ATTRACTORS AND THEIR REGULARITY
FOR 2-D WAVE EQUATIONS WITH NONLINEAR DAMPING

VITTORINO PATA AND SERGEY ZELIK

ABSTRACT. We address the study of a weakly damped wave equation in space-dimension
two, with a damping coefficient depending on the displacement. The equation is shown
to generate a semigroup possessing a compact global attractor of optimal regularity, as
well as an exponential attractor.

1. INTRODUCTION

Let Q C R? be a bounded domain with smooth boundary 9Q. We consider the following
wave equation with nonlinear damping:

Opu + o(u)u — Au+ ¢(u) = f,

(11) U(O) = U, atu(o) = Uy,
U‘ag = 0.
Here, f € L?*(2) is independent of time, while ¢ € C*(R), with ¢(0) = 0, fulfills
(1.2) " (W) < e(L+|uf),  p>0,
(1.3) ¢'(u) > —L,  £>0,
(1.4) liminf 2% < ),

lu|—=oc0 U

where ¢ > 0 and \; > 0 is the first eigenvalue of —A on L?*(2) with Dirichlet boundary
conditions. Concerning the damping term, we assume that o € C*(R) with

(1.5) o(u) > o9 >0,

(1.6) o' (u)] < c[o(u)]?, § € (0,1],

for some ¢ > 0. Note that (1.6) implies that (redefining the constant c)
(1.7) o' (W) <e(T+]ul),  g=13

Equation (1.1) is a model for a vibrating membrane in a stratified viscous medium:
the variable u represents the displacement from equilibrium, d,u is the velocity, whereas
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the term o(u)dyu accounts for dynamical friction. Finally, f — ¢(u) corresponds to a
(nonlinear) elastic force. Our main result reads as follows:

Theorem 1.1. Equation (1.1) generates a semigroup S(t) on H}(Q) x L*(Q) which
possesses a (unique) compact global attractor A. Moreover, A is a bounded subset of
[H?(Q) N Hy(Q)] x Hy (), and it coincides with the unstable set of the stationary points
of S(t).

The same problem in space-dimension one has been considered in [6], where the ex-
istence of a strongly continuous semigroup possessing a regular compact attractor (and
also exponential attractors) has been proven. Clearly, the analysis made in [6] took great
advantage of the “good” embedding properties that hold in dimension one. Indeed, the
result obtained there is optimal, and is valid also if condition (1.5) is replaced by the
weaker requirement that o(u) > 0 for every u (meaning that the density of the medium
is allowed to vanish at infinity).

On the contrary, in dimension two we can no longer appeal to the continuous embedding
H} () < L°°(2) (which is false in dimensions greater than one). This introduces some
difficulties, that can be overcome by means of a subtler analysis. The main ingredient
is the use of a suitable decomposition of the solution, which has been shown to be very
effective to prove asymptotic compactness for this kind of hyperbolic problems in the
recent paper [10] (but see also [5, 8, 12]).

The three-dimensional case, for which we already established a well-posedness result
(see Remark 2.6 below), is much harder, and requires the introduction of different tech-
niques. We will address this issue in a forthcoming work.

Notation. We denote by H, = dom[(—A)S/Q], s € R, the scale of Hilbert spaces gener-
ated by —A with Dirichlet boundary conditions on (L?(Q), (-,-), || - ||). In particular,
H_,=H'(Q), Hy = L*(Q), H, = H,(9Q), Hy = H*(Q) N Hy(Q).
Then, we introduce the family of product Hilbert spaces
Hs=Hg1 x Hy,

endowed with the standard inner products and norms. Throughout the paper, we shall
tacitly make use of the Poincaré, Young and Holder inequalities, along with the continuous
embedding H; < L?(Q2), for every p € [1,00). We shall also need the Gagliardo-Nirenberg
interpolation inequality in dimension two, namely

(1.8) l2llzz < cllz| PV pe 1, 00).

The symbols ¢ and ) will stand for a generic positive constant and a generic positive
increasing function, respectively. Finally, for any given function z(¢), we write for short

&:(1) = (2(1), Dez(t))-

We conclude the section recalling two Gronwall-type lemmas that will be used in the
sequel.

Lemma 1.2. Let E : Hy — R satisfy
Bliclz, —m < B(Q) < QUIClu) +m, V€ Ho,
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for some B > 0 and m > 0. Let now & € C(RY,Hy) be given. Suppose that the map
t— E(&(t)) is continuously differentiable and fulfills the differential inequality

d 2
ZEE®) +ellE®l, <F,

for some e >0 and k > 0. Then
1EONHe < QE+m+ 571, V>,
where to = Q([|£(0)l3,) + Q(k).

Lemma 1.3. Let A : Rt — R* be an absolutely continuous function satisfying
d
%A(t) +2eA(t) < h(t)A(t) + k,

where e > 0, k > 0 and fsth(T)dT <e(t—s)+m, forallt > s > 0 and some m > 0.
Then,

k m
A(t) < A(0)e™e " + % vt > 0.

We address the reader to [2] for the proof of Lemma 1.2, whereas Lemma 1.3 is obtained
quite directly from the usual Gronwall lemma.

2. THE SOLVING SEMIGROUP

To begin our analysis, we prove
Theorem 2.1. Equation (1.1) generates a semigroup S(t) on the phase space Hy.

The proof of the theorem is carried out by means of a Galerkin approximation scheme.
Existence is obtained exploiting the uniform energy estimate established in the next propo-
sition, and then passing to the limit in a standard way.

Proposition 2.2. For every t > 0, there holds
160 ()220 < QUUEL(0)l31) + QUIF])-

Proof. Introduce the energy functional
Ey = [|€ull3, + 2(®(u), 1) — 2(f, u),

where ,
iiJ = d
W = [ ety
From (1.4),
(2.1) IV ul]* +2(®(u), 1) > 28||Vul* — ¢,

for some § > 0. Thus, (1.2) entails

BllEullz, — QUISD < Eo < QUIIullao) + QUISI-
Multiplying (1.1) by dyu, we find
d

(22) %EU + 2(0(u)3tu, 8tU> = 0,

and the conclusion follows integrating on (0, ). O
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Integrating equality (2.2) on (0, 00), and using Proposition 2.2 and (1.5), we also obtain
the existence of suitable dissipation integrals, namely,

Lemma 2.3. There holds
0o /OOO [0pu(t)]]*dt < /OOO<U(U(t))3tU(t),3tU(t)>dt < Q& (O I3,) + QUIFID-

Remark 2.4. Observe that Ej is a Lyapunov function for S(t).
Uniqueness is a consequence of the following continuous dependence result.

Proposition 2.5. For every T > 0 and every R > 0, any two solutions u' and u?® to
equation (1.1) fulfill the estimate

1€ (T) = &2 (D) IF_, < QR)VIT|,1(0) — £,2(0) 15,
for all initial data ||€,:(0)||, < R.

Proof. Define w(t) = f[f u(7)dr. Integrating (1.1) on (0,%) yields

Opw(t) +X(u(t)) — Aw(t) = — /0 o(u(r))dr + X(u(0)) + du(0) + ¢t f,

where we put

Let now u!, u? be two solutions to (1.1) with initial data ||€,:(0)]|%, < R, and denote their
difference by @ = u' — u2?. From the uniform estimate of Proposition 2.2,

1€ ()| < Q(R), vt =0.
Then, the corresponding difference @ = w! — w? solves the equation
(2.3) O + L(u') — S(u?) — Aw = F + G,

where

and
G = 2(u*(0)) — S(u?(0)) + 0,u(0).
The monotonicity of ¥ implies that
(S(ut) — S(u?), 1) > 0.

Hence, multiplying (2.3) by 0w = @, we have

1d, ., d d
~ a2 < (R ) + (G, w) — (0,F, @)
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Integrating on (0,7"), we are led to
T
1€a(T) I3, < GO + 2(F(T), ®(T)) + 24(G, @(T)) — 2/0 (O F(2), w(t))dt
1
< 1€ (M + 4IED)z, + 1O + 4G5,

T
2 / 10 (1) 1 [ (1) g .

Using now the growth restrictions (1.2) and (1.7) on ¢ and o, we get at once the controls

YFDE < QR)T / la@)|?dt < Q(R)T / 16at)| s,
1a(0)2 + 4161 . < QR)E O, ..
10 F D), < Q)] < QR)En(®) 1o

Therefore, the differential inequality turns into

T
1€a(T) 15, < QR)(I&(0) 15, + Q(R)(1 + T)/O 1€ (1) 13,2,
and from the Gronwall lemma we conclude that
la(T)I* < [1€a(T) 13, < QIR)EXOT i (0)]3,, -

Finally, from (2.3) we read that

10tz = 0wl < [[E(u') = () la, + IV + [ Flly +11Gllay,
which, due to the above inequalities and to the immediate control

15(u") = 2@ |r-, < Q(R)|all,

furnishes

18:a(T)I7r, < Q(R)P DT (0)]5,,.
The proof is then completed. O

Remark 2.6. The very same argument applies in R?, clearly, provided that ¢ and o
satisfy suitable growth restrictions (precisely, cubic growth for ¢ and quadratic growth
for o). In that case, Proposition 2.2 holds as well.

3. DISSIPATIVITY

We now proceed to investigate the asymptotic properties of (1.1). We preliminarily show
the existence of a bounded absorbing set By C H,

Proposition 3.1. For every R > 0 there exists ty = to(R) such that

1€u(D)llne < QUISID, — VE = 1o,
whenever ||£,(0)|]#, < R.
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Proof. For € € (0,1) to be fixed later, we introduce the energy functional
E. = ||&ull7, + 2(@(u), 1) — 2(f, u) +25(Y (u), 1) + 2¢(Opu, u),
with ®(u) as in Proposition 2.2 and
T(u) = / yo(y)dy.
0

Notice that, from (1.5), (Y (u), 1) > 0. Thus, on account of (1.2), (1.7) and (2.1) we have
the controls

(3.1) Bll€ullz, — QUIAND < Be < Ql|€ulln,) + QUIID,
for some 8 > 0, provided that ¢ is small enough. Multiplying (1.1) by dyu + cu, we find

2e(f, u).

d
%EE + 2e[|Vul|? 4 2(o (1) Opu, Opu) — 2¢|0yul|® + 22 (p(u), u)

Using (1.4), we have the estimate
2e | Vull* + 2e(p(w), u) > 20e]|Vul]* — ¢,
whereas (1.5) yields
2(0(u)yu, Ou) — 2¢|0yul|* > Bel|Owul|?,
if € is small enough. Thus, estimating the right-hand side of the differential equality as
2e(f,u) < Bel|Vull* + el I,

we end up with the inequality

d
(3.2) i Bell&ullz, < QUIIN-
Fixing now the parameter € in such a way that all the above relationships hold, the claim
follows from Lemma 1.2. O

For further scopes, it is convenient to subsume Proposition 2.2 and Proposition 3.1 in
the following unitary fashion.

Proposition 3.2. For every t > 0, there holds
1€a(®) 170 < QUIEO)I35)e " + QUIFID)-

The next step is to demonstrate higher-order dissipativity.
Proposition 3.3. For every t > 0, there holds

1€l < QUIE(O) 2 )e" + QUIAI,
for some €1 > 0 and some positive increasing function ().

Proof. Leaning on the absorbing set By, it is enough to prove that for every R > 0 there
exists v = v(R) such that

(3-3) 1€l < QUIE(D) 2 )e™ + QR + [I£1]),

whenever |[|£,(0)|lz, < R. Fix then R > 0 and choose ||£,(0)||z, < R. From Proposi-
tion 3.2, we learn that

(3.4) 1€u(®)l30 < @r,
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where we wrote for short Qr = Q(R+ ||f]|). Setting n = d;u, differentiation of (1.1) with
respect to time yields

Oun + o (u)0n + o' (u)n® — An + ' (u)n = 0.
Then, for € € (0,1) to be fixed later, we define the functional
A = [1&ll5, + 25, Om),

which satisfies the inequalities

1
(3.5) Sllnlls < A <2016 5,

provided that ¢ is small enough. Multiplying the above equation by 0;,n + en, we are led
to

d :
At 22|V ll* + 2(o (u)Opn, m) + 2(0” (u)n?, Bm) — 2¢]|Oen||?

= —2=(0(u)n, Om) — 22(0" (w)n’, m) — 22 (' (w)n, m) — 2(¢'(w)m, Oy
On account of (1.2), (1.7) and (3.4), the terms in the right-hand side are controlled as

€
—2&{o(u)n, 0m) < SIVall® + eQulldm,

5
=2e(0"(w)n?,m) = 2(& (whn,m) < SIVll* + Qs
and, using (1.8),

—2e(¢'(w)n, 0m) < Qrlinllzel|0ml]
< QrlIVall' (10l
Qr

£
< <||Vnl* +£llom]]* + ==
< SIVal® +ellomll” + =

Therefore, we get

d !
SN+ 1T + 2o (), on) -+ 20" (), Bon) — (3 + Q) |l < L2

We now turn to the terms in the left-hand side. We have
20" (w)n®, 0m) > —(o(u)dm, dim) — ([0’ (w)*[o(w)] ™', n?).
At this point, we fix ¢ = (R) small enough such that (3.5) holds and
o0 —£(3+ Qr) > ¢.
Hence, using (1.5) and (3.5), we obtain the differential inequality

(3.6) DA+ A< (0 @Plo ] ) + Q.

The last step is the control of the remaining term in the left-hand side. On account of
(1.5) and (1.6), there is no loss of generality to assume § < 1/2. Note that, from (1.6),

([o" (@Plo ()] )" < colu).
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Thus, applying the Holder inequality with exponents (%%,pl,pg), with 1/p1+1/ps = 26,
we get

([o'W)Plo(w)]™'n* n*) = ([0’ (W)*[o(w)] ™ n]*~*, n*|n]*)
< clo(w)n,m) =10l o, 101l 50 -
Exploiting the interpolation inequality (1.8), we find the controls
1001320 < climl[/PH V)] 27 < Qrl|Vn|* /P,

and
||77| [Apy X C||7]||2/p2||v77||45 2/p2 < QRHVUHM 2/p2

Since by (1.7) and (3.4) we have
(o(u)n, n) < QrllVnl,
applying (3.5) we conclude that
(o' ()P[o(w)] 0%, n?)
< Qrlo(w)n,n)'=>(|Vn]*
< Qr{o(u)n, n)' = + Qrlo(uw)n,n)' = A
< Qut 5[Vl + A + Qulo(un. mA

<Qgr+ ZA + Qr{o(u)n,mA.

Therefore, (3.6) turns into

d
aA +ZA < Qr + Qrlo(w)n,MA.
Thanks to Lemma 2.3 (recall that n = Oyu), we are in a position to apply Lemma 1.3,

which, together with (3.5), entail
1€ (D)l < QUIE(O)l0)e™" + Qs

for some v = v(R) > 0. By comparison with the original equation (1.1), we obtain the
required inequality (3.3). O

4. AsympPTOTIC COMPACTNESS: PROOF OF THEOREM 1.1

In order to prove the existence of the global attractor and its regularity, we shall exploit a
quite effective decomposition of the solution, which has been used in the recent paper [10].
This approach will allow us to prove the desired result without bootstrap arguments; thus,
avoiding the use of fractional operators, that would require a rather delicate treatment
(due to the presence of the nonlinear damping). First, using (1.2) and Proposition 3.2,
we choose # > ¢ large enough such that the inequality

(4.1) %HVZH2 +(0 = 20)]|2]1* — (&' (u(t))z, 2) > 0

holds for every z € Hy, every t > 0 and every solution u(t) with &,(0) € By. Then, we set
P(r) = p(r) + 0.
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Condition (1.2) still holds with ¢ in place of ¢, besides by virtue of (1.3),
(4.2) Y'(r) > 0.

We now consider initial data &,(0) belonging to the bounded absorbing set By produced
by Proposition 3.1, and we decompose the corresponding solution to (1.1) into the sum
u = w + v, where w and v solve the equations

Opw + o(w)ow — Aw + p(w) = Ou + f,
(4.3) £w(0) = (0,0),
wian =0,
and
Ouv + o(u)ow — Av + (o(u) — o(w))Ow + Y(u) — Y(w) =0,
(4.4) £0(0) = &u(0),
vjga = 0.
Till the end of the section, the generic constant ¢ > 0 will depend only on the size of the

absorbing set By. Arguing exactly as in Proposition 2.2 and Proposition 3.1, we obtain
the uniform bound

(4.5) 1wl < e, VE>0.

In addition, multiplying (4.3) by d,w and integrating on (s,t), thanks to Lemma 2.3 we
readily see that

t t
(4.6) 00/ |8 (7 |2dr < / (o (w(7)) D7), B (7)) dr < wit — 5) + <

w
for every t > s > 0 and every w > 0.
Lemma 4.1. For every t > 0, we have that ||&,(t)||x, < c.

We leave to the reader the proof of Lemma 4.1, since it is basically a repetition of the
proof of Proposition 3.3. Indeed, setting now = d,w, differentiation of (4.3) with respect
to time entails

Oun + o(w)om + o' (w)n* — An + ' (w)n = 00,u.
Hence, the only difference here is that the initial data are null, and in the final differential
inequality it will appear also the extra term ||d,u||* multiplied by the functional. Notice
that Lemma 1.3 is needed in its full strength, since in this case we have dissipation
integrals of the form (4.6).

Lemma 4.2. For every t > 0 and some v > 0, we have that ||&,(t) ||z, < ce™.
Proof. For £ € (0,1) to be determined later, define

A = 1613, + 20 (w) — ¥(w), v) — (&' (u)v, v) + 26(dw, v).

On account of (1.3) and (4.1), together with the uniform bounds on [|Vu|| and [|Vw||,
the functional A satisfies the inequalities

1
(4.7) J16l, < A < clie
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provided that ¢ is small enough. Multiplying (4.4) by d;v + v, we have the equality

%A + 2¢[|Vu||* + 2{o (u) O, Op) — 2¢|0p|* + 26(d(u) — 9 (w), v)

= 2((¢/(u) — ¢'(w)dw, v) = (V" (u)dpu, v*) = 2((0(u) — o (w))dyw, Opv)
—2e((o(u) — o(w))Oyw, v) — 2e{(o(u)dyw, v).
We now reconstruct A in the right-hand side. Indeed, it is easily seen that, for ¢ small
enough,
2e ||Vl + 2(0 (u)yv, Brv) — 2e|0pw|* + 2 (¥ (u) — ¥ (w), v)
> eA+ S|Vl + oo 9]

Therefore, we are led to the differential inequality

d
A 4eA+ §||vv||2 + 09|00 |2
< 2((¢¥'(u) — ¥'(w))dew, v) — (" (u)Opu, v*) — 2((0(u) — o (w))dpw, Op)

—2¢{(0(u) — o(w))oyw, vy — 2e{(o(u) v, v).
Then, we proceed to control the terms in the right-hand side. Regarding the first two, we
have (cf. [10] where similar calculations appear)

2(((w) = ¥ (w))Aw, v) = (& (w)r, %) < L[|Vl + = ([9ru]]? + [ 9rw][2) A
Concerning the remaining terms, we have (cf. (1.7))
—2((0(u) — o(w))w, ) < e((1 + ul* + [w]*)[Byw] /| Dpw|'*[v], |Ow])

< cf|Bpw||'/?(|Vo]l]| 0y
< cf|Byw||'/2A
< ZA—i—cH@thQA.

Similarly,

—9e((o(u) — o(w))dyw, v) < ZA + || dw|]PA.
Finally,
—2e{a(u)d,v) < cel|ow|||| V|| < ZHVZ)HQ + cel|opw ]2

Collecting the above inequalities, we end up with

d € c
%A + 5/\ + (o9 — co)||opw]]* < g(||8tu||2 + |8y ||*) A
At this point, we fix ¢ > 0 small enough such that the above conditions are satisfied and

09 — ce > 0, so to obtain

d £

In view of the integral estimates provided by Lemma 2.3 and (4.6), the conclusion follows
by applying Lemma 1.3 along with (4.7). O



2-D WAVE EQUATIONS WITH NONLINEAR DAMPING 11

We can now conclude the

Proof of Theorem 1.1. Proposition 3.1 provides the existence of a bounded absorbing set
By, while Lemma 4.1 and Lemma 4.2 show that S(¢)By is (exponentially) attracted by a
bounded subset C C H,. Hence, C is a compact attracting set. By standard arguments
of the theory of dynamical systems (see e.g. [1, 9, 11]), we conclude that there exists a
(unique) compact global attractor A C C. Since S(t) possesses a Lyapunov function (cf.
Remark 2.4), the attractor is the unstable set of the stationary points of S(t). O

5. EXPONENTIAL ATTRACTORS

We finally state a result on the existence of an exponential attractor.

Theorem 5.1. The semigroup S(t) possesses a reqular exponential attractor, namely, a
compact set M C Hgy, bounded in Hy and of finite fractal dimension in Hy, positively
invariant for S(t), and satisfying the following exponential attraction property:

(EA) There exist w > 0 such that
disty, (S(t)B, M) < Q(R)e™",
for every B C Hy such that sup.cg ||C][2, < R-

Here, disty, denotes the usual Hausdorff semidistance in Hy. As a byproduct, we have
Corollary 5.2. The global attractor A of S(t) has finite fractal dimension in H.
Proof. In the previous section we proved the existence of a bounded subset of C of H; (we
can assume without loss of generality that C is a closed ball of ;) such that

disty, (S(t)B,C) < Q(R)e™™,

for every B C Hy with supcp |||l < R. It is also apparent from Proposition 3.3 that,
up to possibly enlarging C, there is a time t¢ > 0 such that S(¢)C C C, whenever ¢ > tc.
We now appeal to the following abstract result [3] (see also [7]).

Lemma 5.3. Let there exist t* > tc such that

(C1) The map (t,z) — S(t)z : [t*,2t*] x C — C is Lipschitz continuous when C is
endowed with the Hq-topology.

(C2) Setting S = S(t*), there are v € (0,3) and T > 0 such that, for every (1, € C,

SCG — SG = D(C1,¢) + K(G,G),

where

1D(C15 ) llre < YIS = Gl and  [[K(Cr, G)llwy <TG — Gollae-

Then there exists a set M C C, closed and of finite fractal dimension in Hy, positively
invariant for S(t), such that

distay, (S(t)C, M) < Me™*0",

for some wy >0 and M > 0.
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Since C is positively invariant and bounded in #;, the nonlinearities become nonessen-
tial. Hence, the check of (C1)-(C2) is not different from the analogous case in space
dimension one, previously treated in the paper [6] (to which we address the reader for
the details). Thus, we obtain “almost” the the thesis of Theorem 5.1, in the sense that
the basin of exponential attraction is C, and not the whole space Hg, as required. To
reach the conclusion, we have to appeal to the transitivity of the exponential attraction
[4, Theorem 5.1]. Namely, if

disty, (S(t)B,C) < Q(R)e ™ and  disty, (S(t)C, M) < Me ™",

then the desired property (EA) follows, provided that we can show the (locally) Lipschitz
continuity

IS = St Gl < Ce™MICh = Calla,

where both C' and K may depend (increasingly) on the norms of (i, (3. This seems out of
reach. Nonetheless, a closer look to the proof of [4, Theorem 5.1] shows that in fact it is
enough to prove the above continuity for ¢; € Hy and (3 € C, which is true and quite easy
to demonstrate. Indeed, denoting by v/ the solution to (1.1) with initial data ¢;, and by
7 = u' — u?, multiplying (1.1) by d;u the only problematic term to control is

(o(uh)ou' — o (u?)opu?, d,a).
But, due to (1.6),
(o(uhou' — o(u?)opu?, dpu) = (o(u')oyi, d,u) + ((o(u') — o(u?))du?, 0,)
> ((o(u') — o(u?))u?, 0yu),
and using the fact that d,u®? € H, we easily get that
[{(o(u') — o(u®)e?, 0) | < cllall7,

for some ¢ depending only on the size of the initial data. An application of the Gronwall
lemma completes the argument. 0
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