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ABSTRACT. A new method of obtaining lower bounds for the attractor’s dimension is
suggested which involves analysis of homoclinic bifurcations. The method is applied
for obtaining sharp estimates of the attractor’s dimension for a class of abstract
damped wave equations which are beyond the reach of the classical methods.

INTRODUCTION

It is well known that the long-time behavior of solutions of partial differential
equations arising in mathematical physics can, in many cases, be described in terms
of global attractors of the associated semigroups, see [BaV89,ChV02,Hal87, Tem97]
and references therein. Moreover, it is also known that for a large class of equations
of mathematical physics, including reaction-diffusion equations, Ginzburg-Landau
equations, 2D Navier-Stokes system, damped wave equations, etc., the correspond-
ing attractor has finite Hausdorff and fractal dimensions. Thus, although the phase
space for such problems is infinite-dimensional, the dynamics on the attractor oc-
curs to be finite-dimensional, hence it can possibly be understood by methods of
the qualitative theory of ordinary differential equations. One of crucial questions
here is, of course, obtaining more or less realistic estimates for the dimension of the
attractor.

The best known upper estimates here are usually obtained based on the concept
of Lyapunov dimension dimpz,(A) of the attractor A, see [CF85,Tem97], and on the
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following estimate:
(0.1) dimg(A) < dimp(A) < dimpg,(A),

where dimg and dimg denotes the Hausdorff and the fractal dimension respectively,
see [CF85,Han96,Tem97,B1199,ChI02]. The main point here is that the Lyapunov
dimension, by its definition, can be explicitly estimated using sufficiently simple
volume-contraction arguments, see [Tem97] for details.

Lower bounds for the attractor’s dimension are usually based on the observation
that the unstable manifold of any equilibrium of the system is always contained in
the global attractor A. Consequently, the following estimate is valid:

(0.2) dimp(A) > dimg(A) > mg%N"'(uo),

where R is the set of the equilibria of the system, and N*(ug) is the instability
index of the equilibrium uyg, see e.g.[BaV89] and [Hal87].

We note that this method of obtaining the lower bounds for the attractor’s di-
mension is perfect for the class of gradient systems (or, which is slightly more
general, for systems possessing a global Lyapunov function). Indeed, the dynamics
in the gradient case is, in a sense, trivial and the dimension of the attractor is
determined by the instability indices of the equilibria only, no matter what is the
Lyapunov dimension of the attractor and what are the volume-contraction proper-
ties. Namely, in this case we have the equality in the second part of (0.2):

(0.3) dimg (A) = max N (ug),
UgER
see e.g. [BaV89] and [Sel89].

There exists, however, a number of important equations of mathematical physics
(such as 2D Navier-Stokes system, Ginzburg-Landau equations, non-gradient sys-
tems of damped wave equations, etc.), for which the given methods of estimating
the attractor’s dimension from above and below yield different asymptotics for the
dimension in terms of physical parameters of the system, see [Tem97, ChV02] and
references therein. Which asymptotics is then correct is a long-standing open prob-
lem in the theory of attractors. It is also worth to note that all systems mentioned
above are far from being gradient and they usually demonstrate a very complicated
(e.g. chaotic) dynamical behavior.

In this paper, we present a new method of obtaining lower bounds for the attrac-
tor’s dimension which exploits explicitly the recurrent (as opposed to a gradient-
like) nature of the system, and which is based on some general ideas from the
theory of homoclinic bifurcations. Namely, we suggest to estimate from below the
attractor’s dimension in terms of the maximum M (T, ug) of the dimension of the
unstable manifold over the periodic orbits which can be born at a bifurcation of a
homoclinic orbit I' to an equilibrium wuq:

To be more precise, one should consider a family of systems which depend on some
set of parameters p; then the global attractor is a function of p as well, and (0.4)
should be interpreted as

limsupdimp(A,) > limsup dimg(A,) > M(T', ug)
U= Ho U= o
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where the bifurcational moment 1 = pgy corresponds to the existence of the homo-
clinic loop T'. Of course, one may use various homo/heteroclinic cycles with the
same purposes — we take a homoclinic loop as a simplest possible construction.

As it is argued in [Tur96], for many cases of homoclinic bifurcations the dimension
M (T, ugp) essentially coincides with the Lyapunov dimension of the corresponding
equilibrium wug:

(0.5) M (T, ug) ~ dimy, (uo),

no matter how small the dimension Nt (ug) of the unstable manifold of ug is. Thus,
under this approach, both upper and lower bounds for the attractor’s dimension
are given in terms of Lyapunov dimension. That is why we expect this method
to be effective in order to obtain sharp bounds for the dimension. Of course, the
existence of a homoclinic orbit and the possibility to perturb it in the desired way
within the class of systems under consideration is crucial for this method. However,
the homoclinic phenomena are so typical for dynamical systems with a non-trivial
behavior, that it would be natural to expect that in a wide class of equations of
mathematical physics which demonstrate chaotic behavior appropriate homoclinic
bifurcations can indeed be detected.

We illustrate our method by a model example of an abstract damped wave
equation

(0.6) O2u + you + Au = F(u, Oyu)

in a Hilbert space H. We assume that A : D(A) — H is a positive self-adjoint
operator in H with compact inverse, whose eigenvalues satisfy the estimate

(0.7) C1i%" < \; < C9i®*, i €N,

for some positive C7, Cy and k. Natural examples for A are provided by elliptic
differential operators in a bounded domain, with H = L2. The quantity v > 0 in
(0.7) is a dissipation (or damping) parameter which is assumed to be small. It is
also assumed that the nonlinear operator F' = F'(u, d;u) belongs to some class S of
very regular (“smoothing”) operators which will be specified in Section 2.

We prove that under the above assumptions, equation (0.6) possesses a global
attractor A in the corresponding energetic space E, and the Lyapunov dimension
of the attractor satisfies

(0.8) Ciy~' < dimp(A) < Cyy~,

for some positive constants Ci,z which are independent of v. Consequently, due to
(0.1), we have

(0.9) dimp(A) < Coy~ 1

On the other hand, when the nonlinearity belongs to the class S of very regular
operators, we show that for every € > 0 there exists a positive constant C. such
that

Nt < C.~y"E.
max (uo) < Cery
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Thus, using the classical methods of estimating the dimension of the attractor A
(which are based on (0.1) and (0.2)), we will necessarily have a tremendous gap
between the asymptotics for upper and lower bounds of the attractor’s dimension.

Nevertheless, using our “homoclinic” method, we construct nonlinearities F' be-
longing to the same class S, for which we have

(0.10) dimp (A) > dimg (A) > Cay~ 1,

for some positive constant C'3. Thus, at least in the case of damped hyperbolic
equations with smoothing nonlinearities, the correct asymptotics for the dimen-
sion of the attractor is given by the corresponding asymptotics of the Lyapunov
dimension, and the estimate (0.2) is not very much relevant.

Note also that A is the so-called maximal attractor, so it could be possible, in
principle, that the dimension of A can be decreased drastically by removing from
A non-recurrent orbits (like in gradient-like systems where such operation reduces
A to a zero-dimensional set, typically). We show, however, that nonlinearities
F € S exist for which equation (0.6) has a minimal set whose dimension satisfies
(0.10); therefore, the Lyapunov dimension (up to a constant factor) measures the
complexity of the dynamics of damped hyperbolic equations correctly.

The examples which we are talking about are obtained as small perturbations of
a decoupled system of second order ODE’s (see (4.7)) which is an infinite collection
of damped linear oscillators (with the damping of order 7) plus a single one degree
of freedom Hamiltonian system describing a particle in a double-well potential on a
straight line. It may be counter-intuitive, because none of the modes here shows a
chaotic behavior and, moreover, all of them but one are damped, but we show that
for any fixed v > 0, an interaction of an arbitrarily small (in comparison with 7)
strength can be arranged between these modes such that an extremely complicated
behavior is ignited, involving a huge (~ 1/v) number of modes (see Remark 4.3).
Note that we nowhere use the linear character of the oscillatory modes and our
construction works for a chain of nonlinear damped oscillators as well. Therefore,
our results should be applicable to perturbations of other integrable equations, such
as the nonlinear Shrodinger equation, etc..

The paper is organized as follows. The existence of the global attractor for
problem (0.6) is verified in Section 1. The upper bounds for fractal and Lyapunov
dimension of this attractor are obtained in Section 2. The quantity M (T, ug) (the
maximal possible number of nonnegative Lyapunov exponents for periodic orbits
which can be born at a bifurcation of the homoclinic loop T') is computed for
a special class of homoclinic loops in Section 3. Finally, in Section 4, we show
that such homoclinic orbits really appear in equations (0.6) with the nonlinearities
belonging to the class S, then based on (0.4) we derive sharp lower bounds for the
attractor’s dimension.

Acknoledgements. This research was partially supported by INTAS project
no. 00-899 and CRDF grant no. RM1-2343-MO-02. We are also grateful to Messoud
Effendiev who had introduced us to each other.

§1 ABSTRACT NONLINEAR HYPERBOLIC EQUATION AND ITS ATTRACTOR.

In this Section, we study the following abstract nonlinear hyperbolic equation in
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a Hilbert space H:

(1.1)

/

{ O2u + yOu + Au = F(u, Opu),
ulyg = to, Opuf,_, = up,

where u = u(t) is an unknown H-valued function, A : D(A) — H is a given positive
selfadjoint operator in H with compact inverse, v > 0 is a given positive number
which is assumed to be small and F' is a given nonlinear operator.

As usual (see e.g. [GhT87,Tem97]), we define a scale H® of Hilbert spaces asso-
ciated with H via

(1.2) H* := D((A)™?), Jullfe = (A ullfy = ((A)°u, )

(here and below (-,-) denotes the inner product in H) and consider equation (1.1)
as an evolution equation with respect to £(t) = [u(t), d;u(t)] in the corresponding
energetic phase spaces

(1.3) E* .= H*" x HY, £(t) == [u(t), du(t)] € B

(in fact, we will consider only the case where the initial data [ug, uj] belong either
to the space E := E°, or to E').
It is also assumed that the nonlinear term F' belongs to the space

(1.4) F ¢ Gy(E,H)

and its partial derivatives F,, and Fj , satisfy the following conditions:

1. (F'(u,v)0,0) < X0/ + C,I0||2_..
R s e e

0,0) < %
2. |(Fy(u,v)w, 0)] < F (llwllZ + 1011%) + CH 10115
where [u, v], [w, 0] € E are arbitrary, v > 0 is the same as in equation (1.1), and the
constant C is independent of [u,v] and [w, 6].

The following theorem shows that under the above assumptions equation (1.1)
generates a dissipative semigroup in the energetic space E.

Theorem 1.1. Let the assumptions (1.4) and (1.5) hold. Then, for every &(0) :=
[1(0), 0:u(0)] € E, equation (1.1) has a unique global solution &(t) € C([0,00),E)
and the following estimate is valid:

(1.6) lE®IE < ClIEO)IRe™" + C1,

where the constants C' and C depend only on F', A and v. Consequently, equation
(1.1) generates a semigroup

(1.7) Si: E—=E, by S:£(0):=&(1).

Moreover, this semigroup is globally Lipschitz continuous with respect to the initial
data [u(0),0;u(0)] € E, i.e.

(1.8) 1€1(8) = &2(1)]E < Ce"*|61(0) — &2(0)]IE;,
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where K and C depend only on A, v and F (and they are independent of the
solutions uy(t) and us(t) of problem (1.1)).

If £(0) € EY, then the corresponding solution &(t) belongs to B for every t > 0
and satisfies the following estimate:

(1.9) IE@)F < Coll€(0)|[Fe™™® + Ca,

for some positive constants Cy and C3 which depend only on A, F and ~.

The proof of this theorem is quite standard, so we move it to Appendix A.

Let us now verify that the semigroup S; : E — E possesses a global compact
attractor in the phase space E. Recall that the set A C E is called a global attractor
for the semigroup S; : E — E if the following conditions are satisfied:

1. A is compact in E;

2. A is strictly invariant with respect to S, i.e. S E = E;

3. A attracts bounded subsets of E as t — 00, i.e. for every bounded B C E and
every neighborhood O(A) in E, there exists a number T' = T'(|| B||g, O) such that

(1.10) SiBC A, fort>T

(see e.g. [BaV89,Tem97] for details).

Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Then semigroup (1.7)
associated with the nonlinear hyperbolic problem (1.1) possesses a global attractor
A, which is bounded in E'. This attractor is generated by all complete bounded
solutions of (1.1):
(1.11)

A ={£(0), &(t):=[u(t), dwu(t)], t € R solves (1.1) and ||{(t)||g < Cy, t € R}.

Proof. According to the abstract attractor’s existence theorem (see e.g. [BaV89])
the theorem will be proven if we verify the following conditions on the semigroup S;:

1. S; : E — E is continuous with respect to £(0) for every fixed ¢ > 0;

2. The semigroup S; possesses a compact attracting (in the sense of (1.10)) set
K CCE.

Let us verify these conditions. Indeed, the continuity of S; is given by Theo-
rem 1.1. So, we are left to verify the second condition. To this end, we split the
solution u(t) of (1.1) as follows: w(t) := v(t) + w(t), where v(¢) is a solution of the
following problem:

020+ (v +bA 0w + Av+ Mv — F(v,0) = Mu(t) + b A~ dpu(t),

(1.12) { [v,atv”tzo =0.

Here M > 1 and b > 1 are sufficiently large positive constants which will be
specified below.
Consequently, the rest function w(t) satisfies the equation

(1.13) { 02w+ (v + bA 0w + Aw + Mw = I (t)w + 1?(t)dpw,

[w7 8tw] ‘t:O = 5(0)7



where

1Mt) := / F! (su(t) + (1 — s)v(t), s0uu(t) + (1 — s)0pw(t)) ds,
(1.14) 0

12(t) == /0 Fy,,(su(t) + (1 = s)v(t), sopu(t) + (1 — s)0pv(t)) ds.

We will prove that ||w(t)||g tends uniformly (with respect to small variations in
initial conditions) to zero, and v(t) enters some fixed ball in E! as time grows.
This ball is compact in E, so it can be taken as a desired attracting set K.

Let us first estimate w(t).

Lemma 1.1. Let the assumptions of Theorem 1.1 hold. Then, there exist large
positive constants M = M (v, F,A) and b = b(~y, F, A) such that the solution w(t)
of equation (1.13) satisfies the following estimate:

(1.15) [fw (), dpw(®)][le < C"e*|1€(0)]],
for appropriate positive constants C' and o which are independent of u.

Proof. Taking the inner product in H of equation (1.13) with dyw + L2A_1w(t),
we derive the following relation:

(1.16) 8t{||8tw||%1 + ||w||%11 + ((’y + bA_l)w,ﬁtw) + M||w||%1}+
vy _
+ §{||3tw||%1 + |wllfp + Mlw||f + (v + A Hw, dpw) } = —b||0pw||F-1—
vy
— bllwl|lf — Mb|lw||F- — 5 (Noew 1 + [lwllf + Mlw||F) +

+2 (I'(t)w, dpw) + 2 (1()Opw, w) +
+ (I'(t)w, (v + bA™Hw) + (P(H)dw, (v +bA™Hw) —

—_

— S (P +bAT)Rw, (v + 20 A7 w) = Dy (1),

[\]

We recall that, by conditions (1.4) and formulas (1.14),

(1.17) 12 ()] e my + 11 0l my < C

where C' is independent of u and ¢, and, by conditions (1.5),
(1.18) ((000(1), (1)) < L 90l -+ O DD .

Estimating the right-hand side h,,(t) of (1.16) by Hélder inequality and taking into
account estimates (1.17) and (1.18), we obtain

119 hu@) < (G- 50 ) 10w+ (G148 - M)

where C, and C’; are two positive constants which depend only on v, F' and A, but
are independent of b, M and u. Fixing now the constants M and b in such a way
that
b=2C,, M> C’,’y(l +b%),
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we obtain the inequality h,,(t) < 0. Moreover, without loss of generality we assume
that M is chosen in such a way that, in addition,

(v +bA™Dw, w) | < 5 (19cwllfy + Ml|wlf) -

N | —

Applying now the Gronwall’s inequality to (1.16), we obtain (1.15). Lemma 1.1 is
proven.

Now we are ready to estimate the solution v(t) of equation (1.12). We rewrite
this equation in the following equivalent form:

(1.20) { O + 0w + Av — F(v,0,0) = Mw(t) + b A~ dw(t) == harp(t),

' [v, 0tv]‘t:0 =0,
We note that equation (1.20) is a nonautonomous analogue of equation (1.1). More-
over, due to Theorem 1.1 and Lemma 1.1, the function harp(t) can be estimated
as follows:

(1.21) IaraOl + 10hars ()% < Cara (1 -+ IEO)I3e) |

for an appropriate constant Cysp which is independent of u. Consequently, using
estimate (1.21) and the fact that v(0) = 0, d;v(0) = 0, arguing exactly as in the
proof of Theorem 1.1 (see Appendix A), we obtain that the solution [v, 0;v] of (1.12)
belongs to the space C(Ry,E") and satisfies the estimate

(1.22) I[o(t), v ()][lmr < Ci ([1€(0)]|Re™" + 1),

for some positive constants a and C, which depend on M and ~, but are indepen-
dent of wu.
Estimates (1.15) and (1.22) imply that the set

K :={¢cEY ||¢|lg <207}

is a compact (in E) attracting set for the semigroup S;. Thus, all conditions of the
abstract attractor’s existence theorem are verified and Theorem 1.2 is proven.

Remark 1.1. We recall that our conditions (1.4) and (1.5) imply that the op-
erator F' (along with its first derivatives F, and Fj ,) is globally bounded as
|¢€||lg — oo. This is enough for our purposes since in our examples of sharp up-
per and lower bounds for the attractor’s dimension (see Section 4) the nonlinearity
F has a bounded support. So, for simplicity, we restrict ourselves to the class
of globally bounded nonlinearities, although more general nonlinearities (see e.g.
[GhT87,Fei95,Tem97]) can be treated in the same way.

Remark 1.2. We note that conditions (1.4) and (1.5) are, obviously, satisfied if
(1.23) F e CHE™’ H),
for some positive exponent §. In the sequel, we will often use this more strong

condition (1.23) instead of conditions (1.4) and (1.5).
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§2 UPPER BOUNDS FOR THE ATTRACTOR’S DIMENSION.

In this Section we show, using the standard volume contraction technique, that
the attractor A of (1.1) constructed in the previous Section has finite Hausdorff and
fractal dimensions, and we obtain some estimates for this dimension in terms of the
dissipative parameter . To this end, we need the following assumption: there is
an exponent x > 0 and two positive constants C'y and C5 such that

(2.1) Cyi®" < X\ < Coi®®) i €N,

where 0 < Ay < Ay < --- are the eigenvalues of the operator A.

Remark 2.1. We note that assumption (2.1) is always satisfied if A is an ellip-
tic differential operator in a bounded domain 2 C R™ with a sufficiently smooth
boundary and H := L%() (see e.g. [Tri78]). Moreover, in this case r := 2=, where
k is the order of A.

In order to formulate the abstract theorem for estimating the dimension of in-

variant sets, we need the following definition.

Definition 2.1. A map S: A — A, where A is a subset of a certain Banach space
E is called uniformly quasidifferentiable on A if for any £ € E there is a linear
operator S’(§) : E — E (the quasidifferential) such that

(2.2) 1S(&1) = S(&2) — S"(&1) (&1 — &2)lle = o([l€1 — &2llB)

holds uniformly with respect to &1,&2 € A. It is also assumed that

(2.3) sup |15/ ()| sy < o0 and ' € C(A, L(B,E)).
EeA

Theorem 2.1. Let S; be a semigroup in a certain Hilbert space E and let A C E be
a compact strictly invariant set of this semigroup (SgA = A). Let us suppose also
that the semigroup S; is uniformly quasidifferentiable on A for some fixed t = T
and the following inequality holds for some positive integer d:

(2.4) wa(A) == supwq(Sr(£)) < 1,
EeA
where wq(L) = ||AL||pa g is the norm of the d-th exterior power of the operator

L in the Hilbert space A°E (see e.g. [Tem97]). Then the fractal dimension of A is
finite in E. Moreover,

(2.5) dimH(A, E) < dimF(A, E) <d.

For the proof of this theorem see [Tem97] for the case of Hausdorff dimension
and [Han96,B1199,ChI02] for the fractal dimension.

Lemma 2.1. Let the assumptions of Theorem 1.1 hold. Then, semigroup (1.7),
associated with hyperbolic equation (1.1) is uniformly quasidifferentiable on the at-
tractor A and its quasidifferential S{(£(0)) at £(0) € A is defined via the following
standard expression:

(2.6) S:(£(0))n := [v(t), Opv(t)], wheren € E
9



and v(t) is a solution of the equation of variations

@7 { OFv +v0w + Av = F (u(t), Ou(t))v(t) + Fj,,, (u(t), Opu(t))dpu(t),
' [v,000]|,_o =0, [u(t), Ou(t)] = Si£(0).

The assertion of the lemma is completely standard, so we move its proof into
Appendix A.

Thus, according to Theorem 2.1, for estimating the dimension of A it is sufficient
to estimate the norms of d-external powers for solving operator of equation of
variations associated with the hyperbolic problem (1.1). To this end, following
[GhT87], we introduce a new variable 6(t) := dyu + Ju(t) and rewrite system (1.1)
in the equivalent form in variables [u, ] € E. We obtain

—Tu+46
2.8 o, (Y) = 27 )
(2:8) t<9> <F(u,9—%u)+%u—Au—%9

Thus, instead of applying Theorem 2.1 to the initial system in [u,d;u] variables
we will use it for the transformed system (2.8) (since these systems are linearly
equivalent, they have equivalent attractors whose dimensions coincide).

The equation of variations for the transformed system, obviously, has the form

(2.9) Dn(t) = Liu(t), dru(®)n(t),  [u(t), dpu(t)] = S,E(0).
where

_% : 1
@10 L= (—A% LR - TR —1+ thu@)) '

In order to estimate the exterior powers of solving operator S7.(£(0)) : n — n(T') of
linear problem (2.9), we use the following standard lemma (see [GhT87] or [Tem97]).

Lemma 2.2. Let the assumptions of Lemma 2.1 hold. Then
(2.11) wa(Sp((0) < efo” TAEI e (1) = 56 (0),

where Trq(L) means the d-dimensional trace of the operator L : E — E in E, i.e.

d
(2.12)  Tre(L) :=sup{ Z (Lniymi)g : Imlle =1, (nivmj)g =0 fori#j}.

i=1

Now we are in a position to estimate the fractal dimension of the attractor A
of hyperbolic equation (1.1). For simplicity, we assume that the nonlinearity F'
satisfies condition (1.23) and estimate the corresponding dimension in terms of
parameters v, & (introduced in (2.1)) and § (introduced in (1.23)). (In the general
case of conditions (1.4) and (1.5), this dimension can be analogously estimated in
terms of 7, k and the constant C., defined in (1.5).)

10



Theorem 2.2. Let the assumptions of Theorem 1.1 hold and let, in addition, the
nonlinearity F satisfies (1.23). Then, the fractal dimension of the attractor A is
finite in E and can be estimated, as v — 0, as follows

2

YT RS , kO <1,
(2.13) dimp(A,E) < CN(y) :=C 7—21n§ . KO =1,
y2 , KO > 1,

where C' is independent of v — 0, d > 0 and k > 0.

Proof. According to Theorem 2.1 and Lemma 2.2, it is sufficient to prove that
(2.14) supge 4 Tra{lL(§)} <0, for some d < CN(y).

In order to show this, we first estimate the quadratic form, associated with the
operator L, using the assumptions (1.23) and Schwartz inequality

2

¥ v
(2.15) (Lo, n)g = —§||nu||%p + (g, Anu) — (Mg, Anu) + vy (Nusm0) +

s v
+ ((FL - §Fétu)77uan9> - §||779||12+1 + (F5,um0,m0) <

Y ~
<-q (a2 + ImellE) + Cy= (ImallFi=s + 1mellG=s) = (Bn,n),

where 7 := [, ng] € E, the operator B is defined as

B::l

( —Id+4C~y~2A7%2 0 )
4

0 ; —Id+4Cy~2 A2

and the constant C' is independent of v, § and 7 € E.
It follows now from (2.15) that for any d € N,

(2.16) Trg{L} < Trg{B}.

We now observe that the operator B is selfadjoint, hence, by the classical min — max
principle (see e.g. [Tem97]), its traces can be immediately expressed in terms of its
eigenvalues, namely,

d
_ 7 ) —5/2
(2.17) Trq{B} = 5 <—d + 4C% E A, ) ,

=1

where \; are the eigenvalues of A. The estimate (2.14) is an immediate corollary of
(2.15)—(2.17) and of the assumption (2.1) on the asymptotics of A;. Theorem 2.2 is
proven.

The following theorem shows that the estimate (2.13) can be essentially improved
if the additional regularity of the nonlinear term F' is known.
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Theorem 2.3. Let the assumptions of Theorem 1.1 hold and let, in addition,
(2.18) F e CHE712 Hstl/2),

where s > —1/2 is some regularity exponent. Then, the dimension of the corre-
sponding attractor A can be estimated via

NTREET L k(s +1/2) < 1,
(2.19) dimp(A,E) <Crq v 'Ing k(s +1/2) =1,
v, k(s +1/2)> 1,

where the constant Cy depends on s and F, but is independent of .

Proof. Indeed, due to condition (2.18), we have the following estimates:

(2.20) | (Fy (u, Opu)nu, mo) | < [1Fy, (u, Opu)nu|

ae+1/2]| Mg [ p-s—1/2 <
< C (Inullzi=csrsz + [ImollZ=s=1/2) 5

and, analogously,

(2:21) (3,0, (ot D). 1) < | Fyo ot Da)gllgess o sl g-e-1 2 < Ol 31/

where the constant C' depends only on F. Estimates (2.20) and (2.21) allow to
improve (2.15) in the following way:

(Ln7 n)E S (Bsn, n)E 9

where

B. . Y <—Id-I-CN"y_lA_(S"'l/z)/2 : 0 >

4 0 . —Td+Cy~ 1 ATEFL/2/2

for some constant C' > 0 which is independent of v (the term -~ (F étunu,ng) in
(2.15) is of order v and does not require additional estimates).

Computing now the d-dimensional trace of the operator B in terms of the eigen-
values \;, using asymptotics (2.1) for them and arguing as in the end of Theorem
2.1 we derive the improved estimate (2.19). End of the proof.

Corollary 2.1. Let the assumptions of Theorem 1.1 hold and let, in addition,
(2.18) be satisfied with the exponent s > %—% Then, the dimension of the attractor
A possesses the following upper bound:

(2.22) dimp(A,E) < Cy™' asy —0,
where the constant C' is independent of .

Let us now introduce the class S of smoothing nonlinearities F'.

Definition 2.2. A nonlinear operator F' : E — H belongs to the class S = S(Ck m)
if, for every m € R, , this operator belongs to C°(E~"™ H™) and the following
estimates valid, for every k € NU {0}:

(2.23) IFllog - gm) < i

for appropriate constants C, p, .
12



Corollary 2.2. Let the eigenvalues of the operator A satisfy condition (2.1) and
let the nonlinearity F' belong to the class S. Then, the fractal dimension of the cor-
responding global attractor A associated with equation (1.1) possesses the following
upper estimate:

(2.24) dimp (A, E) < C%,

where the constant C depend on constants Cy , (defined in (2.23)) and on constants
Cy, Cy and K (defined in (2.1)), but are independent of .

Remark 2.2. In Section 4, we will show that even in the case of extremely regular
nonlinearities F' € S, the dimension of the attractor A indeed may have the rate
growth ~ y~! as v — 0. So, estimate (2.24) is indeed sharp with respect to v — 0.

§3 BIFURCATIONS OF A HOMOCLINIC LOOP AND LYAPUNOV DIMENSION.

In this Section, we consider bifurcations of a certain type of homoclinic loops;
the results will be essentially used in the next Section in order to obtain sharp lower
bounds for the fractal dimension of the attractor A in the class S.

In contrast to the previous Sections, we consider here finite-dimensional systems
of ODE’s, namely, systems of the following form:

(3.1) y=Ay +F(y), yeR",
where the nonlinearity F(y) belongs to C°°(R™, R™) and satisfies
(3.2) F(0) = F(0) = 0.

We assume that the matrix A € L(R™,R™) has only one eigenvalue to the right
of the imaginary axis. By scaling the time variable in (3.1) we can always make
this eigenvalue equal to 1. The rest of the spectrum consists of m pairs of complex

eigenvalues (—Ay + wy,...,— Ay, + wy,) and (n — 2m — 1) eigenvalues whose real
parts are less than some —A,,+1 < —A;,,. Here m is some positive integer such that
2m+1 <n,and A = (A1, -+, Ap) € R™ and w = (w1, -+ ,wm) € R™ are given

vectors satisfying the condition
(3.3) 0< A <A< <An<l, wpg>0, k=1,---,m.

We assume that the matrix A can be brought to the following form by a linear
transformation of coordinates:

1 0 o -+ 0
0O R 0 - 0 \
L . . . . . L — AL Wi
(3.4) A=t o ,Rk._<_wk _Ak>,
o - 0 R, O
o -+ 0 0 A

where the matrix A € L(R*~2m~1 R?=2m~1) gatisfies the spectral assumption:

(3.5) Reo(A) < —Ami1 With Apgr > Am.
13



Such transformation can always be done when all w’s are different. We, however,
prefer not to make this assumption. Instead, we simply assume that the matrix A
is in the form (3.4).

Accordingly, denoting y = (z, (u1,v1),- -, (Um, Vm ), w), system (3.1) is written
in the following form :

z=z4+...,

Up = —ApUp + WU + .. .,

Vg = —Wrlg — AUk + . - ., k=1,...,m,
w=Aw+ ...,

where the dots in (3.6) stand for the nonlinearities, i.e. for the terms vanishing at
the origin along with their first derivatives.

By construction, system (3.1) has a hyperbolic equilibrium at the origin O :
y = 0. Moreover, the unstable manifold W*(O) is one-dimensional here, and it is
tangent to the z-axis at the origin. W*\O consists of two orbits (the separatrices)
which leave the origin at £ = —oo in the opposite directions. We assume that one
of the separatrices which leaves O towards positive z (we denote this separatrix as
') returns to the origin as t — 400, thus it forms a homoclinic loop.

The system under consideration has an (n—2m—1)-dimensional smooth invariant
strong-stable manifold W*® which is tangent at O to the w-space and which consists
of all orbits which tend to O faster than e=*m? (see e.g. [ShShTCh98]). We assume
that the homoclinic loop T' belongs to W*%, i.e. it enters O being tangent to the
w-space. Note that this is a bifurcation of codimension (2m + 1), so we study
here a problem which is, at large m, very degenerate from the point of view of the
conventional bifurcation theory. However, the homoclinic loops of these type are
quite typical for integrable equations with damping (see e.g. system (4.7) in the
next Section).

Finally, we assume that

(3.7) 21+ 2 0 -+ 20, <1, 201+ 200+ -+ 20 + Appar > 1.

Remark 3.1. We note that inequalities (3.5) and (3.7) imply that the flow defined
by (3.6) contracts (2m+2)-dimensional volumes near O while (2m + 1)-dimensional
volumes are not contracted. Thus, the Lyapunov dimension dimz, (A) of system (3.1)
at the origin possesses the estimates (see e.g. [Tem97]):

2m + 1 < dimp(Ag) < 2m + 2.

The main result of this Section is the following theorem.

Theorem 3.1. Let the above assumptions hold. Let R := {p1,--- , lom} be an
arbitrary set of 2m mnon-zero complex numbers such that if p belongs to the set
R, then its complex-conjugate i belongs to R as well. Then, by an arbitrarily
small C*-perturbation of system (3.1), a periodic orbit with 2m multipliers equal
to i, ..., wom and with the rest of the multipliers inside the unit circle can be
born from the homoclinic loop, i.e. for an arbitrarily small neighborhood V of the
homoclinic loop T, for every e > 0 and every r € N, there exists a C'°°-function G,
satisfying the inequality

1Ge — (Ao + F)||lck mnrny <&,
14



such that the perturbed system y = Gg(y) possesses a periodic orbit of the type
described above, which lies in V.

Proof. Let us first locally straighten invariant manifolds W*, W#* and W5 C W*#,
i.e. we make a coordinate transformation in a small neighborhood of the origin
such that the system takes, locally, the form

z=z(1+p(y)),

(3.9) U = —Apur + Wik + fu(y) - (u, v, w),
‘ U = —wrUg — AUk + gk (Y) - (u, v, w), k=1,...,m,

W= (A+q(y))w

where the functions fi(y), gx(y), p(y), q(y) vanish at the origin. In these co-
ordinates we have W = {(ug,vx) =0 (k =1,...,m),w = 0}, W .= {z = 0},
Wpes ={z=0, (ux,vx) =0 (k=1,...,m)}, so the invariant manifolds are straight-
ened indeed. When the system is brought to this form, we can freely change the
characteristic exponents (i.e. —Ag+iwy and the eigenvalues of A) by localized small
perturbations, without destroying the homoclinic loop. Indeed, we may arbitrarily
add small localized perturbations to the coefficients Ag,wy and A in (3.8), and this
will not move the local invariant manifolds W} _, W} ., W;%. Thus, by applying
perturbations of this kind, we will still have a homoclinic loop which enters O lying
in W;2. So, we may always assume that

(3.9) A <Ay << Ay < Ayt

Moreover, we may always achieve by an arbitrarily small such perturbation that
the set of characteristic exponents is non-resonant. After that is done, Sternberg’s
theorem (see e.g. [KaH95]) is applied which means that we can make a smooth
coordinate transformation which makes the system linear in a small neighborhood
of O, i.e. the system takes, locally, the form

z =z,
Uy = — AUk + WLV,
(3.10) ‘k kU kVk
vk:—wkuk—)\kvk, kzl,...,m,
w = Aw.

In other words, after the above transformations, our equation reads as
(311) y - A(w)y + F(y)v Yy = (Zv UL, V1, 5, Up, Un, w) € Rna

with the matrix A given by (3.4) (from now on, we fix A’s satisfying (3.7) and (3.9),
but we will vary the values of w1, ..., wm, therefore we indicate the dependence of A
on w explicitly). The smooth nonlinear function F vanishes in some neighbourhood
O of the origin

(3.12) F(y) =0 for y € O.

Thus, by construction, the intersection of the homoclinic loop I' with O consists of
two pieces. The first piece, corresponding to the large negative times, coincides with
15



the positive local z-axis, and the second piece, corresponding to the large positive
t, lies in the w-space.

Solution of (3.10) which starts in O at a point (2%, u$,0?,...,ud 02 w") is
written as
2(t) =
Uk (t) )"“t(uk cos wyt + vy sinwyt),
(3.13) v (t) = e M (—ul sinwit + vl cos wit),

w(t) = etw®.

We take some small d > 0 and consider two cross-sections to the homoclinic loop:
M°%t = {z = d} and TI'"" = {||w||a = d} where the metric ||w||4 in the w-space
R*—2m—1 ig defined as follows:

[e/e)
o]l = / et de

and || - || is a standard norm in R*~2™~!, Then, obviously,

d
— (lwl%) = =2[lw]* <0,

and, consequently, every nonzero solution w = w(t) of equation w = Aw intersects
transversely the ellipsoid ||w||4 = d at a unique point. Therefore, the Poincare
section IT*" is, indeed, well defined. Let also wg correspond to the intersection
point of the homoclinic loop with IT*", and let o € R*~2™m~2 be local coordinates
on the ellipsoid ||w||4 = d near wy, i.e. there is a smooth function W : R*=2m~2 —
R*=?"=1 such that [W(a)[la = d, W(0) = wo and W'(0) = Id. We introduce the
local coordinates for M € II*" and M € II°* as follows

M(Z,ulavl,"' ,um7vm7a) = (d Zaulavla"' ,um7vm7w(a))7

M(al,qjl,' t 7,U’m,17m7w) = (d7 1_1’171_)1,' t ,am76m7w)

According to (3.13), the orbit of a point M € IT"™ with Z > 0 reaches I1°%* at the
moment of time ¢ = —In Z, and the intersection of the orbit with IT1°“¢ is the point

Z2 (uy coswy In Z — vy sinwy In 7)
ZA (uysinwy In Z + vy coswy In 7)

7 . miloc —
(3.14) M =T, (M) := Z2* (ug cos wy In Z — v sinwy, In Z)

Z M (ug sinwy, In Z + vy, coswy In Z)
Z=4W(a)

which defines the local Poincare map T/°¢ : TI'" N {Z > 0} — TT°ut.

Analogously, the orbits starting on II°** close to the origin follow the homoclinic
loop, so they come to the cross-section II*” in finite time. These orbits define a
global Poincaré map T¢" : I1°% — 1" which is a diffeomorphism (since it is defined
by orbits of a smooth flow in a finite time and since the trajectories intersect IT*"
transversely). Thus, the linear operator

d . glo
(3.15) To = —=T¢"°(0)
16



is invertible and, due to our choice of coordinates in IT*" and IT°%¢,
(3.16) T9(0) = 0.

Moreover, without loss of generality we assume that 7o € L(R*—2m~2 Rn—2m=2)
can be represented as follows:

(3.17) To = Lo - Us,

where Uy and Lo are upper- and lower-triangular matrices respectively:

LY o ... vy, ub, U
Ly, LY 0 ... 0o Ud Ul

3.18) Ly = , Up =
(3.18) LYy, LY L3 0 ... e 0 U
‘ 0

Indeed, decomposition (3.17) is well known for generic invertible matrices 7y (and
can be obtained e.g. via classical Gauss diagonalization procedure). If 7 is not
generic, we can always put it in a general position by an arbitrarily small pertur-
bation of (3.11) which is localized outside the d-neighbourhood of the origin and
preserves the homoclinic loop (using the standard flow-box technique). Note that

(3.19) Ul #0, L) #0, fori=1,---,n—2m—2,

since Ty is invertible.

We now consider an (m-+n — 1)-parameter family of small smooth perturbations
of the system (3.11), namely for every w € R™ which is sufficiently close to the
original vector w := w” and for every sufficiently small # € R"~!, we consider the
following family of equations:

(3.20) = Aw)y + Fou(y).

We assume that the function Iy , is smooth with respect to all variables and satisfies
the assumptions

(3.21) Fo.,(y) =0 fory € O, and Fy(y) = F(y),

where F(y) is defined in (3.11). Then, for sufficiently small § and (w — w?), the
global Poincare map Téql;) : IT°%* — TI'™ is well defined and smooth. We assume
that the perturbation (?;.20) is such that this global Poincare map is written, in a
small neighborhood of the origin in I1°%, as follows:

(3.22) TSO(M) = 0+ Tg" (M),
i.e. the only effect of the perturbation in the nonlinearity F is an additive term in

the global map (see (3.16)). Obviously, such a family of perturbations exists (one
17



can construct it by the flow-box technique). Since the global map is insensitive to
changes in w we will further use the notation Téqlo.

It is obvious, that for every frequency vector w which is sufficiently close to
w? and for every M € II"" N {Z > 0} which is sufficiently close to 0 (in our local
coordinates on IT") there exists a perturbation parameter f such that system (3.20)
possesses a periodic orbit which intersects with II*” at the given point M. Indeed,
note that, due to our construction, fixed points M with Z > 0 of the first-return
map

(3.23) Tp o (M) := T (TI°(M)), Ty, : TI" — T,

correspond to periodic orbits of the system (3.20). Thus, we must find the value of
0 for which the given point M is the fixed point of map (3.23). It remains to note
that the fixed point equation Ty , M = M recasts, by virtue of (3.22),(3.23), as the
following relation

(3.24) 0 = M — TS (Tl°(M))

which indeed defines # uniquely, given w and M.

Our next step is to compute the multipliers of the periodic orbit in dependence
on w and M. By definition, these multipliers are the eigenvalues of the derivative
with respect to M of the first-return map (3.23):

(3.25) Pw, M) = diMTg,w(M)\eze(%M) T a0 Z(w, M)

where

(3.26)  Tom = iTg’O(M)\GZG veeinpyy 2w, M) = iTjﬁC(M).
dM (w, M), M=T2¢(M) dM

As M tends to the point (Z,uy, vy, , U, Um, ) = 0 (this is the point of intersec-

tion of the homoclinic loop T with the cross-section IT"" at 6 = 0), we have § — 0,
by virtue of (3.24),(3.14),(3.16). Thus, as w — w°, M — 0, the matrix 7, » tends
to the matrix 7y defined by (3.15).

On the other hand, differentiating (3.14) with respect to M, we obtain

ZM =L cos(wiIn Z + 1) p1

R1(Z) 0 0
ZM Lsin(wiIn Z + @1)p1
Z*27 1 cos(wa In Z + @3) pa
(327) Z(w,M) = 0 Ro(Z) ... 0 |>
Z*2~Lgin(wy In Z + 2) pa

—AZAT 0 0 .. ZA
where we denote

coswipInZ —sinwgInZ
(3.28) Ri(Z,w) = ZM
sinwgInZ coswylnZ
18



and use, notationally, polar coordinates (pg, @) instead of (ug,vy) in the following
way:

(3.29) Uy = Pk cos(or — Vi), vp = Pk sin(er — ¥r),
Tk Tk
with
(3.30) o= (A2 + w22 costhy = A\y/r and  siney, = wy /7.

In the sequel, we will study the eigenvalues of the matrix P(w, M) defined by (3.25)
for (w, M) of some special form only. To be more precise, we fix some positive
numbers [, kK =1,---,m, such that

(331) 1—=2X\1 —---=2Xp, > B1 > P2 >+ > [y >
> fB1 —min{ds — A1, A3 — A2y, A — Am— 1, Amg1 — Am

(such numbers exist due to assumption (3.7)). Then, we fix

(3.32) pr = ZP*.

Moreover, we consider the perturbations of the frequency vector w® in the form
(3.33) w(w) == w’+ (In 7)o,

where w € [—m,37|™. Then, for every small positive 7 < 1, every w € [—m, 3w|™

and every ¢ = (¢1, -, dm) € [—m,37]™, the point M = M(Z,w, ¢) is defined as
follows:

(3.34) M(Z,@,¢):=y=(d- 72, ”— cos(¢r — 1), ”— sin(gy — 1), - -
B cs(frn = o), B sin (G — ), W(0)),

where the parameters pp = pp(Z), w = w(®), rp, = rE(@) and Y = Yi(0) are
defined by (3.32), (3.33) and (3.30).

Thus, we consider finally the (2m + 1)-parameter family of perturbations of
equation (3.11) which corresponds to the choice of M of the form (3.34) and w
in the form (3.33) with small positive Z < 1 and arbitrary @, ¢ € [—m,37]™ and
study the matrix (3.25) only for such (w, M). In order to simplify the notations,
we write in the sequel P(Z,w, ¢) instead of P(w(w), M (Z,w, ¢)), Z(Z,w, ¢) instead
of Z(w(w), M(Z,w, $)) and so on. It is obvious that our family of perturbations is,
indeed, arbitrarily small when Z — +0.

The next lemma gives the principle part of the asymptotic expansions of the
coefficients of the characteristic polynomial for the matrix P(Z,», ¢) as Z — +0.

Lemma 3.2. Let

(3.35) Pzaqe(p) =det(pld—P(Z,w,¢)) =

:,un—M1/Ln_1+M2/Ln_2+"'+(—1)nMn
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be the characteristic polynomial of the matriz P(Z,w, ) defined by (3.25). Then
the following formulas are valid for the coefficients My, of this polynomial:

2k—1 2k—2
~ 0 0 — 142X 42X 1+ 3
M2k—1(Z,w,¢) = H LJ_] . H UJ_] Z + 1+t k-1t L+,8k><

X {ng—mk_l cos(wd In Z + ¢, + wp)+

(3.36) + UQOk—l,Qk sin(wpIn Z + @, + @) + Mog—_1(Z, , ¢)] )

2k—1 2k
— 0 0 —142X 2
Moi(Z, @, ¢) = HLJ.]_ ) HUM =121+ 420+ B o
j=1 j=1

X { - Lgk,2k sin g, + Lgk+1,2k cos @y, + My, (Z, w, ¢)]

fork=1,---,m, and
(3.37) M =My (Z, 0, ¢)

for k > 2m. Here L?j and Uioj are the entries of the lower- and, respectively, upper-
triangular matrices defined by (3.17). The functions My, are smooth with respect to
(w,¢) and Z > 0, and they tend to zero, along with their derivatives with respect
to (w, @), as Z — +0.

Proof. We recall that the matrix Tz,5,4 = T(w(@),M(2,@,¢)) i (3.25) is close to the
matrix T, hence it can be decomposed, analogously to (3.17):

(3'38) TZ7(D7¢ = LZ,Q,¢ ’ UZ,Q’¢’

where U and L are upper- and lower-triangular matrices respectively:

L11 0 N U11 U12 U13
L21 L22 0 . 0 U22 U23
(3.39) L= , U=
L31 L32 L33 0 ce ce 0 U33
' 0

Moreover, the entries U;; = U;;(Z,w, ¢) and L;j = L;;(Z,w, $) are smooth with
respect to all arguments and are close to the corresponding entries U% and L?j as
Z <L 1.

We now note that the matrix

(3.40) C=C(Z,a,¢)=U-2(Z,0,¢) L

is similar to P(Z,w,¢) = L-U - Z(Z,®, ¢) and, consequently, these two matrices
have the same characteristic polynomials. So, we compute below the characteristic
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polynomial of the matrix C' defined by (3.40). In order to do so, we recall that
assumptions (3.9), (3.31) and (3.32) imply the following inequalities:

LML ppL Loyl
(3.41) ZMpy > 222y > 2 ppy > ZAmL
ZM o> 77 s 2 s ZAm

if Z < 1. Since the matrices U and L are upper- and lower-triangular, the entries
of the matrix C are given by the following formula

(3.42) Cij = Z szkUimij-

m=i k=j

Computing by (3.27) and (3.42), and using (3.41), it is easy to verify that the
matrix C defined by (3.40) is estimated as follows:

O(Z*~lp) O(Z*) O(Z*) 0(Z*) 0(Z*) 0(Z*)
O(ZMpr) O(Z%) 0(Z2%) 0(Z*) 0(Z2*) 0(Z™)
(3.43) | O(Z% ) O(Z%) O(Z%) 0(Z2*) 0(Z*) 0(Z*)

O(Z%1ps) O(2%2) O(Z*) 0(2*) 0(Z*) 0(Z*)

i.e. its entries are estimated as follows:
(3.44) Ci1 = 0(ZM0  ppyy),  Cij =0(ZM00) (> 2),

where we denote

1 at 1 = 1,2,
2 at 1= 3,4,
(3.45) k(i) =
m at 1 =2m —1,2m,
m+ 1 at > 2m,
and
( m+ 1 at ¢ >2m
or (at i < 2m)
k(%) at j=2,...,2k(i) + 1,
(3.46) s(i,j) = % k(i) +1 at j = 2k(i) +2,2k(i) + 3,
m at g =2m,2m + 1,
0 m+ 1 at 7 >2m+ 1.

We also denote here p,+1 = 1.
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We recall now that the p-th coefficient M, = M,(Z,w,¢), p = 1,--- ,n of
the characteristic polynomial (3.35) can be represented as a sum of all main (or
diagonal) minors of order p of the matrix C' defined by (3.40), i.e.

(3.47) M, = Z M;,,...i,(C),

1<i) <ip <Ko Lip <

where the minor M;, . ; (C) is the determinant of the matrix obtained as the
intersection of the raws with the numbers ¢4,...,%, and the columns with the same
numbers.

Our task now is to show that the major contribution to M, at 7 < 1 is given
by the minor M; s.... ,. Indeed, it follows from (3.44) that all the entries C;; with
i > 1 vanish at Z = 0 and, consequently, all the diagonal minors M;, .. ; (C') with
i1 > 1 tend to zero as Z — 0. For the minors M; —1 4, . i (C') we use the following
formula:

Ay F Ak + A A —1
(3.48) Mi =1,iy,..i, = Z B ARy ot Ak Phy, - det Criy,. i,

where we denote k; = k(iq) (see (3.45)), and

=M p,:plCu Z—M Clig R Z—M Clip
2V Map tCiyy 27Nl 772 iy,
(3'49) Clai27---7ip =
Z1 Akp p,:plcipl AL Cz'pz'g e T Cipip

By (3.41) and (3.43), all the entries of the matrix C are bounded from above, so we
have

(3_50) Ml,iz,...,ip (C) — O(Z)‘kl+)‘k2+"'+>‘kp_1pkp).
If p > 2m + 1, this estimate gives us

(3.51) My, i (C) = O(Z2M+2hot+ 2 A1 =1

wip
so, by virtue of our assumption (3.7), all the diagonal minors of order 2m + 1 and
larger tend to zero as Z — +0, which proves (3.37).

Let us now consider the case p < 2m. We note that when ¢ decreases at least on
2, the corresponding value of Ay will also decrease. Thus, it follows from (3.41)
and (3.50) that the main contribution to the coefficient M,, (p < 2m) is given by
the minor M 2. ,(C) in case p is even, and by the two minors Mj s, . ,—1,(C)
and Mi 2 . p—1p+1(C) in case p is odd (and p > 1). Moreover, we claim that

(3_52) My 2(1-1).21 = Z—1-|-2>\1+---+2>\1_2+2>\1—1-|-)\l-|-[5'lO(ZE)7
for some € > 0. Indeed, according to (3.31),(3.32), (3.45),

prypr = (2707 1 and 2740 Gy = O(Z4 ™0) < 1,
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for i < 2(I —1). Consequently, the matrix C; ... a(;_1),2/(C) defined via (3.49) can
be rewritten as follows:

0 0(1) o@1) 0
0 0(1) o@1) 0
Cl,---,2(l—1),21 = +O(Z6),
0 0() o) 0
o(1) 0(1) o(1) 0(1)

which implies (3.59), since the determinant of the matrix in the right-hand side of
the last formula is, obviously, zero. Thus, we have proved that

Mop_1 = Ml,---,2k—1(C) + Z—1-|-2>\1-I--'--|-2>\k—1-|->\k-|-,3k()(ZE)7

3.53
(3.53) Mog = My ... o (C) + Z7 120t F20ABe(72) (b =1,--- ,m)
for some small positive constant € > 0. It remains to compute the determinants
M. pforp=1,---,2m.

To this end, according to (3.41) and (3.44), we rewrite the formula (3.49) for
Ci,.. 2011 and Cq... oy (I=1,--- ,m) as follows:

(354) Cl,... 20—-1 =

0 Z—M C1ia Z—M Ci3 0 0 0
0 Z—M Can Z—M Cas 0 0 0
0 0(1) 0(1) Z_)‘2034 Z_)‘2035 0
= 0 O(l) 0(1) Z_)‘2044 Z_)‘QC45 0
Zl_)‘lpl_lc'gl_m O(1) e 0(1)
+0(27),
and
(3.55) Ci...;1 =
0 Z_)‘lclz Z—M Ci3 0 0 0
0 Z_)\ICQQ Z—M Cas 0 0 0
0 0(1) 0(1) Z_A2034 Z_A2035 0
0 0o(1) O() Z72Cy Z72C45 0
Zl_)"pl_lc'm—m 0(1) 0(1) Z_}\lCQI—l,Zl
AR pl—102l71 0(1) - - - 0(1) VALY C2l721
+0(Z°)
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Since all the entries of Cy, ., are bounded, we obtain from (3.48),(3.54) and
(3.55)

Co—1,21 Co—1,2141 n

k—1
3.56) Mj. ... op—1 = Cop—1,1 X
(3.56) My ... o1 2k—1,1 11;[1 Coaor Coarrt

+ 71224 20— 1+ A B O(ZE)
)

k—1
o H Co—1,21 Co—1,2141

Cok 1 Cok 2k - Cor 21 Cot 2141
+ Z—1+2/\1+~~~+2/\k+ﬁk0(Z6)
)
for k=1,---,m, where € > 0 is a small positive number.

Now, it remains to express the right-hand sides of (3.56) and (3.57) in terms of
the entries of the matrices Z(Z,w, ¢), U(Z, @, ¢) and L(Z,, ¢). One can easily see
that, according to (3.27), (3.28), (3.41), (3.42), (3.44),

(3.58) Cop_1.1 = L11Usk_1,9%-12Z2k—1.1 + L11Usp_1.25 201 + 27 T 0, O(Z°) =

= Z_H“\k‘ka?l [ng_172k_1 cos(wg InZ + ¢p + @)+
+ ng—l,Zk sin(wpIn Z + ¢, + W) + 0(1)} .
Analogously,

Co—1,21 Co—1,2141
3.959 ’ ’
(3.59) ‘ Cay 21 Cat 2141

72\ Usi—121-1 Usi—1,21 coswyInZ —sinw;InZ Loy o 0
0 Uglyzl SN wp ln Z COS Wy ln Z L21+1,2l L21_|_1,21_|_1
22 ey _ 2\ | 770 0 70 70 22
+Z°M0(Z°) = 27 [UQJ—1,21—1U21,21L21,21L21+1,21+1] + Z*o(1).
And, finally,
(3.60) Cok—1,1 Cok—12k | _ I Usi—126—1 Usk—1,2 o
Cok,1 Cok, 2k 0 Usk 2k
Zog—1,1 Zok—1,2k Zok—1,1 Zok—12k+1
X | Lok 2k ’ P+ Logy1,2k ’ ’ +
( ’ Zog 1 2ok 2k +h Zok 1 Zok 2k+1

+ 27 O(Z°) = [L?1ng—1,2k—1ng,2k] 771 B
X [ - Lgk,2k Sin d)k ‘I‘ Lgk+1,2k (610)] ¢k:| -|- Z_1+2Ak+,8k 0(1)_

Inserting these formulas into (3.56),(3.57) and (3.53), we obtain expansions (3.36).
Lemma 3.2 is proven.
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We are now ready to finish the proof of Theorem 3.1. Indeed, let us consider
only such sequence of values of Z — +0 for which

olnZ

for all k = 1,--- ,m (here {-} denotes the fractional part). It is easy to see then,
that given any fixed values of the coefficients My, .-+, Ms,, of the characteristic
polynomial of the derivative matrix P(Z,w, ¢) of the Poincaré map of the periodic
orbit under consideration, the system of equations (3.36) for these coefficients can
be resolved with respect to ¢ and @. Moreover, ¢ and w depend on My, -+, Mo,
smoothly and have finite limits as Z — 40, along with the derivatives with respect
to (Myq, -, Map,).

Indeed, system (3.36), recast as
(3.61)
(U1 2k— L cos(2m {WOan} + ¢r + @)+

+ U, 2% sin(2m {wm“z} + bp + wp) =
= Mop_1 (sz 1Lo )_1 ) (H§k12 UO) 12X — =2 1= A =Bk _
— M1 (Z,w, ¢),
_Lgk,% sin ¢y, + Lgk-l-l,zk Ccos ¢y, =

2k—1 70 -1 2k 0 -1 12X ——2Xs—f _
= Moy (TEET LY) - (TR, UY) 2020 2B - My (2,3, 9),

\

has a regular limit as Z — +0:

(3.62) { ng_l’zk_l cos(¢r + wi) + ng—l,Zk sin(¢y + wg) = 0,

— L9y op, Sin b + LYy | o, €08 pi = 0.
Here we have used the fact that due to our assumptions (3.7) and (3.31),
1= 2\ — - —2X— B > 0

for every k = 1,---,m. By (3.19), U3, _ 12k—1 7 0 and szzk # 0, SO we may
resolve the limit system (3.62) as follows:

LY
¢r, = arctan 72’;:125’“
3.63
( ) T s U2k: 1,2k
W = § —arctan oo ——— — Q.

0
U2k 1,2k—1

Now, according to the implicit function theorem, we have indeed the functions
(2, Myq,...,Map), w(Z, M1,..., Map), close to those given by (3.63), which
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satisfy (3.61) (hence, they satisfy (3.36)) at small Z and which depend smoothly
on M1,...,M2m.

We now fix ¢ = ¢(Z, My,...,Mop,), @ = @(Z, My,..., Map), so we choose
now My,..., My, to parametrize our family of small perturbations. As we just
have shown, M1, ..., Ms,, can be taken from an arbitrarily large domain in R2™.
Let My, ..., Ms,, be uniformly bounded and let Mj,, stay bounded away from
zero. As Z — 40, the coefficients Mo, 11, ..., M, of the characteristic polynomial
tend uniformly to zero, according to (3.37). Thus, the characteristic equation

(3.64) ///n_Mllf/n_l‘F"'+M2m///n_2m_M2m+1ﬂn_2m_1+'""‘(_l)nMn =0

has (n — 2m) roots which tend to zero as Z — +0, and 2m roots (we denote them

as i1, ..., fom) which are bounded away from zero and tend to the roots of the
polynomial
(3.65) uQm — _/\/[Lu,zm_l + oo Moy,

Define the real numbers My, ..., Mo, such that W1y ...y fbom Were the roots of
the polynomial

(3.66) ,uzm — ./\;ll;fm_l 4+t M2m7
i.e.
2m ~ ~
(3.67) TG — 1) = 1™ = M= -+ Mo
1=1

By construction, (M, ..., Map,) tend to (My, ..., May,) as Z — 40. Let us show
that Mq,..., Ms,, depend on M, ..., My, smoothly, and that

d(My, ..., Mapw)

(368) d(Ml,...,MQm)

70 = Id.

Indeed, consider the linear operator Q : R® — R"™ defined by the matrix

0 —1 0
0 0 -1 0
(3.69) : :
0 0 -1
M2n M2n—1 MQ Ml

Its characteristic equation is also given by (3.64), so it has, as well, (n — 2m)
eigenvalues close to zero and 2m eigenvalues which are bounded away from zero
and are the roots of the polynomial (3.66). Hence, the operator Q has two in-
variant eigenspaces, one corresponds to the close to zero eigenvalues and the other
corresponds to the eigenvalues which are bounded away from zero. The coeffi-
cients of the characteristic polynomial of Q restricted onto the second subspace
are exactly the coefficients My, ..., Mam,. Since all the entries of the matrix
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(3.69) are bounded and since it depends smoothly on My,..., M, the invari-
ant subspaces depend on Mq,..., M, smoothly as well. This gives us the smooth
dependence of My, ..., Mam on My, ..., M,. Recall now that the coefficients
Momt1, ..., My depend on (My, ..., Ma,,) smoothly, and they are continuous in
Z along with the derivatives with respect to (My,..., May,,). Thus, the required
smooth dependence of My, ..., May, on (My,..., May) at all small Z, includ-
ing Z = 0, follows immediately. Identity (3.68) follows now from the fact that
(Ml,...,Mzm) = (Ml,...,Mzm) at Z =0.

Now, by implicit function theorem, we have that given any values Mh ceey Mom
with Moy, # 0, the corresponding values of My, ..., My, are defined uniquely.
In turn, the coefficients My, ..., Ma,, are defined uniquely by (3.67), given any
(symmetric with respect to the complex conjugation) set R of the non-zero roots
[1,-- -, h2m- Hence, given any such set R, we find the corresponding values of
My,..., Mo, and then the values of the perturbation parameters ¢ and @, for
arbitrarily small values of Z. Theorem 3.1 is proven.

By taking in Theorem 3.1 the values of the multipliers uq, ..., fo,, outside the
unit circle, we arrive at the following

Corollary 3.1. Let the assumptions of Theorem 3.1 hold. Then, by an arbitrar-

ily small C'*° -perturbation of system (3.1), a periodic orbit P the instability index
NT(P) of which satisfies

(3.70) N*(P) =2m

can be born in an arbitrarily small neighborhood of the homoclinic loop under con-
sideration.

Remark 3.2. We note that the unstable manifold W*(P) of the periodic orbit P
constructed in Corollary 3.1 has dimension 2m + 1. Thus, if every solution of the
perturbed system (3.20) can be extended globally for positive ¢ € Ry, then this
unstable manifold is, obviously, a (2m + 1)-dimensional invariant submanifold for
the system under consideration. Moreover, due to Remark 3.1, we have

(3.71) dim W (P) = [dimp,(A)],

where [v] denotes the integral part of v. Since such invariant manifolds always
belong to the attractor (if the system possesses a global attractor) then Corollary 3.1
and formula (3.71) present a possibility of obtaining lower bounds for the attractors
dimension in terms of their Lyapunov dimension. This possibility will indeed be
used in the next Section in order to obtain sharp lower bounds for the attractor’s
dimension for the abstract hyperbolic equation (1.1).

It is also interesting to consider the case where the multipliers pq, ..., fton, in
Theorem 3.1 are all equal to 1 in the absolute value. In this case, a small per-
turbation of the periodic orbit P with the multipliers puq, ..., tt2,, can produce an
(m + 1)-dimensional invariant torus (see a proof in Appendix B). This gives us the
following

Corollary 3.2. Let the assumptions of Theorem 3.1 hold. Then, by an arbitrarily
small C* -perturbation of system (3.1), an (m + 1)-dimensional smooth invariant
torus, densely filled by a quasiperiodic trajectory, can be born in an arbitrarily small
neighborhood of the homoclinic loop under consideration.
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§4 LOWER BOUNDS FOR THE DIMENSION OF THE ATTRACTOR.

In this concluding Section, we obtain sharp in the class S lower bounds for the
attractor’s dimension for the nonlinear hyperbolic equation (1.1). The main result
here is the following theorem.

Theorem 4.1. For every linear selfadjoint operator A : D(A) — H whose eigen-
values satisfy (2.1), there exist two smooth nonlinear operators Ty and Ty in the
form

(4.1)  TFi(u) == F'((u,e1), (u,e2))er + F2((u,e1), (u,e2))es, u€H, i=1,2,

where {e;}32, is the orthonormal system of eigenvectors associated with A and
FZJ € C°(R%,R), i,j = 1,2, and a smoothing operator ® = ®_ ., 1., is defined for
every € > 0, every small v > 0 and every k,m € N, which belongs to the class S,
see Definition 2.2, and satisfies the estimate

(4.2) 1@l g (m-m mmy <€

such that the fractal dimension of the attractor A = A, ¢ i.m of the equation

(4.3) O2u + you + Au =Ty (u) + YFs (u) + ®(u, Oyu)

possesses the following estimates:
1 ) 1
(4.4) C1— < dimp(A,E) < Cy—,
Y Y

where the positive constants C'y and Cy are independent of 7y, €, k and m.

Proof. First, take a second order ODE in the form:
(4.5) 0?U =U — Fy(U), U€ER,

where Fy € C*°(R) vanishes at the origin together with its first derivative. We
assume that equation (4.5) possesses a homoclinic orbit Uy(t) to the equilibrium
U = 0 (as an example, take Fy(U) = U®). Let us fix a sufficiently small v > 0,
n:=[1/(2y)] — 1 and a frequency vector w := (w1, -+ ,wy,) € R" and consider the
following decoupled system of second order ODE’s:

0pU(t) =U(t) — Fo(U(1)),
(47) (93@1 (t) + ’Yatﬂl (t) + w%ﬂl(t) = 0,
02y, (1) + YOyl (t) + w2y, (t) = 0.

By construction, this system has a homoclinic loop of the type studied in Section
3, so one can expect an analogue of Theorem 3.1 for system (4.7), as it is indeed
given by the following lemma.
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Lemma 4.1. Let the above assumptions hold and let, in addition,
(4.8) w; > /2, foreveryi=1,---,n.

Then, for every e > 0 and every k € N, there exist C5°-functions ®; : R*"+2 - R,
1 =0,1,---,n, satisfying

(4.9) 1®ill o r2n+2 r) < €5

such that the system

(4.10)
021y (1) + YOl (t) + w2y, (t) = @, (U(t), 0U (t), w(t), Opti(t))

possesses a periodic orbit P with the instability index NT(p) = 2n.

Proof. We rewrite problem (4.7) in new variables

N
—~
™~
~—
I

(U#) +0:.U(1)/2, w(t):=(U(t) - 0,U(t))/2,

(4.11) B B B _ B B
a(t) == (),  w(t) = (W0)~! <8tu,-(t) + %u,(t)),
where w) 1= (w? — 77‘2)1/2 >0,i=1,---,n. In these variables, system (4.7) reads
as
(( Oz = 2z — L Fo(z + w),
Oyuq = —%ﬂl + w?f;l,
o1 = — 301 — wiuy,
(4.12) X
Dyt = — Lty + W)Uy,
Oy, = _%T)n - wgﬂnv
\ 8tw = —w+ %Fo(z + U))

We now note that system (4.12) has the form of (3.1) and that all assumptions of
Theorem 3.1 are, obviously, satisfied for (4.12). Consequently, according to this
theorem, for every given e > 0 and k € N, there are CS°-functions ®; : R**+2 — R,
t=0,---,2n 4+ 1, satisfying

(413) [l geonsn ) <
such that the following perturbation of system (4.12)

Oz = 2 — %Fo(z +w) + &)O(Z,w,z_/,, ),

0y0; = —30; — Wit + Poi(z, w, 4, 0), i=1,---,n,
3tw = —w + %FO(Z + w) + &)2n+1(2,w,’l—1,, 17)
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possesses a periodic orbit P with the instability index N+ (P) = 2n. This periodic
orbit lies in a small neighborhood of the homoclinic loop of the nonperturbed sys-
tem, so we may assume without loss of generality that all the functions ®, have
finite supports.

It remains to rewrite system (4.14) as a system of second order ODE’s for the
variables U (t) := z(t)+w(t) and u;(t). To this end, we take the sum of the first and
the last equation of (4.14) and differentiate it with respect to ¢ and, analogously,
we differentiate the equations for u;(t) in (4.14). This gives us

GFU(t) = U(t) = Fo(U (1)) + o (2(t), w(t), u(t), 0(t)),
(4.15) O2u; () + v0uu; (t) + w2u;(t) = ®;(2(t), w(t), u(t), v(t)),
i=1,---,n,
where the C° functions ®; : R?**2 — R satisfy

(416) ||éz||cf—1(R2n_2,R) S Ckg,

and the constant CY% is independent of €. In order to finish the proof of the lemma,
it remains to express the variables z, w, v; in terms of U, 0;U, u; and 0;u; from
the system

z+w="U,
z—w=0U — io(z,w,ﬂ, V) — Popy1(z,w,u,v),

;= (W)™ (0 ;

(417) _ 1"’ - —
i+ %u, — (w) " Py (2, w, @, 0),
1=1,---,n.

I~

Note that in the case when all ®; are equal to zero identically, system (4.17) reduces
to a non-degenerate linear system. Hence, due to (4.13), system of equations (4.17)
is indeed can be solved in a unique way (by virtue of the implicit function theorem)
if £ is small enough:

z = @O(U, 0tU, 11, 3{&),
(4.18) v; = 0,(U,0:U, u,041), i=1,---,n,

w = ®n+1(U7 8tU7 u, 815@)7

for some C*°-functions ©;, i = 0,--- ,n. Inserting (4.18) into the right-hand side
of (4.15) finishes the proof of Lemma 4.1.

Let us now finish the proof of Theorem 4.1. Indeed, let A be a selfadjoint positive
operator in a Hilbert space H with a compact inverse such that its eigenvalues
0 < A < Xy < --- satisfy condition (2.1) for a certain positive constant x. Let
{e;}2, be the corresponding orthonormal system of eigenvectors. Then, every
H-valued function u(t), t € Ry, can be expanded as follows:

(4.19) u(t) == Zui(t)ei, ui(t) = (u(t), ).
Moreover, due to (1.2),

(4.20) u®)[|Fe == Alui(®)]?, seR
=1
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We rewrite now equation (4.3) in the following equivalent form:
(4.21) O2u;(t) 4+ vOuu; (t) + Njus (t) = ®;(u(t), Opu(t)), i=1,2,---,

where u(t) = (uy(t), us(t), - -) € R*® (see (4.19)) and {®;(u,0;u)}2, are defined
as

(4.22) ®;(u, Ou) := (Fy (u) + YRy (1) + ®(u, Osu), e;) .

We will construct the desired equation (4.3) in the form (4.21). The main idea is
to construct the nonlinearities in such a way that the components wu;(t) of the cor-
responding solution will satisfy system (4.10). Then, by Lemma 4.1, this equation
will possess a periodic orbit P such that N*(P) = 2n, n+ 1 := [1/(2v)] and, con-
sequently, the fractal dimension of its attractor will be larger than (2y)~!. Indeed,
let v > 0, e > 0 and let k € N be arbitrary. Let us also fix n := [1/(2y)] — 1 as
in Lemma 4.1. We need to rewrite system (4.10) constructed in Lemma 4.1 in the

form (4.21). To this end, we fix the frequencies w? = \j12, i = 1,--+,n, where \;
are the eigenvalues of A, and introduce the variables
(4.23)  wi(t) :==U(t), uz(t) :== 0 U(t), uz(t) :==ur(t), -, upya(t) = un(t).

In these variables, (4.10) is written as follows:
( OFur + YOrur + Aug = {uy — Fo(u1) + Aqui }+
+y{us} + @1(u, -+, Upg2, Opur, -+ -, Optipa),
07 ug + YOpuz + Aauy = {uy — Fy(u1)uz + Aug}+
+y{ur — Fo(uy)} + Po(u1, - -, Upyo, Optiy, -+ -, Oplipy2),
(4.24) O2u3 + yOuz + Azuz =

— (1)3(’[1,1, ety Up42, atuh te 7atun+2),

2
Ofuny2 + YO0Un42 + ApioUnio =

\ — (I)n—l—Q(ula"' 7U’n+2,8tu1,"' 7atun+2)7
where the C§°-functions ®; satisfy
(4.25) ||@i||ck72(Rn+27R) < C,/ce’:‘

Since every solution of (4.10) is, obviously, a solution of (4.24) as well, then (4.24)
has also a periodic orbit P with NT(P) = 2n.
We complete system (4.24) as follows:

(4.26) 02w 4+ YO0uu; + Ny =0, i=n+3,n+4,---.

Then, system (4.24), (4.26) has the form (4.21) indeed. Moreover, since only the
existence of a periodic orbit P with NT(P) = 2n is important for our purposes, we
may cut-off all the nonlinearities outside of this orbit and define finally

U1 — FO(Ul) + )\1’LL1 U9
U9 —Fé(ul)uz+)\2u2 U1 —Fo(ul)
(427) Fl (’LL) = ¢0 - 0 ; Fz (’LL) = (ZSO . 0

0 0
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and

Qi (w1, Upt2,Opir, -+, Opliny2)
(I)n U, - ,Un 78u7"'78un
(4.28) ®(u, Dyu) := +2( B bin+2) :

0

where ¢g := ¢o(|u1]® + |uz|?) is an appropriate cut-off function.

Thus, the desired operators Iy, Fy and ® are defined. Let us now verify that they
satisfy all conditions of Theorem 4.1. Indeed, (4.1) is obvious. Since the operator
® has a finite rank (see (4.28)), then, obviously, ® € S. Moreover, it follows from
(2.1), (4.20) and (4.25) that, for every m € N

(429) ||@||Ck72(Efm,Hm) S C’n‘mms.

Hence, by rescaling, if necessary, €, we may always satisfy (4.2) (for every fixed m).
Furthermore, due to our construction, system (4.24), (4.26) possesses a smooth
periodic orbit P with N*(P) = 2n. Therefore,

(4.30) dimp(A,F) > 20 > 5.

The upper bounds for the fractal dimension in (4.4) is an immediate corollary of
Proposition 2.1 and Corollary 2.2. Theorem 4.1 is proven.

Remark 4.1. We emphasize that the operators F; and Fy from Theorem 4.1 have
very simple structure (see (4.27)) and can be computed explicitly.
It is also worth to emphasize that the unperturbed system (4.3)

(4.31) O2u 4 yO0uu + Au = Ty (u) + yFy (u)
possesses a 4-dimensional inertial manifold
M = {(u1, ug, Opu1, Oyug) € R, (uy, Opu;) =0, i =3,4,---}
and, consequently, the fractal dimension of its attractor Ay satisfies
(4.32) dimp(Ap, E) <4, for every v > 0,
whereas its Lyapunov dimension, obviously, satisfies
(4.33) dimp, (Ao, E) ~ v~ L,
Theorem 4.1 shows, however, that, by an arbitrarily small perturbation of equa-
tion (4.31), we may increase drastically the fractal dimension of the corresponding

attractor A and obtain the relation

(4.34) dimp(A, E) ~ dimp, (A, E) ~ vy~ 1.
32



This example confirms that the Lyapunov dimension is a more robust qualitative
characteristic of the global attractor than its fractal dimension.

Remark 4.2. We have constructed in Theorem 4.1 the examples of attractors A
of equations of the form (1.1) which depend explicitly on the first derivative dyu of
the unknown function u. Differentiating, however, equation (4.3) by ¢ and denoting
v = dyu and w(t) := (u(t),v(t)) € H:= H x H, we obtain the equation of the form

(4.35) 2w + yoyw + Aw =Ty (w) + 7Fy (w) + O (w),

where the nonlinearities are already independent of 9;w. Therefore, the phenomena,
described in Theorem 4.1 can appear in hyperbolic equations of the form (1.1) where
the nonlinearity F' is independent of dyu (F(u,0yu) = F(u)). Unfortunately, this

reduction leads to linear operators A in a special form

(4.36) A= (‘g 2)

In order to avoid this restriction, we permit the explicit dependence of the nonlin-
earity F' on Oyu in our abstract model (1.1).

We recall that the usual way of obtaining lower bounds for attractor’s fractal
dimension is to estimate the instability index for some equilibrium of the equation
under consideration, see [BaV89], [Hal87] and references therein (see also [Zel97],
where lower estimates for the instability index of a linear nonautonomous equa-
tion of type (1.1) with periodic coefficients were given based on the parametrical
resonance phenomena). In our next proposition, we show that it is principally im-
possible, using this method, to obtain reasonable lower bounds for the attractor’s
dimension of equation (1.1) with nonlinearities belonging to S.

Proposition 4.1. Let A be a linear selfadjoint operator with a compact inverse
in a Hilbert space H whose eigenvalues satisfy (2.1) and let the nonlinearity F in
equation (1.1) belong to the class S. Then, for every e > 0, there exists a positive
constant C. such that the instability index of any equilibrium ug of equation (1.1)
can be estimated as follows:

(4.37) Nt (ug) < Coye.

Proof. Indeed, due to the trick described in Remark 4.2, it is sufficient to prove
estimate (4.37) only for the case where

(4.38) F(u,0yu) = F(u).

Let now ug be an arbitrary equilibrium of equation (1.1). Then, the corresponding
equation of variations reads

(4.39) 02w + yopw + Ayyw =0, Ay, := A —F(up)

and, consequently, the spectrum of the linearization D, S; at point (ug,0) of the
semigroup (1.7) can be expressed as follows:

2 1/2
(4.40) 0 (Dy,St) = {et“i, pk = —% + (% - 9k> } )
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where {6;,}72, € C are the eigenvalues of the operator A, .
We recall now that the operator F' belongs to the class S. Therefore,

(4.41) 1" (o)l £ r=m irmy < Cms

for every m € N, where the constant (), is independent of uy € H. Thus, due
to the classical theory of compact perturbations of selfadjoint operators (see e.g.
[GhK69]), we derive from (4.41) that, for every N € N, there exists a constant Cn
such that

(4.42) 0, — M| < OnE™N, keN,

where )y is the corresponing eigenvalues of the unperturbed operator A. Inserting
the asymptotics (4.42) for the eigenvalues 6y, into the formulae (4.40) for pk, we
obtain after simple computations the desired estimate (4.37). Proposition 4.1 is
proved.

Remark 4.3. We stress that our “homoclinic” method of obtaining lower estimates
for the attractor’s dimension gives, in fact, more than an estimate from below of
the maximal attractor. Indeed, in absolutely the same way as Theorem 4.1 was
deduced from Corollary 3.1 to Theorem 3.1, we obtain from Corollary 3.2 that the
nonlinearities Fy 5 and ® can be constructed in such a way that equation (4.3) would
have an invariant torus (densely filled by quasiperiodic trajectories) of dimension
~ C/~, where C is a certain constant. In other words, we show that equations
under consideration may have minimal sets whose dimension is of the same order
as the Lyapunov dimension of the maximal attractor.

Recall also that, according to [NRT78], any quasiperiodic flow on a smooth
(m + 1)-dimensional invariant torus can be perturbed in such a way that the torus
would contain an invariant m-dimensional manifold, homeomorphic to D™~ ! x St,
the flow on which is smoothly conjugate to a suspension over any aforehand given
diffeomorphism of D™~!. Hence, by Corollary 3.2, every dynamics which is possible
in a phase space of dimension ~ C//~ can be encountered in equation (4.3), at an
appropriate choice of the nonlinearities.

APPENDIX A. PROOF OF THEOREM 1.1 AND LEMMA 2.1.

In this Appendix, we prove the existence of a solution for problem (1.1) under
the assumptions of Theorem 1.1. We also prove the Lipschitz property of the cor-
responding semigroup S;, as well as the quasidifferentiability of S; on the attractor
A (Lemma 2.1). As usual (see [BaV89], [Tem97], [ChV02]), the proof is done via
the Galerkin approximation method, based on the a priori estimates (1.6), (1.8),
(1.9).

We start with the proof of the a priori estimate (1.6). Let £ € C(R,,E) be a
solution of (1.1). Then, according to assumption (1.4), the nonlinear term F'(u, Oyu)
belongs to the space C(R4,H) and is globally bounded in it. Consequently, we
may take a scalar product of equation (1.1) with dyu(t) + au(t), where o > 0 is a
sufficiently small number, and derive the following relation (see e.g. [Tem97,Lemma

I1.4.1]):

%@HI@tU(t)II%I + lu(®)llFn + 20(u(t), pu(t))]+

+ (v = )l i +ellu®) i = (Fu+ adew) < Ce+e([|0put)][F + lul) 7),
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where € > 0 can be arbitrarily small. Fixing now ¢ < 1 and a < 1 in the last
inequality and applying the Gronwall’s inequality, we obtain (1.6) indeed.

Let us now verify estimate (1.8). Let &,, () and &,,(t) be two solutions of (1.1)
and let n(t) := [v(t),0w(t)] := &i(t) — &(t). Then v(t) satisfies the following
equation

O2v + 0w + Av = Li(t)v + Lo(t) 04, n‘t:o = £1(0) — £2(0),

where Lq(t) := fol F(suy + (1 — s)ug, sOpu1)ds and La(t) := fol F  (sur + (1 —
s)ug, sOyu1)ds. We note that, according to (1.4), these operators are globally
bounded as operators from H' — H and H — H respectively. Consequently, the
right-hand side of the equation for v belongs to the space C'(R,,H) and we may
take a scalar product of this equation with d;v and derive the following estimate

1
§[||3tv(t)||?{ +[lo(®)llzu] + 710w (@) IE =
= (Li(t)o(t), o (1)) + (L2 (t)Bpo(t), pv(t)) < K ([lo(®) |7 + 10:0(®)IIF) ,
where K is independent of vy and uy (since the derivatives F,, and Fétu are assumed
to be globally bounded). Applying the Gronwall’s inequality to this relation, we
obtain (1.8).
In order to prove the a priori estimate (1.9), let us differentiate equation (1.1)

with respect to ¢t and introduce the function z(¢) := dyu(t). Then, this function
satisfies the following equation:

(A1) { 07z +v0iz + Az = F)(u,0pu)z + F_, (u, 0;u)0yz,

Z‘t:o = uy), 8tz‘t:0 = 02u(0) = — A ug — yup + F(ug, up)-
Denote 7(t) := [2(t), pz(t)]. Since £(0) := [1(0),d;u(0)] € E* and the nonlinearity
F satisfies (1.4), it follows that n(0) € E and

(A.2) In(0)II% < C ([I€O0)lIE: + 1),

for an appropriate constant C' depending on F' and 7. Moreover, it follows from
estimate (1.6) and from equation (1.1) that

(A.3) In(t)llz-1 < C"lIEO)[[Fe™" + C1,

where C' and C] depend only on A, F' and +.
Taking the inner product in H of equation (A.1) with the function d;z(t)+ 3 2(t),
we have

(Ad) 0u{l10ezllfr + 2llf + v (2(8), 0ez(t)) } + YI|Oe2llf + vl 2ll7 =
= 2 (F, (u, Opu)z, 0¢2) + 2 (Fy,,, (u, Opu)dyz, 042) +
+ v (F) (u, )z, 2) + v (Fj,q, (u, Opu) 02, 2) .

Using conditions (1.5), we derive that
(A.5)  2(F,(u,0u)z,02) + 2 (F),, (u, Oyu)0pz, 0;2) <

< 2 (1011 + 12011 ) + 485 10), D=1
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Analogously, using assumption (1.4) on the derivatives of F' and the interpolation
inequality [|ul[f < [luflm [lullz-1, we estimate

(A6) 7 (P, D)2, 2) + (Fh, o (0, D)2, 2) <
< L1001 + 120) ) + C L0, 02O .

Inserting estimates (A.5) and (A.6) into the right-hand side of (A.4), we obtain, for
a sufficiently small v > 0,

(A7) Ou{lloez iy + Il2lFp + v (2(1), Doz (t)) }+
+ %{HatZH%I +llzlli + v (2(8), 0e2(t)) } < CHlln() 151,

for an appropriate constant C’;’ which depends only on 7, A and F. Applying the
Gronwall’s inequality to (A.7) and using (A.2) and (A.3), we arrive at the estimate

(A.8) ()% < Cae™/8||E(0)]|Z: + Ci.
It remains to note that due to equation (1.1) and condition (1.4) we have

IK@Es < C (@)l +1)

so (1.9) follows from (A.8).

Now we can prove the existence of the solutions of (1.1). Let {e;}:2, be the
orthonormal basis in H generated by the eigenvectors of the selfadjoint operator A
and let Iy be an orthoproector to the first N eigenvectors in H, Hy := Iy H and
Enx := lINE. For every N € N, we consider the following problem in the finite-
dimensional space Epn, which approximates the initial infinite-dimensional problem
(1.1):

(A.9)
8t2uN-|-70tuN-|-A UN = HNF(UN, 0tuN), fN(t) e En, &v = [UN,8t’U,N”t:O = f?\,-

We recall that (IIxy F,vy) = (F,vy) for every vy € En and, consequently, repeating
word by word the derivation of estimates (1.6) and (1.9), we obtain the following
uniform (with respect to N) a priori estimates for the solutions of (A.9):

(A.10) { L llen M < Cllén(0)lpe™ + C1,

2. [|En ()2 < Chl|én(0)||gre™/8t + Cs,

where the constants C, Cy, Cy and C3 are the same as in (1.6) and (1.9) (and,
in particular, they are independent of N). On the other hand, equation (A.9) is
a system of ODE’s with smooth (C!) nonlinearity and, consequently, estimates
(A.10) give the global existence of a solution {n(t) € Ex of problem (A.9). Our
task now is to pass to the limit N — oo in (A.9) and construct the solution u(t) of
(1.1) as a limit of Galerkin solutions uy(t). To this end, we first assume that the
initial conditions &(0) for problem (1.1) belongs to E':

(A.11) £(0) € B! and set &% := TIn&(0).
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Then, according to (A.10)(2) and equation (A.9), we have the uniform with respect
to N estimate

(A.12) 107un ]| L (0. 77,10) + 1N | Lo (o.71.80) < C([1€(0)]g1)

which is valid for every T' > 0. Consequently, without loss of generality, we may
assume that, for every T' > 0,

(A.13)

En — € sweakly in L®([0,T],E') and 02uny — 07u  *-weakly in L>([0,T], H),

for some function & := [u, dyu] € L®°(Ry,E'). We claim that u solves the initial
problem (1.1). To this end, we need to pass to the limit N — oo in equations
(A.9). Indeed, passing to the limit N — oo in the linear terms of (A.9) is evident
due to (A.13). In order to pass to the limit in the nonlinear term, we recall that
the embedding

L>([0,T],E) n {0?u € L>=([0,T],H)} c C([0,T],E)

is compact, for every T > 0 (see e.g. [Tem97]) and, consequently, (A.13) implies
the strong convergence {nx — & in C([0,T],E). Since the operator F is continuous,
it follows that IIn F(un, 0:Un) — F(u,0ru), and u is indeed a solution of problem
(1.1).

Thus, for every £(0) € E', we have constructed a solution ¢ € L®(R,, EY) N
C(R4,E) of problem (1.1) (moreover, arguing in a standard way like e.g. in [Tem97],
one may verify that ¢ € C(Ry,EY), in fact). Tt is not difficult now to extend this
result to the initial data from E. Indeed, let £(0) € E be an arbitrary initial
condition. Let us consider a sequence ¢(0) € E' such that

(A.14) £7(0) — £(0) as n — oo

Let also £"(t) € E* be the corresponding solutions of problem (1.1), the existence
of which has just been proven. Then, according to estimate (1.8), there exists some
function ¢ € C(Ry, E) such that

(A.15) " —¢ in C([0,T],E) strongly,

for every T > 0. As above, the strong convergence law (A.15) allows to pass to the
limit n — oo in the equations for u™ and verify that the limit function wu(¢) also
satisfies equation (1.1). Thus, the existence of a solution of problem (1.1) is now
proven under the assumptions of Theorem 1.1.

It remains to prove the quasidifferentiability of the corresponding semigroup S;
on the attractor A. Let & (t) and &2(t) be two solutions of problem (1.1) belonging
to A and let v(t) be a solution of equation of variations (2.7) (computed along
the trajectory &;(t)) with [v(0), v (0)] = &1(0) — £2(0). Then, arguing as in the
derivation of estimate (1.8), we obtain the following estimate:

(A.16) v (®), o (®)]lIE < Cll[v(0), v (0)]|IRe™",

where the constants C' and K are independent of u; and us. Moreover, the function

w(t) := uy(t) —ua(t) — v(t) obviously satisfies the following linear nonhomogeneous

equation

(A.17)

Ojw+yow+A w—F, (ur, Opur)w—Fp , (w1, Opur)pw = oy uy (8), [w, Opw
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where
1
(A18) iy uy () == {/ (F, (su1 + (1 — 8)ug, s0yu1) — F, (u1, Oguq) ds} v(t)+
0
1
+ {/ (F,, (su1 + (1 — s)ug, sOpur) — F, (w1, Opur) ds} Ov(t).
0

Consequently, analogously to (1.8) and (A.16), we have

(A.19) [fw(T), Oyw(T)]|le < CBKT/O Py e (8) [ it

where the constants C' and K are independent of u; and us. On the other hand,
since the attractor A is compact in E, the set

A1,2 = {551 + (1 - 3)527 51752 S Aa s € [07 1]}

is also compact in E and, due to assumption (1.4), the derivatives I, and Fj , are
uniformly continuous on this set. Consequently, we have an estimate

(A.20) 1Py s ()l < ([l€2(8) = &) lR)I[v(2), Oro (t)][| s

where the function a(z) tends to zero as z — 0% and is independent of ¢, u; and
ug. Estimates (1.8), (A.16), (A.19) and (A.20) imply that

(A.21) [[w(T), dew(T)]|IE < e ([I61(0) = £2(0)[[£)]1€1(0) — &2(0) |&,

where the function ar(z) tends to zero as z — 0%, it depends on T > 0 but it is
independent of £1,&2 € A. Thus, estimate (2.2) is verified. The continuity of S’(¢)
on the attractor is verified analogously. End of the proof.

APPENDIX B. PROOF OF COROLLARY 3.2.

Let P be a periodic orbit, born by a small perturbation of a homoclinic loop of
system (3.1), which has 2m multipliers equal to 1 in the absolute value (such an
orbit can indeed be born according to Theorem 3.1). Let us prove that a smooth
(m + 1)-dimensional invariant torus, filled by quasiperiodic trajectories each of
which is dense in the torus, can be born at the bifurcations of P.

Proof. Consider a Poincar’e map (z +— z) for the periodic orbit P:

(B.1) T = Bx + o(x),

here x = 0 is the fixed point which corresponds to the orbit P. The eigenvalues of
the matrix B are the multipliers of P. By assumption, 2m of these eigenvalues lie
on the unit circle. Our goal is to prove that this map can be perturbed in such a
way that an m-dimensional invariant torus would appear in a small neighborhood
of the origin.

Fix any integer r > 1. It is obvious, that by perturbations, small in C"-topology,
one can arrange arbitrary small changes in any entries of the matrix B in (B.1).
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Hence, we can always achieve that B would have exactly m pairs of complex-
conjugate eigenvalues on the unit circle: e*™1 . .. e*™m= all w’s are rationally
independent and the factors w;/m are irrational; and the rest of the multipliers
does not lie on the unit circle.

By the center manifold theorem, our map has a 2m-dimensional smooth invariant
manifold which is tangent at x = 0 to the eigenspace of B corresponding to the mul-
tipliers on the unit circle. It is well-known that since the numbers {7, w1,...,wn}
are rationally independent, there exist local coordinates (z1, ..., z;,) € C™ in which
the map on the center manifold takes the following (normal) form

(B.2) Zj = Qji(z12],. .., 2mzy) 2 + 0(2") (j=1,...,m)

where * means complex conjugation, and (); are complex polynomials of degree
< (T‘ - 1)/27

(B.3) Q;(0) = .

It is obvious that by an arbitrary small (in the C"-topology) perturbation, one can
make map (B.2) coincide with the polynomial map

(B.4) Zi = Qj(z127, ..., Zman, )% (j=1,...,m)

in a sufficiently small neighborhood of zero. Thus, it is enough to prove that a small
perturbation of map (B.4) can produce an m-dimensional invariant torus arbitrarily
close to z = 0.

Let us, first, introduce polar coordinates pje*?i := z;, j = 1,...,m. Map (B.4)
recasts as
pj = Ri(pis- - o) pj
(B.5) (1=1,...,m)

@; =i +Q(p3, ..., 02)

where Q; = R;je'% (j=1,...,m), so R;,Q; are real analytic functions, and
(B6) RJ(O) :1, QJ(O):WJ (jzl,,m)
Let a,...,am,01,...,0, be arbitrary small numbers. Then the map

pj = (a; + R;(p3,. ... p}))p;
(B.7) (j=1,...,m)
¢j = @i +0; + (%, ppn)
is a small (real analytic) perturbation of (B.5). The amplitude map
(BS) ﬁj = (aj_'_RJ(p%avp?n))pJ (J: 17'-'7m)
is independent here on the phases @1, ..., ¢,,. Therefore, a fixed point of (B.8) with

all p1,..., pm non-zero corresponds to an m-dimensional invariant torus of (B.7).
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Take now some sufficiently small strictly positive numbers p?,..., p% . Put
a;j =1—R;((p))% -, (pm)?),
(B.9) (j=1,...,m)
0; = w; — Q((P)?,- -, (0m)?).

By (B.6), the numbers ay, ..., am,01,...,0, are indeed small when p?, ..., p% are
small. With ay,...,a,, given by (B.9), (p?,...,p%) is a fixed point of (B.8), i.e.
the torus (p1 = pY%,...,pm = pO) is a smooth m-dimensional invariant torus of

(B.7). By construction, map (B.7) is a C"-small perturbation of the restriction of
the original Poincaré map on the center manifold, so we have indeed constructed
the perturbation under which an invariant torus is born from our periodic orbit.
By (B.6), (B.7), the restriction of the Poincaré map on this torus is given by

@j:(pj—FWj (jzl,...,m).

Since the numbers m, w1, ...,w,, are rationally independent, it follows that every
orbit of this map is indeed quasiperiodic and fills the torus densely. End of the
proof.
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