note that, due to (0.6),
(1.1) and the fact that ®, € C, we have the uniform estimate
(1.11) 1@z~ < C = Q(lur(0)l[2, + [[u2(0)[2, )

where the function () is independnet of e. Multiplying now the [th equation of
(1.11) by v (t)|v;(#)|P~2, taking a sum over [, integrating over z €  and using
estimate (1.11), we derive (analogously to (1.6)) that

(1.12) lo(®)llze < Cillv(0)l|zre™’

where C'; and K are independent of €. As in the proof of Theorem 1.1, estimate
(1.9) is an immediate corollary of (1.11), (1.12) and the LP-regularity theory for
the heat equation. Theorem 1.2 is proven.

In conclusion of this Section, we derive the smoothing property for equation (0.1)
which is necessary in order to prove the attractor’s existence.

Theorem 1.3. Let the assumptions of Theorem 1.1 hold. Then, the following
estimate s valid:

(1.13) Ju(t) ., < = (@Qluolla, )™ + Qlgl10))

where the monotonic function QQ and the positive constant o« > 0 are independent
of €.

Proof. Indeed, let G = G(z) € W>P(Q) C ®3, be a solution of the following elliptic
problem:

(1.14) alA,G =g, g‘aﬂ
and let w(t) := t(u(t) — G). Then, this function obviously satisfies the equation
(1.15) Orw — algzw = h(t) :=tf(t/e,z,u(t)) + u(t), w‘t:o = 0.

Note that, due to estimates (0.4), (1.1) and the embedding ®, C C, we have
(1.16) Ih(®)llz2r < (¢ + 1) (Quolle,)e™ + Q(llgllr))

where Q and « are independent of . Applying now the L2P-regularity theorem for
heat equations to (1.15), we derive that

(1.17) lw(®)lle,, < (t+1) (Q1(luolle,)e™" + Q1(llgllzr))

Theorem 1.3 is proven.

=0



62 THE ATTRACTORS.

In this Section, we prove that for every e, equation (0.1) possesses an attractor
A¢ and prove that these attractors tend (upper semicontinuous) as ¢ — 0 to the
attractor A° of the averaged system (0.1) .

We assume that the functions f(z,z,v), f(z,z,v) and f] (z,x,v) are almost-
periodic with respect to z, for every fixed 2z and v. The latter means (see, e.g., [20]
or [21]) that, for every fixed x and v, the set

(2.1) {f(z+ h,z,v),h € R} CC Cyp(R,R¥)

is a precompact set in Cy(R) (and analogous statements are true for f, and f/' ).
We also assume that the function f is uniformly continuous with respect to z € Q)
in the following sence: for every R € Ry, there exists a function ag(f) such that
ar — 0 as # — 0 and

(22) |¢(Z7$17,U1) - ¢(Z,$2,1)2)| < C¥R(|ZE1 - l'2| + |’01 - 1}2|),

for every x1,70 € Q, 2 € R and v; € R¥, |v;] < R and for ¢ = f, ¢ = f/ and
¢ = o

In order to reformulate our assumptions on f in a more convenient way, we
introduce the Frechet space M which consists of functions F : Q@ x RF — RF,
F,F!,F" € C(Q x R¥) and generated by the following system of seminorms

(2:3) [Fllz = sup sup ([F(z,v)| + [Fy(z, 0)| + [Fy, (z,v)])
zeQVEBR

where Br := {|v]| < R} an R-ball in R¥. Obviously, the space M thus defined is
a metrizable F'-space the convergence in which coincides with the locally compact
convergence with respect to v € R¥.

Lemma 2.1. Let the assumptions (2.1) and (2.2) be valid. Then, the function
f(z,z,v) interpreted as a map from R to M is an almost-periodic (in Bochner-
Amerio sense) function with values in M, i.e., the hull

(24) H(f) = {Thf, h € R}Cb ®R,M) CC Cb(R, M)

is compact in Cp(R, M) (here and below, (Thf)(z,x,v) := f(z+ h,z,v) and {-}v
means a closure in the topology of the space V).

Proof. Indeed, let {h, }nen be an arbitrary sequence. Then, due to assumption (2.1)
and the Cantor’s diagonal procedure, we may assume without loss of generality that

(2.5) d(z,z,v) = lim f(z+ hy,z,v),

n—00
for every x,v from a dense set. Assumption (2.2) now implies that (2.5) holds, for
every z,v € Q x RF. Thus, it remains to check that (2.5) is uniform with respect
to z,v € 2 X Bgr. Assume that it is not so, i.e., there exist sequences z,, — g,
v, — vg and z, € R such that

(2'6) |f(zn + hnv Tn, Un) - ¢(zn7 Tn, Un)| > €p-
9



It also follows from (2.5) that the limit function ¢ satisfies (2.2) as well. Conse-
quently, (2.2) and (2.6) implies that, for a sufficiently large n, we have

(27) |f(Zn + hnax07 UO) - (}S(Zn, To, U0)| Z 80/2

which contradicts to convergence (2.5) with x = zy and v = vy. Thus, we have
proved that convergence (2.5) is uniform with respect to z,v € € x Bg. The
convergence of derivatives f] and f/! can be verified analogously. Lemma 2.1 is
proven.

Let us return now to equation (0.1). In order to construct the attractor A° for
this equation we consider (following cite6 and [15]) a family of problems of type
(0.1) with all of the nonlinearities belonging to the hull of the initial nonlinearity f:

(2.8) O =alAzu— ¢(t/e,z,u) + g(x), ¢ € H(f), u‘aa =0, u‘t:T = U,.

Note that assumptions (0.4)-(0.6) on the nonlinearity f obviously remain valid, for
every ¢ € H(f), consequently, due to Theorems 1.1 and 1.2, equations (2.8) are
uniquely solvable for every h € H(f), 7 € R and u, € ®,. Therefore, the solving
operators

(2.9) Ug(t, ) : ®p — @y, Ug(t, 7)u, := ult)

where u(t) is a solution of (2.8) are well defined, for every h € H(f) and every t > 7
(we indicate in (2.9) the dependence of these operators on € by the upper index
keeping in mind the passing to the limit € — 0 in the sequel).

Moreover, it follows from Theorem 1.1 that

(2.10) U5, Tuclle, < Qlurlle,)e™ " + Q(llgllzr)

where the function ) and the constant o > 0 are independent of €, h € H(f) and
TeR

Let us now define the extended semigroup Sp(e) : ®, x H(f) — @, x H(f)
which correspons to the family of equations (2.8) using the standard skew product
technique (see e.g. [6] or [15]):

(2.11) Su(e)(v, ) := (Ug(h, 0)v, T ),

where (T}, f)(t/e,z,v) == f((t + h)/e,z,v). Recall that, by definition, a set A* C
®, x H(f) is an attractor of the semigroup Sj(e) if the following assumptions are
satisfied:

1. The set A® is compact in @, x H(f).

2. The set A® is strictly invariant, i.e. Sp(e)A® = A®.

3. The set A® attracts bounded subsets of @, x #H(f), i.e., for every bounded
in & x H(f) set B and for every neighbourhood O(A®), there exists a number
T =T(B, O) such that

(2.12) Sp(e)B C O(A), Vh>T

(see e.g. [2], [24] for further details).
10



Theorem 2.1. Let the assumptions of Theorem 1.1 hold and let, in addition, (2.1)
and (2.2) be satisfied. Then, the semigroup Sp(e), defined above possesses a (global)
attractor A* C &, x H(f). Moreover, the following estimate is true:

(2.13) 1A oy, x20(r) < QUllgllzr)

where the function () is independent of €.

Proof. As usual, we should verify the assumptions of the abstract theorem on the
attractor’s existence (see, e.g., [2]), namely, we should verify that S¢(¢) is continous,
for every fixed ¢, and the fact that it possesses a compact absorbing set in ®, x H(f).
The first assumption can be verified in a standard way (see also Theorem 1.2)
s0, it only rermains to verify the existence of a compact absorbing set.
Indeed, it follows from Theorem 1.3 and from the fact that conditions (0.4)—(0.6)
remain valid, for every ¢ € H(f), that

1+

(2.14) 105, 00vlle,, < —— (Q[vlla,)e™" + Q(lg|z»))

where the function @ and the constant o > 0 are independent of ¢ and ¢ € H(f).
Consequently, the set

(2.15) K= {llulle,, <2Q(lgllzr)} x H(S)

is a compact (the hull H(f) is compact due to our assumptions and the embedding
®,, C @, is obviously compact) in ®, x H(f) absorbing set for the semigroup
St(¢). Thus, according to the abstract theorem for the attractor’s existence, the
semigroup S;(e) possesses a global attractor A° C K. Theorem 2.1 is proven.

Definition 2.1. Define a (uniform) attractor .A° for the initial non-autonomous
system (0.1) by projecting A® to the first component:

(2.16) A® = 1, A°

where Iy (u, ¢) := u.

Remark 2.1. The attractor A° admits an internal definition (without using the
skew product technique), namely, the set A° is called a (uniform) attractor for
equation (0.1) if the following is true:

1) The set A® is compact in ®,,.

2) The set A° attracts uniformly bounded subsets of ®,, i.e. for every bounded
set B C @, and every neighbourhood O(A®) of A° in ®,, there exists a number
T = T(B, O) such that

(2.17) Us(r +t,7)BC O(A%), VTR, vVt >T.

3) The set A° is the minimal one which enjoys 1) and 2).
The equivalence of this definition to the one given above (see Definition 2.1) is
verified in [6].
The following corollary gives the description of A% in terms of bounded solutions
of family (2.8).
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Corollary 2.1. Let the above assumptions hold and let K5, ¢ € H(f) be a collec-
tion of all solutions u(t) of (2.8) which are defined for every t € R and bounded in
®,, i.e. ||u(t)lle, < Cy. Denote also

(2.18) Ke(r):=K5|,_ C @
Then, the attractor A® possesses the following description:
(2.19) A = U¢6H(f)IC‘;(0)

Indeed, description (2.19) is more or less evident corollary of a well known fact
that the attractor A® is generated by all complete bounded trajectories of the
semigroup S;(e), see e.g. [6] for the rigorous proof of (2.19) in an abstract setting.

The rest part of this Section is devoted to study the behaviour of the obtained
attractors A° as ¢ — 0.

First of all, we introduce the averaging of the nonlinear function f by the fol-
lowing formula:

(2.20) f(z,v) = lim 1 (z,x,v) dz.

This limit exists due to the almost-periodicity assumption (2.1) and Kroneker-Weyl
theorem (see e.g. [21]). Moreover, since (due to Lemma 2.1) f is almost periodic
with values in M then, for every R € Ry,

1 T+T _
(2.21) H— / f(z,z,v)dz— f(z,v)|| —0
T J, R
as T — 0 uniformly with respect to 7 € R (the seminorm || - ||z is defined by

(2.3)). Note also that, due to the fact that the convergence in (2.21) is uniform
with respect to 7 € R, we may replace the function f in (2.20) and (2.21) by any
¢ € H(f) preserving the convergence to f. In other words, the averaging f is
independent of the concrete choice of the representative ¢ € H(f) (¢ = f, for every
¢ € H([)).

We now define the averaged system, corresponding to initial system (0.1) as
follows:

(2.22)

Note that assumptions (0.4)-(0.6) obviously remain valid for the averaged nonlin-
earity f(x,v), consequently, the results of Theorems 1.1-1.3 and 2.1 also remain
valid for limit autonomous problem (2.22).

Theorem 2.2. Let the above assumptions hold. Then, for every ug € ®,, problem
(2.22) has a unique solution u(t) which satisfies the following estimate:

(2.23) lu®)lle, < Qluolle,)e™ + Q(llgllzr)
12



where the function Q and the constant o are the same as in Theorem 1.1. Moreover,
the semigroup Sy : ®, — ®, generated by this equation possesses a global attractor
A® in @, which is bounded in P,

(2.24) 1A% 2., < Q(llgllze)

where @ is the same as in (2.13), and possesses the standard description in terms
of bounded solutions defined for all t € R:

(2.25) A” = K%(0)

(compare with (2.18)).

The proof of this theorem repeats word by word the proof of Theorems 1.1 and
2.1 so we omit it here.

The following theorem shows that the attractors A° of problems (0.1) tend in a
sense to the attractor A° of averaged problem (2.22) as ¢ — 0.

Theorem 2.3. Let the assumptions of Theorem 2.1 hold. Then
(2.26) diste, (A%, A%) =0 as €—0
where disty is a non-symmetric Hausdorff distance in V', i.e.

(2.27) disty (X,Y) = sup inf ||z — y||v.
z€X YEY

For the proof of the theorem, we need the following simple lemma.

Lemma 2.2. Let the function f satisfy assumptions (2.1) and (2.2). Then, for
every T € R, everyu € C([T,T+1] xQ,R¥), every ¢ € H(f), and everyl € (1, 00)

(2.28)  H(t/e,z,u(t,x)) — f(z,u(t,z)) ase— 0 weakly in L'([T,T + 1] x Q)

Although the assertion of the lemma is more or less standard, for the reader’s
convenience, we give below a sketch of the proof. For simplicity, we consider only
the case T'= 0 (the general case is analogous).

Let ¢ € H(f), u € C([0,1] x Q), I € (1,00) and 5"‘)5:00 be arbitrary. Then,
due to assumption (0.4), the sequence of functions ¢(t/e,, x, u(t,z)) is uniformly
bounded in L!([0,1] x ) and, consequently, without loss of generality we may
assume that it is weakly convergent to some function F'(t,x). Our task is to prove
that F(t,z) = f(x,u(t,z)). To this end, it is sufficient to verify that, for every
0 € C([0,1] x ),

(2.29) /GQ /te[o 6020, 2,u(2)000,2) — (2000 )] 0

as e, — 0. For every N € N, let us approximate the functions u(t) and 6(t) by
piecewise continuous (with respect to t) ones such that:

uN (t,r) = uw(m/N,z) and OV (t,z):=0(m/N,z) fort¢e [m/N,(m+1)/N],
13



Then, due to the continuity of u and 6, we have
(2.30) |lu — uN||p~ — 0 and ||@ — OV ||~ — 0 as N — oo

and, consequently, (thanks to assumption (0.6) for ¢ and f) for every § > 0, we
may choose N = N(J§) such that

(2.31) <o+

/EQ/ b(tfen, mult, 2))0(t, ) — F(w, ult, 2))0(t, )] dt do

[oX

m=0

(m+1)/N .
/ n [p(t/en, z,u(m/N,x))— f(z,u(m/N,z))] dt‘ |0(m /N, x)|dx.

After the variable change z = t/e,,, we derive that

(m+1)/N _
(2.32) / n [p(t/en, z,u(m/N,x)) — f(x,u(m/N,z))] dt =

1 m/(enN)+1/(a N) B
— e [ (822 u(m /N, ) = (o, ulm/N, ) .
m/(e, N)

Applying estimate (2.21) for the function ¢ € H(f) with T = 1/(Ne,) and 7 =
m/(e,N) in order to estimate the right-hand side of (2.32), we derive that

(2.33) — 0

H (m+1)/N
Lo ()

d(t/en, z,u(m/N,z)) — f(z,u(m/N,z))]dt

m/N

as e, — 0. Inserting this estimate to (2.31), we derive (2.29). Lemma 2.2 is proven.

Proof of the theorem. Recall that, due to estimates (2.13) and (2.24) and the com-
pactness of the embedding ®,, C ®,, the family of attractors {A%,e € R} is
precompact in ®,. Consequently, it only remains to verify that, for every €, — 0
and u,, € A° such that u,, — % in ®,, the limit point & belongs to A® (see, e.g.,
[2]). Let us verify this assertion. Indeed, according to description (2.13), there exist
the nonlinearities ¢,, € H(f) and bounded complete solutions u,, € IC;’:L, e, up(t),
t € R, satisfying the equations

(2.34) Opttyy, = al gty — G (t/en, T, un) + g

such that w,(0) = u,. Note that, thanks to (1.1) and (2.13), we have the uniform
estimate

(2.35) unllw 2.0 qrrigxe) < QUIgllLr)

where () is independent of n and T" € R. Recall, that the spaces W(I’Q)’p([T,T +
1] x ) are reflexive and, consequently (due to the Cantor’s diagonal procedure),
we may assume without loss of generality that there is a function w(¢) such that

(2.36) [Tl w2, re1yxe) < QUlYlLr)
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and
(2.37) U, — T weakly in W2P([T, T 4 1] x Q),

for every T € R. Note also that, due to the compactness of the embedding
WO2P([T, T +1] x Q) € C([T, T + 1] x Q), convergence (2.37) implies the strong
convergence in C":

(2.38) uy, — w strongly in C([T,T + 1] x Q),

for every T € R. Particularly, @(0) = @ and, consequently, it remains to prove
that u € IC% passing to the limit n — oo in equations (2.34) (e.g., in the sense of
distributions).

As usual, passing to the limit n — oo in the linear terms of (2.34) is an immediate
and the only problem is to pass to the limit in the non-linear term. To this end, we
recall that the hull #(f) is compact in Cy(R, M) and, consequently, without loss
of generality, we may assume that ¢, — ¢ € H(f) in this space, and introduce the
following identity:

(2.39)  ¢n(t/en, z, un(t,z) — f(z,ult,z)) =

= |dn(t/en, z,un(t, ) — dn(t/en, x,ﬂ(t,x))] +
gt s w1, 2)) — S22, x>>} T [¢<t/en, vt ) — Tt :c>>] .

The first term in the right-hand side of (2.39) tends to zero (in L>®([T,T + 1] x Q))
due to convergence (2.38) and assumption (0.6). The second one is also tends to
zero due to the convergence ¢, — ¢ in Cp(R, M). And finally, the third one tends
to zero weakly in LP([T, T+ 1] x ) due to Lemma 2.2. Thus, the limit function w(t)
satisfies limit equation (2.22) and, consequently, u € A°. Theorem 2.3 is proven.

§3 THE AVERAGING OF INDIVIDUAL SOLUTIONS: QUALITATIVE ASPECTS.

In this Section, we reprove the classical Krylov-Bogolubov’s averaging principle

for the case of (0.1) and verify that the operators Ug(t,7) : @, — @, defined in
(2.9) converge to SY__ as e — 0 uniformly with respect to ¢ € H(f). This result
will be essentially used in the next sections in order to clarify the structure of the

attractors A° for small ¢ > 0. We start with the following theorem.

Theorem 3.1. Let the assumptions of Theorem 3.1 hold. Then, for every R > 0,
there exist a constant Kr and a function agr(e) such that ar(e) — 0 ase — 0 and

(3.1) |Ug(T +t, 7)uo — SPuolle, < e*Flag(e)

uniformly with respect to ¢ € H(f), up € Br and 7 € R

For the proof of the theorem, we need the improved version of Lemma 2.2.
15



Lemma 3.1. Let Ko and Kri, 1 <1 < oo, be arbitrary compact sets in C ([0, 1]x2)
and L'([0,1] x Q) respectively. Then there, exists a function a(e) (depending on
K¢ and Kri) such that a(e) — 0 ase — 0 and

< afe),

(3.2) ‘/ [p(t/e, x,ult,2)) — f(z,u(t, )]0t x) dt do
[0,1]xQ

for every ¢ € H(f), u € Ko and 6 € Ky,

Proof of the lemma. Indeed, assume that the assertion is wrong. Then, there exist
b — ¢ € H(f), up > ue Kg, 0, =0 € K1, and &, — 0 such that

(3.3) ‘/ [ (t/en, 2, upn(t, ) — f(z, un(t, 2))]0,(t, ) dt dz| > ag > 0.
[0,1]xQ2

Passing to the limit n — oo in (3.3) and using identity (2.39) together with condi-
tions (2.2) on ¢ € H(f), we derive that

‘/[0 1]><Q[¢(t/8n’ z,u(t,z)) — fz,ult,2))]0(t, x) dt dz| > /2,

for n >> 1 large enough, which contradicts the assertion of Lemma 2.2. Lemma
3.1 is proven.

Proof of the theorem. We first note that T,¢ € H(f), for every 7 € R if ¢ € H(f),
consequently, we may verify (3.1) for 7 = 0 only.

Let ug € Br C @, and let uc(t) := Uj(t,0)uo, uo(t) := S%uq be the corre-
sponding solutions of non-averaged and averaged equations respectively. We set
Ve(t) := ucs(t) — up(t). Then, this function obviously satisfies the equation

(3.4) Opve —algve = he(t,x) == —[p(t/e, x,uc(t)) — d(t/e, z,uo(t))]—
~ [0(tfe 5, u0(®) — @ uol))], ve],_y = 0.

Multiplying now equation (3.4) by v(t), integratining over = €  and using that
¢!, is uniformly bounded (thanks to assumption (0.6)), we obtain

(35)  Oellve()lIZ> — Krllv-(OlI72 < 2 ([$(t/e, 2, u0(t)) — F(z, uo(t))], v:(?)) -

Moreover, due to estimates (1.1) and (2.23), we have

(3.6) lwollw 200,74 11x0) + Vellw a2 .o qrr411x0) < @r

and, consequently (due to the compactness of embedding WwE2)p C), the sets
{uo(t), up € Br} and {v.(t),uo € Br} are compact in C([T, T + 1] x Q) (uniformly
with respect to T' € Ry ). Therefore, Lemma 3.1 implies the estimate

T+1 .
(3.7) / ([6(t/2 2, u0(t)) = fla,uo(t)], ve(t)) dt| < a/p(e)

T
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where o/, is independnet of ug € Bg, ¢ € H(f), T € R; and tends to zero as e — 0.
Inserting this estimate into the right-hand side of (3.5) and using the Gronwall’s
lemma, we derive that

(3.8) loe ()32 < CeRar(e).

In order to deduce (3.1) from (3.8), we note that the function h.(¢,z) in the right-
hand side of (3.4) is uniformly bounded in L (Ry x Q) (thanks to (0.4) and (3.6)),
consequently

T+1 .
(3.9) /T Ihe(®)125, dt < Q'

uniformly with respect to ¢ € H(f), up € Bg and T € R,.. Applying now the L2P-
regularity theorem for heat equations to (3.4) and using (3.9) and that v.(0) = 0,
we derive

(3.10) [ () || @5, < Q-
The interpolation inequality
1—
(3.11) o= (®)lls, < Cllo-(OIZs v ()13,

(with y =1—1/(2p — 1)) together with (3.8) and (3.10) imply (3.1). Theorem 3.1
is proven.

In the next sections we will need also the analogue of (3.1) for Frechet derivatives
of Uj(t, 7). To this end, we first formulate the standard result on the differentiability
with respect to the initial values.

Theorem 3.2. Let the assumptions of Theorem 2.1 hold. Then, the operator
Ug(T +t,7) is Frechet differentialble with respect to the initial values ug € ®, and
it’s derivative Dy Ug(T +t,7)(uo) € L(Pp, Pp) at point ug € ), can be calculated
as follows:

(3.12) D,, U;(t + 7, 7)(uo)€ = ve(t + 7)

where § € B, is an arbitrary vector and ve(t) is a solution of the equation of
variations which corresponds to (0.1):

(3-13) 8tU§ (t) = anUE (t) - ¢'/u, (t/g, Z, u(t))’l)g(t), 3 (T) =

where u(t) := Ug(t, T)ug. Moreover, this derivative satisfies the following uniform
estimates:

(3.14) 1Dy U (7 + £, 7) (w0) | (3, 3,) < QrE™ R

where Qr and Kg are independent of ug € Br, € > 0, ¢ € H(f) and 7 € R, and
(3.15) ||UZ(t + Tug — Ug(t+, TYug — D, Ug(t+, ) (ud) (ug — ug)“@p <

< Cre™®lug — ug|le, llug — ug|lzr
where Cr and Kgr are independent of ul,u? € Br, e >0, ¢ € H(f) and T € R.

The derivation of estimates (3.14) and (3.15) are completely standard so we omit
it here (see e.g. [2]). The fact that these estimates are uniform (with respect to
¢ and ¢) follows from the fact that estimate (0.6) holds uniformly with respect to
¢ € H([).
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Corollary 3.1. Let the assumptions of Theorem 3.2 hold. Then the Frechet deriv-
ative Dy Ug(t + 7,7)(uo) is Lipschitz continuous with respect to ug. Moreover,

(3.16) (| Dug Ug(t+7,7)(ug) = Duy U (t+7,7) () 22, ,2,) < Qre™ ™ [Jug —uila,

where Qr and Kg are independent of uy,u3 € Br, ¢ € H(f), e >0, and T € R.
Indeed, (3.16) is an immediate corollary of (3.15).

Remark 3.1. Estimates (3.13)(3.16) remain true for e = 0 as well if we define
Uqg’ (t,7):= S _, where S} is a semigroup, generated by averaged problem (2.22).

We are now ready to formulate and prove the averaging principle for the Frechet
derivatives.

Theorem 3.3. Let the assumptions of Theorem 2.1 hold. Then, for every R > 0,
there exist a constant K > 0 and a function ar(e), such that ag(e) — 0 ase — 0
and

(3.17) 1 Duo U (T + t,7) (u0) — Duo Sy (u0)| 2(a,,3,) < €5 rag(e),

for all ¢ € H(f), up € Br, and T € R.

Proof. As in Theorem 3.1, we may verify (3.17) for 7 = 0 only. Let up € Br C ®,
and ug(t) = SPug, ue(t) == Ug(t,0)uo be the corresponding solutions of averaged
and non-averaged system respectively. Let also { € ®, be an arbitrary vector and
vg(t) == Dy, Ug(t, 0)(uo)é, vg(t) := D, S?(ug)¢ be the corresponding solution of
equation of variations, i.e.

{ Ovg(t) — alyvg(t) = =), (t/e, z, ue(t))vE(t), vg(0) =&,
0pQ(t) — al vl (t) = —Fo, (w, ug(£))02(1), v2(0) = €.

(3.18)

Without loss of generality, we may assume that ||{[|¢, = 1. Then, analogously to
Theorem 1.2, we derive that

(3.19) 10glw 2 w74 1% ) + Ve lw 2w (rri1x0) < QrETRT.
Let we(t) := vg(t) — vg (t). Then, this function obviously satisfies the equation

—/

(3.20) Opwe(t) —alzwe(t) = fu(.r,uo(t))vg(t) — ¢ (t/e, m,uc(t))vg(t), we(0) = 0.

In order to estimate the right-hand side of (3.20), we use the following identity:

(3.21) o, (t/e,m, uc(t)vE(t) — fl, uo(t))vg(t) =
= [pu(t/e,m,uc(t)) — ¢,,(t/e, 2, uo(t))Jvg (t)+

/

+ ot /e, 2, u0(t) we (8) + (9, (t/, 2, u0(t)) — Fu (@, uo ()]0 (1)
Multiplying (3.20) by we(t), using (3.21) and estimating

(3-22)  [([#(t/e, 2, uc(t)) — ¢y, (/€, 2, u0(8) Vg (£), we ()] <

< Crlluc(t) = uo(®) |l llve ()l ([vg (D)l + [l ()l]z~) < Qre* *ar(e)
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(due to (3.1), (3.19) and the embedding ®, C C), we derive that

(3.23) Oullwe (1) 32 — Krllwe(t3: < Qre* an(e)+
+ 2 ([6,(t/e, 2, w0(£)) = T, ug(8) o), we(®))

In order to estimate the last term in the right-hand side of (3.23) we note that
(due to uniform estimate (3.19)) the set {vd(t)we(t)e™>" 7, ug € Bgr} is uni-
formly bounded in WO2P([T, T + 1] x Q), T € R and, consequently, (due to
the compactness of the embedding W12 C) this set of functions is compact in
C([T, T + 1] x Q) (uniformly with respect to T' € Ry ). Thus, according to Lemma
3.1 (applied to the almost periodic function ¢!, instead of ¢), we have

2y | [ (8 l) — o un D), w0 | <

< Qre* T ok (e)

where o/ (¢) — 0 ase — 0. Inserting this estimate to (3.23) and using the Gronwall’s
lemma, we finally obtain that

(3.25) lwe (t) e, < Qre* *al(e).

The derivation of (3.17) from (3.25) is the same as in Theorem 3.1, namely, applying
the L2 -regularity theorem for heat equations to relation (3.20) and using (3.19)
and that we(0) = 0, we have

(3.26) |we ()] @,, < Qre™ !

where the constants are independent of ¢ € H(f), € > 0 and ug € Br. The inter-
polation inequality (3.11) together with (3.25) and (3.26) imply (3.17). Theorem
3.3 is proven.

§4 THE AVERAGING OF INDIVIDUAL SOLUTIONS: QUANTITATIVE ASPECTS.

This Section, we discuss the problem of finding of the quantitative estimates for
the difference between the corresponding solutions of averaged and non-averaged
equations in terms of the parameter € or (which is the same) of clarifying the rate
of convergence of the function ag(e) to zero as e — 0. As usual, this problem is
closely related with the existence of a bounded z-primitive for the almost periodic

function f(z,x,v) — f(z,v) with zero mean.

Theorem 4.1. Let the assumptions of Theorem 2.1 hold and let, in addition, the

function f(z,z,v)— f(x,v) possess a z-primitive F(z) which is almost-periodic with
values in M (F € AP(R, M), where the space M is the same as in Section 2), i.e.,

(41) F;(Z,.’IT,’U) :f(z,x,v)—f(.r,v)
Then
(4.2) |Ug(t + 7, T)ug — SOug||p» < Crel/2eknrt
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where Cr and Kg are independent of € > 0, ¢ € H(f), ug € Bg, and T € R.

Proof. As before, we may assume without loss of generality that 7 = 0. Note also
that, since F'is almost periodic with values in M, we have the uniform estimate:

(4.3) |F (2, 2,0) + | F (22, 0) | + | Fy (2, 2,0) | < Q(J])

where the monotonic function @ is independent of F € H(F), z € R, and x € Q.
Moreover, it is not difficult to verify passing to the limit in (4.1) that, for every
¢ € H(f), there exists F := Fy € H(F) such that

(4.4) Fl(z,2,v) = ¢(2,z,v) — f(z,v).

Let now ug € Bg and uc(t) := Uj(t,0)ug, uo(t) := Sfug be the corresponding
solutions of the non-averaged and averaged problem respectively. Then, the func-
tion ve(t) := wu.(t) — up(t) obviously satisfies equation (3.4). Multiplying the i-th

equation of (3.4) by vi(t)|vi(t)|P~2 integrating over x € 2, ¢t € [0,T] and taking a
sum over i = 1,--- , k, we derive (analogously to (1.6), (1.12) and (3.5)) that

T
(45) |oe(D)2, < Kr / oo ()12, dt+

ko ,r
+ ZI/O ([¢i(t/e,x,uo(t)) _?i(%Uo(t))],vi(t)|vi(t)|p—2) di.

Integrating by parts in the integrals in the right-hand side of (4.5) and using as-
sumption (4.4), we derive

(4.6) /0 ([hi(t /e, 2, u0(t)) = filw, uo(®))], vi() UL (B)[P~2) dt =
= ¢ (Fi(t/e, w,uo(T)), ve(T) [wZ(T)[P~?) -

—(p—1)e / (Fi(t /e, uo(t)), Do (1) 0! (1) [P=2) di—

—6/0 ((Fi)y(t/e, 2, uo(t)Bpuo (t), vi(t) L ()[P~2) dt.

Let us estimate every term in the right-hand side of (4.6). Indeed, it follows from
(4.3), (2.23) and from the Holder inequality that

(4.7) el (Fi(t/e,2,uo(T)), vl (T)WL(T)IP~?) | < CeP|F(T /e, x, uo(T)) |70+
+1/@2k)|lve (D)7 < Qre” + 1/(2k)[[ve(T) [,

Analogously,

(4.8) 6/0 ((F3)y (e, 2, uo(1))Dyuo (t), vi(t) vz (£)[P72) dt‘ <

T T
<cer [ IF e un )| Ol dt + [ 0Ol de <
0 0

T
< QrTe" + / [ve (8) || dt.
0
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And finally,

(4.9) s/o (Fi(t/e,z,uo(t)), Ol (£)|0%()[P~?) dt‘ <

T T
< CerP? / 17t/ 2, u0(0) I 10e0e (1)1, it -+ / o= (D)l dt <

T
< QpTer)? 4 / loe ()12, dt.

Here we have used the fact that v, is bounded in WH22([T, T + 1] x ). Inserting
these estimates into the right-hand side of (4.6), we derive the inequality

T
(4.10) lo- (DB, < QTP + Ky / loe ()|, dt.

The Gronwall’s lemma implies now estimate (4.2). Theorem 4.1 is proven.
Corollary 4.1. Let the assumptions of Theorem 4.1 hold. Then

(4.11) |Ug(t + 7, T)uo — SPuol|e, < Cre'/?(2p=1Krt

where Cr and Kg are independent of € > 0, ¢ € H(f), ug € Br, and 7 € R.

Indeed, (4.11) is an immediate corollary of (4.2) and interpolation inequality
(3.11).

Let us now discuss the assumptions of the proved theorem. We first note that
in the case where f(z,z,v) is periodic with respect to z, assumption (4.1) is au-
tomatically satisfied. Indeed, since the periodic function f(z,z,v) — f(x,v) has a
zero mean, a function

(4.12) F(z,z,v):= /Oz[f(z,a:,v) — f(z,v)]dz

will be bounded, continuous and periodic with respect to z. However, for gen-
eral cases where f(z,x,v) is almost-periodic (or quasi-periodic) with respect to z
function (4.12) may be unbounded with respect to z (see e.g. [21]). Such strange
behaviour of (4.12) is possible due to the fact that in contrast to the periodic
case the almost-periodic function may have arbitrarily small Fourier modes and,
consequently, small denominators may appear in (4.12) after the integration.

Thus, verifying whether or not integral (4.12) is bounded (or (which is the same)
is almost-periodic) with respect to z is a rather complicated problem (see [21] for
further examples and explanations). That is why, we give below only several suffi-
cient conditions, which are formulated in terms of Fourier amplitudes and Fourier
modes of the function f(z,z,v). Recall (see [21]), that an almost-periodic function
f(2) can be expanded into Fourier series:

(4.13) flz,z,v) ~ ZA"Jk (z,v)e"r?
=/

where w; € R is a contable number of Fourier modes and A,, € M are the
corresponding Fourier amplitudes which can be found by the following formula:

e .
(4.14) Ag(z,v):= lim —/ f(z,z,v)e™ " dz
T—o0 T 0

Particularly, Ag(z,v) = f(z,v).
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Proposition 4.1. Assume that, for every R > 0

(4.15) > (4 fwrl ™A llr < Qr < o0
kEZ,wi#£0

(the norm || - ||r is defined by (2.3)). Then, function (4.12) is bounded and almost-
periodic with respect to z (with values in M) and, consequently, satisfies the as-
sumptions of Theorem 4.1.

Proof. Indeed, in this case, the function f is obviously reprsented by uniformly
convergent series (4.13) and, consequently,

1 )
(4.15") Flz,z,0)= Y Auy (@, 0) = (er —1).
kEZ,wy, #0

Condition (4.15) guarantees the uniform convergence of (4.15") and the estimate

|1F'(2,2,v)||r < 2Qr.
Proposition 4.1 is proven.

Let us now consider the particular case where f has only finite number m of

rationally independent Fourier modes (i.e., f is quasiperiodic with respect to z). In

this case, there exists a vector w = (wl,---,w™) € R™ of rationally independent

modes such that every mode wy can be represented in the following form:
m . .

(4.16) wp = (w, 1) ==Y _w'ly, Iy €Z™
i=1

It is well known (see, e.g., [21]) that (4.16) implies existence of a function G €
C(T™, M) (where T™ := R™ /Z™ is an m-dimensional torus), such that

(A1) f(2rm,0) = Gz, w2 3,0), Gd5,0)~ S Aiw, 0)el®D
lezm™
with A; := A(, ;) in notations of (4.13).

Proposition 4.2. Assume that the vector of frequences w € R™ satisfies the fol-
lowing Diophantine condition:

(4.18) [(w, )] > i)'~

for some positive § < 1. Assume also that the function G in (4.17) is sufficiently
smooth with respect to ¢, namely,

(4.19) G € C*™(T™, M).

Then the function f, defined by (4.17) has a quasi-periodic primitive F which sat-
isfies condition (4.1) of Theorem 4.1.

Proof. Indeed, assumption (4.19) implies that

(4.20) 14illr < Qr/IL™
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where Qg is independent of [. Consequently, according to (4.18) and (4.20),

St ™) [Au e < Y (U Hw, DY) AR <

kEZ ,wi#0 I€EZ™ 10

<Qr Y, Q4GOI <QE Y T < oo
1€Z™ 140 IEZ™,1#£0

Proposition 4.2 is proven.

Remark 4.1. Note that the set of frequences w € R™ for which Diophantine
condition (4.18) is violated has a zero Lebesgue measure (see, e.g., [1]). Thus,
in a sence a bounded primitive exists for almost all sufficiently regular ((4.19) is
assumed to be valid) quasiperiodic functions with zero mean.

Recall that Theorem 4.1 implies that the upper bound for difference between the
corresponding solutions of non-averaged and averaged equations in LP has at least
an order e'/2 with repect to . In order to obtain the lower bounds we consider the
following simplest example:

(4.21) y'(t) + y(t) = sin g, yeR, y(0)=0

which has a solution

t t
(4.22) ye(t) = : _fg2 (— sing +ecos - — se‘t> :

The corresponding solution of the averaged equation is obviously yo(t) = 0 and,
consequently, the lower bound for the rate of convergence is e! with respect to e.
The next theorem shows that it is possible to obtain the upper bound with the
sharp rate of convergence ! with respect to ¢ if the nonlinearity f satisfies the
assumptions of Proposition 4.1.

Theorem 4.2. Let the assumptions of Theorem 2.1 hold and let, in addition, the
non-linear function f satisfy the condition (4.15). Then

(4.23) U5t + 7, 7)uo — Spuol| ooy < Cre™'e

where Cr and Kg are independent of ¢ >0, ¢ € H(f), up € Br, and 7 € R.

Proof. As before, without loss of generality, we may assume that 7 = 0. Note
also that the Fourier modes wy and the modulus |A,, (z,v)| of Fourier amplitudes
are the same for every ¢ € H(f) and, consequently, assumption (4.15) is satisfied
uniformly with respect to ¢ € H(f). Thus, without loss of generality, we may also
assume also ¢ = f.

Let ugp € Br and uc(t) := Uz (¢, 0)uo, uo(t) := SPug be the corresponding so-
lutions of the non-averaged and averaged equations. Then, a function v.(t) :=
ue(t) — ug(t) obviously satisfies the equation

(4.24)  Byve(t) — algvo(t) = [F(t]e, z,ue(t)) — f(t/e,z, uo(t))]+

+ [f(t/E,.’IT,Uo(t)) - f(.’IT,UO(t))] ’ Us(o) = 0.
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We now introduce a function w.(t) as a solution of an auxiliary equation

(4.25) Opwe(t) — alpwe(t) = ho(t) := [f(t/e, ,uo(t))) — f(z,uo(t))], we(0)=0.

In order to solve (4.25), we expand h.(t) in Fourier series (4.13)

(4.25") he(t,m) =Y Ay, (z,ug(t, z))e /=,
wk;éO

The uniform convergence of (4.25) is guaraneed by assumption (4.15). Let us
introduce a function

. —1
(4.26) Oc(t,0) = Y etowtle (—z“;—’“ - aAw) Ag (2, uo(t, ).
wk;éO

We note that (4.26) satisfies (4.25) if ug = ug(x) is independent of ¢. In order to
estimate (4.26), we recall that the operator —aA, generates an analytic semigroup
in LP(Q) (see, e.g., [16]). Therefore, the following estimate holds for it’s resolvent

(4.27) Al [(A = @A) Hlesre < Cp, VA E€R.

Particularly, (4.27) implies that

-1
(4.28) H (—i% . an) <Oy
€ Lp P | k|
and, consequently, due to (4.15) and (2.23),
(4.29) 16=()|e < Cpe D Jwr] ™M Awy (z, uo(t,2)) |10 < QP e,

w70

for the appropriate Q. Let now W(t) := w.(t) — 0-(t). Then, this function
satisfies the equation

(430) athz(t) —al; W, (t) = H. (t)’ We(o) = —0. (0)

where

(31)  H(t) = — 3 el (% afs) " [(A)) (o, uo(t. ) Do (1. ).
wgF#0

Using now (4.28), (4.15) and (2.23) and arguing as before, we derive the estimate
(4.32) | Hell e rr411x0) < QrellOsuollnr(rr411w) < QR e

where Q% is independent of 7. Having estimates (4.29) and (4.32), we may deduce
from (4.30) (multiplying the ith equation by W|/W?|P=2 and arguing analogously
to (1.6)) that

(4.33) [We(®)llr < Cre,
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for some Cr > 0. Combining (4.29) and (4.33), we finally deduce that
(4.34) |we(t)||zr < Cre.

We are now ready to finish the proof of the theorem. To this end, we introduce one
more function V.(t) := v.(t) — w.(t) which obviously satisfies the equation

(4.35) OV(t) — alpVa(t) + L ()Ve(t) = —l(H)we(t), Vo(0) =0

where [ ( fo (t/e,z, suc(t)+(1—s)up(t)) ds. Recall that, due to (0.6), (1.1)
and (2. 23) we have ||l (t, .r)||Loo < Qr, consequently, (4.34) implies the estimate

(4.36) llewe|| Lo, 74+ 1)x0) < Cre.
Using (4.36) and arguing as in (1.6), we derive from (4.35) the following estimate:
(4.37) [Ve(t)llr < Cre®rte,

for the appropriate constants C'r and Qg. This estimate together with (4.34) imply
(4.23). Theorem 4.2 is proven.

Remark 4.2. Note that, arguing as in the proof of Theorem 4.2, we may verify
that (4.23) remains true with the exponent p replaced by any finite r > p.

Remark 4.3. Note that the constant Kp in (4.23) depends only on constants and
functions introduced in (0.4)—(0.6) and is independent of frequences w;. But the
constant Cr in (4.23) depends on sum (4.15) (consequently, depends on small de-
nominators and is extremely sensitive to small perturbations of w;) in the following
way:

(4.38) Cr<Cr Y, (14wl ™Aulr
kET, wi#0

where C}, is already independent of w;. Moreover, if (instead of convergence (4.15))
we only have that

(4.39) Y A+l ) A llr < QR < oo,
kEZ ,wi #0

for some 0 < § < 1, then arguing as in the proof of Theorem 4.3, but using instead

of (4.28) a weaker estimate
N
<6 ()
Lr—Lp |wk|

we derive the following analogue of (4.23):

(4.40) H z— —aA )_1

(441) ||U;(t + T, T)Uo — S?U()“Lp(g) S LRBKRt 81_6

where the constant Kg is also independent of w; and the constant L g satisfies the
following analogue of (4.38):

(4.42) Lr<Ch > (L+]wl ") Au, lIr
kEZ,wi 20

where C' is already independent of w;. We will essentially use this simple ob-
servation in Section 7 in order to obtain the probabilistic interpretation for the
quanititative averaging of regular attractors.
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§5 THE AVERAGING NEAR A HYPERBOLIC EQUILIBRUM.

This Section is devoted to the detailed study of the behaviour of non-averaged
system (0.1) in a neibourhood of a hyperbolic equilibrium of averaged system (2.22).
To be more precise, we assume that there is zg = zo(x) € ®, which satisfies the
equation

(5.1) alzz — f(z,20) = g, ZO‘@Q = 0.

We consider the equation of variation which corresponds to the equilibrium zy (see
Theorem 3.2):

(5.2) hw = Ly w :=al,w — fg(x,zo)w, w(t) € ®,, w(0) =¢.

It is well known that the resolvent of the operator L,, is compact in LP(2) (par-
ticularly, the spectrum of £, is discrete) and generates an analytic semigroup in
Lr(Q)

(5.3) Dy, SY(29)€ = eF=ote,

Our main assumption for this section is that the equilibrium zq is hyperbolic, i.e.,
the spectrum of £,, does not inersect the imaginary axis:

(5.4) o(L,)NiR =o.

Let IT_ : LP — L? and II; : LP — LP be the spectral projectors which correspond
to the stable ({ReA < 0}) and to the unstable ({Re A > 0}) parts of the spectrum
of L,, respectively and let V'~ := II_LP and VT := II, L be the corresponding
spectral subspaces (see [16]). Then, the subspaces V. are invariant with respect to

eFaot:

(5.5) Lot VE=VE P =Vt4+VT, VIV ={0}

and, moreover, the space V'V is finite dimensional k(zp) := dim VT < oo (recall that
k(zp) is called the unstable index of the equilibrium zp). The following classical re-
sult describes the behaviour of a linearized system near the hyperbolic equilibrium.

Proposition 5.1. Let zg € ®, be a hyperbolic equilibrium. Then, there exist C > 0
and o > 0 such that

{ lef=0t¢_|lL» < Ce™[|&-||r, VE- €V,

0.6
>0 Je€t€ e > et ey s, Ve, € V.

Moreover, if &4 € @, NV T (resp. £~ € ®,NV ™), then estimates (5.6) remain valid
with LP replaced by ®,.

For the proof of the proposition, see, e.g. [16].

The main task of this section is to obtain the description, analogous to (5.6),
for non-averaged system (0.1) for sufficiently small £ in a small (but independent,
of €) neighbourhood of zy (surely, the linear subspaces V* will be replaced by
the appropriate nonlinear manifolds). We start by constructing an almost-periodic
solution of (0.1), which corresponds to the equilibrum zy as e = 0.
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Theorem 5.1. Let the assumptions of Theorem 2.1 hold and let zy € ®, be a
hyperbolic equilibrum for averaged system (2.22). Then, there exist § > 0 and
eo > 0 such that, for every ¢ € H(f) and every e < e, equation (2.8) has a unique
solution uz(t), which is defined for all t € R and belongs to the d-neighbourhood of
zo for all t, i.e., this solution is uniquely defined by the assumption

(5.7) sup |lug(t) — zolla, < 6.
teR

Moreover, this solution is almost-periodic with respect to t with the same frequency
basis as f(t/e,z,v) and tends to zy ase — 0:

(5.8) lim sup ||ug(t) — zo/|e, = 0.
e—0 tER

Proof. In order to simplify the notations, we only consider below the case ¢ = f,
although all the estimates, obtained below, are uniform with respect to ¢ € H(f).

Assume that the solution u(t) := u%(¢) is already constructed. Then, it obviously
satisfies the following relation:

(5.9) u(m + 1) = Ug(m + 1,m)u(m), V7 eR.

Conversally, if the function u(m), m € Z satisfies (5.9), then the function u(7) :=
Us(r,m)u(m), T € [m, m+1] satisfies equation (0.1). Thus, instead of solving (0.1)
it is sufficient to solve (5.9). Denote,

(5.10) S%(r) :=Uj(r+1,7) := S} + K°().
Then, it follows from Theorems 3.1-3.3 that
(5.11) IK=(T)volle, + Doy K°(7)(v0)llL(a,,0,) < ar(E), lvolla, <R

where the function ag is independent of 7 and tends to 0 as € — 0. Moreover, due
to Theorem 3.2, we have also the estimate

(5.12) 1Dw, K°(7)(vg) = Duo K=()(v5) | 1.8,.3,) < Crllvg — vglle,,
for v}, v2 € Br. Recall also that, due to Theorem 3.2, we have
(5.13) 1STv0 = z0lla,, + 1 Du 87 (v0) = Ll (@, ,8,) < Crllvo = 20la,,

for ||lvg|| < R and L := D,,,SY = 0.
Estimates (5.10)-(5.13) allow to apply the implicit function theorem to relation
(5.9). Indeed, let

(5.14) R(®,) = Ch(Z,D,)
be the space of all bounded sequences with values in ®,. Consider a function
(5.15) F: R(®p) x Ry — R(Py), F(w,€)m = wm — Sgwm—_1 — K(m —1)vy,_1.

It follows from (5.10)—(5.14) that F(zp,0) = 0, that F is Frechet differentiable
with respect to the first argument and it’s derivative D,,F(w,¢) is continuous at
(w,e) = (20,0). Thus, it only remains to verify that the linear operator

(5.16) Dy F(0,0) : R(®,) — R(D,), [DuwF(0,0)]pm = wym — Lavy,_1

is invertible. The following standard lemma shows that this is an immediate corol-
lary of the fact that zy is hyperbolic.
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Lemma 5.1. Let zy be a hyperbolic equilibrium. Then, operator (5.16) is invertible
in R(®,) and in R(LP), i.e., for every h € R(®,) (resp. h € R(LP)), the equation

(517) Um = ]Lﬂ}m_l + hm—l

has a unique bounded solution v := Th € R(®,) (resp. v € R(LP)). Moreover, the
solving operator T satisfies the following estimate:

(5.18) 1Tl =(@,)>R(@,) + [ TlrE) L) < C-

Proof. Indeed, let vt := Ilyw,,, hEt = Iih,,, and L* := [I.L. Then, obviously,

(5.19) vE =T | +nE_,.
It now follows from Proposition 5.1 that a unique bounded solution of (5.19) is
defined by the following expression:

+o0 m

(5.20) o == W)™, e = Y @)™ iy

l=m l=—00

The convergence of series (5.20) and estimate (5.18) are immediate corollaries of
estimates (5.6). Lemma 5.1 is proven.

We are now ready to finish the proof of the theorem. Indeed, all conditions of
the implicit function theorem is verified for function (5.15) and, consequently, there
exist 0 > 0 and ey > 0 such that, for every ¢ < ¢y in the d-neighbourhood of zg,
there exists a unique function u® € R(®,) such that

(5.21) Fue) =0, ,[u® = 20lr,) <9

or (which is the same) u®(m), m € Z satisfies (5.9). Moreover, u® — 2o in R(®,)
as € — 0. Thus, the existence of a bounded solution u®(m) = u%(m) of equation
(5.9) is proven. Analogously, we can establish the existence of the solution ug(m)
for every nonlinearity ¢ belonging to the hull H(f) of the initial nonlinearity f.
Moreover, it can be easily proven using the explicit construction of u* given above
that ug(m) depends continuously on ¢ € H(f). The desired solution ug(), t € R,
can be now defined as follows:

ug(t) = ur,, 4(0).

The almost-peridicity of this solution follows from the fact that the function ¢ —
ug(0) is continuous and that the flow Ty /. : H(f) — H(f) is almost-periodic (since
f is assumed to be almost-periodic, see [21] for the details). Theorem 5.1 is proven.

Remark 5.1. The results similar to the proved above are often refered as 'global
averaging principle’ or ’the second Bogolubov’s theorem’.
The next corollary gives the quantitative estimate for the rate of convergence in
(5.8) under the assumptions of Section 4.
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Corollary 5.1. Let the assumptions of Theorems 5.1 and 4.1 hold. Then

(5.22) sup ||ug(t) — zo||z» < Ce'/?
teER

where C' is independent of ¢ € H(f). Moreover, let, in addition, the assumtions of
Theorem 4.3 hold. Then the improved version of (5.22) is valid:

(5.23) sup [lug,(t) — zolr < C'e
teR

where C' is independent of € < g and ¢ € H(f).

Proof. As in the proof of Theorem 5.1 we only consider the case ¢ = f, moreover,
we only derive below estimate (5.23). Estimate (5.22) is completely analogous only
instead of (4.23) one should use (4.2).

Note that the function u®(m) := u%(m), m € Z satisfies the relation

(5.24) u(m) — zp = L{uc(m — 1) — 2z9)+

+[S7(u(m — 1) = 57 (20) — Dy, SY (20) (u(m — 1) = 20)] + K (m — 1) (u®(m — 1))
(see (5.9)-(5.13)). According to (4.23), we have

(5.25) |IK(m — 1)(u®(m — 1))||zr < Ce.

Moreover, due to Theorem 3.2, the second term in the right-hand side of (5.24) can
be estimated as follows:

(5.26) [|ST(u(m — 1) = S7(20) — Dy, ST (20) (u¥(m = 1) = 20) || 1 <
< Clluf = 20llr(@,)l|v® — 20llr(Lr)-

Applying the operator T, defined in Lemma 5.1 to both sides of (5.24) and using
estimates (5.18), (5.25) and (5.26), we derive that

(527) ||’LLE - ZO“R(LP) S 01”’!1,6 - ,Z()||R(<I>p)||’l1,6 - Z0||R(Lp) + 028.

Recall that, according to Theorem 5.1, ||u® — 2|z (3,) — 0 as ¢ — 0. Consequently,
for a sufficiently smal e > 0, (5.27) implies the estimate

||’U/E — Z()HR(Lp) S 2028.

Corollary 5.1 is proven.

Introduce now the perturbed unstable sets MZ"E s(#,€), ¢ € H(f), of the equilib-
rium zg by the following standard expression:

(5.28) M;;,(;(@s) := {u(0) : Ju(t), t <0 is a backward solution
of problem (2.8), such that ||u(t) — z0/|ls, <0, t < 0}.
The following theorem shows that sets (5.28) are smooth finite dimensional sub-

manifolds of ®,, if 6 and e are small enough.
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Theorem 5.2. Let the assumptions of Theorem 5.1 hold. Then, there exist & > 0
and g9 > 0 such that, for every e < 0 and every ¢ € H(f), sets (5.28) are k(zp)-
dimensional Ct-submanifolds, which are diffeomorphed to the unstable subspace
VT. As usual, these manifolds can be represented as graphfs of C* functions Ny e :
Vt -V~

(5:29) M 5(¢,¢) = Vs(z0) N {uo == ug(0) +vg +v5 : vy € VE, vy = Ny e(vg)}

where Vs(zy) is a d-neighbourhood of zy in ®,, and functions Ny . are contin-
uous with respect to ¢ € H(f), for every fixed € > 0. Moreover, for every
Uy € M;75(¢, g) there exists a unique backward solution u(t) € Vs(zo), u(0) = uy,
of problem (2.8) and this solution satisfies the estimate

(5.30) lu(t) = ug(®)lls, < Ce'*>Ju(0) — ug(0)]le,, <0

where o > 0 1s defined in Proposition 5.1, C' is independent of €, ug and ¢, and the
solution ug(t) is constructed in Theorem 5.1.

Proof. As in the proof of Theorem 5.1 we only consider below the case ¢ = f (the
continuity of the obtained manifolds with respect to ¢ € H(f) will be clear from
the construction given below). Moreover, in order to construct manifold (5.28) we
first prove that the set of all backward solutions of (0.1) which belong to Vs(zp)
is in a fact a smooth manifold in the corresponding functional space. We seek for
this backward solution in the form u%(m) +w(m), m € Z_, where u3 is defined
in Theorem 5.1 and w € R™(®,) := Cp(Z_, P,) satisfies the following relation
(compare with (5.24)):

(5.31) w(m) =Lw(m — 1)+
+[SY(w(m — 1) + uj(m — 1)) — 57 (uj(m — 1)) — Dy, Sy (20)w(m — 1)+
+ [K5(m = 1) (w(m = 1) + uj(m = 1)) = K*(m — 1) (uf(m - 1))]

where m = 0,—1,---. To transform relation (5.31), we need the following space

Ry (®y) :={veER™ (D)) : sug e_Bm||w(m)||q>p <o}, BER
mes—

and simple analogue of Lemma 5.1 for the spaces R (®;).

Lemma 5.2. Let the assumptions of Lemma 5.1 hold. Then, for every h €
Ry (®,), 18] < a/2, and for every vi € V't the problem
(5.32) v(m) =Lo(m — 1) +h(m —1), T v(0)=vf

has a unique solution v = Tvy + T~ h, where T : VT — Ry (®p) is a bounded
linear operator, which corresponds to the solution of (5.32) with h = 0, and T~ :
Ry (®p) = Ry (Pp) is a bounded linear operator, which corresponds to the solution

of (5.32) with v = 0.

We left the rigorous proof of the lemma (which is based on estimates (5.6) and
is completely analogous to the proof of Lemma 5.1) to the reader.
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We are now ready to finish the proof of the theorem. Applying Lemma 5.2 to
equation (5.31) and denoting the second and the third term in the right-hand side
of (5.31) by S(w(m —1),¢) and K(w(m — 1), ) respectively, we derive the following
relation for w:

(5.33) w = Tvf + T~ S(w,e) + T"K(w, ¢)

where v = II;w(0). As in the proof of Theorem 5.1, we are going to apply the
explicit function theorem to relation (5.33). Indeed, introduce a function

F:R (Bp) x VI xRy — R™(P))
by the relation
(5.34) F(w,vf,e) :=w —Tvg — T~ S(w,e) + T K(w,e).
Using estimates (3.15) and (3.16), we derive that

IS(w(m), e)lle, < Cillw(m)l[g, + Collw(m)|s, luf(m) — zos,

(5.35) ‘
1 DveS(w(m), &)lle,~e, < Cslluf(m) - zlle,,

for the appropriate constants C; which depend only on [[w(m)|s,. Ananlogously,
it follows from Theorem 3.2 and estimates (5.11)-(5.12) that

(5.36)  [IK(w(m), e)lle, + || DuK(w(m), e)lla, »a,[[w(m)[le, <
< [lw(m)lls, (o'(e) + Chllw(m)lle, + Calluf(m) — zlls,) -

Estimates (5.35)—(5.36) imply that F, D,,F, D,+F are continouos at (0,0,0) and
that F,,(0,0,0) = Id. Therefore, due to the implicit function theorem, there exists
0 > 0, g > 0 such that, for every € < g¢ and every vy belonging to a sufficiently
small neigbourhood V(0)* of zero in V*, there exists a unique solution w of

(5.37) F(w,vg,e) =0 such that [lw]|r-(s,) < 4.

Moreover, this solution has the form: w = W (vf,¢) : V(0)* — R~ (®,,), where W
is a C''-function with respect to vg. Note that (5.37) is equivalent to (5.31) and,
consequently,

(5.38) M;zO(f, e) = Vs(20) N {uo = u3(0) + W(vg,€)(0) : vo € V(0)T}.

Recall also that, due to definitions of the operators I and T~ and relation (5.37),
we have

(5.39) I, W (v, e)(0) = v
Thus, (5.29) is satisfied with

Nie(vd) :=T_W(vs,e)(0).
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It only remains to verify the exponential stabilization (5.30). To this end, we note
that, due to (8.40)-(8.41) and Lemma 5.2, function (5.34) is well-defined as

(5.40) F iR, y(Pp) x VxR, — R /o(Pb)

where a > 0 is the same as in Proposition 5.1. Moreover, applying the implicit
function theorem to relation (5.37) with w € R /2 (and taking into account the

uniqueness part), we derive that

(5.41) W, e)llx, @, < Clod e,

p) =

Estimate (5.41) implies (5.30). Theorem 5.2 is proven.

Note now, that taking ¢ = 0 in Theorem 5.2, we obtain the unstable manifold
M Z‘E s(f,0) for averaged system (2.22). Moreover, it follows from the construction
given in the proof of the theorem that

(542) [Npelod) = N300, + 1D, Nooi) = Dou N o6 s Ly < (),
for vy € V*+(0) where a(g) — 0 as ¢ — 0. Note also, that

I_D, 7(0,0,0) =0
and, consequently, DchNfO(O) = 0. Therefore, we have the estimate

(5.43) N o(vi)lla, < Clivg |5,

Let us now formulate several corollaries of the proved theorem.

Corollary 5.2. Let the assumptions of Theorem 5.2 hold and let u(t), t <0 be a
backward solution of problem (0.1) such that ||u(t) — zo||ls, < 6, for every t < 0.

Then u(0) € MZ‘E 5(f,€) and, consequently, u(t) exponentially stabilizes to u%(t) as
t — —oo ((5.30) is satisfied).

Corollary 5.3. Let the assumptions of Theorem 5.2 hold. Then, for everyt > 0,
we have the embeddings

(5-44) M 5(Thyets€) C Up(h, 0)MZ 5(6,¢).
Moreover, if u(0) € M;75(¢,€) and ||u(t) — zolle, < 0 fort < N, then
(5.45) u(t) == Ug(t,0)u(0) € M7 (Ty/e¢,¢€) fort < N.

Indeed, (5.44) and (5.45) follows immediately from definition (5.28) of the un-
stable sets.

Remark 5.2. Note that (it follows from (5.41)) estimate (5.30) can be improved

in the following way:

(5.46) lu(t) — ug ()]s, < 2Ty (u(0) — ug(0)) s,
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Remark 5.3. Replacing t — —oo by t — +00 in definition (5.28) and arguing anal-
ogously to Theorem 5.2, we may define and study the stable manifolds M;M;((ﬁ, £),
which consist of initial data for solutions tending exponentially to u®(¢) as t — +o0.
We do not give a proper consideration of these manifolds because only the unsta-
ble manifolds are significant for constructing the regular attractor (see the next
Section).

Note also, that arguing as in Corollary 5.1, we may estimate the rate of con-
vergence of «a(e) to zero in (5.42) if the assumptions of Section 4 are satisfied.
For example, let the assumptions of Theorem 5.1 and 4.3 be satisfied. Then the
following estimate is valid:

(5.47) [Wope () = N5 0(0)l|zo + 1D, N e(0) = Dys N5 o (0l o < C

where C is independent of ¢ € H(f) and of vj € V(0)T. Since estimate (5.47) is also
not necerssary for the quantitative averaging of regular attractors (see Section 7),
we left it’s rigorous proof to the reader.

We conclude this Section by proving that every solution of (0.1) tends exponen-
tialy to the appropriate unstable manifold while it remains in a d-neighbourhood
of ZQ.

Theorem 5.3. Assume that the assumptions of Theorem 5.2 hold. Then there
exists 6 > 0 and 9 > 0 such that, for every e < eg, ¢ € H(f) and every trajectory
u(t) == Ug(t,O)uo which belongs to the d-neighbourhood of zy for t < N, there
exists a trajectory v(t) := Ug(t, 0)vo which belongs to the unstable manifold (vo €
M} s(¢,€)) such that

(5.48) lu(t) = v(®) s, < Ce™ > |lug —volla,, ¢ <N

where the constant C' is independent of ¢ € H(f), € < €p, ug, and N € [0, c0].

Proof. As before, we only consider the case ¢ = f. We claim that, for a sufficiently
small 0 and ¢, there exists a unique vg € M Z‘E s(f,€) such that the corresponding
solution v(t) satisfies the condition

(5.49) IMyv(N) =T u(N).
Recall that, due to assumptions of the theorem
(5.50) 1Lt (v(N) = uf(N)lle, < Ci[lu(N) — uf(N)|s, < Cd.

Moreover, we claim that the solution v(¢) thus obtained satisfies all assumptions of
the theorem. In order to verify these assertions, we need the following analogue of
Lemmata 5.1-5.2 for the case of a finite interval.

Lemma 5.3. Let the assumptions of Lemma 5.1 hold and let N € N. Consider
the problem

(5.51) { w(m) =Lw(m — 1)+ h(m—-1), m=1,--- N,

H_w(0) =w_, IMiw(N)=w,.
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Define, analogously to (5.14), the spaces of finite sequences

(552) RPN i={we ({0, N} @)+ max e |w(m)|ls, < oo}

0<m<N
Then, problem (5.51) defines 3 bounded linear operators:

[0,N]
a/2

[0,N]

I v Ve =Ry

0,N 0,N
(5.53) T :Rajs = Riigls It vy Vi =R _

a/2 a/2
(where o > 0 is the same as in Proposition 5.1). The first one (h — w) solves
(5.51) with zero boundary conditions and arbitrary righ-hand side h, the second one
(wy — w) solves (5.51) with h = 0, w_ = 0 and arbitrary wy, and the third one
(w— — w) corresponds to the case h = 0, wy = 0 and arbitrary w_. Thus, a
unique solution w of (5.51) can be represented in the following form

(5.54) w = T n1h + ]Ifl(-),N]w-l- + T -
Moreover, the norms of these operators are bounded uniformly with respect to N € N

(5'55) ||T[0,N]||RS}IQV]—>RES}IQV] + ||]IEE,N]||V+—>R[O/’Z;] + “]I[_O,N]”V_—)R[O’N] S ¢

[eY 0

where C' is independent of N € N.

The assertion of the lemma can be easily verified analogously to the proof of
Lemma 5.1 so we omit the rigorous proof here.

Let us first check the existence of a solution v(t). As before, we seek for it in
the form v(m) = w(m) + u%(m), m =0,---, N. Then, the sequence w(m) satisfies
(5.31) with the following boundary conditions:

(5.56) I_w(0) = N e(ILyw(0)), Hiw(N) = Il (u(N) —uf(N)) := wy

where the function Ny, is defined in Theorem 5.2. According to Lemma 5.3, we
may rewrite (5.31) in the following form (compare with (5.33)):

(5.57)  F(w,wn,e) = w =L Ny (Iyw(0)) — I ywn—
— Tpo,mS(w, ) — Tjo, MK(w,e) =0

where F : R([)O’N] x Vi xRy — R([)O’N]. It is not difficult to verify, using estimates
(5.35)-(5.36), (5.42)—(5.43) and (5.55), that function (5.57) satisfies all assumptions
of the implicit function theorem and, consequently, there exist 6 > 0 and g9 > 0
such that, for every wy € Vi, [lwn|le, < and every € < €, there exists a unique
solution w(m) of (5.57) such that

(5.58) lwllgom < Clloxlle, < C8.

Moreover, since norms (5.55) are independent of N € N, the constants § > 0,
go > 0, and C in (5.58) are also independent of N.

Thus, the solution v(t), which satisfies (5.49) and belongs to the unstable man-
ifold is constructed. So, it only remains to verify inequality (5.48). To this end,
we introduce functions @(m) := u(m) — u%(m) and 6(m) := w(m) — @w(m). Since

34



the function w(m) also satisfies (5.31), we derive (analogously to (5.57), but taking
into the account I1.6(N) = 0) that

(5.59) 0 =1y \qII-60(0) + Tpo, Ny (S(w,€) — S(@, €)) + Tpo,n] (K(w, €) — K(w,€)).
It is not difficult to verify (analogously to (5.35) and (5.36)) that

(5.60) [IS(w(m),e) = S(w(m),e)le, + [K(w(m),e) - K(w(m)|e, <
< Clo(m)la, (o' (e) + [w(m)lls, + [D(m)ls,)

P

where C' > 0 and o/(g) — 0 as e — 0. Particularly, (5.60) implies that

(5.61) (IS (w, &) =S(; )| 1o, 1 +[|K(w, &) —K(, &)l gio. 1 < C1[|8]] o, (ex(e) +0)

where C1 is independent of N. Applying (5.61) and (5.55) to (5.59), we derive the
estimate

(562 [bllzge, 1 < C' 1000}, + " (e (€) + 0) [Pl g,

where C’ and C” are independent of N. Taking now 6 > 0 and £y > € small enough,
we derive from (5.62) that

||9||R£o)g1 < C3)|0(0) ] e,
or (which is the same)
(5.63) |lu(m) — v(m)||q>p < 036_(a/2)m||u(0) — v(0)||q>p, m=0,---,N.

Estimate (5.48) is an immediate corollary of (5.63). Theorem 5.3 is proven.

Corollary 5.4. Let the assumptions of Theorem 5.3 hold and let, in addition, a
solution u(t) = Ug(t,0)ug, € < €o and ¢ € H(f), remains in the -neighbourhood
of zo for everyt > 0. Then, this solution stabilizes exponentially to ugy ast — +o0,
i.e.

(5.64) lu(t) — ug ()]s, < Ce™@/2u(0) — ug(0)le,. ¢ = 0.

Indeed, the solution u(t) satisfies all assumptions of Theorem 5.3 with N = oo,
consequently, there exists a solution v(t), which belongs to the appropriate unstable
manifold and satisfies (5.48) for every ¢ > 0. Particularly, v(¢) remains in the
d-neighbourhood of z, for every ¢ > 0. But, according to (5.30), every solutions
belonging to the unstable manifold except of ug (t) goes out from this neighbourhood
for a sufficiently large t. Therefore, v(t) = ug(?) and then (5.64) coinsides with
(5.38). Corollary 5.4 is proven.
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86 REGULAR ATTRACTORS.

In this Section, we consider the case where averaged system (2.22) possesses a
global Liapunov function, it will be so for instance if the averaged nonlinearity

f(z,v) has a gradient structure
(6.1) flz,v) = V,F(z,v), FecC(QxRF).

In this case, under the natural (generic) assumption that all equilibria of (2.22)

are hyperbolic, we have the following detailed description for the regular structure
of AY.

Proposition 6.1. Let the assumptions of Theorem 2.2 hold and let, in addition,
the semigroup Sp : ®, — ®, possess a global Liapunov function. Assume also that
the set of it’s equilibria

(62) R = {ZO € (I)p; a'AmZO - f(.I',Zo) + g= 0}

is finite and all the equilibria are hyperbolic. Then, the attractor A° is a finite col-
lection of finite dimensional unstable manifolds, which corresponds to every equilib-
rium zg € R:

(6.3) A° = Uper M,

where dim M} = k(zo) and M}, ~ R#(20) and every solution u(t) € K5 belonging to
the attractor is a heteroclinic orbit, connecting two dif ferent equilibria z; , z(')" eER:

64)  Jim Jlu(t) - 25 lle, =0, N [u(t) — =7 lla, =0, 2 # 2

Moreover, the attractor A° is exponential in the following sense: there exist a posi-
tive constant o > 0 and a monotonic function (Q such that, for every bounded subset
B C ®,, we have

(6.5) diste, (SyB,A%) < Q(||Blls,)e .

The proof of Proposition 6.1 is given, e.g. in [2]. (In a fact, we reprove below
this proposition for more general non-autonomous case, see also [13]).

The main task of this Section is to verify that description (6.3)-(6.5) remains
valid (after minor changings) for non-averaged equation (0.1) if ¢ < g is small
enough. To this end, we note that, due to Theorem 5.1 and the fact that R is
finite, there exist dg > 0 and g < ¢ such that, for every ¢ < g, every zp € R and
every ¢ € H(f), equation (2.8) possesses a unique solution U o (t), t € R, which
remains in dg-neighbourhood of the equilibrium zg, this solution is almost-periodic
with respect to ¢ and tends to zy as € — 0. Thus, it is natural to define

(6.6) o = {ug .., %0 € R}

and interpret it as the set of all ’equilibria’ of non-averaged problem (2.8) which
correspond to the equilibria set R as ¢ — 0. We are now ready to formulate the
analogue of (6.4) for the non-averaged equation.
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Theorem 6.1. Let the assumptions of Theorem 2.1 and Proposition 6.1 hold.
Then, there exists eg > 0 such that, for e < eq, every solutivon u(t) := Ug (t,0)ug,
t >0, ¢ € H(f) of equation (2.8) stabilizes to one of ’equilibria’ (6.6):

(6.7) t—l;lﬂ-noo |w(t) = ug . (®)||s, =0, for some 20 = zp(u) € R.

Moreover, every complete bounded solution u(t) € Ke of (2.8) is a heteroclinic orbit
between to different ’equilibria’ from (6.6):

. - - . - o + —
(6:8) Jim_fu®) = ) o (@), =0, T Ju(®) — o (o, =0, 5 #5

Particularly, there are not any almost-periodic solutions of (2.8) except of (6.6).

For the proof of the theorem, we need the non-autonomous analogue of the
following two lemmata which play a fundamental role in the proof of Proposition
6.1 (in the autonomous case).

Lemma 6.1. Let the assumptions of Theorem 6.1 hold. Then, for every d < dg
there exists g := €9(0) > 0 such that, for every e < eg and every R € Ry, there
is a positive number T = T (0, R) such that, for every solution u(t) := U;(t, 0)uo,
[uolle, < R, ¢ € H(f), we have

(6.9) Uecto{u}| 0 |Unenatan)| #

where Vi (zo) := {up € @, |luo — 20lle, < I}.

Assertion (6.9) means that every solution u(t) visits a d-neighbourhood of some
equilibrium zy € R while ¢ € [0, T7.

Proof. Indeed, assume that the assertion of the lemma is wrong. Then, there exist
en — 0, ¢n € H(f), ud € Vg(0) and T,, — +oc such that

(6.10) diste, (un(t),R) =60 >0, t € [0,T,], un(t) :==Ug (t,0)uj.

We now set ¢, = T_1, j2e)¢n and @i, (1) = Us (t,—T,/2)ud. Then, it follows
from (6.10) that

(6.11) dista, (in(t),R) > 60 > 0, t € [~Tp/2, Tn/2].

Recall, that u® € Vz(0), consequently, due to Theorem 1.3

(6.12) ltnllwaoenqrrigxey <O T 21-T,/2.

Therefore (due to compactness of the embedding W(12):2» ¢ C(®,) and that T,, —
o0), without loss of generality we may assume that u, — ug in the spaces C([T, T+
1], ®,) for every T' € R. Arguing as in the proof of Theorem 2.3, we establish that
uo(t) is a complete bounded solution of averaged equation (2.22). From the other
side, passing to the limit n — oo in (6.11), we derive that

(6.13) distq)p (UO(t),R) >09>0, teR

which contradicts the existence of a global Liapunov function for averaged problem
(2.22) (see also (6.4)). Lemma 6.1 is proven.
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Lemma 6.2. Assume that the assumptions of Theorem 6.1 hold. Let 6o > 0 be a
sufficiently small number and let L : ®, — R be a Liapunov function of the averaged
system (2.22). Then, there exist &' < dp and €9 = £o(0") such that the following
statements are valid if e < €o: let zo € R, uo € Vir(20), and u(t) := Ug(t, 0)uo,
¢ € H(f), be a solution of (2.8), then

1) if w(T) € Vs (z), for some z[ € R, 2z, # zo and T > 0, then necerssarily
L(z) < L(z0);

2) if u(T) ¢ Vs, (20), for some T > 0, then u(t) ¢ Vs (20), for every t > T.

Proof. Let us only verify the first statement of the lemma (the second one can
be verified analogously). Indeed, let this statement is wrong, i.e. there exist an
equilibrium z{, € R with

(6.14) L(z) > L(z),

sequences 0, — 0, g, — 0, ufy € V5, (20), T, € Ry, and ¢,, € H(f), such that the
corresponding solutions uy (t) 1= Ug" (¢, 0)ug satisfy

(6.15) un(Tn) € Vs, (20)-

Let 0o > 0 be such that Vs, (z3) N Vs, (2)) = @, for 2§, 2] € R, zi # 2. Tt follows
from (6.15) that there exist 0 < ¢, < T}, such that

(6.16) ltn(tn) — 20ll0, = 0, |[un(t) — 20lla, < 00, t< tn.

Moreover, thanks to u,(0) — zp, one can easily verify using Theorem 3.1 that
t, — o0 as n — oo. Shifting the time variable t — ¢t 4 ¢,,, we obtain a new family
of solutions

(6.17) U (t) = U;: (t, —tp)ug, ¢n:= T_tn/ansn
such that

(6.18) din(—ts) — 20, |[iin(0) =20, = 0o > 0, iy (T) — 20, Tn := Tyt > 0.

Passing now to the limit n — oo in (6.18) and arguing as in Lemma 6.1, we obtain
a complete bounded solution () of averaged equation (2.22) such that

u(t) = zp, as t— —oo and [|u(0) — zo|la, = do.

Recall now that (2.22) possesses a global Liapunov function L, consequently (see
also (6.4)), a(t) is a heteroclinic orbit, i.e. there exists 2§ € R such that

(6.19) a(t) — 23 as t — 400 and, consequently, L(z3) < L(z).
A priori, we have two possibilities: 1) z} = 2} and 2) 2} # 2z{. The first one
contradicts assumption (6.14). So, it only remains to investigate the second one.

In this case, we obviously have a sequence T, < T,, T,, — +00, such that

(6.20) Un(T)) = 28, G (Tn) — 25, T, >T..
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Arguing now as before, we derive from (6.20) the existence of the other heteroclinic
orbit @!(t) of equation (2.22), such that

a'(t) = 23, as t — —oo and wu'(t) = 22 as t — 4o0.

As before the equality 23 = z{ is prohibited by (6.14). Thus, repeating the above
procedure, we obtain a sequence of heteroclinic connections for (2.22):

(6.21) 20— 2 = 22— -, L(zo) > L(2}) > L(22) > ---.

Recall now that, due to our assumptions, the set R is finite, therefore, sequence
(6.21) cannot be infinite. Consequently, we must have z}, = z{¥ for some N (because
we have from the very beginning w, (T},) — z; for some T,, — o). Assertion (6.21)
implies now that L(zp) > L(z{) which contradicts (6.14). Lemma 6.2 is proven.

We are now ready to complete the proof of the theorem. Indeed, it follows from
Theorem 1.1 that it is sufficient to verify (6.7) only for ug € Vg, (0) where Ry > 0
is large enough. Fix now a constant ¢’ > 0 in such way that, for every zy € R,
the local description of the dynamics (given in Theorems 5.1-5.3) works in Vj, (zo)
if e < g¢ (it is possible to do because we have only a finite number of equilibria).
Moreover, fix also ¢’ < dp/2 in Lemma 6.2 and T := T'(¢’, Rp) from Lemma 6.1 (in
other words, we assume that £( is small enough that the assertions of Lemmata 6.1
and 6.2 hold with constants fixed above). We claim that, for every ¢ < g, we have
stabilization (6.7). Indeed, u(t) := Ug(t, 0)ug be an arbitrary solution of (2.8) such
that ug € Vg, (0). Then, it follows from Lemma 6.1 that there exists a time T3 < T
and an equilibrium 2} such that

(6.22) u(Ty) € Vi (25).

After the first visiting the ¢’-neighbourhood of the equilibrium z} a solution u a
priori has two possibilities: 1) u(t) remains inside of Vj, (zp), for every t > Ti; 2)
there is a moment 7] > Ty such that u(T]) € dVs,(25). In the first case, due to
Corolary 5.4, u(t) stabilizes exponentially to “;,zg (t) as t — 400 and, consequently,
(6.7) holds with z5 = 2{.

Consider now the second possibility. In this case, due to Lemma 6.2, our solution
u(t) never returns in Vi (23), for t > T}. Applying Lemma 6.1 again, we derive that
there exists Tp > Ty, To — T{ < T and an equilibrium 23 € R, such that

(6.23) u(Ty) € Vg (22), and L(zy) > L(23).

Repeating the above arguments, we construct finally the monotone increasing se-
quences T; > 0,i=1,--- ,Nand T > T;,i=1,---N -1, T;y; — T/ <T, and a
sequence of equilibria 24, i = 1,--- , N such that
(6.24) w(T;) € Vs(28), i =1,---,N, u(T}) € dVs,(28), i=1,---N—1,

L(zy) > L(22) > -+ > L(2)).
Note that the last inequality of (6.24) together with the finiteness of R implies that

this sequence cannot be infinite, therefore there exists N = N(u) < Npar := #R
such that

(6.25) u(t) € Vs, (2), for t > Ty.
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Including (6.25) together with Corollary 5.4 implies (6.7). Assertion (6.8) can be
verified analogously only we should use also Corollary 5.2 in order to verify the
convergence as t — —oo. Theorem 6.1 is proven.

Let us now verify the analogue of (6.3) for the non-averaged system. Note, how-
ever, that, in contrast to limit equation (2.22), equations (2.8) are non-autonomous
for € > 0, consequently, the global unstable manifols M Z‘E 7 f(t,s) and the non-

autonomous analgue A;(t) of the regular attractor A° also naturally depend on t

and ¢ € H(f).

Definition 6.1. Define the non-autonomous regular attractor A% (t) by the follow-
ing expression:

(6.26) Ag(t) == KCg(t), teR, ¢eH(f)

where the kernals K3(#) have been defined in (2.18). Moreover, for every zo € R
define the global unstable sets M "; ¢(7’, e)in the following natural way:

(6.27) MZ)@(T’ g) — {Ur c <I>p : Ju € K5, ’U,(T) = U,
lim_[u(t) — u., (0)]ls, = 0}

t——o00
Obviously,

(6.28) Ugt, )M} ,(1,e) = M ,

The next two theorems show that the object, defined by (6.26) is indeed a natural
non-autonomous analogue of the (autonomous) regular attractor A° of limit system
(2.22) (see Proposition 6.1).

Theorem 6.2. Let the assumptions of Theorem 6.1 hold. Then, for a sufficiently
small € < €q, the sets M;E7¢(T, g) defined by (6.27) are finite dimensional C*-

submanifolds of ®, which are diffeomorphed to R5(20) | for every fized T € R. More-
over, attractor (6.26) is a finite collection of these unstable manifolds corresponding
to equilibria zy € R:

(6.29) A5(t) = Uzper M (t€), tE€R

(t,e), t>T.

(compare with (6.3)).

Proof. Indeed, description (6.29) is an immediate corollary of (6.27) and Theorem
6.1. So, it remains to verify that unstable sets (6.27) are indeed C!-submanifolds
of ®,. For simplicity, we verify this fact only for ¢ = f and 7 = 0 (the other cases
can be considered analogously). To this end, we use the standard reasonings which
are based on the following evident represenation of the set (6.27):

(6.30) MF £(0,6) = UplogMy, My :=Uz (0, —n)MJ (T_p,cf,¢€)

where the local unstable manifolds Mz"; s(#,€), 0 > 0 are defined in (5.28). Note
that (5.44) implies the embedding

(6.31) My, C My y1.

n/sf

Note also that M is a submanifold of ®,, if 6 > 0 is small enough (due to Theo-
rem 5.2). Let us verify that every M, is also a submanifold. To this end, we recall
the following standard lemma.

40



Lemma 6.3. Let the assumptions of Theorem 2.1 hold. Then,
1) the operator Ug(t,7) : ®, — @, is injective for every t > 7, ¢ > 0, and

¢ € H(f);
2) The kernal of it’s Frechet derivative

(6.31) ker{Dy,Ug(t, 7)(uo)} = {0},

for every ug € ®,,.

The assertions of this lemma are immediate corollaries of a standard theory of
backward uniqueness for parabolic boundary problems (see e.g. [2]).

Recall now that the manifold M, is finite and (zp)-dimensional, consequently
the assertions 1) and 2) are enough in order to verify that

Us_,.1(0,—n): My — M,

is a diffeomorphism. Thus, M,, n € N are k(z)-dimensional manifolds (diffeom-

prphed to R*(*0)) as well. Formulae (6.30) and (6.31) now imply that MZ‘E +(0,¢€)

also possesses a structure of a C'-manifold, diffeomophed to R%(*0), So, it remains

to verify that the topology induced on M ;g 7 f(O, e) coinsides with the topology, in-

duced by it’s embedding to ®,. But this fact is an immediate corollary of Lemma
6.2, which prohibits the recurrent (homoclinic) orbits near z;. Theorem 6.2 is
proven.

Let us now verify that the obtained regular attractors Ag(¢) are uniformly with
respect to € < g9 exponential ones.

Theorem 6.3. Let the assumptions of Theorem 6.1 hold. Then, there exist positive
constants v > 0, eg > 0 and a monotone function Q such that, for every e < ¢y,
¢ € H(f), T € R, and bounded subset B C ®,, the following estimate is valid:

(6.32) diste, (US(t+7,7)B, A5(t+ 7)) < Q (| Blla,) e

Proof. As in the autonomous case (see [2]), the proof of estimate (6.32) is based on
the following lemma.

Lemma 6.4. Let the assumptions of Theorem 6.1 hold and let u(t) := Ug(t,0)uo
be a solution of (2.8) such that
(6.33) |u(t) — zolle, < 00 for t € [0,N],

for some equilibrium zy € R. Then,

0

(6.34) diste, (u(t), A3(t)) < Ce " (diste, (uo,A3(0)))", t € [0, N]

where positive constants C', 0 < 0 < 1 and 8 are independent of u, € < eq, ¢ € H(f),
N e Ry, and zp € R.

Proof of the lemma. Indeed, according to Theorem 5.3 there exists v(t) € Mz"; s(t€)
such that estimate (5.48) is satisfied, consequently,

(6.35) diste, (u(t), A5(t)) < Cre” /2t t <N
41



(where o > 0 is a minimum of the constants o = a(zp), introduced in Proposition
5.1, over zg € R). From the other side, it follows from estimate (1.9) that

(6.36) diste, (u(t), A5(t)) < Cae™* diste, (uo,.A%(0))

(where the constant K > 0 is also uniform with respect to wug, ¢, and € < g).
Combining (6.35) and (6.36), we derive for t < N that
(6.36)

diste, (u(t), A5(t)) < Cze™ /4 min{e(K+a/4)t diste, (uo, A5(0)) e /4y

Computing the minimum in the right-hand side of (6.36"), we obtain the estimate

(6.37)  min{eFH/ Ve disty, (ug, A5(0)) , e/ *} < (distas, (uo,A5(0)))°

where 0 := a/(2(a + 2K)). Lemma 6.4 is proven.

We are now ready to prove (6.32). Indeed, due to uniform esitmate (2.10) it is
sufficient to verify it only for B = V(0), for a sufficiently large fixed R, and, due
to the translation invariantness, we may assume also that 7 = 0. Let up € Vz(0),
e < €0, ¢ € H(f), and u(t) := U;(t,0)ug be an arbitrary solution of (2.8). Let do
and ' > 0 and T = T(0’') be the same as in the proof of Lemma 6.2. Fix now
the sequence zi, i = 1,-++ , N(u) < Nyae = #R, of equilibria and the sequences
of times T;, 4 = 1,--- ,N, T/, i = 1,--+, N such that Tj, = oo and the following
conditions are satisfied:

{ L. U’(t) € ‘/60(2’3)7 for t € [Ti,TZ'I], 7 = 1,. .. ,N,

(6.38) .
2. Ty <T, 0<Ti+1—TZ’/§T, 1=1,--+-,N—1.

The existence of such sequences is verified in the proof of Lemma 6.4. Thus, on the
intervals t € [T;,T/], i =1,---, N, thanks to Lemma 6.4, we have the estimate

(6.39) distas, (u(t), A5(t)) < Ce T (diste, (w(T;), A;(Ti)))e.

From the other side, for ¢t € [T}, T;11], i =0,---, N —1 (where T, = 0) we have the

7
estimate, analogous to (6.36):

(6.40) dista, (u(t), A5(t)) < Ce"T diste, (u(T}), A5(T})) .

Iterating formulae (6.39) and (6.40) and using the obvious estimates
diSt@p (UO,Az(O)) < RO, e—GiBTi_,B(t—Ti) < e_ﬁeit, t > T’i7

we derive that

(6.41) dista, (u(t), A3(t)) < Ro (CQeKT)Nm“ e=0"mBE 1>,

Since all the constants in (6.41) are independent of the choice of the trajectory wu(t),
estimate (6.41) implies (6.32). Theorem 6.3 is proven.

Remark 6.1. Recall that (in Section 2), we studied the wuniform attractor A°
for system (0.1) (see Theorem 2.1 and Definition 2.1), the construction of which is
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based on a reducing the initial non-autonomous dynamics to the autonomous one
by a skew-product technique. Definition (6.26) of the non-autonomous attractor
A5 (t) corresponds to an alternative generalization of the attractor’s concept to the
non-automous case, which is widely used for the study the long-time behaviour of
stochastic equations (see e.g. [18]). Under this approach the attractor of a non-
autonomous dynamical system {U§(¢,7) : ®, — ®,,¢ > 7} (which corresponds to
initial problem (0.1)) is defined to be a family of sets {A%(¢), ¢ € R} which enjoys
the following properties:

L A5 (t) is compact in ®,, for every t € R;

2. The family {A%(t),t € R} is strictly invariant, i.e. Uz (t, 7)A%(1) = A5(?);

3. This family possesses a pull-back attraction property, i.e., for every t € R
and every bounded subset B C ®,, we have

(6.42) lim distg, (UF(t,t —7)B, A3(t)) =0

T——00

It is known (see [6]) that the non-autonomous attractor, thus defined coinsides with
the one, defined in (6.26) using the kernal sections K% (#).

Note however, that (in general) the convergence in (6.42) is not uniform with
respect to ¢ € R and (therefore) the forward convergence Us(t+7,t) B — A% (t+7) as
T — 400 may be violated at all. Theorem 6.3 shows that we have this uniformness
and the forward exponential attraction property, for the case of rapidly oscillated
perturbations of autonomous regular attractors. Note, in addition, that, in this
case, we have a clear relation between the uniform attractor A° and the non-
autonomous one A% (¢):

(6.43) A® = [User A5(1)]

q>P
which also may be violated for general non-autonomous systems.

67 THE AVERAGING OF REGULAR ATTRACTORS.

In this Section, based on the results on previous section, we give a more compre-
hensive study of the convergence A° — A° for the case where the limit attractor
AY is regular. We start with the following theorem

Theorem 7.1. Let the assumptions of Theorems 2.1 and 6.1 hold. Then, for every
¢ € H(f) and every T € R, the symmetric distance between the attractors Ag(T)

and A° possesses the following estimate:
(7.1) distsymm,s, (A’;(T), AO) < C(ag,,, . ()"

where ag(e) is the same as in Theorem 3.1, Ryan = supe>o|lA°|la, < oo, and
C > 0,0 < Kk <1 are certain positive constants which depend only on equation
(0.1), but are independenet of ¢ and T.

Proof. As before, we only check the assertion of the theorem, for the case ¢ = f
(the ohter cases are analogous).

Let vg € A5(T), for a fixed T € R. Then, by definition, there exists a bounded
complete solution u® € K% such that u(T) = vo. Let uy,(t) be a solution of
limit problem (2.22), defined for ¢ > T — M and satisfying the initial condition
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ud (T — M) :=u®(T — M), where M > 0 is a positive number, which will be fixed
below. Then, from the one side, due to Theorem 3.1, we have

(7.2) lvo — uyy (T)l|a, < e rmerMag,,, . ().

From the other side, since the limit attractor A° is exponential (due to our assump-
tions and Theorem 6.3), we have

(7.3) diste, (uy(7),A%) < C'e

where v > 0 is defined in Theorem 6.3. Combining estimates (7.2) and (7.3) and
taking into account that M > 0 is arbitrary, we derive

4 dist %) < min (efRmesM ‘e ).

(7.4) iste, (vg, A”) < Inin (e aR,,..(€) +C'e )

Computing the minimum in the right-hand side of (7.4) and reminding that vy €
A5 (T) is arbitrary, we obtain

(7.5) dist, (A7(T), A°) < Cag,,, ()"
-y
KRryaet7°

Let now vy € A% and vy € K° be the corresponding. complete bounded solution.
Define again u®(t), t > T — M as a solution of nonhomogenized problem (0.1)
with the initial condition u*(T — M) := wuo(T — M). Then, analogously, from
Theorem 3.1, we deduce that

where k :=

(7.6) lvo — s (T)[|s, < ermaeMap, . (e).
From the other side, according to Theorem 6.3, we have
(7.7) dista, (vo, A%(T)) < C'e ™™

where v > 0 is independent of e. Combining (7.6) and (7.7) and fixing M in an
optimal way, we derive that

(7.8) distg, (A%, A%(T)) < Cag,,,, (e)"

It remains to note that (7.5) and (7.8) imply (7.1). Theorem 7.1 is proven.

Corollary 7.1. Let the assumptions of Theorem 7.1 hold. Then, for every ¢ €
H(f) and every T € R, the family of sets {A;(T),g € [0,e0]} is upper and lower
semicontinuous at € = 0. Moreover,

(7.9) sup  sup distymm,a, (A%(T), A%) =0 ase—0
peH(f) TER

and, consequently,
(7.10) distsymm,a, (A%, 4°) =0 as € =0

where A® is a uniform attractor, associated with equation (0.1).

Assume now that the assumptions of Section 4 are satisfied, then Theorem 7.1
implies the following estimate for quantity (7.1).
44



Corollary 7.2. Let the assumptions of Theorems 7.1 and 4.1 hold. Then, for every
¢ € H(f) and every T € R, we have

(7.11) distsymm,, (A5(T), A%) < Cpe®

where 0 < k' <1 and Cy > 0 are independent of ¢ € H(f) and T € R.

Particularly, if the nonlinearity f is quasiperiodic with m independent frequences
w € R™ with respect to ¢ and smooth enough (i.e., (4.17) and (4.19) are satisfied),
then, due to Proposition 4.2, estimate (7.11) holds for almost every frequency vector
w C R™. Note however, that the constant C in this case depends on C,, in Dio-
phantine condition (4.18) (Cf ~ Cgl) and, consequently, it is extremely sensitive
to small perturbations of the frequency vector w € R™. Thus, since in applica-
tions only an approximate value of the frequency vector w € R™ is usually known,
the quantitative estimate of distance between homogenized and nonhomogenized
attractors in the form (7.11) seems sensless. One is the most natural way to over-
come this problem is to give a probabilistic interpretation of estimate (7.1). Under
this approach, the frequency vector w € R™ is treated as a random variable and
one investigates the expectation of random variable (7.1). For simplicity, we only
consider the case of Gaussian random variable w although the concrete type of
distribution function seems to be non essential for the estimates formulated below.

Theorem 7.2. Let the assumptions of Theorem 7.1 be valid. Assume also that w;,
t =1,---,m be independent Gaussian random variables with expectaions m; and
dispersions o;. Let, in addition, the nonlinearity f has the form

(7.12) [tz u) = Glwit, - ,wpt, ,u)
where the fived deterministic function G : T™ — M satisfies the condition
(7.13) GeC™ (T, M).

Then, the attractors A;(t) can be also interpreted as random variables. Moreover,
the expectation M of symetric distance (7.1) possesses the following estimate:

(7.14) M{ sup sup dist symm,a, (A;(T),AO)} < C(o)e",
peM(f) TER

where C(o) and 0 < Kk < 1 are some constants, and in contrast to (7.11) the
dependence of C on o and G is reqular.

Proof. Indeed, for fixed w arguing as in the proof of Theorem 7.1, but using estimate
(4.41) instead of (4.2), we derive the estimate

(7.15) distsymm,a, (A3(T), A”) < OLE ",

max

where 0 < k< 1,0 < K1 < 1,

(7.16) Lip,, = Y. 1+][w,D7*))Allg,.,..

IEZ™, 10
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0 > 0 is a small fixed parameter, and the Fourier coefficients A; are defined in
(4.17) (see Remark 4.3). Let us estimate random variable (7.15). First of all, we
note that, due to (7.13) (see also (4.20)),

(7.17) LRy, <Ci > (L+|(w,D7 )™
IEZ™ 1£0

and, consequently, we have

(7.18) M{ sup sup distsymm,a, (A’;(T),AO)} <
peH(f) TER

K1

<o | Y mfi@orth

IEZ™, 170

(here, we have implicitly used the fact that k1 < 1). So, it remains to prove that
the series in the right-hand side of (7.18) is finite. To this end, we recall that (w,1)
is also a Gaussian random variable with expectation m(l) := Y., l;m; and with
dispertion o2(1) := Y7, |l;]*0?. Consequently,

(7.19) M{ |(w,l)|_1+‘5} = (27r0(l))_1/2/ |z|_1+5e_(z_m(l))2/(2“(l)) dz <
R

< O_(l)(—1+6)/2/ |Z|—1+5e—22/2 dz < 05|0'|(_1+5)/2|l|(_1+6)/2.
R

Here we have essentially used the fact that 6 > 0. Inserting (7.19) in the right-hand
(7.18), we derive estimate (7.14). Theorem 7.2 is proven.

Remark 7.1. Note that the exponent ; in (7.15) is less than 1/(2p — 1) < 1/2
(see (4.11)), consequently, arguing as in the proof of Theorem 7.2, we may deduce
that

(7.20) M{ sup  sup | distsymm,a, (A;;(T),AO) |2} < C'e?
pEH(f) TER

and, consequently, the dispertion D of the random variable (7.1) possesses the
estimate:

(7.21) ]D{ sup  sup distsymm, s, (A;(T),AO)} < C'e”
pEH(f) TER

which is analogous to (7.14).

In concusion of this Section, we investigate the dependence of the attractors
A%(t) on t under the assumptions of Theorem 6.3. We first recall that, according
to (6.29), these attractors consist of a finite collection of the corresponding unstable
manifolds MZ) #(t,€) and the dependence of these manifolds on ¢ is almost periodic.
Note however that, in contrast of A%(?), these manifold are not compact (and not
closed) in the phase space ®, and, consequently, these almost-periodicity are not
very informative. In order to overcome this disadvantage, we prove below the
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almost-periodicity of the function ¢ — A% (t) as a set-valued function. To this end,
we need to introduce the following space.

Definition 7.1. Let Bgr be an R-ball in the space ®5,, which contains all attractors
A5(t), t €R, ¢ € H(f) (such R exists due to Theorem 2.1). Consider, a space P of
all closed subsets of Br endowed by the symmetric Hausdorff distance as a metric:

(7.22) P:={BC Bgr : B=B, d(By, By) := distsymm.s,(B1, B2)}.

Then, as known, (P, d) thus defined is a complete metric space.

Theorem 7.3. Let the assumptions of Theorem 6.3 hold. Then, for every ¢ < gy
and every ¢ € H(f), the function t — A5(t) is continuous and almost-periodic as
a function with values in P:

(7.23) A5() € AP(R,P).

Proof. As before, we restrict ourselves to prove the theorem only for ¢ = f (the
case of arbitrary ¢ € H(f) is analogous).
Let f :=T;f, s and 7 be arbitrary positive numbers and let u%(t), vj; be solutions

of (0.1) with the nonlinearities f and f and with initial values u%(t — 1) = u, and
v;(t — T) = v, respectively. Then

(7.24) 5 (&) = 5 ®)lle, < CeX7 (11 = Fln + llur = vrla,

if [|ur|le,, [|vr]le, < R (see (2.3) for the definition of || - ||g). Indeed, the function
w(t) == u%(t) — v;(t) satisfies the equation
(7.25) Oww(t) —alzw(t) = —[f(t/e, v, u5(t)) — f(t/s,x,v;(t))]—k

+ [F(t/e, 2, 05(t)) = f(t/e, 2, 05(1))):

Then, according to (2.23) and (0.6), the first term in the right-hand of (7.25) can
be estimated via

(7.26) |[f(t/e,z,uf(t) — f(t/e,x,v%(t)| < Qrluf(t) — v3(D)]
and the second term can be estimated by
(7.27) f(t/e @, 05(t) = f(t/e w05 < If = fllr:

Using estimates (7.26) and (7.27) and arguing as in the proof of Theorem 1.2, we
derive estimate (7.24).

Let us now verify now the assertion of the theorem. To this end, we verify that
the function Ajc (t) also has a relatively dense set of p-almost periods, for every
i > 0. We derive this fact from the estimate

(7.28) distsymm,a, (A7t +5), A5(t)) < C1llf — T/ flIR,
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for some 0 < kK < 1 and Cy > 0 which are independnet of ¢,s € R. Indeed, (7.28)
implies, from the one side, that A‘}(t) is uniformly continuous with values in R
since f is uniformly continuous in M. From the other side, (7.28) implies that
every p-almost period T),/e of f(t/e, x, u) is simultaniously an C4p"-almost period
of A%(t) and, consequently, A%(t) is indeed almost-periodic with values in R thanks
to Bochner-Amerio criterium.

Thus, it remains to prove estimate (7.28). Indeed, let up € A%(T) and u%(t) €

A%(t) be a complete bounded solution of (0.1) such that u%(T) = uo. Let v;‘;(t),

t > T — 7 be a solution of (0.1) with the right-hand side f= Ty f(t/e,z,u) and
with the initial condition v%(T — 7) := u5(¢ — 7). Then, from the one side thanks

f
to (7.24), we have
(7.29) luo = v5(T)lle, < Ce™7||f = T/eflln-
From the other side, thanks to (6.32), we have
(7.30) diste, (v;(T), AS(T + s)) < Ce .

Combining (7.29) and (7.30) and fixing 7 in an optimal way (as in the proof of
Theorem 7.1), we obtain that

(7.31) diste, (AF(T), AF(T +5)) < C1llf — Ty fl%
uniformly with respect to 7' € R. The opposite estimate
diStép (A(}(T + 8)7 A?(T)) S Cl”f - Ts/ef”ﬁ

can be proven analogously. Estimate (7.28) is proven. Theorem 7.3 is proven.

Remark 7.2. Tt can be easlily verified that, under the assumptions of the previ-
ous theorem, the hull #(A%(-)) of the almost-periodic function A%(¢) in Cp(R,P)
possesses the following description:

(7.32) H(AT() = {A5(), & € H([)}

and, consequently (analogously to (6.43)), we have
(7.33) A® = H(AF())|,_,-

68 EXAMPLES.

In this concluding Section, we give several concrete examples of equations of the
form (0.1) for which the conditions of Section 7 are satisfied. We start with the
most simple case of a scalar equation

Example 8.1. Let £ = 1. Consider a scalar equation

(8.1) Opu = alyu — f(t/e,z,u) + g(z), T € QCCR", uly, =0.
48



Assume that the function f(h,z,u) is alomost-periodic with values in M (see Sec-
tion 2), satisfies the standard condition

(8.2) f(h,z,v) >0, for |v|]>L,

for a sufficiently large fixed L and h € R, = € Q, and growth restriction (0.4).
Then, our dissipativity assumption (0.5) is satisfied for every p and, consequently,
the assumptions of Sections 2 and 3 are fulfilled for equation (8.1) (in a fact growth
restriction (0.4) is also can be omited for the scalar case due to the maximum
principle). Moreover, the limit homogenized equation

(8.3) 04t = algu — f(x,u) + g(z), v € Q CC R", =0

E‘aa

is autonomous and has a gradient form. Thus, for generic g € LP(2) this limit
equation possesses a regular attractor (see e.g. [2]). Therefore, the assumptions of
Section 6 are also satisfied for generic external forces g € LP(2).

Example 8.2. In the following example, we consider a system of two coupled
parabolic equations, which is a nonautonomous analogue of the so-called FitzHugh-
Nagumo system:

Opuy = diAguy — f(t/e,z,u1) — uz + g1(x),
(8.4) Orug = doAgus — yug + dug + 92(5’3),

“1‘39 “2‘39 0,

where u = (u1,us2), z € Q@ CC R™, dy,ds,7,d > 0 are positive parameters. Assume
also that the nonlinear interaction function f(h,x,v) is almost periodic with values
in M (see Section 2) and satisfies the following assumptions:

55) { 1. C(1+ o7ty > f(h,z,v)-v > —Cy + Colv|?t!, ¢>1

2. fl(h,x,v) > -K,
for some constants C, C;, and K. Then, a simple calculation reveals that anisotropic
dissipativity assumption (0.5) is satisfied for every p; = p» > 0 and, consequently,

the results of Sections 1, 2, and 3 hold for system (8.4). Assume now, in addition,
that

(8.6) v > K.
Then, the limit averaged problem

Oy = di AT — f(z,U1) — Us + g1(x),
(8.7) Oplly = daAgTiy — YUz + 61 + g2(),
ﬂl‘aﬂ - %‘39 =0

possesses a global Liapunov function in the form

|3tu1|2 |8tuz|2 |Vwm|2 |vwﬂz|2
8.8) L( vd —
(8.8) (1, u2) 28 17 a2 28 +
27 — -
+ YF(z, ) + vy -us — 7y o5 Y9t + 59212 dz



where F'(z,v) fo (x,v) dv, see [12] for details. Thus, in this case, for generic g =
(91,92) € LP (Q) the attractor of averaged problem (8.7) is regular, consequently,
the assumptions of Section 6 are satisfied for (8.4) and, therefore, for sufficiently
small €, the nonautonomous attractor of it is also regular, almost-periodic and tends
to the attractor of limit equation (8.7) as e — 0 (see Theorems 6.3, 7.1 and 7.3).

Example 8.3. In the last example, we consider the following generalization of the
Lotka-Volterra system:

Oui(t) = a;idgui(t) — fi(ui(t)) — ui(t) (Zle bij(t/e, )U§(t)) + 9i(2),
0, i=1,--- k

(8.9)
“i‘asz =

where a; > 0, b;;(h) are scalar almost periodic functions, such that b;;(h) > 0 and
the functions f; satisfy the assumptions

for some fixed vector (qi,- -+, qx) satisfying ¢; > 1. Then, dissipativity assumption
(0.5) is obviously satisfied, for every p; = --- = py > 0. Consequently, the results
of Sections 1-3 hold for system (8.9). Moreover, the limit averaged equation

00 (t) = 0\ (1) — fi(ms(1)) — (0) (Shoy B3 (1)) + g4(a),
=0, i=1,---,k

(8.11)

has a granient form if Eij = 5]-,- and, consequently, it’s attractor is regular for generic
g € [L?(2)]%. Thus, the results of Sections 5-7 are also valid for equation (8.9) for
generic external forces g.
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