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ABSTRACT. We study in this article the long time behavior of solutions of reaction-
diffusion equations (RDEs) in unbounded domains of R"®. In particular, we prove
that, under appropriate assumptions on the nonlinear interaction function and on the
external forces, these equations possess infinite-dimensional exponential attractors
whose Kolmogorov’s e-entropy satisfies an estimate of the same type as that obtained
previously for the e-entropy of the global attractor. Moreover, we also study the
problem of the approximation of these infinite-dimensional exponential attractors by
finite-dimensional ones associated with the same RDEs in bounded domains.
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INTRODUCTION.

We consider in this article the following reaction-diffusion system:

(0.1) dyu = alyu — (L, Va)u— f(u) — Aou + g,

“‘an =0, “‘tzo = Yo,
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where Q is an unbounded domain of R” with a sufficiently smooth boundary (see
Section 1 for a more precise definition), v = (u!,---,u*) is an unknown vector-

valued function, A, is the Laplacian with respect to z,
n

(L,Vu) := ZLi(l')ain,
i=1

where L(z) := (Li(z),-- - , Ln(x)) is a given vector field in €, a is a given constant
diffusion matrix with positive symmetric part (a + a* > 0), Ag is a given positive
constant and f(u) and g = g(z) are given interaction function and external forces
respectively which satisfy some natural assumptions (see Section 1).

The long time behavior of the solutions of (0.1) is of a great current interest. It
is well-known that, under appropriate assumptions on the nonlinear term f(u), on
the external forces g and on the domain €2, this behavior can be described in terms
of the global or/and exponential attractors of the dynamical system generated by
(0.1) (see e.g. [1-5], [9-16], [18], [21-25], [27-29] and the references therein). In
particular, when €2 is bounded, the global and exponential attractors of problem
(0.1) have usually finite Hausdorff and fractal dimensions (see [3], [16] and [24]).

In contrast to this, in case €2 is unbounded, the existence of finite-dimensional
global or/and exponential attractors for (0.1) requires very strong additional as-
sumptions on the nonlinear interaction function f and the external forces g which
are violated for many interesting (from the physical point of view) examples of equa-
tions of the form (0.1), such as the Chafee-Infante equation, the complex Ginzburg-
Landau equation, etc. (see [1-2], [4], [9], [12-13], [15] and the references therein for
detailed studies of particular cases of equations of the form (0.1) in unbounded do-
mains for which the finite dimensional global or/and exponential attractors exist).

Thus, in case {2 is unbounded, the global attractor associated with problem
(0.1) has usually infinite Hausdorff and fractal dimensions, see e.g. [2], [12] and
[27]. That is the reason why the concept of Kolmogorov’s e-entropy (see [19])
is exploited in order to obtain some qualitative and quantitative informations on
such attractors (the e-entropy of infinite-dimensional uniform attractors associated
with nonautonomous RDEs in bounded domains is studied in [5-6]; the case of
autonomous RDEs in R" is considered in [7] and [25]; the e-entropy in the case
of general unbounded domains is investigated in [11] and [27-29] for the case of
autonomous and nonautonomous RDEs and in [8] and [26] for the case of damped
hyperbolic equations).

We recall that, if K is a precompact set in a metric space M, then it can be
covered (due to the Hausdorff criteria) by a finite number of e-balls, for every
e > 0. Let N.(K, M) be the minimal number of such balls. Then, by definition,
the Kolmogorov’s e-entropy of K in M is the following number:

(0.2) H. (K, M) :=In N.(K, M).

It is worth emphasizing that, in contrast to the fractal dimension, quantity (0.2)
remains finite, for every € > 0 and every precompact set K in M.

In particular, it is proved in [11] and [25-29] that, for a large class of equations
of mathematical physics in unbounded domains (including systems of reaction-
diffusion equations of the form (0.1), hyperbolic problems, etc.), the e-entropy
of the restrictions A‘ onpr Of the corresponding global attractor A to bounded

0o
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subdomains QN CE | where CF := zq + [-R/2, R/2] is the R-cube of R™ centered
at xg, possess the following universal estimates:

oo (R R+KlIny Rg/e RO
(0.3) H. (A\QHCEO,L (CE)) < Cvol(Qn CEFKInG Ro/ey iy —
where In z := max{0, In z} and the constants C, K and Ry depend on the concrete
form of the equation, but are independent of ¢, R and xy. Moreover, it is also
proved that estimates (0.3) are, in a sense, sharp for all values of the parameters ¢,
R and zy. Consequently, since an exponential attractor always contains the global
attractor, a finite-dimensional exponential attractor does not exist in general for
equations of the form (0.1) in unbounded domains.

In the present article (following [14], where infinite-dimensional exponential at-
tractors were introduced in order to study nonautonomous RDEs in bounded do-
mains), we modify the classical definition of exponential attractors (see [16] and
Definition 3.1 below) by replacing the condition of finite fractal dimensionality by
the assumption that they should satisfy the e-entropy estimates (0.3) (see Defini-
tion 3.2 below). We prove (see Theorem 3.1) that, under natural assumptions on
the nonlinear term f, the vector field L and the external forces g, problem (0.1)
possesses a modified (i.e. an infinite-dimensional) exponential attractor M := Mq,.

The rest of the article is devoted to the study of the approximation of the infinite
dimensional exponential attractor M = Mpn (in the case Q := R™) by finite-
dimensional exponential attractors M,. corresponding to problem (0.1) in a bounded
domain Q, (for simplicty, we assume that Q, is the ball of radius r centered at
the origin). We finally construct a uniform (with respect to r — oco) family of
exponential attractors M, which satisfies the following estimate:

(0.4) ist; o (Molg, Men|g, ) < CemetR),

where the constants C' > 0 and a > 0 are independent of » and R < r and
dist{?™ (-, -) denotes the symmetric Hausdorff distance between sets in the space V
(see Theorem 4.1).

We note that estimate (0.4), which reflects the well-known heuristic principle that
the influence of the boundary decays exponentially with respect to the distance to
that boundary, is violated, in general, for the global attractor (see Example 4.1
below).

Acknowledgements. This research was partially supported by INTAS project
no. 00-899 and CRDF grant no. 10545.

§1 ANALYTIC PROPERTIES OF SOLUTIONS OF
REACTION-DIFFUSION SYSTEMS IN UNBOUNDED DOMAINS.

In this section, we consider the following reaction-diffusion system in an unboun-

ded domain :

(11) { Ou = alALu — (E, Vi)u — Aou — f(u) + g,

“‘aQ =0, “‘tzo = Uo,

where u = (u!,---,u*) is an unknown vector-valued function, a € L(RF,RF) is a

given diffusion matrix, L = L(z) is a given vector field in R", f = f(u) and g = g(z)
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are given functions and )¢ is a given positive constant. We give below assumptions
on f, g and L which guarantee the existence and uniqueness of a solution u(t) of
(1.1) and formulate several useful estimates for these solutions. We refer the reader
to [28] and [29] for their rigorous proof. We start by defining the class of admissible
unbounded domains 2.

Definition 1.1. An unbounded domain 2 C R" is called regular if the following
assumptions are satisfied:

1. There exists Rg > 0 such that, for every point zy € €2, there exists a smooth
domain V,, C € such that

(1.2) B nQcV,, c BitinQ,

where B denotes the ball of radius R centered at z € R".
2. For every zo € () there exists a diffeomorphism 6, : B — BFe*2 such that
9200 (.’L’) = Zo + Pz, ($)7 0330 (B(%) = Vﬂ?o and

(1.3) 1Pzollon + lIp5y llon < Ka,

where the constant K is independent of g € 2 and N is large enough.

We also recall the definition of uniformly local spaces W, P(2) which are neces-
sary for the study of equation (1.1) in an unbounded domain (see e.g. [12] and [27]
for a more detailed study of these spaces).

Definition 1.2. We set, for every s ¢ R and 1 < p < o0
(1.4) WyP(Q) = {u € D'(Q), llullw; @) = sup, [ullwer@npy, ) < oo}
Zo

Here and below, W*P(V') denotes the classical Sobolev space on V' (see e.g. [20]).
We write below L?(Q) instead of WP ().

We are now ready to formulate the assumptions on the various terms of equation
(1.1). As usual, we assume that the diffusion matrix a has positive symmetric part

(1.5) a+a* > 0.

Futhermore, we assume that the vector field L belongs to W,»®(Q) and satisfies
.7 Ao

(1.6) Hdiv(L)l[p=(o) = -

We recall that, in applications, L is usually a solution of the stationary Navier-
Stokes equations so that (1.6) is not a big restriction.
We then impose the following conditions on the nonlinear term:

1. f e C?RF,RF),
(1.7) 2. flu)u>—-C, f'(u)>—-K, VYucRF,
3. |f(u)| < C(L+ul9), ¢< gmaz =14 335, Yuc R,
where we denote by w.v the standard inner product in R¥ (if n < 4, then the

exponent ¢ may be arbitrary).
We also assume that the external forces g satisfy

(1.8) g9 € Ly(9),
for some p > max{2,n/2} and the initial data ug satisfies
(1.9) ug € By = B4(Q) == {u € WPP(Q), ul,, =0}

The following theorem gives the solvability result for problem (1.1).
4



Theorem 1.1. Let Q be a regular unbounded domain and let assumptions (1.5)—
(1.8) be satisfied. Then, for every ug € @y, problem (1.1) has a unique solution u,
u(t) € ®y, fort >0, and the following estimate is valid:

(1.10) u®) 2@y < Qo2 )™ + Qg (@)

where o > 0 is a positive constant and @) is an appropriate monotonic function
which depend only on a, Ao, L, f and on constants Ry and Kq, but are independent
of xg € Q and of the form of the regular domain €.

The proof of this theorem is given in [28-29)].
Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, equation (1.1)
generates a semigroup

(1.11) St ®p — By via Spug = u(t),

where u(t) is solution of (1.1).

The next theorem allows to extend Theorem 1.1 to less regular initial data ug.
Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Then, for every ug € Py
and for every t > 0, the following estimate holds:

tN+1
(1:12) [lu(®)lle, + [10su®)le, < Qu(lollzz2@) —z—e " + Qullgllzz @), ¢ >0,

where N, a are strictly positive constants and Q1 is a monotonic function. Mo-
roeover, for every solutions ui(t) and usx(t), we have

(1.13) |Ju1(t) _uz(t)||L2(QmB;0) < Ceftsup

{e—alw—fvolnul(o) - uz(0)||L2(mB;>}’
z€EQ

where the constants K and oo > 0 and C are independent of xo, u1(t) and us(t).
The proof of this theorem can be found e.g. in [27-29].

Corollary 1.2. Let the assumptions of Theorem 1.1 hold. Then, semigroup (1.11)
can be extended in a unique way by continuity to the globally Lipschitz continuous
semigroup (which we also denote by S;) acting on the phase space LE(2). Moreover,
this semigroup maps LZ(Q) into ®y:

(1.14) Si: LE(Q) — &, t>0.

Proof. Let ug € L?(2) be arbitrary. Then, there exists a sequence ujj € ®, such
that _
lugllzz(@) < Clluollrz(q) and ug — uo in L7,.(9).

We define the solution u(t) := Siup of equation (1.1) which corresponds to the
initial data ug by the following obvious expression:

loc

u(t) :== L7 () — lim S;uf.
n—o0
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We note that, thanks to estimate (1.13), this limit exists and is independent of the
choice of the sequence uf and, thanks to estimate (1.12), the function wu(t) thus
defined belongs to ®;, for every ¢ > 0, and, consequently, satisfies (1.1) in the
sense of distributions. Moreover, since u"(t) := Siud € C([0,T], LZ(Q2)), then the
limit function u(t) belongs to C([0,T], L% () and therefore satisfies the initial
condition in this sense.

Remark 1.1. We note that, in contrast to the case of bounded domains, the space
®;, is not dense in the space LZ({2), but only in the space L? (). That is the reason
why we have to approximate the initial condition ug in the previous proof in the
local topology. Moreover, this absence of density leads indeed to the fact that the
solution u(t) defined in Corollary 1.2 does not belong to C([0,T], LZ(f2)) for generic
ug € L7(2) and, analogously, to the fact that the solution u(t) defined in Theorem
1.1 does not belong to C([0,T], @) for generic ug € Py.

We conclude this section by formulating a result on the local Lipschitz continuity

of maps S; in the phase space ®,.
Theorem 1.3. Let the assumptions of Theorem 1.1 hold. Then, every pair of
solutions (u1(t),us(t)) satisfies
(1.15)  lua(t) — ua(t)|lw2r(@nby,) <
< aefsup L= 0) = w2 0) gy
T

where K and « are the same as in Theorem 1.2 and the constant Cy depends on
|lu;(0)||®,, @ = 1,2, but is independent of xo. Moreover, the following smoothing
estimate s valid:

(116) ||U1(t) — Uz(t)sz,p(QmB;O) S

tN +1

< s et sup § e=1"7%0l||uy (0) — uz(0)[|2(anm1) 5 t >0,
tN mEQ x

where K, N and « are the same as in Theorem 1.2 and the constant Cy depends
on ||lui(0)[|L2(a), ¢ = 1,2, but is independent of xo.

The proof of this theorem can be found in [28] and [29].

§2 THE GLOBAL ATTRACTOR AND ITS KOLMOGOROV’S £-ENTROPY.

In this section, we briefly discuss the known results on the description of the
long time behaviour of the solutions of (1.1) in terms of global attractors, see e.g.
[11] and [27-29] for the rigorous proofs.

We first recall that, in contrast to the case of bounded domains, the existence
of the global attractor in the phase space ®; for the semigroup S; associated with
equation (1.1) requires strong (and in a sense unnatural) restrictions on the struc-
ture of the nonlinear interaction term f and the external forces ¢ in the unbounded
case (see [2], [12], [15] and Remark 2.1 below). That is the reason why the follo-
wing weakened version of the attractor’s concept is usually exploited in the case of
unbounded domains.

Definition 2.1. A set A is the locally compact attractor for semigroup (1.11) if
the following conditions are satisfied:
6



1. The set A is bounded in ®, and is compact in @, := Wi’f Q).

2. It is strictly invariant, i.e. S; A = A.

3. The set A attracts all bounded subsets of ®; in the topology of ®;,., i.e. for
every bounded subset B C ®;, and for every neighbourhood O(A) of the set A in
the topology of @, there exists T = T'(O, B) such that

(2.1) SiB C O(A), fort>T.

We recall that the first assumption of Definition 2.1 means that the restriction
A‘Ql of the attractor A to every bounded subdomain ; C €2 is a compact set of

W?2P(Q). Analogously, the third assumption is equivalent to the following: for
every bounded subset B C ®, and every bounded subdomain 2 C Q2

(2.2) Jim distyy. (o, <(StB)‘alvA\al) _0,

where disty (X,Y) denotes the nonsymmetric distance between sets X and Y in
the space V:

(2.3) disty (X,Y) 1= sup,cx infyecy |z — y||v.

The following theorem guarantees the existence of such an attractor for the semi-
group S; under consideration.

Theorem 2.1. Let the assumptions of Theorem 1.1 hold. Then, the semigroup St
associated with equation (1.1) possesses a locally compact attractor A in the sense
of Definition 2.1 which can be described as follows:

(2.4) A= ’C‘tzo’

where IC is the set of all the solutions u € L™ (R, ®y) of equation (1.1) which are
defined for allt € R and bounded.

For the proof of this theorem, see [28] and [29].

Remark 2.1. We emphasize once more that, without additional essential restric-
tions on the structure of f and g, the attractor A is usually not compact in ®; and
does not attract the bounded subsets of ®; in the uniform topology of ®;,. Namely,
these restrictions are usually formulated in the following form:

f(v).w >0, Vo cR"
and the external forces ¢g(z) tend in a sense to zero as |z| — oo, e.g.

im lg/lr(@nB1) =0
|z|— o0

(see e.g. [12], [13] and [15]). Moreover, it can be easily proved (see [27]) that, for

the spatially homogeneous case ( = R”, L = const € R" and g = const € R¥), the

existence of the global attractor in ®,(R™) for equation (1.1) implies the extremely

unnatural condition that all equilibria of this equation are almost periodic with

respect to x € R™. For instance, this condition is violated even for the following
7



Chafee-Infante equation in Q := R™ (which is the simplest example of equation of
the form (1.1)):

(2.5) ou = Agu+u—u®, xR,

see e.g. [27] for the details.

Moreover, we also recall that, in contrast to the case of bounded domains (see
e.g. [2], [24] and the references therein), the locally compact attractor A, and even
its restrictions A‘Ql to bounded subdomains of €2, have usually infinite Hausdorff
and fractal dimensions, see [2], [12], [27] and Theorem 2.3 below. That is the reason
why the concept of Kolmogorov’s e-entropy is usually exploited in order to obtain
some quantitative informations on such attractors. For the reader’s convenience,
we recall below the definition of such an entropy, see [19] for a detailed exposition.

Defition 2.2. Let K be a precompact set in a metric space M. Then, for every
e > 0, it can be covered by a finite number of e-balls in M. We denote by N. (K, M)
the minimal number of such balls. The Kolmogorov’s e-entropy of K in M is the
following number:

(2.6) H. (K, M) := In N. (K, M).

We also recall that, by definition, the fractal dimension of K in M is the following
number:

H. (K, M
(2.7) dimp (K, M) := lim sup #

e—0 n -

The next theorem gives typical upper bounds for the entropy of the restrictions
A‘QQBEO of the attractor A to bounded subdomains 2 N Bf;').

Theorem 2.2. Let the assuptions of Theorem 1.1 hold. Then, the following esti-
mates are valid, for every R € Ry, € > 0 and xo € Q:

ny Bo R
(2.8)  H. <A\mBR L W2P(QN Bﬁ))) < Cvol (Q N BEtrEIne ) In, ?0
o

where Iny z := max{0,1In z} and the positive constants C, Ry and L are independent
of ¢, R and xy.

Indeed, estimate (2.8) is proved in [28-29].
In the particular case Q@ = R™, we have vol(Bﬁ) ) = cR™ and, consequently,
estimate (2.8) reads

Ro\"
(29) He <A‘BEO’WI)27P(B£)> <K <R+L111+ ?O> lIl_|_ ?

Moreover, since W2? C C, then the space W.* in (2.8)-(2.9) can be replaced by
C or L*™.
In order to indicate the sharpness of estimates (2.8) and (2.9), we formulate
below a theorem on lower bounds on the Kolmogorov’s entropy.
8



Theorem 2.3. Let the assumptions of Theorem 1.1 hold and let in addition
(2.10) Q=R", Lz)=LeR", f(0)=0, g(z)=0.

We also assume that the equilibrium u = 0 of equation (1.1) is exponentially uns-
table, 1i.e.

(2.11) o (aAm — (L, V) — f’(O),L2(R”)) N{Re) > 0} # 2,

where o(L,V') denotes the spectrum of the linear operator L in the space V. Then,
the entropy of the restrictions A‘BR satisfies the following lower bound:
0

RI
(2.12) H. (A\B[,)%, L°°(Bfo)) > C'R"Iny =2,

where the positive constants C' and Ry are independent of R and €. Moreover, for
every 6 > 0, there exists a positive constant Cs such that

/ ?’L+1—6
B}EO’LOO(B;?O)> > Cs <1n+ ?‘)) :

The proof of this theorem is given in [27-29)].
In particular, estimate (2.13) shows that the restrictions A

(2.13) H. (A

pr have usually
zo
infinite fractal dimension. Moreover, estimates (2.12) and (2.13) confirm the fact
that the upper bounds (2.10) are in a sense sharp for every fixed values of R, ¢ and
Q.
To conclude this section, we reformulate the result of Theorem 2.2 in a form
which is more adequate for our purposes. To this end, we fix a sufficiently large

absorbing ball B in the space ®; via
(2.14) B :={uo € ®p, [uolle, <2Q(llgllrz(e))}

where @ is the same as in Theorem 1.1. Then, thanks to estimate (1.10), B is
indeed an absorbing ball for the semigroup S;. It is also convenient to replace the
balls Bgo in Theorem 2.2 by the cubes

(2.15) CE :=z¢+[—R/2,R/2]".
The next theorem plays a fundamental role in the next sections for our study of
exponential attractors.

Theorem 2.4. Let the assuptions of Theorem 1.1 hold. Then, the following esti-
mates are valid, for every R € Ry, € > 0 and xo € Q:

(2.16) H. <(StIB%)\mCR ,ijp(nmcf;)> =

n, R0 R R
govol<smc£ff“+ EO>111+—0, fort>Kn, —2,
g g

where the positive constants C, Ry, L and K depend only on equation (1.1) and on
the constants N, Ry and Kq appearing in Definition 1.1, but are independent of €,
R and xy and of the shape of the domain Q.

The proof of this theorem repeats word by word that of Theorem 2.2, given in
[27-29], and is omitted here.
9



§3 INFINITE-DIMENSIONAL EXPONENTIAL ATTRACTORS.

In this section, we construct an infinite-dimensional exponential attractor for
problem (1.1) based on the entropy estimates (2.16). For the reader’s convenience,
we first recall the definition of standard (finite-dimensional) exponential attractors
(see [16] for the details).

Definition 3.1. A set M is an exponential attractor for the semigroup S; in ®,
if the following assumptions are satisfied:

1. The set M is compact in Py.

2. This set is invariant with respect to S¢, i.e. SiM C M, t > 0.

3. The set M attracts exponentially all the bounded subsets of ®;, i.e. there
exist a positive constant o > 0 and a monotonic function @) such that, for every
bounded subset B C &,

diste, (S:B, M) < Q(||B|ls,)e”*".

4. The set M has finite fractal dimension in ®.

We note that an exponential attractor in the sense of Definition 3.1 (if it exists)
always contains the global attractor. However, as shown in the previous section,
the global attractor A of problem (0.1) is usually not compact in ®;, and is infinite-
dimensional. So, in that case, equation (1.1) cannot possess an exponential at-
tractor in the classical sense of Definition 3.1. That is the reason why, keeping in
mind the estimates of Theorems 2.2-2.4 for the s-entropy of the global attractor,
we suggest the following adaptation of the concept of exponential attractor for the
case of unbounded domains.

Definition 3.2. A set M is an (infinite-dimensional) exponential attractor for
problem (1.1) if the following conditions are satisfied:

1. The set M is bounded in ®, and compact in ;..

2. This set is invariant with respect to S¢, i.e. SiM C M, t > 0.

3. The set M attracts exponentially all the bounded subsets of ®;, i.e. there
exist a positive constant o > 0 and a monotonic function @) such that, for every
bounded subset B C P,

(3.1) dists, (S:B, M) < Q(||B||s,)e™*".

4. The e-entropy of the restrictions M‘ch » satisfies the following estimate:
0o

"ln R_’ R’
(3.2) H <M\QHCEO,W5”’(QHC£))> < C"vol <ch§,“ e ) Iy =2,

where the constants C’, R}, and L’ are independent of ¢, R and x.

We emphasize that, according to Definition 3.2, such an exponential attractor
M attracts exponentially all the bounded subsets of ®; in the uniform topology of
the space ®, although the global attractor A attracts them only in a local topology
of ®;,.. This shows a first advantadge of the exponential attractors’ approach.

The main result of this section is the following theorem.

10



Theorem 3.1. Let the assumptions of Theorem 1.1 hold. Then, problem (1.1)
possesses an infinite-dimensional exponential attractor M in the sense of Defini-
tion 3.2.

Proof. Let Br, C L>®(Q2) be the Ry-ball centered at the origin in L*°(£2) and let
us fix Rg so that

(3.3) B C BRO,

where B is the same as in (2.14). Then, it follows from estimates (1.10) and (1.12)
that there exists a time Ty > 0 such that

(3.4) STOBRO CBC BRO-

As usual, we first construct an exponential attractor My for the discrete semigroup
Sim) . — Smt,, m € N, acting on the phase space Br, and then extend the result
to the desired continuous semigroup S;.

We first note that, according to Theorem 2.4

(35) HR02”“ <(S(k)B)‘Qka ,LOO (C§0)> < Cl vol (Q N C£01k) k,

where the constants C'; and L, are independent of & € N* and zg. Indeed, in order
to derive (3.5) from (2.16), it suffices to fix ¢ := Ro27* and R = k in (2.16), use
the embedding sz P C L™ and fix a sufficiently large constant Tp in (3.4). Let us
now introduce a family of special grids Zq(k) in Q, for every k € N*, as follows:

(3.6) Zo(k) == {zo € kZ", CE NQ+# o}

and, for every k € N* and [ € Zq(k), we fix an Rp2 *-net V! in (S("’)IB%)‘chk (with
1
respect to the L>°-metric) such that

(3.7) Vi c (SWB and In#Vi < O vol (Q mcflk) k

) ‘ Qnck

(it is possible to do so thanks to (3.5)). We now define the Ry2 *-net V in S*)B
by

Vi == {v € L®(Q), Vi, Vi€ Zg(k)}

”‘chf <

and modify this net by dropping out the unnecessary elements:
Vi :={v e @k, dist 7, () (U, S(k)]B) < R02_k}.

The most important properties of the sets Vi introduced above are gathered in the
following lemma.

Lemma 3.1. The sets Vi satisfy the following conditions:
1. Let k € N* be arbitrary. Then, we have

(3.8) dist; g, (Vi, S®B) < Ro2 7",
11



where disty?’™(X,Y) := max{disty (X,Y), disty (Y, X)} denotes the symmetric
Hausdorff distance.
2. Let, in addition, m € N be arbitrary. Then, we have

(3.9) dist 7, (@) (Vi+m, Vi) < Ro2' "
3. Let Re Ry, o € Q and € > 0 be arbitrary. Then, we have

(3.10) H. (Vk \QQCEO,L“(CQ)O < Cyvol (AN CETEF) |,

where the constants Cy and Lo are independent of R, k and xg.
Proof. Estimate (3.8) is an immediate corollary of the definition of V; which is
given above. Let us verify estimate (3.9), using estimate (3.8):
(3.11)  distzoo(0) (Vietm, Vi) < dist 1o () (Vk: s S(k)]B) I
+ diStLoo(Q) (S(k)B, Vk) < diStLoo(Q) (Vk—i—m, S(k+m)B) + R02_k < 2R02_k.

So, there only remains to verify estimate (3.10). The proof of this estimate is
essentially based on (3.7) and on the following obvious subadditivity property of
the e-entropy with respect to the domain in the L*°-metric: let V7 and V5 be two
subdomains of R”, V := V; UV, and let B C L*°(V) be an arbitrary precompact
set. Then, the following inequality holds:

(3.12) H. (B, L®(V)) < H.(B|,,, L*(W1)) + H (B|,,, L™ (V3)),

for every £ > 0. According to (3.12) and (3.7), we have, for every m € N* and
every | € Zq(k)

(3813) B (Vilgnenm) < Y In# (Vi gnes ) & <
U eZq(k):|ll—1;|<km,i=1,- ,n
k 3 vol (Q n C,L,"“) < C'(2L' +1)" vol (Q N c,‘”““”“) k.

VT ak) i~ | <km,i=1,- n

Fixing now m := [£] + 1 in (3.13), we obtain
(3.14) HL (Vi|gem L(CH)) < Cavol (2 CRH24) k,

where Cy := C'(2L' + 1)" and Lo := L' 4+ 1. Thus, we have proved estimate (3.10)
for zo € Zq(k). Since distyy" (Q, Za(k)) < v/nk, then, adding /n to Lo, we find
(3.10) for every xg € Q, which finishes the proof of Lemma 3.1.

We are now ready to define the desired exponential attractor M for the discrete
semigroup S*) acting on Br,:
(3.15) L= U U SOV, My = [MY], .

loc

(@)

where [X ] + denotes the closure of the set X in the space V. Indeed, the exponential
attraction property for My thus defined is obvious, due to estimate (3.8) and the
fact that Vp, C My, for every k € N*. So, there only remains to verify the locally
compactness of My and the validity of the entropy estimate (3.2). To this end, we
need the following lemma, which describes the properties of the sets S("™)V, with
respect to parameters k£ and m.

12



Lemma 3.2. Let
(3.16) Voo 1= Upeo Vi.

Then, there exists a positive constant o such that

. m R
(3.17) dist () (5( )Vk,Voo) < Wgn)_z’

for every k € N*, m € N. Moreover, there exist positive constants C3 and L3 such
that

R,
(3.18) H, (S(m)Vk ‘chR ,Loo(ca]:{o)> < C3vol <Q N C£]+L3(k+m+ln+ TO)) k,
z0

for everye >0, Re€ Ry and zg € Q.

Proof. Let us first prove estimate (3.17). To this end, we recall that, according
to estimates (1.15) and (1.16) and due to the embeding WP C L%, there exist
positive constants L and 3 such that

(3.19) ||S(m)u1 - S(m)u2||Loo(chalno) <L™ sug {e—ﬁ|:c—x0|||u1 — 'U/2||Loo(cha]é)}
EAS

holds, for every uy,us € Bg,, o € Q and m € N. In particular, (3.19) implies that
(3.20) 18T uy — STy || poo(qy < L™|ut — usl|p(ay, w1,us € Br,.

Estimates (3.20) and (3.8), together with the fact that V,, C Bg,, yield

(3.21) distp~(q) (S(m)Vk,Vk+m) < dist . (o) (S(m)Vk,s<m+k)B) N

+ distr () (SUHB, Vinay ) < BoL™27% + Ro2~(H+m) < aRoLm2 ",
On the other hand, since Vi C Bpg,, then, due to (3.8)
(3.22) dist(q) (S Vi, Vin ) < Ro2™™,
Combining (3.21) and (3.22), we have

(3.23) diStLoo(Q) (S(m)Vk,Voo> <

< 2R02—a(k+m) min{2—m+a(k+m), Lm2—k+a(k+m)}

Y

for every o € R. Fixing now o := mzlnﬁ’ we derive from (3.23) that
(3.24) dist 7,00 () (S(m)Vk,Voo> < R02a2+1—a(kz+m)’

which proves (3.17). There remains to note that estimate (3.18) is an immediate
corollary of (3.10) and (3.19) and Lemma 3.2 is proved.
13



It is now easy to derive the desired entropy estimate for the attractor Mg.
Indeed, let € > 0 be sufficiently small. Then, it follows from estimates (3.9) and
(3.17) that

(3.25) diStLoo(Q) M:i’ U S(m)Vk <

k+m<rklng %0—

9
2,

for some positive constant x« which is independent of ¢. Let now R € R, and z¢ € (2
be arbitrary. We need to estimate the s-entropy of the restriction /\/ld‘ oncr - 1O
k0]

this end, it is sufficient, due to (3.25), to estimate the & /2-entropy of S(™)V} ‘chR ,
zQ

for k+m < klny % only. Using estimate (3.18), we finally find
(3.26) M. <Md\mcfo, Loo(cjjo)> <
N i RI RI
< Cyvol (Q nCithe! ) In, =2 + n?ln, In, =2,
£ £

where the constants C4, Ly and R| are independent of R, zo and e. Since the
second term in the right-hand side of (3.26) is obviously subordinated to the first
one, we have verified that the set M is indeed an exponential attractor for the
semigroup S(™) acting on Bg, (in the sense of Definition 3.2).

We are now ready to complete the proof of Theorem 3.1 by introducing the
desired exponential attractor for the continuous semigroup S; via the following
standard expression:

(3.27) M = Ur,<t<ary Ma.

Indeed, it follows from estimate (1.16) that, for every u; and us belonging to Bg,
and every xg € €2, the following estimate is valid:

(3.28) |Spur — StU2||Wlf’p(mc;0) <L sup {e7Pl7=mol||uy — us|p (om0}
T<

where Ty < t < 2Ty and the positive constants L and [ are independent of x, t,
uy and up. Estimate (3.28) implies, in particular, that

(329) ||StU1 — StU2||q>b S L“Ul — UZHLOO(Q), t e [To, 2T0], U1, U € BRO-

Let us verify that the set M defined by (3.27) satisfies all the assumptions of
Definition 3.2. Indeed, the first and second assumptions follow immediately from
definition (3.27) and from analogous properties for the discrete exponential attrac-
tor M. The exponential attraction property (3.1) follows from the facts that Bg,
is an absorbing set for S; and M, is an exponential attractor for the discrete semi-
group S(M) = Stym and from estimate (3.29). So, there only remains to verify the
entropy estimate (3.2). To this end, we recall that, due to Theorem 1.2, ||0;Stuo||s,
is uniformly bounded with respect to ¢ € Ry and ug € S, Br, and, consequently

(330) ||St+hU0 — St“o“é,, < M]’L, t> To, h > 0, Ug € STOBRm
14



for some positive constant M which is independent of ¢, h and ug. Estimates (3.26),
(3.28) and (3.30) imply in a standard way that the set M defined in (3.27) satisfies
the entropy estimate (3.3), which completes the proof of Theorem 3.1.

Remark 3.1. Let us apply Theorem 3.1 to the particular case where €2 is a boun-
ded regular domain. Taking the radius R in (3.2) larger that the diameter of 2, we
have

!

(3.31) He (MW2P(9)) < ' vol(@) In, %,

which shows that the exponential attractor M constructed in Theorem 3.1 has finite
fractal dimension and, therefore, is an exponential attractor for (1.1) in the classi-
cal sense of Definition 3.1. Nevertheless, even in the case of bounded domains £2,
the construction of exponential attractors given in Theorem 3.1 has an additional
advantage over the classical construction of exponential attractors in bounded do-
mains (see [16]). Indeed, the usual scheme gives an exponential attractor which
only satisfies (3.31), but our scheme allows to obtain (3.2) and to control not only
the entropy of the whole attractor M, but also the entropy of all their restrictions
M‘c = - In particular, for the restriction M‘ o1 0f M to the unit cube we obtain

zg zQ

the following estimate:

"n R_I RI
(3.32) H. (M\c;O,Wz’p(Cio)> < C'vol <smcjol + ) In, ?0

We note that the right-hand side of (3.32) is essentially smaller than the right-hand
side of (3.31) if the domain 2 and e satisfy

!/

R
(3.33) In, —2 < diam(Q),
€
which is natural in the case of large bounded domains §2.

§4 APPROXIMATION OF INFINITE-DIMENSIONAL EXPONENTIAL ATTRACTORS.

The main task of this section is to study the approximation of the infinite-
dimensional exponential attractor M associated with equation (1.1) in an unboun-
ded domain €2 constructed in the previous section by finite-dimensional exponential
attractors Mgq_ associated with equations (1.1) in bounded domains 2, such that
Q, = Q as r — oo. For simplicity, we restrict ourselves to the case 2 := R”
and €2, := B[ only, although similar results hold for an essentially larger class of
unbounded domains €2 and their approximations €2,.

In order to approximate the dynamics associated with equation (1.1) in an un-
bounded domain {2 = R", we consider the following problem in a ball 2, := Bj:

(4.1) { Oru = alAyu — (E, Vi)u — Aou — f(u) + g,

U‘Bg =0, u‘t:o = Uo-

Then, since the domains 2, satisfy the regularity assumptions of Definition 1.1,
uniformly with respect to r > 1, all the estimates mentioned in Section 1 and
15



2 hold for the solutions of (4.1) uniformly with respect to » > 1. In particular,
equation (4.1) generates a semigroup S} in the phase space L*°(€2,.) via

(4.2) St L () — L™ (), Sjug := ur(t),

where w,(t) is the unique solution of (4.1). Moreover, this semigroup possesses
the compact global attractor A, C W?P(Q,) and (thanks to Theorem 2.3) this
attractor has a finite fractal dimension satisfying

(4.3) dimp (A, W>P(Q,)) < Cvol(Q,) = Cyr",

where the constant C; is independent of r. Nevertheless, as the following example
shows, the problem of approximating the dynamics associated with equation (1.1)
in @ = R* by equations (4.1) in bounded domains €2, is usually not solvable in
terms of global attractors.

Example 4.1. Let us consider the Chafee-Infante equation perturbed by a suffi-
ciently large transport term:

(4.4) Ou = Agu — LOp,u+u—u®, 2R, |L|>2.

Then, on the one hand, equation (4.4) satisfies all the assumptions of Theorem 2.3
(see [29]) and, consequently, its global attractor A has infinite fractal dimension (see
the lower estimates (2.12) and (2.13)) and equation (4.4) generates highly nontrivial
dynamics on it (which e.g. has an infinite topological entropy, see [29]). On the
other hand, it can be easily shown that, for the analogous equation in any bounded
domain Q' cc R

(4.5) Ou = Agu — L0y, u —u+u®, ze, Ul 0, =0,

its attractor Agq/ consists of the unique zero equilibrium:
(4.6) Aqr = {0}.

Thus, attractors Ag, do not approximate 4 as r — oo.

The main result of this section is the following theorem, which shows that the
above approximation problem can be reasonably solved under the exponential at-
tractors’ approach.

Theorem 4.1. Let Q) := R", the assumptions of Theorem 1.1 be satisfied and
M = M be the infinite-dimensional exponential attractor for (1.1) constructed in
Section 3. Then, there exists a family of finite-dimensional exponential attractors
M(r), r > 1, of problems (4.1) which satisfies the following properties:

1. The sets M(r) are uniformly (with respect to r) bounded in sz’p(Qr).

2. There exist a positive constant o > 0 and a monotonic function (Q which are
independent of r such that

(@.7) disty2(a,) (ST B, M(7) < QIBl 2, )

for every bounded subset B C Wf’p(ﬂr) (uniform exponential attraction property).
16



3. The entropy of the restrictions M(r)
of (3.2):

satisfies the following analogue
Q.nc fi [ g g

" R "
W2P(Q N cjjﬁ)) < C"vol (Q nert i T”) In. %,

(4.8) H <M(r)

Q,ncfo ’

where the constants C", L" and R} are independent of r, R, € and .
4. The attractors M(r) tend to My, as r — oo in the following sense:

(49) distyyzs (ap) (M(r)‘Bg’Mw\B(g%) < Roe 1),

where the positive constants Eo and v are independent of r > 1 and R < r.

Proof. Let the set Bp, C L*°(R") and B C ®; := ®,(R™) be the same as in the
proof of Theorem 3.1. We set

(4.10) Bro(r) == Bro|o , B(r) :=Blg N {u[,, =0}

Then, due to the fact that all the estimates of Section 1 hold for the solutions of
equation (4.1) uniformly with respect to r, we note that the sets Bg, (r) are uniform
(with respect to r) absorbing sets for semigroups S7 and that

(4.11) B(r) C Br,(r), Sp,Br,(r) CB(r) C Bg,(r),

where the time T, is the same as in the proof of Theorem 3.1. As above, we
introduce the discrete semigroups S,El) = Sir,, € N, and first construct the family
of exponential attractors Mg(r) for these semigroups acting on Bg,(r). To this
end, we need the following lemma.

Lemma 4.1. Let ug € B and uf € B(r). Let also u(t) := Siug and u"(t) := Syuf
be the corresponding solutions of equations (1.1) and (4.1). Then, the following
estimates hold:

(4.12)  lu(t) = u"(®)[lw2r(cr) <

< 0t ((sup el g — s ey} + ¢ e 2008
e,

and
(4.13)  lu(t) = u"(#)[[Loe(er, ) + lu(t) = v (D) lw2rer,) <

reth +1 —alz—o| r o distrn (0,000 )
< 0"y ( sup {7 lug — w1 1))+ 0
x r

where the positive constants C', K and a are independent of r, xq, ug and ug.

Proof of Lemma 4.1. The difference v(t) := u(t) — u"(t) satisfies the following linear
equation with nonhomogeneous boundary conditions:

0

(4.14) 9w = aAyv — (L, Va)v — I(t)v, v‘t:o = Uy — Uy, v =g

17
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where [(t fo (1 —s)u"(t))ds. Since up € B and uf, € B(r), then (due
to Theorem 1.1)

(4.15) IO wrr@)nc@) < 0

0

where C' is independent of ug, up, t and r. Moreover, the trace v° := be-

“(t)‘am
: (1-1/(2p),2—1/p),p :
longs to the corrresponding trace space W, (R4 x 09,.) and satisfies

||UO||Wb(1—1/(2p),2—1/p),p(R+XaQr) < (4,

where (' is also independent of r, ug and wuy, see e.g. [29]. Applying now the
standard parabolic regularity estimate to equation (4.14) (see [20]), we have

lo(8)lwzc-s/m (2,3, <

< Ce™t <Su£ {e=l==2ol|w(0) ly20-1/mp(a eyt + €72 diStR"(x°’89”)> :
rell,

Using this estimate, the fact that u(t) and u"(¢) are uniformly bounded in ®;,(R")
and ®,(Q,.) respectively and applying the classical interior parabolic estimates (see
e.g. [20]) to the linear equation (4.14), we derive estimates (4.12) and (4.13) and
finish the proof of the lemma.

The following important estimate is an immediate corollary of Lemma 4.1:

(4.16) dist; gy (SOB, SHB(r) ) < Celhmodan(@02),
where dy (X,Y) :=inf(, ,)exxv ||z —y[[v denotes the distance between sets X and
Y with respect to the metric of the space V and the positive constants C', L and «
are independent of » > 1 and Q' C Q,..

We are now ready to construct the discrete exponential attractors Mgy(r). To
this end, we introduce, for every k € N*, the grids Zgn (k) and Zgq, (k) analogously
o (3.6). We also fix, for every k € N* and every | € Zgq, (k), an Ry2~*-net V¢ (r)

in (S(k)IB%(r))‘chlk (with respect to the L>°(Q,)-metric) such that

(4.17) Vi (r) C (S®B(r) and In#VL < Oy vol (Q mcfzk) k,

‘Q nck

where the constants Co and Lo are independent of r, k and [ (it is possible to do
so thanks to Theorem 2.4 and to the fact that domains €2, satisfy the regularity
assumptions of Definition 1.1 uniformly with respect to » > 1). Let the sets V be
the same as in the proof of Theorem 3.1. We also set M := L+ln2 +y/n and define
the additional grids

(4.18) Z&'(k) == {l € Zg, (k), diste(l,09,) > Mk}, Zg' (k) := Zq, (k)\Z&" (k)

and we set Qnt(k) = Ulezént(k)clk. Then, according to (3.8) and (4.16), we have

< Rj27F,

Vi

sym k
(4.19) dlStLoo(th(k)) ((Sﬁ )B(r)) Q;"t(kz))

Qint (k)
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where the constant Ry is independent of & and r.
We are now ready to define a sequence of sets Vi (r), which are the analogues of
sets Vj, for problems (4.1), as follows:

(4.20) Vi (r) := {v € L®(Q,),

v

€ Vy

Qz‘nt(k) )? U‘QTmclk E V;C (r)7 VZ E Z?{i‘t(k)}

Qint (k
and

(4.21) Vi (r) :={v e Ve (r), diStLoo(QT)('U,S,'Ek)IB(T)) < Ry27F}
Then, on the one hand, according to (4.19)-(4.21), we have

(4.22) Vi ()

=V,

Qi (k) it (k)

and, on the other hand, the assertions of Lemmata 3.1 and 3.2 hold for these sets.

Lemma 4.2. The sets Vi (r) defined above satisfy the following conditions:
1. Let k € N* be arbitrary. Then

(4.23) dist3, | (Vk (r),S,Ek>IBa(r)) < Rj27F.

2. Let, in addition, m € N be arbitrary. Then
(4.24) dist (0, ) (Vitm, Vi) < Rp27F.

3. Let Voo (1) := U2 (Vi (). Then
(4.25) dist 1, () (ngm)Vk (r), Voo (r)) < R62—7(k+m).

4. Let Re Ry, 29 € Q., m € N and € > 0 be arbitrary. Then
i R{
(4.26) H. (s,ﬁm)Vk (Mg ron » L= (CE )) < (' vol <Q N CRHL (k+mting T°>> k.
A zQ

Moroeover, all the constants in estimates (4.23)—(4.26) are independent of r > 1,
EeN, meN, e>0 and xzo € ;.

The proof of this Lemma repeats word by word that of lemmata 3.1 and 3.2 and
is omitted here.

After obtaining the uniform (with respect to r) estimates (4.23)—(4.26) for sets
Vi(r), we can (analogously to (3.15)) define the desired uniform family Mgy(r) of

discrete exponential attractors for semigroups S on Br, (r):

(4.27) M) = U2, U2, SOV (r), Mg(r) == [M:i(r)]Loo(Q,,)'
Indeed, arguing as in the proof of Theorem 3.1 (see (3.25)—(3.26)), we easily verify
that the discrete exponential attractors M4(r) satisfy the first three assertions of
Theorem 4.1 (in the L>-metric instead of the W (Q,)-metric). So, there only
remains to verify the symmetric distance estimate (4.9). To this end, we need the
following lemma.
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Lemma 4.3. The following estimate is valid, for everyr > 1, R <r and k € N*:

(4.28) distLoo(B[I)%) (Vk (r)‘B[I)%?VOO ‘Bg‘) T

+ diStLoo(Bé%) (Vk ‘Bé{’Voo (7") ‘Bé{) < Rge_'yl(r_R),
where the positive constants Ry and~' are independent of r > 1, R < r and k € N*.
Proof. Let r > 1 and R < r be fixed. We set

(4.29) ko == {ﬁ]

Then, for k < ko, we have Bt C Qi"'(k) and, consequently, due to (4.22), the
left-hand side of (4.28) vanishes. Therefore, there remains to verify (4.28) only for
k > k. Let us verify the first part of estimate (4.28), the second one being proved
analogously.

For every [ < k, we have

(4.30) dist = (g, ) (Vk (r),s,wms(r)) < Ri27k,
On the other hand, estimate (4.16) yields

(4.31) dist;"” ) (sg)B(r) |52 SUB Bé{) < Rl H-o(—R).

Combining estimates (4.30)—(4.31) and (3.8), we obtain
. —1 Ll—a(r—R
(4.32) dist ~ (g1 (Vk (r)‘Bg,VZ‘B(?) <R, (2 + eli—al >) .

We now recall that £ > kg and that [ < k is arbitrary. Setting [ = k¢ and using
(4.29) and our choice of constant M, we deduce from (4.32) that

(4.33) dist e 5y (Vi (1) g Vil g ) < Bye™" 07,

where the positive constants Rj and +' are independent of r, k¥ and R < r, which
proves the first part of estimate (4.28). The second one can be proved analogously
and Lemma 4.3 is proved.

In order to obtain the desired estimate for the symmetric distance between the
exponential attractors M,(r) and Mg, there remains, according to (4.27) and

(4.28), to estimate the distance between sYv, (r) and My and between SWV,
and Mg4(r). To this end, we note that estimates (4.13) and (4.28) imply

(4.39)  distre(gg) (SOVi ()| g Mal e ) +

+ dist (n, (sU)Vk |52 Md(r)\Bg) < RlM="(r=R),
20



where the positive constants L, Ry and 4" are independent of [, k and R < r. On
the other hand, for every sufficiently small § > 0, estimates (4.25), (4.28) and (3.17)
yield
(4.35)  distr= () (SOVE()] g Mal g ) +
o+ dist e ) ( SOV s Ma(r)| g ) < Rife 200,
0
if k& and [ satisfy the inequality

(4.36) k41>

)
2(r — R).

v In

Combining (4.34)—(4.36) and taking 6 > 0 small enough, we finally have

(4.37) dist?¥™ (Md(r)

Lo (BE) Md‘Bgf) < Rge™ 7 1),

s
BO

where the positive constants Ry and 7" are independent of »r > 1 and R < r.
Thus, the desired uniform family Mg(r) of discrete exponential attractors for

semigroups S,El), [ € N, acting on Bg,(r) is indeed constructed. There now only
remains to define, analogously to (3.27), the uniform family M(r) of exponential
attractors for the continuous semigroups S; by the following standard expression:

(4.38) Mr)y=|J Ma).

To<t<2Th

Using estimates (1.12), (1.16) and (4.13) and arguing as in the end of the proof of
Theorem 3.1, we can easily verify that this uniform family of exponential attractors
satisfies indeed all the assumptions of the theorem and Theorem 4.1 is proved.

Corollary 4.1. Let the assumptions of Theorem 4.1 hold and let M(r) be the
uniform family of exponential attractors constructed in this theorem. Then, for
every € > 0 and every R > 0, the following estimate holds:

<e
) <o

where the constants Ry and K are independent of € and R.

Ry

(4.39) dlstsyTp(BR)

Moo

(M(R+ Kng —=)|pp,

Indeed, (4.39) is an immediate corollary of (4.9).

Remark 4.1. Estimate (4.39) shows that, in order to approximate the attractor
M, with an accuracy ¢ inside the ball of radius R, one should consider an ex-
ponential attractor of equation (4.1) in a ball of radius R + K In} 2. We now
note that one cannot expect that M(r) approximates M, in the Whole ball €,.,
since the solutions of (4.1) should satisfy the boundary conditions at 92,.. Never-
theless, estimates (4.9) and (4.39) show that the influence of the boundary (and of
the boundary conditions) decays exponentially with respect to the distance to the
boundary (in complete agreement with physical intuition).

Remark 4.2. Although we have only considered the case Q2 := R" and 2, := Bj
in this section, a little more accurate analysis of the proof of Theorem 4.1 shows
21



that these assumptions are not essential and can be weakened as follows: €2 is an
arbitrary regular unbounded domain in the sense of Definition 1.1 and 2, C £,

r

e Ry, Q, C Q,, if i < ry, is an arbitrary sequence of (bounded) regular

domains which satisfies the assumptions of Definition 1.1 uniformly with respect to
r € R% . Then, the analogue of the main estimate (4.9) reads

(4.40) dist V7" (M(r)\QR,MOO\QR) < Rpe~7dn" (920,02:\00)

W2 P(QR)

where the positive constants I/i;o and v are independent of » > 1 and R < r.
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