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where 
 is an unbounded domain of Rn with a suÆ
iently smooth boundary (seeSe
tion 1 for a more pre
ise de�nition), u = (u1; � � � ; uk) is an unknown ve
tor-valued fun
tion, �x is the Lapla
ian with respe
t to x,(~L;rxu) := nXi=1 Li(x)�xiu;where ~L(x) := (L1(x); � � � ; Ln(x)) is a given ve
tor �eld in 
, a is a given 
onstantdi�usion matrix with positive symmetri
 part (a + a� > 0), �0 is a given positive
onstant and f(u) and g = g(x) are given intera
tion fun
tion and external for
esrespe
tively whi
h satisfy some natural assumptions (see Se
tion 1).The long time behavior of the solutions of (0.1) is of a great 
urrent interest. Itis well-known that, under appropriate assumptions on the nonlinear term f(u), onthe external for
es g and on the domain 
, this behavior 
an be des
ribed in termsof the global or/and exponential attra
tors of the dynami
al system generated by(0.1) (see e.g. [1-5℄, [9-16℄, [18℄, [21-25℄, [27-29℄ and the referen
es therein). Inparti
ular, when 
 is bounded, the global and exponential attra
tors of problem(0.1) have usually �nite Hausdor� and fra
tal dimensions (see [3℄, [16℄ and [24℄).In 
ontrast to this, in 
ase 
 is unbounded, the existen
e of �nite-dimensionalglobal or/and exponential attra
tors for (0.1) requires very strong additional as-sumptions on the nonlinear intera
tion fun
tion f and the external for
es g whi
hare violated for many interesting (from the physi
al point of view) examples of equa-tions of the form (0.1), su
h as the Chafee-Infante equation, the 
omplex Ginzburg-Landau equation, et
. (see [1-2℄, [4℄, [9℄, [12-13℄, [15℄ and the referen
es therein fordetailed studies of parti
ular 
ases of equations of the form (0.1) in unbounded do-mains for whi
h the �nite dimensional global or/and exponential attra
tors exist).Thus, in 
ase 
 is unbounded, the global attra
tor asso
iated with problem(0.1) has usually in�nite Hausdor� and fra
tal dimensions, see e.g. [2℄, [12℄ and[27℄. That is the reason why the 
on
ept of Kolmogorov's "-entropy (see [19℄)is exploited in order to obtain some qualitative and quantitative informations onsu
h attra
tors (the "-entropy of in�nite-dimensional uniform attra
tors asso
iatedwith nonautonomous RDEs in bounded domains is studied in [5-6℄; the 
ase ofautonomous RDEs in Rn is 
onsidered in [7℄ and [25℄; the "-entropy in the 
aseof general unbounded domains is investigated in [11℄ and [27-29℄ for the 
ase ofautonomous and nonautonomous RDEs and in [8℄ and [26℄ for the 
ase of dampedhyperboli
 equations).We re
all that, if K is a pre
ompa
t set in a metri
 spa
e M , then it 
an be
overed (due to the Hausdor� 
riteria) by a �nite number of "-balls, for every" > 0. Let N"(K;M) be the minimal number of su
h balls. Then, by de�nition,the Kolmogorov's "-entropy of K in M is the following number:(0.2) H "(K;M) := lnN"(K;M):It is worth emphasizing that, in 
ontrast to the fra
tal dimension, quantity (0.2)remains �nite, for every " > 0 and every pre
ompa
t set K in M .In parti
ular, it is proved in [11℄ and [25-29℄ that, for a large 
lass of equationsof mathemati
al physi
s in unbounded domains (in
luding systems of rea
tion-di�usion equations of the form (0.1), hyperboli
 problems, et
.), the "-entropyof the restri
tions A��
\BRx0 of the 
orresponding global attra
tor A to bounded2



subdomains 
 \ CRx0 , where CRx0 := x0 + [�R=2; R=2℄ is the R-
ube of Rn 
enteredat x0, possess the following universal estimates:(0.3) H "(A��
\CRx0 ; L1(CRx0)) � C vol(
 \ CR+K ln+ R0="x0 ) ln+ R0" ;where ln+ z := maxf0; ln zg and the 
onstants C, K and R0 depend on the 
on
reteform of the equation, but are independent of ", R and x0. Moreover, it is alsoproved that estimates (0.3) are, in a sense, sharp for all values of the parameters ",R and x0. Consequently, sin
e an exponential attra
tor always 
ontains the globalattra
tor, a �nite-dimensional exponential attra
tor does not exist in general forequations of the form (0.1) in unbounded domains.In the present arti
le (following [14℄, where in�nite-dimensional exponential at-tra
tors were introdu
ed in order to study nonautonomous RDEs in bounded do-mains), we modify the 
lassi
al de�nition of exponential attra
tors (see [16℄ andDe�nition 3.1 below) by repla
ing the 
ondition of �nite fra
tal dimensionality bythe assumption that they should satisfy the "-entropy estimates (0.3) (see De�ni-tion 3.2 below). We prove (see Theorem 3.1) that, under natural assumptions onthe nonlinear term f , the ve
tor �eld ~L and the external for
es g, problem (0.1)possesses a modi�ed (i.e. an in�nite-dimensional) exponential attra
torM :=M
.The rest of the arti
le is devoted to the study of the approximation of the in�nitedimensional exponential attra
tor M = MRn (in the 
ase 
 := Rn ) by �nite-dimensional exponential attra
torsMr 
orresponding to problem (0.1) in a boundeddomain 
r (for simpli
ty, we assume that 
r is the ball of radius r 
entered atthe origin). We �nally 
onstru
t a uniform (with respe
t to r ! 1) family ofexponential attra
tors Mr whi
h satis�es the following estimate:(0.4) distsymL1(
R) �Mr��
R ;MRn��
R� � Ce��(r�R);where the 
onstants C > 0 and � > 0 are independent of r and R � r anddistsymV (�; �) denotes the symmetri
 Hausdor� distan
e between sets in the spa
e V(see Theorem 4.1).We note that estimate (0.4), whi
h re
e
ts the well-known heuristi
 prin
iple thatthe in
uen
e of the boundary de
ays exponentially with respe
t to the distan
e tothat boundary, is violated, in general, for the global attra
tor (see Example 4.1below).A
knowledgements. This resear
h was partially supported by INTAS proje
tno. 00-899 and CRDF grant no. 10545.x1 Analyti
 properties of solutions ofrea
tion-diffusion systems in unbounded domains.In this se
tion, we 
onsider the following rea
tion-di�usion system in an unboun-ded domain 
:(1.1) ( �tu = a�xu� (~L;rx)u� �0u� f(u) + g;u���
 = 0; u��t=0 = u0;where u = (u1; � � � ; uk) is an unknown ve
tor-valued fun
tion, a 2 L(Rk ;Rk ) is agiven di�usion matrix, ~L = ~L(x) is a given ve
tor �eld in Rn , f = f(u) and g = g(x)3



are given fun
tions and �0 is a given positive 
onstant. We give below assumptionson f , g and ~L whi
h guarantee the existen
e and uniqueness of a solution u(t) of(1.1) and formulate several useful estimates for these solutions. We refer the readerto [28℄ and [29℄ for their rigorous proof. We start by de�ning the 
lass of admissibleunbounded domains 
.De�nition 1.1. An unbounded domain 
 � Rn is 
alled regular if the followingassumptions are satis�ed:1. There exists R0 > 0 su
h that, for every point x0 2 
, there exists a smoothdomain Vx0 � 
 su
h that(1.2) BR0x0 \ 
 � Vx0 � BR0+1x0 \ 
;where BRx denotes the ball of radius R 
entered at x 2 Rn .2. For every x0 2 
 there exists a di�eomorphism �x0 : B20 ! BR0+2x0 su
h that�x0(x) = x0 + px0(x), �x0(B10) = Vx0 and(1.3) kpx0kCN + kp�1x0 kCN � K
;where the 
onstant K
 is independent of x0 2 
 and N is large enough.We also re
all the de�nition of uniformly lo
al spa
es W s;pb (
) whi
h are ne
es-sary for the study of equation (1.1) in an unbounded domain (see e.g. [12℄ and [27℄for a more detailed study of these spa
es).De�nition 1.2. We set, for every s 2 R and 1 � p � 1(1.4) W s;pb (
) := fu 2 D0(
); kukW s;pb (
) := supx02
 kukW s;p(
\B1x0 ) <1g:Here and below, W s;p(V ) denotes the 
lassi
al Sobolev spa
e on V (see e.g. [20℄).We write below Lpb(
) instead of W 0;pb (
).We are now ready to formulate the assumptions on the various terms of equation(1.1). As usual, we assume that the di�usion matrix a has positive symmetri
 part(1.5) a+ a� > 0:Futhermore, we assume that the ve
tor �eld ~L belongs to W 1;1b (
) and satis�es(1.6) k div(~L)kL1(
) � �02 :We re
all that, in appli
ations, ~L is usually a solution of the stationary Navier-Stokes equations so that (1.6) is not a big restri
tion.We then impose the following 
onditions on the nonlinear term:(1.7) 8><>: 1: f 2 C2(Rk ;Rk );2: f(u):u � �C; f 0(u) � �K; 8u 2 Rk ;3: jf(u)j � C(1 + jujq); q < qmax := 1 + 4n�4 ; 8u 2 Rk ;where we denote by u:v the standard inner produ
t in Rk (if n � 4, then theexponent q may be arbitrary).We also assume that the external for
es g satisfy(1.8) g 2 Lpb(
);for some p > maxf2; n=2g and the initial data u0 satis�es(1.9) u0 2 �b = �b(
) := fu 2W 2;pb (
); u���
 = 0g:The following theorem gives the solvability result for problem (1.1).4



Theorem 1.1. Let 
 be a regular unbounded domain and let assumptions (1.5){(1.8) be satis�ed. Then, for every u0 2 �b, problem (1.1) has a unique solution u,u(t) 2 �b, for t � 0, and the following estimate is valid:(1.10) ku(t)kW 2;pb (
) � Q(ku0kW 2;pb (
))e��t +Q(kgkLpb(
));where � > 0 is a positive 
onstant and Q is an appropriate monotoni
 fun
tionwhi
h depend only on a, �0, ~L, f and on 
onstants R0 and K
, but are independentof x0 2 
 and of the form of the regular domain 
.The proof of this theorem is given in [28-29℄.Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, equation (1.1)generates a semigroup(1.11) St : �b ! �b via Stu0 := u(t);where u(t) is solution of (1.1).The next theorem allows to extend Theorem 1.1 to less regular initial data u0.Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Then, for every u0 2 �band for every t > 0, the following estimate holds:(1.12) ku(t)k�b + k�tu(t)k�b � Q1(ku0kL2b(
)) tN + 1tN e��t +Q1(kgkLpb(
)); t > 0;where N , � are stri
tly positive 
onstants and Q1 is a monotoni
 fun
tion. Mo-roeover, for every solutions u1(t) and u2(t), we have(1.13) ku1(t)�u2(t)kL2(
\B1x0 ) � CeKt supx2
�e��jx�x0jku1(0)�u2(0)kL2(
\B1x)�;where the 
onstants K and � > 0 and C are independent of x0, u1(t) and u2(t).The proof of this theorem 
an be found e.g. in [27-29℄.Corollary 1.2. Let the assumptions of Theorem 1.1 hold. Then, semigroup (1.11)
an be extended in a unique way by 
ontinuity to the globally Lips
hitz 
ontinuoussemigroup (whi
h we also denote by St) a
ting on the phase spa
e L2b(
). Moreover,this semigroup maps L2b(
) into �b:(1.14) St : L2b(
)! �b; t > 0:Proof. Let u0 2 L2b(
) be arbitrary. Then, there exists a sequen
e un0 2 �b su
hthat kun0kL2b(
) � Cku0kL2b(
) and un0 ! u0 in L2lo
(
):We de�ne the solution u(t) := Stu0 of equation (1.1) whi
h 
orresponds to theinitial data u0 by the following obvious expression:u(t) := L2lo
(
)� limn!1Stun0 :5



We note that, thanks to estimate (1.13), this limit exists and is independent of the
hoi
e of the sequen
e un0 and, thanks to estimate (1.12), the fun
tion u(t) thusde�ned belongs to �b, for every t > 0, and, 
onsequently, satis�es (1.1) in thesense of distributions. Moreover, sin
e un(t) := Stun0 2 C([0; T ℄; L2b(
)), then thelimit fun
tion u(t) belongs to C([0; T ℄; L2lo
(
)) and therefore satis�es the initial
ondition in this sense.Remark 1.1. We note that, in 
ontrast to the 
ase of bounded domains, the spa
e�b is not dense in the spa
e L2b(
), but only in the spa
e L2lo
(
). That is the reasonwhy we have to approximate the initial 
ondition u0 in the previous proof in thelo
al topology. Moreover, this absen
e of density leads indeed to the fa
t that thesolution u(t) de�ned in Corollary 1.2 does not belong to C([0; T ℄; L2b(
)) for generi
u0 2 L2b(
) and, analogously, to the fa
t that the solution u(t) de�ned in Theorem1.1 does not belong to C([0; T ℄;�b) for generi
 u0 2 �b.We 
on
lude this se
tion by formulating a result on the lo
al Lips
hitz 
ontinuityof maps St in the phase spa
e �b.Theorem 1.3. Let the assumptions of Theorem 1.1 hold. Then, every pair ofsolutions (u1(t); u2(t)) satis�es(1.15) ku1(t)� u2(t)kW 2;p(
\B1x0 ) �� C1eKt supx2
�e��jx�x0jku1(0)� u2(0)kW 2;p(
\B1x)�;where K and � are the same as in Theorem 1.2 and the 
onstant C1 depends onkui(0)k�b, i = 1; 2, but is independent of x0. Moreover, the following smoothingestimate is valid:(1.16) ku1(t)� u2(t)kW 2;p(
\B1x0 ) �� C2 tN + 1tN eKt supx2
�e��jx�x0jku1(0)� u2(0)kL2(
\B1x)�; t > 0;where K, N and � are the same as in Theorem 1.2 and the 
onstant C2 dependson kui(0)kL2b(
), i = 1; 2, but is independent of x0.The proof of this theorem 
an be found in [28℄ and [29℄.x2 The global attra
tor and its Kolmogorov's "-entropy.In this se
tion, we brie
y dis
uss the known results on the des
ription of thelong time behaviour of the solutions of (1.1) in terms of global attra
tors, see e.g.[11℄ and [27-29℄ for the rigorous proofs.We �rst re
all that, in 
ontrast to the 
ase of bounded domains, the existen
eof the global attra
tor in the phase spa
e �b for the semigroup St asso
iated withequation (1.1) requires strong (and in a sense unnatural) restri
tions on the stru
-ture of the nonlinear intera
tion term f and the external for
es g in the unbounded
ase (see [2℄, [12℄, [15℄ and Remark 2.1 below). That is the reason why the follo-wing weakened version of the attra
tor's 
on
ept is usually exploited in the 
ase ofunbounded domains.De�nition 2.1. A set A is the lo
ally 
ompa
t attra
tor for semigroup (1.11) ifthe following 
onditions are satis�ed: 6



1. The set A is bounded in �b and is 
ompa
t in �lo
 :=W 2;plo
 (
).2. It is stri
tly invariant, i.e. StA = A.3. The set A attra
ts all bounded subsets of �b in the topology of �lo
, i.e. forevery bounded subset B � �b and for every neighbourhood O(A) of the set A inthe topology of �lo
, there exists T = T (O; B) su
h that(2.1) StB � O(A); for t � T:We re
all that the �rst assumption of De�nition 2.1 means that the restri
tionA��
1 of the attra
tor A to every bounded subdomain 
1 � 
 is a 
ompa
t set ofW 2;p(
1). Analogously, the third assumption is equivalent to the following: forevery bounded subset B � �b and every bounded subdomain 
1 � 
(2.2) limt!1 distW 2;p(
1) �(StB)��
1 ;A��
1� = 0;where distV (X;Y ) denotes the nonsymmetri
 distan
e between sets X and Y inthe spa
e V :(2.3) distV (X;Y ) := supx2X infy2Y kx� ykV :The following theorem guarantees the existen
e of su
h an attra
tor for the semi-group St under 
onsideration.Theorem 2.1. Let the assumptions of Theorem 1.1 hold. Then, the semigroup Stasso
iated with equation (1.1) possesses a lo
ally 
ompa
t attra
tor A in the senseof De�nition 2.1 whi
h 
an be des
ribed as follows:(2.4) A = K��t=0;where K is the set of all the solutions u 2 L1(R;�b) of equation (1.1) whi
h arede�ned for all t 2 R and bounded.For the proof of this theorem, see [28℄ and [29℄.Remark 2.1. We emphasize on
e more that, without additional essential restri
-tions on the stru
ture of f and g, the attra
tor A is usually not 
ompa
t in �b anddoes not attra
t the bounded subsets of �b in the uniform topology of �b. Namely,these restri
tions are usually formulated in the following form:f(v):v � 0; 8v 2 Rkand the external for
es g(x) tend in a sense to zero as jxj ! 1, e.g.limjxj!1 kgkLp(
\B1x) = 0(see e.g. [12℄, [13℄ and [15℄). Moreover, it 
an be easily proved (see [27℄) that, forthe spatially homogeneous 
ase (
 = Rn , ~L � 
onst 2 Rn and g � 
onst 2 Rk ), theexisten
e of the global attra
tor in �b(Rn) for equation (1.1) implies the extremelyunnatural 
ondition that all equilibria of this equation are almost periodi
 withrespe
t to x 2 Rn . For instan
e, this 
ondition is violated even for the following7



Chafee-Infante equation in 
 := Rn (whi
h is the simplest example of equation ofthe form (1.1)):(2.5) �tu = �xu+ u� u3; x 2 Rn ;see e.g. [27℄ for the details.Moreover, we also re
all that, in 
ontrast to the 
ase of bounded domains (seee.g. [2℄, [24℄ and the referen
es therein), the lo
ally 
ompa
t attra
tor A, and evenits restri
tions A��
1 to bounded subdomains of 
, have usually in�nite Hausdor�and fra
tal dimensions, see [2℄, [12℄, [27℄ and Theorem 2.3 below. That is the reasonwhy the 
on
ept of Kolmogorov's "-entropy is usually exploited in order to obtainsome quantitative informations on su
h attra
tors. For the reader's 
onvenien
e,we re
all below the de�nition of su
h an entropy, see [19℄ for a detailed exposition.De�tion 2.2. Let K be a pre
ompa
t set in a metri
 spa
e M . Then, for every" > 0, it 
an be 
overed by a �nite number of "-balls inM . We denote by N"(K;M)the minimal number of su
h balls. The Kolmogorov's "-entropy of K in M is thefollowing number:(2.6) H "(K;M) := lnN"(K;M):We also re
all that, by de�nition, the fra
tal dimension of K in M is the followingnumber:(2.7) dimF (K;M) := lim sup"!0 H "(K;M)ln 1" :The next theorem gives typi
al upper bounds for the entropy of the restri
tionsA��
\BRx0 of the attra
tor A to bounded subdomains 
 \ BRx0 .Theorem 2.2. Let the assuptions of Theorem 1.1 hold. Then, the following esti-mates are valid, for every R 2 R+ , " > 0 and x0 2 
:(2.8) H " �A��
\BRx0 ;W 2;pb (
 \BRx0)� � C vol�
 \ BR+L ln+ R0"x0 � ln+ R0" ;where ln+ z := maxf0; ln zg and the positive 
onstants C, R0 and L are independentof ", R and x0.Indeed, estimate (2.8) is proved in [28-29℄.In the parti
ular 
ase 
 = Rn ; we have vol(BRx0) = 
Rn and, 
onsequently,estimate (2.8) reads(2.9) H " �A��BRx0 ;W 2;pb (BRx0)� � K �R+ L ln+ R0" �n ln+ R0" :Moreover, sin
e W 2;p � C, then the spa
e W 2;pb in (2.8){(2.9) 
an be repla
ed byC or L1.In order to indi
ate the sharpness of estimates (2.8) and (2.9), we formulatebelow a theorem on lower bounds on the Kolmogorov's entropy.8



Theorem 2.3. Let the assumptions of Theorem 1.1 hold and let in addition(2.10) 
 = Rn ; ~L(x) � ~L 2 Rn ; f(0) = 0; g(x) � 0:We also assume that the equilibrium u � 0 of equation (1.1) is exponentially uns-table, i.e.(2.11) � �a�x � (~L;rx)� f 0(0); L2(Rn)� \ fRe� > 0g 6= ?;where �(L; V ) denotes the spe
trum of the linear operator L in the spa
e V . Then,the entropy of the restri
tions A��BR0 satis�es the following lower bound:(2.12) H " �A��BR0 ; L1(BRx0)� � C 0Rn ln+ R00" ;where the positive 
onstants C 0 and R00 are independent of R and ". Moreover, forevery Æ > 0, there exists a positive 
onstant CÆ su
h that(2.13) H " �A��B1x0 ; L1(B1x0)� � CÆ �ln+ R00" �n+1�Æ :The proof of this theorem is given in [27-29℄.In parti
ular, estimate (2.13) shows that the restri
tions A��BRx0 have usuallyin�nite fra
tal dimension. Moreover, estimates (2.12) and (2.13) 
on�rm the fa
tthat the upper bounds (2.10) are in a sense sharp for every �xed values of R, " andx0.To 
on
lude this se
tion, we reformulate the result of Theorem 2.2 in a formwhi
h is more adequate for our purposes. To this end, we �x a suÆ
iently largeabsorbing ball B in the spa
e �b via(2.14) B := fu0 2 �b; ku0k�b � 2Q(kgkLpb(
))g;where Q is the same as in Theorem 1.1. Then, thanks to estimate (1.10), B isindeed an absorbing ball for the semigroup St. It is also 
onvenient to repla
e theballs BRx0 in Theorem 2.2 by the 
ubes(2.15) CRx0 := x0 + [�R=2; R=2℄n:The next theorem plays a fundamental role in the next se
tions for our study ofexponential attra
tors.Theorem 2.4. Let the assuptions of Theorem 1.1 hold. Then, the following esti-mates are valid, for every R 2 R+ , " > 0 and x0 2 
:(2.16) H " �(StB )��
\CRx0 ;W 2;pb (
 \ CRx0)� �� C vol�
 \ CR+L ln+ R0"x0 � ln+ R0" ; for t � K ln+ R0" ;where the positive 
onstants C, R0, L and K depend only on equation (1.1) and onthe 
onstants N , R0 and K
 appearing in De�nition 1.1, but are independent of ",R and x0 and of the shape of the domain 
.The proof of this theorem repeats word by word that of Theorem 2.2, given in[27-29℄, and is omitted here. 9



x3 Infinite-dimensional exponential attra
tors.In this se
tion, we 
onstru
t an in�nite-dimensional exponential attra
tor forproblem (1.1) based on the entropy estimates (2.16). For the reader's 
onvenien
e,we �rst re
all the de�nition of standard (�nite-dimensional) exponential attra
tors(see [16℄ for the details).De�nition 3.1. A set M is an exponential attra
tor for the semigroup St in �bif the following assumptions are satis�ed:1. The set M is 
ompa
t in �b.2. This set is invariant with respe
t to St, i.e. StM�M, t � 0.3. The set M attra
ts exponentially all the bounded subsets of �b, i.e. thereexist a positive 
onstant � > 0 and a monotoni
 fun
tion Q su
h that, for everybounded subset B � �b dist�b (StB;M) � Q(kBk�b)e��t:4. The set M has �nite fra
tal dimension in �b.We note that an exponential attra
tor in the sense of De�nition 3.1 (if it exists)always 
ontains the global attra
tor. However, as shown in the previous se
tion,the global attra
tor A of problem (0.1) is usually not 
ompa
t in �b and is in�nite-dimensional. So, in that 
ase, equation (1.1) 
annot possess an exponential at-tra
tor in the 
lassi
al sense of De�nition 3.1. That is the reason why, keeping inmind the estimates of Theorems 2.2{2.4 for the "-entropy of the global attra
tor,we suggest the following adaptation of the 
on
ept of exponential attra
tor for the
ase of unbounded domains.De�nition 3.2. A set M is an (in�nite-dimensional) exponential attra
tor forproblem (1.1) if the following 
onditions are satis�ed:1. The set M is bounded in �b and 
ompa
t in �lo
.2. This set is invariant with respe
t to St, i.e. StM�M, t � 0.3. The set M attra
ts exponentially all the bounded subsets of �b, i.e. thereexist a positive 
onstant � > 0 and a monotoni
 fun
tion Q su
h that, for everybounded subset B � �b(3.1) dist�b (StB;M) � Q(kBk�b)e��t:4. The "-entropy of the restri
tions M��
\CRx0 satis�es the following estimate:(3.2) H " �M��
\CRx0 ;W 2;pb (
 \ CRx0)� � C 0 vol�
 \ CR+L0 ln+ R00"x0 � ln+ R00" ;where the 
onstants C 0, R00 and L0 are independent of ", R and x0.We emphasize that, a

ording to De�nition 3.2, su
h an exponential attra
torM attra
ts exponentially all the bounded subsets of �b in the uniform topology ofthe spa
e �b, although the global attra
tor A attra
ts them only in a lo
al topologyof �lo
. This shows a �rst advantadge of the exponential attra
tors' approa
h.The main result of this se
tion is the following theorem.10



Theorem 3.1. Let the assumptions of Theorem 1.1 hold. Then, problem (1.1)possesses an in�nite-dimensional exponential attra
tor M in the sense of De�ni-tion 3.2.Proof. Let BR0 � L1(
) be the R0-ball 
entered at the origin in L1(
) and letus �x R0 so that(3.3) B � BR0 ;where B is the same as in (2.14). Then, it follows from estimates (1.10) and (1.12)that there exists a time T0 > 0 su
h that(3.4) ST0BR0 � B � BR0 :As usual, we �rst 
onstru
t an exponential attra
torMd for the dis
rete semigroupS(m) := SmT0 , m 2 N , a
ting on the phase spa
e BR0 and then extend the resultto the desired 
ontinuous semigroup St.We �rst note that, a

ording to Theorem 2.4(3.5) H R02�k �(S(k)B )��
\Ckx0 ; L1(Ckx0)� � C1 vol �
 \ CL1kx0 � k;where the 
onstants C1 and L1 are independent of k 2 N? and x0. Indeed, in orderto derive (3.5) from (2.16), it suÆ
es to �x " := R02�k and R = k in (2.16), usethe embedding W 2;pb � L1 and �x a suÆ
iently large 
onstant T0 in (3.4). Let usnow introdu
e a family of spe
ial grids Z
(k) in 
, for every k 2 N? , as follows:(3.6) Z
(k) := fx0 2 kZn; Ckx0 \ 
 6= ?gand, for every k 2 N? and l 2 Z
(k), we �x an R02�k-net Vlk in (S(k)B )��
\Ckl (withrespe
t to the L1-metri
) su
h that(3.7) Vlk � (S(k)B )��
\Ckl and ln#Vlk � C1 vol�
 \ CL1kl � k(it is possible to do so thanks to (3.5)). We now de�ne the R02�k-net ~Vk in S(k)Bby ~Vk := fv 2 L1(
); v��
\Ckl 2 Vlk ; 8l 2 Z
(k)gand modify this net by dropping out the unne
essary elements:Vk := fv 2 ~Vk ; distL1(
) �v; S(k)B� � R02�kg:The most important properties of the sets Vk introdu
ed above are gathered in thefollowing lemma.Lemma 3.1. The sets Vk satisfy the following 
onditions:1. Let k 2 N? be arbitrary. Then, we have(3.8) distsymL1(
) �Vk ; S(k)B� � R02�k;11



where distsymV (X;Y ) := maxfdistV (X;Y ); distV (Y;X)g denotes the symmetri
Hausdor� distan
e.2. Let, in addition, m 2 N be arbitrary. Then, we have(3.9) distL1(
)(Vk+m ;Vk ) � R021�k:3. Let R 2 R+ , x0 2 
 and " > 0 be arbitrary. Then, we have(3.10) H " �Vk ��
\CRx0 ; L1(CRx0)� � C2 vol �
 \ CR+L2kx0 � k;where the 
onstants C2 and L2 are independent of R, k and x0.Proof. Estimate (3.8) is an immediate 
orollary of the de�nition of Vk whi
h isgiven above. Let us verify estimate (3.9), using estimate (3.8):(3.11) distL1(
) (Vk+m ;Vk ) � distL1(
) �Vk+m ; S(k)B�++ distL1(
) �S(k)B ;Vk� � distL1(
) �Vk+m ; S(k+m)B� + R02�k � 2R02�k:So, there only remains to verify estimate (3.10). The proof of this estimate isessentially based on (3.7) and on the following obvious subadditivity property ofthe "-entropy with respe
t to the domain in the L1-metri
: let V1 and V2 be twosubdomains of Rn , V := V1 [ V2 and let B � L1(V ) be an arbitrary pre
ompa
tset. Then, the following inequality holds:(3.12) H "(B;L1(V )) � H "(B��V1 ; L1(V1)) + H "(B��V2 ; L1(V2));for every " > 0. A

ording to (3.12) and (3.7), we have, for every m 2 N? andevery l 2 Z
(k)(3.13) H " �Vk ��
\Cmkl � � Xl02Z
(k) :jl0i�lij�km;i=1;��� ;n ln#�Vk ��
\Ckl0� k �k Xl02Z
(k) :jl0i�lij�km;i=1;��� ;n vol�
 \ CL0kl0 �� C 0(2L0 + 1)n vol�
 \ C(L0+m)kl � k:Fixing now m := �Rk �+ 1 in (3.13), we obtain(3.14) H " �Vk ��
\CRl ; L1(CRl )� � C2 vol�
 \ CR+L2kl � k;where C2 := C 0(2L0 + 1)n and L2 := L0 + 1. Thus, we have proved estimate (3.10)for x0 2 Z
(k). Sin
e distsymRn (
;Z
(k)) � pnk, then, adding pn to L2, we �nd(3.10) for every x0 2 
, whi
h �nishes the proof of Lemma 3.1.We are now ready to de�ne the desired exponential attra
torMd for the dis
retesemigroup S(k) a
ting on BR0 :(3.15) M0d := [1k=1 [1l=0 S(l)Vk ; Md := �M0d�L1lo
(
);where �X�V denotes the 
losure of the setX in the spa
e V . Indeed, the exponentialattra
tion property for Md thus de�ned is obvious, due to estimate (3.8) and thefa
t that Vk � Md, for every k 2 N? . So, there only remains to verify the lo
ally
ompa
tness of Md and the validity of the entropy estimate (3.2). To this end, weneed the following lemma, whi
h des
ribes the properties of the sets S(m)Vk withrespe
t to parameters k and m. 12



Lemma 3.2. Let(3.16) V1 := [1k=0Vk :Then, there exists a positive 
onstant � su
h that(3.17) distL1(
) �S(m)Vk ;V1� � R02�(k+m)�2 ;for every k 2 N? , m 2 N. Moreover, there exist positive 
onstants C3 and L3 su
hthat(3.18) H " �S(m)Vk ��
\CRx0 ; L1(CRx0)� � C3 vol�
 \ CR+L3(k+m+ln+ R0" )x0 � k;for every " > 0, R 2 R+ and x0 2 
.Proof. Let us �rst prove estimate (3.17). To this end, we re
all that, a

ordingto estimates (1.15) and (1.16) and due to the embeding W 2;p � L1, there existpositive 
onstants L and � su
h that(3.19) kS(m)u1 � S(m)u2kL1(
\C1x0 ) � Lm supx2
�e��jx�x0jku1 � u2kL1(
\C1x)	holds, for every u1; u2 2 BR0 , x0 2 
 and m 2 N. In parti
ular, (3.19) implies that(3.20) kS(m)u1 � S(m)u2kL1(
) � Lmku1 � u2kL1(
); u1; u2 2 BR0 :Estimates (3.20) and (3.8), together with the fa
t that Vk � BR0 , yield(3.21) distL1(
) �S(m)Vk ;Vk+m� � distL1(
) �S(m)Vk ; S(m+k)B�++ distL1(
) �S(m+k)B ;Vm+k� � R0Lm2�k +R02�(k+m) � 2R0Lm2�k:On the other hand, sin
e Vk � BR0 , then, due to (3.8)(3.22) distL1(
) �S(m)Vk ;Vm� � R02�m:Combining (3.21) and (3.22), we have(3.23) distL1(
) �S(m)Vk ;V1� �� 2R02��(k+m)minf2�m+�(k+m); Lm2�k+�(k+m)g;for every � 2 R. Fixing now � := ln 2ln 2+lnL , we derive from (3.23) that(3.24) distL1(
) �S(m)Vk ;V1� � R02�2+1��(k+m);whi
h proves (3.17). There remains to note that estimate (3.18) is an immediate
orollary of (3.10) and (3.19) and Lemma 3.2 is proved.13



It is now easy to derive the desired entropy estimate for the attra
tor Md.Indeed, let " > 0 be suÆ
iently small. Then, it follows from estimates (3.9) and(3.17) that(3.25) distL1(
)0B�M0d; [k+m�� ln+ R0" S(m)Vk1CA � "2 ;for some positive 
onstant � whi
h is independent of ". Let now R 2 R+ and x0 2 
be arbitrary. We need to estimate the "-entropy of the restri
tion Md��
\CRx0 . Tothis end, it is suÆ
ient, due to (3.25), to estimate the "=2-entropy of S(m)Vk ��
\CRx0 ,for k +m � � ln+ R0" only. Using estimate (3.18), we �nally �nd(3.26) H " �Md��
\CRx0 ; L1(CRx0)� �� C4 vol�
 \ CR+L4 ln R00"x0 � ln+ R00" + n2 ln+ ln+ R00" ;where the 
onstants C4, L4 and R00 are independent of R, x0 and ". Sin
e these
ond term in the right-hand side of (3.26) is obviously subordinated to the �rstone, we have veri�ed that the set M is indeed an exponential attra
tor for thesemigroup S(m) a
ting on BR0 (in the sense of De�nition 3.2).We are now ready to 
omplete the proof of Theorem 3.1 by introdu
ing thedesired exponential attra
tor for the 
ontinuous semigroup St via the followingstandard expression:(3.27) M := [T0�t�2T0Md:Indeed, it follows from estimate (1.16) that, for every u1 and u2 belonging to BR0and every x0 2 
, the following estimate is valid:(3.28) kStu1 � Stu2kW 2;pb (
\C1x0 ) � L supx2
�e��jx�x0jku1 � u2kL1(
\C1x)	;where T0 � t � 2T0 and the positive 
onstants L and � are independent of x0, t,u1 and u2. Estimate (3.28) implies, in parti
ular, that(3.29) kStu1 � Stu2k�b � Lku1 � u2kL1(
); t 2 [T0; 2T0℄; u1; u2 2 BR0 :Let us verify that the set M de�ned by (3.27) satis�es all the assumptions ofDe�nition 3.2. Indeed, the �rst and se
ond assumptions follow immediately fromde�nition (3.27) and from analogous properties for the dis
rete exponential attra
-torMd. The exponential attra
tion property (3.1) follows from the fa
ts that BR0is an absorbing set for St andMd is an exponential attra
tor for the dis
rete semi-group S(m) := ST0m and from estimate (3.29). So, there only remains to verify theentropy estimate (3.2). To this end, we re
all that, due to Theorem 1.2, k�tStu0k�bis uniformly bounded with respe
t to t 2 R+ and u0 2 ST0BR0 and, 
onsequently(3.30) kSt+hu0 � Stu0k�b �Mh; t � T0; h � 0; u0 2 ST0BR0 ;14



for some positive 
onstantM whi
h is independent of t, h and u0. Estimates (3.26),(3.28) and (3.30) imply in a standard way that the setM de�ned in (3.27) satis�esthe entropy estimate (3.3), whi
h 
ompletes the proof of Theorem 3.1.Remark 3.1. Let us apply Theorem 3.1 to the parti
ular 
ase where 
 is a boun-ded regular domain. Taking the radius R in (3.2) larger that the diameter of 
, wehave(3.31) H " �M;W 2;pb (
)� � C 0 vol(
) ln+ R00" ;whi
h shows that the exponential attra
torM 
onstru
ted in Theorem 3.1 has �nitefra
tal dimension and, therefore, is an exponential attra
tor for (1.1) in the 
lassi-
al sense of De�nition 3.1. Nevertheless, even in the 
ase of bounded domains 
,the 
onstru
tion of exponential attra
tors given in Theorem 3.1 has an additionaladvantage over the 
lassi
al 
onstru
tion of exponential attra
tors in bounded do-mains (see [16℄). Indeed, the usual s
heme gives an exponential attra
tor whi
honly satis�es (3.31), but our s
heme allows to obtain (3.2) and to 
ontrol not onlythe entropy of the whole attra
tor M, but also the entropy of all their restri
tionsM��CRx0 . In parti
ular, for the restri
tion M��C1x0 of M to the unit 
ube we obtainthe following estimate:(3.32) H " �M��C1x0 ;W 2;p(C1x0)� � C 0 vol�
 \ CL0 ln+ R00"x0 � ln+ R00" :We note that the right-hand side of (3.32) is essentially smaller than the right-handside of (3.31) if the domain 
 and " satisfy(3.33) ln+ R00" � diam(
);whi
h is natural in the 
ase of large bounded domains 
.x4 Approximation of infinite-dimensional exponential attra
tors.The main task of this se
tion is to study the approximation of the in�nite-dimensional exponential attra
torM asso
iated with equation (1.1) in an unboun-ded domain 
 
onstru
ted in the previous se
tion by �nite-dimensional exponentialattra
tors M
r asso
iated with equations (1.1) in bounded domains 
r su
h that
r ! 
 as r ! 1. For simpli
ity, we restri
t ourselves to the 
ase 
 := Rnand 
r := Br0 only, although similar results hold for an essentially larger 
lass ofunbounded domains 
 and their approximations 
r.In order to approximate the dynami
s asso
iated with equation (1.1) in an un-bounded domain 
 = Rn , we 
onsider the following problem in a ball 
r := Br0 :(4.1) ( �tu = a�xu� (~L;rx)u� �0u� f(u) + g;u��Br0 = 0; u��t=0 = u0:Then, sin
e the domains 
r satisfy the regularity assumptions of De�nition 1.1,uniformly with respe
t to r � 1, all the estimates mentioned in Se
tion 1 and15



2 hold for the solutions of (4.1) uniformly with respe
t to r � 1. In parti
ular,equation (4.1) generates a semigroup Srt in the phase spa
e L1(
r) via(4.2) Srt : L1(
r)! L1(
r); Srt u0 := ur(t);where ur(t) is the unique solution of (4.1). Moreover, this semigroup possessesthe 
ompa
t global attra
tor Ar � W 2;p(
r) and (thanks to Theorem 2.3) thisattra
tor has a �nite fra
tal dimension satisfying(4.3) dimF �Ar;W 2;p(
r)� � C vol(
r) = C1rn;where the 
onstant C1 is independent of r. Nevertheless, as the following exampleshows, the problem of approximating the dynami
s asso
iated with equation (1.1)in 
 = Rn by equations (4.1) in bounded domains 
r is usually not solvable interms of global attra
tors.Example 4.1. Let us 
onsider the Chafee-Infante equation perturbed by a suÆ-
iently large transport term:(4.4) �tu = �xu� L�x1u+ u� u3; x 2 Rn ; jLj > 2:Then, on the one hand, equation (4.4) satis�es all the assumptions of Theorem 2.3(see [29℄) and, 
onsequently, its global attra
torA has in�nite fra
tal dimension (seethe lower estimates (2.12) and (2.13)) and equation (4.4) generates highly nontrivialdynami
s on it (whi
h e.g. has an in�nite topologi
al entropy, see [29℄). On theother hand, it 
an be easily shown that, for the analogous equation in any boundeddomain 
0 �� Rn(4.5) �tu = �xu� L�x1u� u+ u3; x 2 
0; u���
0 = 0;its attra
tor A
0 
onsists of the unique zero equilibrium:(4.6) A
0 = f0g:Thus, attra
tors A
r do not approximate A as r!1.The main result of this se
tion is the following theorem, whi
h shows that theabove approximation problem 
an be reasonably solved under the exponential at-tra
tors' approa
h.Theorem 4.1. Let 
 := Rn , the assumptions of Theorem 1.1 be satis�ed andM =M1 be the in�nite-dimensional exponential attra
tor for (1.1) 
onstru
ted inSe
tion 3. Then, there exists a family of �nite-dimensional exponential attra
torsM(r), r � 1, of problems (4.1) whi
h satis�es the following properties:1. The sets M(r) are uniformly (with respe
t to r) bounded in W 2;pb (
r).2. There exist a positive 
onstant � > 0 and a monotoni
 fun
tion Q whi
h areindependent of r su
h that(4.7) distW 2;pb (
r) (SrtB;M(r)) � Q(kBkW 2;pb (
r))e��t;for every bounded subset B �W 2;pb (
r) (uniform exponential attra
tion property).16



3. The entropy of the restri
tions M(r)��
r\CRx0 satis�es the following analogueof (3.2):(4.8) H " �M(r)��
r\CRx0 ;W 2;pb (
 \ CRx0)� � C 00 vol�
r \ CR+L00 ln+ R000"x0 � ln+ R000" ;where the 
onstants C 00, L00 and R000 are independent of r, R, " and x0.4. The attra
tors M(r) tend to M1 as r !1 in the following sense:(4.9) distsymW 2;pb (BR0 ) �M(r)��BR0 ;M1��BR0 � � bR0e�
(r�R);where the positive 
onstants bR0 and 
 are independent of r � 1 and R � r.Proof. Let the set BR0 � L1(Rn) and B � �b := �b(Rn) be the same as in theproof of Theorem 3.1. We set(4.10) BR0(r) := BR0 ��
r ; B (r) := B ��
r \ fu���
r = 0g:Then, due to the fa
t that all the estimates of Se
tion 1 hold for the solutions ofequation (4.1) uniformly with respe
t to r, we note that the sets BR0(r) are uniform(with respe
t to r) absorbing sets for semigroups Srt and that(4.11) B (r) � BR0(r); SrT0BR0(r) � B (r) � BR0(r);where the time T0 is the same as in the proof of Theorem 3.1. As above, weintrodu
e the dis
rete semigroups S(l)r := SrlT0 , l 2 N , and �rst 
onstru
t the familyof exponential attra
tors Md(r) for these semigroups a
ting on BR0(r). To thisend, we need the following lemma.Lemma 4.1. Let u0 2 B and ur0 2 B (r). Let also u(t) := Stu0 and ur(t) := Srt ur0be the 
orresponding solutions of equations (1.1) and (4.1). Then, the followingestimates hold:(4.12) ku(t)� ur(t)kW 2;p(C1x0 ) �� CeKt � supx2
rfe��jx�x0jku0 � ur0kW 2;p(C1x)g+ e�� distRn(x0;�
r)�and(4.13) ku(t)� ur(t)kL1(C1x0 ) + ku(t)� ur(t)kW 2;p(C1x0 ) �� CeKt tN + 1tN � supx2
rfe��jx�x0jku0 � ur0kL1(C1x)g+ e�� distRn(x0;�
r)� ; t > 0;where the positive 
onstants C, K and � are independent of r, x0, u0 and ur0.Proof of Lemma 4.1. The di�eren
e v(t) := u(t)�ur(t) satis�es the following linearequation with nonhomogeneous boundary 
onditions:(4.14) �tv = a�xv � (~L;rx)v � l(t)v; v��t=0 = u0 � ur0; v���
r = v0 := u���
r ;17



where l(t) := R 10 f 0(su(t) + (1� s)ur(t)) ds. Sin
e u0 2 B and ur0 2 B (r), then (dueto Theorem 1.1)(4.15) kl(t)kW 1;pb (
r)\C(
r) � C;where C is independent of u0, ur0, t and r. Moreover, the tra
e v0 := u(t)���
r be-longs to the 
orrresponding tra
e spa
e W (1�1=(2p);2�1=p);pb (R+ ��
r) and satis�eskv0kW (1�1=(2p);2�1=p);pb (R+��
r) � C1;where C1 is also independent of r, u0 and u1, see e.g. [29℄. Applying now thestandard paraboli
 regularity estimate to equation (4.14) (see [20℄), we havekv(t)kW 2(1�1=p);2(
r\C1x0 ) �� CeKt � supx2
rfe��jx�x0jkv(0)kW 2(1�1=p);p(
r\C1x)g+ e�� distRn(x0;�
r)� :Using this estimate, the fa
t that u(t) and ur(t) are uniformly bounded in �b(Rn)and �b(
r) respe
tively and applying the 
lassi
al interior paraboli
 estimates (seee.g. [20℄) to the linear equation (4.14), we derive estimates (4.12) and (4.13) and�nish the proof of the lemma.The following important estimate is an immediate 
orollary of Lemma 4.1:(4.16) distsymL1(
0) �S(k)B ; S(k)r B (r)� � CeLk��dRn(
0;�
r);where dV (X;Y ) := inf(x;y)2X�Y kx�ykV denotes the distan
e between sets X andY with respe
t to the metri
 of the spa
e V and the positive 
onstants C, L and �are independent of r � 1 and 
0 � 
r.We are now ready to 
onstru
t the dis
rete exponential attra
tors Md(r). Tothis end, we introdu
e, for every k 2 N? , the grids ZRn(k) and Z
r(k) analogouslyto (3.6). We also �x, for every k 2 N? and every l 2 Z
r(k), an R02�k-net Vlk (r)in (S(k)B (r))��
r\Ckl (with respe
t to the L1(
r)-metri
) su
h that(4.17) Vlk (r) � (S(k)r B (r))��
r\Ckl and ln#Vlk � C2 vol�
r \ CL2kl � k;where the 
onstants C2 and L2 are independent of r, k and l (it is possible to doso thanks to Theorem 2.4 and to the fa
t that domains 
r satisfy the regularityassumptions of De�nition 1.1 uniformly with respe
t to r � 1). Let the sets Vk bethe same as in the proof of Theorem 3.1. We also set M := L+ln 2� +pn and de�nethe additional grids(4.18) Zint
r (k) := fl 2 Z
r(k); distRn(l; �
r) �Mkg; Zext
r (k) := Z
r(k)�Zint
r (k)and we set 
intr (k) := [l2Zint
r (k)Ckl . Then, a

ording to (3.8) and (4.16), we have(4.19) distsymL1(
intr (k)) �(S(k)r B (r))��
intr (k);Vk ��
intr (k)� � R002�k;18



where the 
onstant R00 is independent of k and r.We are now ready to de�ne a sequen
e of sets Vk (r), whi
h are the analogues ofsets Vk for problems (4.1), as follows:(4.20) ~Vk (r) := �v 2 L1(
r);v��
intr (k) 2 Vk ��
intr (k); v��
r\Ckl 2 Vlk (r); 8l 2 Zext
r (k)	and(4.21) Vk (r) := �v 2 ~Vk (r); distL1(
r)(v; S(k)r B (r)) � R002�k	:Then, on the one hand, a

ording to (4.19)-(4.21), we have(4.22) Vk (r)��
intr (k) = Vk ��
intr (k)and, on the other hand, the assertions of Lemmata 3.1 and 3.2 hold for these sets.Lemma 4.2. The sets Vk (r) de�ned above satisfy the following 
onditions:1. Let k 2 N? be arbitrary. Then(4.23) distsymL1(
r) �Vk (r); S(k)r B (r)� � R002�k:2. Let, in addition, m 2 N be arbitrary. Then(4.24) distL1(
r) (Vk+m ;Vk ) � R002�k:3. Let V1(r) := [1k=0Vk (r). Then(4.25) distL1(
r) �S(m)r Vk (r);V1(r)� � R002�
(k+m):4. Let R 2 R+ , x0 2 
r, m 2 N and " > 0 be arbitrary. Then(4.26) H " �S(m)r Vk (r)��
r\CRx0 ; L1(CRx0)� � C 0 vol�
r \ CR+L0(k+m+ln+ R00" )� k:Moroeover, all the 
onstants in estimates (4.23){(4.26) are independent of r � 1,k 2 N? , m 2 N, " > 0 and x0 2 
r.The proof of this Lemma repeats word by word that of lemmata 3.1 and 3.2 andis omitted here.After obtaining the uniform (with respe
t to r) estimates (4.23){(4.26) for setsVk(r), we 
an (analogously to (3.15)) de�ne the desired uniform family Md(r) ofdis
rete exponential attra
tors for semigroups S(l)r on BR0(r):(4.27) M0d(r) := [1k=1 [1l=0 S(l)r Vk (r); Md(r) := �M0d(r)�L1(
r):Indeed, arguing as in the proof of Theorem 3.1 (see (3.25){(3.26)), we easily verifythat the dis
rete exponential attra
tors Md(r) satisfy the �rst three assertions ofTheorem 4.1 (in the L1-metri
 instead of the W 2;pb (
r)-metri
). So, there onlyremains to verify the symmetri
 distan
e estimate (4.9). To this end, we need thefollowing lemma. 19



Lemma 4.3. The following estimate is valid, for every r � 1, R � r and k 2 N? :(4.28) distL1(BR0 ) �Vk (r)��BR0 ;V1 ��BR0 �++ distL1(BR0 ) �Vk ��BR0 ;V1(r)��BR0 � � R000e�
0(r�R);where the positive 
onstants R000 and 
0 are independent of r � 1, R � r and k 2 N? .Proof. Let r � 1 and R � r be �xed. We set(4.29) k0 := � r � RM +pn�:Then, for k � k0, we have BR0 � 
intr (k) and, 
onsequently, due to (4.22), theleft-hand side of (4.28) vanishes. Therefore, there remains to verify (4.28) only fork � k0. Let us verify the �rst part of estimate (4.28), the se
ond one being provedanalogously.For every l � k, we have(4.30) distL1(
r) �Vk (r); S(l)r B (r)� � R002�k:On the other hand, estimate (4.16) yields(4.31) distsymL1(BR0 ) �S(l)r B (r)��BR0 ; S(l)B ��BR0 � � R00eLl��(r�R):Combining estimates (4.30){(4.31) and (3.8), we obtain(4.32) distL1(BR0 ) �Vk (r)��BR0 ;Vl ��BR0 � � R00 �2�l + eLl��(r�R)� :We now re
all that k � k0 and that l � k is arbitrary. Setting l = k0 and using(4.29) and our 
hoi
e of 
onstant M , we dedu
e from (4.32) that(4.33) distL1(BR0 ) �Vk (r)��BR0 ;Vl ��BR0 � � R000e�
0(r�R);where the positive 
onstants R000 and 
0 are independent of r, k and R � r, whi
hproves the �rst part of estimate (4.28). The se
ond one 
an be proved analogouslyand Lemma 4.3 is proved.In order to obtain the desired estimate for the symmetri
 distan
e between theexponential attra
tors Md(r) and Md, there remains, a

ording to (4.27) and(4.28), to estimate the distan
e between S(l)r Vk (r) and Md and between S(l)Vkand Md(r). To this end, we note that estimates (4.13) and (4.28) imply(4.34) distL1(BR0 ) �S(l)r Vk (r)��BR0 ;Md��BR0 �++ distL1(BR0 ) �S(l)Vk ��BR0 ;Md(r)��BR0 � � R000eLl�
00(r�R);20



where the positive 
onstants L, R000 and 
00 are independent of l, k and R � r. Onthe other hand, for every suÆ
iently small Æ > 0, estimates (4.25), (4.28) and (3.17)yield(4.35) distL1(BR0 ) �S(l)r Vk (r)��BR0 ;Md��BR0 �++ distL1(BR0 ) �S(l)Vk ��BR0 ;Md(r)��BR0 � � R000e�Æ(r�R));if k and l satisfy the inequality(4.36) k + l � Æ
 ln 2(r �R):Combining (4.34){(4.36) and taking Æ > 0 small enough, we �nally have(4.37) distsymL1(BR0 ) �Md(r)��BR0 ;Md��BR0 � � R000e�
00(r�R);where the positive 
onstants R000 and 
00 are independent of r � 1 and R � r.Thus, the desired uniform family Md(r) of dis
rete exponential attra
tors forsemigroups S(l)r , l 2 N , a
ting on BR0(r) is indeed 
onstru
ted. There now onlyremains to de�ne, analogously to (3.27), the uniform family M(r) of exponentialattra
tors for the 
ontinuous semigroups Srt by the following standard expression:(4.38) M(r) := [T0�t�2T0Md(r):Using estimates (1.12), (1.16) and (4.13) and arguing as in the end of the proof ofTheorem 3.1, we 
an easily verify that this uniform family of exponential attra
torssatis�es indeed all the assumptions of the theorem and Theorem 4.1 is proved.Corollary 4.1. Let the assumptions of Theorem 4.1 hold and let M(r) be theuniform family of exponential attra
tors 
onstru
ted in this theorem. Then, forevery " > 0 and every R > 0, the following estimate holds:(4.39) distsymW 2;pb (BR0 ) �M(R+K ln+ R0" )��BR0 ;M1��BRx0� � ";where the 
onstants R0 and K are independent of " and R.Indeed, (4.39) is an immediate 
orollary of (4.9).Remark 4.1. Estimate (4.39) shows that, in order to approximate the attra
torM1 with an a

ura
y " inside the ball of radius R, one should 
onsider an ex-ponential attra
tor of equation (4.1) in a ball of radius R + K ln+ R0" . We nownote that one 
annot expe
t that M(r) approximates M1 in the whole ball 
r,sin
e the solutions of (4.1) should satisfy the boundary 
onditions at �
r. Never-theless, estimates (4.9) and (4.39) show that the in
uen
e of the boundary (and ofthe boundary 
onditions) de
ays exponentially with respe
t to the distan
e to theboundary (in 
omplete agreement with physi
al intuition).Remark 4.2. Although we have only 
onsidered the 
ase 
 := Rn and 
r := Br0in this se
tion, a little more a

urate analysis of the proof of Theorem 4.1 shows21



that these assumptions are not essential and 
an be weakened as follows: 
 is anarbitrary regular unbounded domain in the sense of De�nition 1.1 and 
r � 
,r 2 R?+ , 
r1 � 
r2 if r1 � r2, is an arbitrary sequen
e of (bounded) regulardomains whi
h satis�es the assumptions of De�nition 1.1 uniformly with respe
t tor 2 R?+ . Then, the analogue of the main estimate (4.9) reads(4.40) distsymW 2;pb (
R) �M(r)��
R ;M1��
R� � bR0e�
dRn (�
R;�
rn�
);where the positive 
onstants bR0 and 
 are independent of r � 1 and R � r.Referen
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