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ABSTRACT. In this article, we give a construction of exponential attractors that is valid for
general translation-compact non-autonomous systems. Since they are generally infinite di-
mensional, we replace, compared with the standard definition, the condition of finite fractal
dimensionality of exponential attractors by requiring that their epsilon-entropy have the same
form as that of the uniform attractor. As an example, we prove the existence of an (infinite
dimensional) exponential attractor for a reaction-diffusion system.

INTRODUCTION

Many equations arising from physics and mechanics (e.g. the two-dimensional Navier-
Stokes equations, reaction-diffusion systems, damped wave equations, ...) possess the finite
dimensional (in the sense of the Hausdorff or the fractal dimension) global attractor, which
is a compact invariant set which attracts the trajectories as time goes to infinity. Since it
is the smallest closed set enjoying these properties, it is a suitable set for the study of the
asymptotic behavior of the system. We refer the reader to [3], [21] and [34] for extensive
reviews on this subject.

Now, the global attractor may present two major defaults for practical purposes. In-
deed, the rate of attraction of the trajectories may be small and (consequently) it may
be sensible to perturbations. Also, it is important to compute global bifurcations of the
global attractor, which is a very difficult task. Since (when) the global attractor has finite
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dimension, it is natural to expect that it can be covered by solving a (large but finite)
system of ordinary differential equations. One way of obtaining such a system would be to
embed the attractor into a smooth positively invariant finite dimensional manifold.

In order to overcome these difficulties, Foias, Sell and Temam proposed in [19] the no-
tion of inertial manifold, which is a smooth finite dimensional hyperbolic (and thus robust)
positively invariant manifold which contains the global attractor and attracts exponentially
the trajectories. Unfortunately, all the known constructions of inertial manifolds are based
on a restrictive condition, the so-called spectral gap condition. Consequently, the exis-
tence of inertial manifolds is not known for many physically important equations (e.g. the
Navier-Stokes equations, even in two space dimensions). A non-existence result has even
been obtained by Mallet-Paret and Sell for a reaction-diffusion equation in higher-space
dimensions.

Thus, as an intermediate object between the two ideal objects that the global attractor
and an inertial manifold are, Eden, Foias, Nicolaenko and Temam proposed in [10] the
notion of exponential attractor, which is a compact positively invariant set which contains
the global attractor, has finite fractal dimension and attracts exponentially the trajecto-
ries. So, compared with the global attractor, an exponential attractor is more robust under
perturbations and numerical approximations (see [10], [16] and [20] for discussions on this
subject). One can also note that, generally, one can only establish the upper-semicontinuity
of (global) attractors for perturbations of semigroups and partial differential equations,
whereas approximate and exact exponential attractors are continuous (up to a time shift),
at least for classical Galerkin approximations (see [10] for more details). Another motiva-
tion for the study of exponential attractors comes from the fact that the global attractor
may be trivial (say, reduced to one point) and may thus fail to capture important transient
behaviors. We note however that, contrarily to the global attractor, an exponential attrac-
tor is not necessarily unique, so that the actual/concrete choice of an exponential attractor
is in a sense artificial.

Exponential attractors have been constructed for a large class of equations (see [1],
[2], [10], [11], [12], [13], [16], [17], [20], [29], [30] and [31]). The known constructions of
exponential attractors (see for instance [2], [10], [11] and [30]) make an essential use of
orthogonal projectors with finite rank (in order to prove the so-called squeezing property)
and are thus valid in Hilbert spaces only. Recently, Efendiev, Miranville and Zelik gave
in [13] a construction of exponential attractors that is no longer based on the squeezing
property and that is thus valid in a Banach setting. So, exponential attractors are as
general as global attractors.

In the case of non-autonomous systems, Miranville gave in [29] (see also [17]) a definition
of exponential attractor for periodic and quasiperiodic time dependences. Unfortunately,
since it requires that the exponential attractors have finite fractal dimension, such a defi-
nition cannot be extended to more general translation-compact time dependences. Indeed,
contrarily to the autonomous case, the uniform attractor has infinite (fractal) dimension in
general (see [4], [5] and [7]). It is important to note that such an infinite dimensionality can
be obtained for physically relevant systems (e.g. a cascade system constructed on a partial
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differential equation in R™, see Section 5 below). Since it contains the uniform attractor,
an exponential attractor must thus also have infinite fractal dimension. Of course, the
condition of finite (fractal) dimensionality should not be dropped completely: otherwise,
any compact positively invariant bounded absorbing set would be an exponential attractor,
which is not satisfactory. It is thus reasonable to construct the exponential attractor as
small as possible and to have a tool that measures this smallness.

In this article, we propose to use the Kolmogorov’s epsilon-entropy (see [23]) to obtain a
good/suitable definition of (infinite dimensional) exponential attractor; the Kolmogorov’s
entropy being a useful tool for the comparison of (infinite dimensional) compact sets (see [7],
18], [9], [23], [37], [38], [39] and [40]). More precisely, we propose to construct an exponential
attractor M whose entropy has in some sense the same form as that of the uniform attractor
(see Section 4 for more details). We thus give in Theorem 4.1 a construction of (infinite
dimensional) exponential attractors. As an example, we prove the existence of an (infinite
dimensional) exponential attractor for a non-autonomous reaction-diffusion system.

§0 SETTING OF THE PROBLEM

We consider the following second order parabolic system in a bounded smooth domain
w C R™:

0.1) { Ou = alAgyu — f(u) +g(t), ¢ € w,

“‘aw - 0’ u‘t:() = Uo-
Here, u = (ul,--- ,u¥) is an unknown vector function, A, is the Laplacian with respect to
the variables x = (z1,---,2™), a is a given k X k-matrix such that a +a* > 0 and f(u) and

g(t) = g(t, z) are given functions.
The nonlinear term f is assumed to satisfy the following conditions:

1. f € C1(RF,RF),
(0.2) 2. f(u)u>-C, f'(u)>—-KId,
3. 1f(w)] < CA+ulP), |f' ()] < CA+ [ulf~h), p <pe =153

n—2"7

where the condition f’(u) > —KId means that the matrix f'(u) + KId is positive. Here
and below, we denote by w.v the standard inner product in R¥. Moreover, we denote by
WP (V) the Sobolev space of the functions whose derivatives up to order [ belong to LP(V'),
which we endow with its usual norm denoted by ||-,V||;,. We will write || - ||;, instead of
Iyl

We furthermore assume that the external force g € L2 (Qr) for T > 0, where Qp :=
[T, T + 1] x w, and satisfies

(0.3) ||g||L§ 1= Supr>q [|9, Q7llo,2 < 0.

We denote by LZ(Q4) (24 := Ry X w) the B-space of the functions g with finite norm

(0.3). The spaces Wé’p(Q+) and WHP(Q) (Q := R x w) can be defined similarly.
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As usual, the solution of problem (0.1) is a function v € A(Qrp) := WL2:2(Qy), for
every T > 0, which satisfies (0.1) in the sense of distributions. We recall that the norm in
the Sobolev—Slobodetskij space A(Q7) is given by the following expression:

(0.4) lu, QI3 = 10, Q7 lI5 2 + |u, Qr[]3 2.

Consequently, we assume that the initial data ug belongs to the space V := WO1 ’2(w), which
is the trace space at ¢ = 0 of the functions u € A(2p) such that “‘aw =0 (see [25]).

Remark 0.1. We note that 2p,. is the limit exponent in the embedding A(Qr) C L?<(Qr).
Consequently, the growth restrictions (0.2) guarantee that f(u) € L2(Qr), for every u €
A(Qr), and equation (0.1) can be understood as an equality in L?(Qr).

§1 THE ESTIMATES

In this Section, we give several estimates for the solutions of (0.1) and their difference
that will be essential in the next sections for the construction of the global and exponential
attractors for (0.1) and for the derivation of estimates on their entropy. We start with the
following theorem.

Theorem 1.1. Let the assumptions of the introduction hold. Then, for every ug € Vjp,
problem (0.1) has a unique (in the class u € A(Qr), T > 0) solution u(t) that possesses the
following estimate:

(1.1) lu, Qrlla < Qluollve)e™" + Q(llgllz2),

where QQ is a monotonic function which depends on f but which is independent of ug and
g and where « 1s a strictly positive number.

Proof. We restrict ourselves to the derivation of estimate (1.1). The existence of solutions
can be obtained in a standard way, using e.g. the Galerkin method or the Leray-Schauder
fixed point theorem (see [3] and [36]). The uniqueness will be verified in Theorem 1.2.

In order to derive (1.1), we multiply as usual equation (0.1) by u(¢) and integrate over
x € w. Then, integrating by parts and using the second assumption of (0.2) and the
positivity of a, we obtain the estimate

(1.2) Ot||u(t)

16,2 + #lu®)l5 2 + pllu@®llf; < CL+g@)]5,2):

where ;o > 0 is small enough (here, we have used the inequality [|u(t)]|o,2 < C||Vzu(t)|o,2
together with Holder’s inequality).
Applying Gronwall’s inequality to (1.2), we deduce that

T+1
(1.3) ||U(T)||3,2+/T lu(®)] 2 dt < Clluollg 2™ + C(1 + [lgll7)-
4



Multiplying now equation (0.1) by —A,u(t), integrating over x € w and integrating by
parts, we obtain, using again the second assumption of (0.2), the positivity of a and Holder’s
inequality

(14)  Oellu®)F 2+ pllu®)T s + pllu@®)]3 2 < Clu@®lf 2 + C1 + g6 2)-

Here, we have implicitly used the fact that the domain w is smooth. Indeed, for such
domains, we have [|u(t)||2,2 < C||Azu(t)||o,2-

Applying Gronwall’s inequality to (1.4) and estimating the first term of the right-hand
side of (1.4) by (1.3), we obtain, after simple transformations

(1.5) lu(T)II,

Our next task is to estimate || f(u), Qr||o,2. To this end, we use the following embedding.

T+1
+ | Ol adt < Calluoll T + Ca(1 + gl

Lemma 1.1. Let w C R*, n > 2, be a smooth domain. Then

(1.6) L®([T, T+ 1), W' (w)) N LA([T, T + 1], W**(w)) C L**(Qr).

Proof. The embedding (1.6) can easily be obtained by interpolation between L (W12)
and L?(W?2?2) and by using standard embedding theorems. Indeed, for every 6 € [0,1]
(L.7)  L®(T,T + 1, W"(w)) N L*([T, T + 1], W>*(w)) € L**([T, T + 1], W (w)),

(see e.g. [35]). We note that, due to a standard embedding theorem, we have W!+%2 c L4,
with é = % — 1—;:9. Finding 0§ = n+2 from the equation 2/0 = ¢, we now obtain the
embedding (1.6). Lemma 1.1 is proved.

Thus, according to Lemma 1.1, estimate (1.5) and the growth restrictions (0.2)

(18) [1f(w), Qrl35 < C (14 [lu, 35, )" < Co (1 T [ —

2pc —
+ lull L gy, W22)> < Qu(lluollvy)e™" + @Q1(llgll ).

for an appropriate monotonic function Q1. Thanks to (1.8), we can rewrite equation (0.1)
as a linear equation:

(1.9) Opu — algu = hy(t) := f(u(t)) + g(t),
and then apply the parabolic regularity theorem to (1.9) (see e.g. [25]):
(1.10) lu, @z [z < CUD)E 2 + g, Qrllg 2 + 1 (w), Qll5 o).

Inserting estimates (1.5) and (1.8) into the right-hand side of (1.10), we obtain estimate
(1.1). This finishes the proof of Theorem 1.1.

The following theorem gives an estimate for the difference of two solutions of (0.1) for
different initial values and right-hand sides. This estimate is of fundamental significance in
our study of attractors.
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Theorem 1.2. Let the assumptions of Theorem 1.1 hold and let ui(t) and us(t) be two
solutions of equation (0.1), with right-hand sides g1 and go respectively. Then

(111)  Jua(T) = ua(T)|1 2 < CT™ " |ur (0) — u2(0)I§ 2+

CebT / lg1(t) — gat)

|(%,2 dtv

where the constant C depends on the Vy-norm of u1(0) and u2(0) and where the constant
L depends only on f and a.

Proof. We restrict ourselves to the case T'< 1 in (1.11) (which in fact will be used in the
next sections). The general case can be obtained similarly or derived from the case T' < 1
by induction.

Let v(t) = uy(t) — uz(t), h(t) = g1(t) — g2(t). Then

0w = algzv — I(t)v + h,
(1.12) {tv alAzv —I(t)v

U‘aw =0, U‘t:o = u1(0) — u2(0),

where [(t) := f01 f(sur(t) + (1 — s)uz(t)) ds.
The following two Lemmata give estimates for the solutions of (1.12).
Lemma 1.2. Let the above assumptions hold and let us assume that T < 1. Then

1
— < 2pc,

T
1.13 IBv®)|2 . dt < Cllv, Qo 7l|? = 2pp————
1) [ OB < ool 0= 2o —

where 6 = 6(p) > 0, Qo7 :=1[0,T] x w and C = C(||u1(0)||vy, [|u2(0)||v)-

Proof. Using the growth restictions on f’ (see (0.2)) and Holder’s inequality with exponents

Dc Dc
pra and T —p We find

T
(1.14) / (v (@)I15 2t < C(1+ lJug, Qo,7llo2p, + luz, Q0,7]l0,26.)>PVllv, 20,7113 4
0

Furthermore, using Theorem 1.1 and the embedding A C L?P¢, it follows that

(115) ||’U/i,Q(),T

l0,2p. < Cllui, Qolla < Q(J|ui(0)[lvy) + Q9] z2)-

Inserting (1.15) into (1.14), we then finish the proof of the lemma.
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Lemma 1.3. Let the above assumptions hold and let us assume that T < 1. Then, for
every € > 0, there exists C. depending only on ||u;(0)||v, such that

T

16) [ e @lad < Cc [ ol ade

T
de [ lo@Badite s ot)]R
0 te[0,T]

Proof. Since q < 2p., then, according to the interpolation inequality between L? and L3P
and according to Young’s inequality, we have, for every ¢ > 0

(1.17) v, Qo,1

|g,q < CEHU’QT”(Q)Q + €llv, Qo7

|(23,2pc'

Applying now the result of Lemma 1.1 to the last term of the right-hand side of (1.17), we
obtain

T
(1.18) [0, Q0,73 2p, <C (/ lo(t)||5.dt + sup [Jo(t) I?g) :
0 te[0,T]

(Moreover, repeating the proof of Lemma 1.1, we can easily check that the constant C' in
(1.18) is independent of T'.)

Combining estimates (1.17) and (1.18) with estimate (1.13), we finish the proof of the
lemma.

Now, we return to the study of equation (1.12). Let v(t) = wv1(t) + va(t), where vy ()
satisfies the equation

(1.19) Opv1 = alAzvy — l(t)vy + h, v1(0) =0,
and vy is solution of
(1.20) Otva = algve — I(t)va, v2(0) = v(0).

We first study equation (1.19). We note that, multiplying this equation by vy (¢), integrating
over z € w and using the fact that [(¢) > —KId (due to assumptions (0.2)), we deduce (as
in the proof of Theorem 1.1) that

T
(1.21) lor(B)II6,2 < Ce“/o 1R (E)I[G o dt.

Multiplying now equation (1.19) by A,v;(¢) and integrating over z € w and t € [0,T], we
deduce the estimate

T T T
2,4 / lor ()25 dt < © / Ih(t)|12 5 dt + C / li(yor ()2 5 dt.

7
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Inserting estimates (1.16) and (1.21) into the right-hand side of (1.22) and assuming that
¢ is small enough, we obtain the inequality

T
(1.23) o1 (T)]]7 2 §01/ 1h(t)[5.2dt +& sup [lo(t)]]3 5.
0 te[0,T]

Taking the supremum over [0, 7] of both sides of (1.23) (with T replaced by ¢) and taking
e < 1/2, we finally obtain

T
(1.24) lo1 (T35 < 02/0 1R(E)I15 2 dt.

Let us now estimate the function vy (#). We first note that, multiplying (1.20) by va(t) and
arguing as in the proof of (1.21), we have

T
I3,2+/0 [z ()13 2 dt < Clv(0)][5 -

(We recall that we have assumed that T < 1.)
We then multiply equation (1.20) by tA,vy(t), integrate over x € w and t € [0,7] and
set w(t) := tY/%vy(t). We find, after simple transformations

T T T
(1.26) nmnm2+é|ww@2ﬁscz mwmmﬁ+czgwwmm&wt

Estimating the right-hand side of (1.26) by (1.25) and (1.16) and taking e small enough,
we obtain the inequality

(1.25) [v2(T)

(1.27) (T[T 2 < Clo(O)I52 +& sup Jlw(®)] .
te[0,T7]

Arguing as in (1.23), we deduce from (1.27) that

(1.28) Tllva(T)[7 5 = [lw(T)F 2 < Cllv ()] »-

Combining finally estimates (1.24) and (1.28), we obtain estimate (1.11). Theorem 1.2 is
proved.

Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, for every solutions ui(t)
and us(t) with right-hand sides g1 and g2, the following estimate holds:

(1.29) |wuw—uxwﬁgscd”Qmmm—uﬂmﬁg+ﬁ;wm@—gx@%gw),

where the constants C and L depend only on ||u;(0)]|v, -

The proof of (1.29) is similar to that of Theorem 1.2, but is essentially simpler, since we
do not need to prove the smoothing property.

To conclude this section, we obtain some regularity results for the solutions of (0.1)
under the additional assumption

(1.30) g€ L, (R IL?(w)),

where 8 > 0 is some positive number. These regularity results will be essential for the
construction of exponential attractors for problem (0.1).
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Theorem 1.3. Let uy € Vi and let assumption (1.30) hold. Then, there exists a constant
B = p'(B) >0 such that

(1.31) /1 (Hloru(®) 0,)* " di+

1
+/0 (u(t) l2,2)*"" dt < Q(l[uollve) + QUllgl p2+s' (72)-

for an appropriate monotonic function ().

Proof. We set v(t) = tu(t). Then, v is solution of
(1.32) Opv — alyv = gy (t) == u(t) — tf(u(t)) + tg(t), v‘t:(] = 0.

Let us verify that g, € L2+B'([O, 1], L?*(w)), for an appropriate 3’ > 0. Indeed, since p < p,,
the embedding A(Qy) C L?P¢(£y), together with estimate (1.1), imply that

(1.33) I1f (), Qollo,2p./p < Qu(llu, Qollo,2p.) < Qa(lluollvy) + Q2(llgllz2);

for appropriate monotonic functions @1 and Q2. Therefore, the function f(u) belongs to
L2*81(]0,1], L?(w)), with By := 2(L= — 1) > 0, and u(t) obviously belongs to at least the
same space. Thus, we have proved that

(1.34) l9ull 2267 (jo,11,22 w)) < @3(lluollve) + Qs(llgllL2vs(12)),
with ' := min{g, 1 }.

Applying now the anisotropic parabolic maximal regularity theorem (see [27]) to equa-
tion (1.32), we derive (using (1.34)) estimate (1.31) and Theorem 1.3 is proved.

Let VOﬁ " denote the following trace space:
(1.35) V& ={w(0) : du € L7 ([0,1], L*(w)),
u e L ([0,1], W22 (w)), u|,,, = 0}
It is known (see [26] and [35]) that
(1.36) VP W2y,
where = % > 0. Thus, Theorem 1.3 implies the

Corollary 1.2. Let the assumptions of Theorem 1.3 hold. Then, u(t) belongs to VOB’, for
every t > 0, and

(1.37) @l < 1+ 1) (QUluollv) + QClgllovsr )

for an appropriate monotonic function Q. In particular, due to (1.36), the Voﬁl—norm mn
the left-hand side of (1.37) can be replaced by the W12 norm.
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Corollary 1.3. Let the assumptions of Theorem 1.3 hold. We assume in addition that
up € VOB . Then

T+1 T+1
(1.38)  [Ju(T )||2+ﬁ /T ot 155" dt+/T lu@)55" dt <

< QUuollys) + Qg 2 7))

for an appropriate monotonic function ().

Estimate (1.38) can be derived as in the proof of Theorem 1.3, but is simpler, since we
do not need to prove the smoothing property.

The following result, which establishes the Holder continuity with respect to ¢ of the
trajectories, is essential for our construction of exponential attractors.

Theorem 1.4. Let the assumptions of Theorem 1.3 hold and let in addition ug belong to
Voﬁ . Then, there exists v > 0 such that, for everyt >0 and 0 < s <1

st + ) = u(®) 1.
= < Qluollys) + Qg | 2+ 1))

(1.39)

for an appropriate monotonic function Q).

Proof. We write

(1.40) u(t +s) —u(®)llf 2 =

t+s t+s
_ /t (Opu(l), Agu(l)) dl = — /t (aBpu(l), Ayu(l)) di+
t+s t+s
T / (F (@), Apu(l)) di - / (90). Agu(®)) dl = Ty + I + I,

Let us estimate I1. Using Holder’s inequality with exponents p; = 14+3'/2 and ps = 142/’
and (1.38), we have

t+s t+s 1/p1
(141)  |L| < c/ lu(t)|2.5d1 < CsPe (/ ()25 dl) < Oyl
t t

The second integral Iy can be easily estimated by integrating by parts and by using the
fact that ||u(t)||1,2 is uniformly bounded together with the condition f' > —K1Id:

t+s
(1.42) I < K/ Vo) ||12dl < Cs.
t
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So, there remains to estimate the third integral I3. To this end, we apply Holder’s inequality
with exponents p; = ps =2+ " and p3 =1+ 2/ and use (1.30) and (1.39) to obtain

lo,2l|u(l)||2,2 dl <

t+s
(143) || <C / lg(0)

t4s . 1/p1 t4s . 1/p2
< o5t/ (/ L2 dZ) (/ (@) 124 dl) < Cys'/m,

Inserting estimates (1.41)—(1.43) into estimate (1.40), we find (1.39). Theorem 1.4 is proved.

§2 THE GLOBAL (UNIFORM) ATTRACTOR

In this Section, we prove that equation (0.1) possesses the global attractor A in the
appropriate extended phase space.

We start with recalling the skew product construction of the global attractor for the
non-autonomous equation (0.1) (see e.g. [4], [5], [22], [32] and [33] for details). To this end,
we further assume that the right-hand side g(t) is defined not only for ¢ > 0, but also for
all t € R, and is bounded (i.e. it belongs to the space LZ(Q)). Moreover, we assume that
the right-hand side is translation-compact (see [4] and [5]). By definition, this means that
the hull

(2.1) H(g) :==[Thg, h € Rlzz (o), (Thg)(t) :=g(t+h),
is compact in L? () (which, by definition, is a F-space generated by the semi-norms
|-, Qrllo,2, T € R), where [-]y> denotes the closure in V.

It is obvious that any periodic, quasiperiodic or almost periodic function (in Bochner-
Amerio sense) with values in L?(w) belongs to the class T'Cy(Q2) of translation-compact
functions in L2 (). We also note that, in contrast with the definition of almost periodic
functions, we take the closure in (2.1) not for a uniform topology of L2(Q) or Cy(R, L?(w)),
but only for a local topology of L7 (), so that the class T'C2(Q) is essentially larger

than the class AP(R, L?(w)) of almost periodic functions. For instance, every function
gewy ’2(9), with a > 0, is automatically translation-compact:

W2(Q) € TCH(Q), a> 0.
Moreover, the class TC2(2) enjoys the following description (see [38]):
(2.2) TC>(Q) = [Cy (D120

Formula (2.2) clarifies the relationship between smoothness and translation-compactness.
We now consider the family of problems

(2.3) Ou = alzu— f(u) +£(t), £€€Hg).
11



We note that [|{[|L2 < [|g[|zz, for every £ € #(g). Consequently, the estimates derived in
Section 1 hold uniformly with respect to £ € H(g). In particular, the family of solving
operators

Ue(t,m): Vo = Vo, ue(t) =Ue(t, T)ue(r), t >,

where u¢(t) is a solution of (2.3) with initial value udt:T = ug(7), is well defined.
Let us define a semigroup S; acting on the extended phase space ® := Vj x H(g) by the
formula

(24) St(uO,E) = (U&(t,O)Uo,TtE) , St : Vo X H(g) — Vo X H(g)

(It is easy to check (see e.g. [4], [5], [22], [32] and [33]) that (2.4) is indeed a semigroup.)
Our task now is to verify the existence of the global attractor for this semigroup. For

the reader’s convenience, we recall the definition of the global attractor (see [3], [21] and
[34] for details).

Definition 2.1. The set A C ® is the global attractor for the semigroup S, if the following
conditions hold:

1. A is compact in ®;

2. A is strictly invariant with respect to S;: S;A = A, Vi > 0;

3. A is an attracting set for the semigroup S; in the following sense: for every bounded
set B C ® and for every neighborhood O(A) of A, there exists a time T = T(B, Q) such
that

(2.5) S:B C A, if t>T.

Remark 2.1. The last condition of Definition 2.1 is equivalent to the following: for every
bounded set B C ¢

(2.6) limy_, o0 diste{S:B, A} =0,
where
(2.7) disty {X, Y} := sup,c x infyey dv(z,y),

(dv (-, -) denotes a metric in the space V') is the non-symmetric Hausdorff distance between
the subsets X and Y of the metric space V.

Theorem 2.1. Let the previous assumptions hold. Then, the semigroup (2.4) acting on
the extended phase space ® possesses the global attractor A.

Proof. According to the attractor’s existence theorem for abstract semigroups (see [3], [21]
and [34]), it suffices to verify the following assumptions:
1. the semigroup S;: ® — ® is continuous, for every fixed t > 0;
2. the semigroup S; possesses a compact attracting set K C &.
12



The continuity of S; is a straightforward consequence of (1.29). So, there remains to
prove the existence of a compact attracting set. To this end, we note that estimate (1.1)
implies that the set By := Bgr x H(g), where Br := {v € Vy; ||v||v, < R} is the R-ball
in Vp, is an attracting (and even absorbing) set for the semigroup S; if R is large enough
(more precisely, for & > 2Q(||g][z2(q)), where @ is the same as in (1.1)). Now, this set is
obviously non-compact in P.

We claim that the set

(28) B:= 81180,

is a compact attracting set for the semigroup S;. Indeed, since By is an attracting set, then
so is B. So, there only remains to prove the compactness.
We note that, by definition

(2.9) B = {(ug(1),Tr€) : ue(0) € Br, £ € M(g)},

where wug(t) is solution of equation (2.3). We set vg(t) := tug(t). Then

Opve — algve = hy (1) == ue(t) +tf(ue(t)) +2&(t), &€ Hg),
Uﬁ‘t:o =0, “dt:o € Bk

(2.10) {

According to Theorem 1.1, the set {ug(t) @ (ug(0),€) € By} is bounded (and obviously
closed) in A(€Qg). We recall that, since the exponent 2p is strictly less than the critical
exponent 2p., the embedding A(Qg) C L?!(p) is compact (see [35]). Thus, we have
proved that

(2.11) fue(®) : (ug(0),€) € By} CC L(Qy).

We note that, according to the growth restrictions (0.2) and to Krasnoselski’s theorem
(see [24]), the Nemitskij operator generated by f is continuous from L2P () into L?().
Consequently, (2.11) implies that the set

(2.12) {ue(t) +tf(ue(t)) = (ue(0),€) € By},

is compact in L2(£).
We now recall that the right-hand side g is assumed to be translation-compact. Conse-
quently, H(g)‘ 2 is also compact in L?()y). Thus, we have established that the set G of

right-hand sides in (2.10):
(2.13) G = {hy (1) : (ue(0),6) € B},

is compact in L?(). Applying now the parabolic maximal regularity theorem (see [25])
to equation (2.10) and taking into account (2.13) and the fact that v¢(0) = 0, we have

(2.14) G1 = {ve(t) : (ue(0),€) € By} CC A(Q).
13



Noting that B C Gl‘t:l x H(g) CC Vy x H(g) (since Vp is the trace space at ¢ = 1 of
the functions belonging to A(£2p)), we finally deduce that B is a compact attracting set for
the semigroup S; acting on ® and, consequently (due to the attractor’s existence theorem
mentioned in the beginning of the proof), this semigroup possesses the global attractor A
in ®. Theorem 2.1 is proved.

Definition 2.2. The projection A := II; A of the global attractor A constructed in the
previous theorem onto the first component (i.e. Vj) is called the uniform attractor for the
initial non-autonomous equation (0.1).

Corollary 2.1. Let the assumptions of Theorem 2.1 hold. Then, equation (0.1) possesses
the uniform attractor A CC Vj.

Remark 2.2. The uniform attractor 4 possesses an internal definition (i.e. that does
not make reference to the semigroup S;). More precisely, the set A is called the uniform
attractor for equation (0.1) if:

1. A is compact in Vj;

2. for every bounded subset B of Vj

(2.15) lim;_, o SUP¢et(g) disty, {UE (t,0)B, A} = 0;

3. the set A is minimal among the closed sets that satisfy 1 and 2.

The equivalence of this definition and Definition 2.2 has been proved in [4]. We also
note that (2.15) justifies the name ’uniform’ for the attractor A.

To conclude this section, we formulate the non-autonomous analogue of the well-known
fact that the global attractor is generated by all complete bounded trajectories of the
corresponding semigroup.

Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Then, the uniform attractor A
enjoys the following description.:

(2.16) A = Ugen(g)Kel,_y»

where K¢ is the set of all bounded solutions u € Ay(Q2) of equation (2.3) with right-hand
sides & € H(g) defined for all t € R.

Indeed, it is well known (see [3], [21] and [34]) that the global attractor A for the
semigroup S; enjoys the following description:

A={g€®:3p(s) € LF(RP), Sip(s) =t +5), V6 >0, s €R, $(0) = o}

Assertion (2.16) can easily be deduced from this description (see e.g. [4] and [5] for details).
14



§3 THE ENTROPY OF THE UNIFORM ATTRACTOR

This Section is devoted to the study of quantitative characteristics of the uniform attrac-
tor A constructed in the previous Section. Such a characteristic, which is widespread in the
attractor’s industry, is the fractal (box-counting, entropy) dimension of the attractor. We
note however that, in contrast with the autonomous case, without additional assumptions
on the finite dimensionality’ (for the time dependence) of the right-hand side g (e.g. g is
quasiperiodic), there is no reason to expect the (uniform) attractor to be finite dimensional
in the non-autonomous case (see [4] for examples of infinite dimensional non-autonomous
attractors or [8], [14] and [38] for examples of infinite dimensional autonomous attractors in
unbounded domains). That is the reason why (following [7], [15], [37], [38] and [39]), we will
study the Kolmogorov’s entropy of the attractor A, which is finite under the assumptions
of Theorem 2.1 (since A is compact).

We briefly recall the definition of Kolmogorov’s e-entropy and give some classical exam-
ples (see [23] and [35] for a detailed study).

Definition 3.1. Let K be a (pre)compact set in a metric space M. Then, due to Haus-
dorff’s criteria, it can be covered by a finite number of e-balls in M. Let N.(K, M) be the
minimal number of e-balls that cover K. Then, we call Kolmogorov’s e-entropy of K the
logarithm of this number:

(3.1) H. (K, M) := log, N.(K, M).

We now give several examples of typical asymptotics for the e-entropy.

Example 3.1. We assume that K = [0,1]" and M = R™ (more generally, K is a n-
dimensional compact Lipschitz manifold of a metric space M). Then

(3.2) H (K, M) = (n +5(1)) log, % Case 0.

This example justifies the definition of the fractal dimension.

Definition 3.2. The fractal dimension dimg (K, M) is defined as

: . H. (K, M)
(3.3) dimp (K, M) := limsup,_,, Togy 1

The following example shows that, for sets that are not manifolds, the fractal dimension
may be non-integer.

Example 3.2. Let K be a standard ternary Cantor set in M = [0, 1]. Then

In2
di K M)=—<1.
imp (K, M) 1][13<
15



The next example gives the typical behavior of the entropy in classes of functions with
finite smoothness.

Example 3.3. Let V be a smooth bounded domain of R™ and let K be the unit ball in
the Sobolev space W!tP1(V) and M be another Sobolev space W!2:P2(V') such that the
embedding W' -Pr C WPz is compact, i.e.

l 1 l 1
l1>l220, —1——>—2——.
nop1 n. p2

Then, the entropy H. (K, M) has the following asymptotics (see [35]):

1 n/(li—l12) 1 n/(li—l12)
(3.4) a (g> < H.(K, M) < C» <g> .

Finally, the last example shows the typical behavior of the entropy in classes of analytic
functions.

Example 3.4. Let V; C V5 be two bounded domains of C". We assume that K is the set
of all analytic functions ¢ in V such that ||¢||c(v,) < 1 and that M = C(V1). Then

(3.5) C1 (logy 1/e)" ™ <HL (K|, , M) < Cs (log, 1/)"*",

(see [23]).
We now state the main result of this Section.

Theorem 3.1. Let the assumptions of Theorem 2.1 hold. Then, the entropy of the attrac-
tor A satisfies (for e > 0 small enough):

1
(36)  H.(AVo) < Clog, ~ +Heyrc (Hlg)

[0,Llog, 1/e]xw’ L%([O’ LlOgZ 1/8] X w)) )

where the constants C, L and K depend only on the left-hand side of equation (0.1) and
can be computed explicitly.

Proof. We adapt the proof given in [38] to our situation. Let B = B(ug, R, V) be a Vj-ball

of radius R centered at ug such that A C B (such a ball exists, since A is bounded in p).
According to Theorem 1.2, there exists a constant L’ > 1 such that, for every solutions

u1(t) and ug(t) with right-hand sides g; and go such that u;(0) € B(ug, 2R, V}), then

(3.7) [ (1) = uz(1)

l1,2 < L' ([Ju1(0) — u2(0)lo,2 + [l91 — 92, Qollo,2) -

Our task now is to construct, starting with the initial ball B, the R/2F-covering of the
attractor A for every fixed k. Estimating then the number of balls in these coverings, we
will deduce estimate (3.6).

16



Let k € N be fixed. We fix the minimal ;% 5i--covering of the set #(g) ‘Qo _ for the metric
of L2(0,1) (it is possible to do so, since g is translation-compact). Let G := {&1,--- ,én} C

H(g) be the centers of this covering. Then, obviously
logy N = logy N (k) := Hpg(or+2 11y (H (g) \Qk,Lg(Qk))-

Let us also fix the minimal covering of the unit ball B(0,1,V}) for the Vp-norm by a
finite number P of 1/(8L’)-balls for the metric of H := L?(w) (such a covering exists, since
Vo CC H). Moreover, increasing the radiuses of the balls twice (from 1/(8L') to 1/(4L")),
we may assume that all the centers of these balls belong to Vj. It is very important that,
for every r > 0 and v € Vjp, the ball B(v,r,Vy) of radius r in V; centered at v can be
covered by the same number P of balls of radius r/(4L") for the H-norm (this covering
can be constructed from the initial covering of the unit ball B(0,1,V,) by shifting and
homotetion). We also note that the centers of the balls in this covering belong to Vj.

We now set Z/{g :={up}, j =1,---, N, where ug is the center of our initial R-ball and
we define the sets ¢ by induction.
Let us assume that the sets & C Vy, j =1,---, N, are already defined for some I < k.

We consider, for every j € [1, N], the system of R/2!-balls for the Vo-norm centered at the
points of Z/llj. We cover each of these balls by a finite number P of R/(2'4L’)-balls for the
metric of H and we denote by Vlj the set of all centers of these new balls. We note that
Z/{lj C Vp implies, due to our construction of the covering, that Vlj C Vb and, consequently,
we can define the set Z/{le by the formula

(3.8) Ul =Ug, (L+1,0)V].

Thus, we have defined by induction the sets Z/{lj and Vlj , for every 0 < [ < k and j €
[1,---,k]. We also note that the number of points in 4] is given by

(3.9) #U =P, 1<k

Lemma 3.1. The R/2%-balls in Vi centered at the points of the set Uy = uj.\leu,g’ cover
the attractor A.

Proof. Let w be an arbitrary point of A. Then, according to Theorem 2.2, there exist
¢ € H(g) and a complete bounded solution @(t) of (2.3) such that u(k) = w.

According to our construction, there exist j* € [1,---, N] and u§ := ug € L{g* such that
R ]_ ~ *
(310) ||§ — é.j*;Ql,l—1||0,2 < 52—,6, | = 1, e ,k, ||U(0) — ’U,0||0,2 < R.

Let us assume that we have already proved that, for some I < &, there exists u; € Z/[lj " such
that

R

(3.11) a) - il <
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Estimate (3.11) implies that 7(/) belongs to the R/(2!)-ball for the Vo-metric centered at
uf € U} . Therefore, by definition of the sets V/, there exists a point v; € V/ such that

~ « R 1
(3.12) [a(?) = vi'llo2 < o7 77
We now consider the point uj, ; := U (I +1,1)v] € L{ljJ:l. Then, according to (3.7), (3.10)
and (3.12)
~ . R R R
(3.13) 180+ 1) = sl < 2 (o + 1 ) < i

(We note that (3.7) is indeed applicable because u(l) € A C B(ug, R, Vp) and, consequently,
(3.12) implies that u; € B(uo,2R, V}).)

Thus, by induction, we conclude that there exists u?c € L{,‘z* such that

~ j* R
(3.14) la(k) - uf I < 5r-
Since w = u(k) is arbitrary, we finish the proof of Lemma 3.1.
Therefore, we have constructed the R/ 2F_covering of the attractor A (centered at the
points of Uy, := u;.\leu,g). Consequently, (3.9) implies that
(3.15) Npgjor (A, Vo) < NP".

Taking the logarithm of both sides of (3.15) and writing the explicit expression of N = N (k),
we obtain that, for every k € N

(3.16) Hp2x (A, Vo) < klogy P+ Hporez 1 (H(g)|q, > Lp(Qo,1))-

Estimate (3.6) follows immediately from (3.16). Indeed, let R > ¢ > 0 be fixed and let k
be such that

R R

Then, noting that the e-entropy is a non-increasing function of e, we obtain from (3.16)
that

R
(3.18) H.(A,Vp) < (1 + log, g) log, P+

+ He /sy <H(9)‘Q 7LZ(QO,(1+log2 g))> .

0,(1+1ogy &)

Estimate (3.18) is of the form (3.6) (for appropriate constants C, L, K and ¢). Theorem
3.2 is proved.
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§4 THE EXPONENTIAL ATTRACTOR

The main aim of this Section is to construct an (infinite dimensional) exponential at-
tractor for the non-autonomous problem (0.1). For the reader’s convenience, we start our
considerations from the standard definition of exponential attractors for semigroups (see

[10]).

Definition 4.1. Let S;: ® — ®, ¢t > 0, be a semigroup. Then, a set M is an exponential
attractor for S; if

1. M is compact in P;

2. M is semi — invariant with respect to Sy, i.e. S;M C M, Vit > 0;

3. M attracts the bounded subsets of ® exponentially, i.e. there exists v > 0 such that,
for every bounded subset B C @, there exists a constant C' = C'(B) such that

(4.1) dists (S¢B,M) < Ce ™, v >0, t>0;
4. the set M has finite fractal dimension, i.e.

For non-autonomous equations, a definition of exponential attractor can be obtained
from Definition 4.1 by using the skew product technique and by projecting the exponential
attractor for the extended semigroup onto the first component (see [17] and [29]). We give
this definition in the case of equation (0.1).

Definition 4.2. Let U¢(t,7) : Vi — V) be the solving operators for (2.3). Then, a set M
is an exponential attractor for this equation if

1. M is compact in Vj;

2. M attracts exponentially the trajectories of the family (2.3), i.e. for every bounded
subset B C Vj, there exists C' = C(B) such that

(4.3) SUPg e (g) distv, (Ue(t,0) B, A) < Ce ™" v > 0;

3. for every ug € M, there exists £ € H(g) such that Ug(t,0)ug € M, for every t > 0;
4. The set M has finite fractal dimension: dimp(M, V) < oc.

As in the autonomous case, it follows immediately from the definition that the uniform
attractor is a subset of any exponential attractor:

(4.4) AcC M.

We note that, although this definition of non-autonomous exponential attractors is well

adapted to the study of non-autonomous equations with periodic or quasiperiodic external

forces (see [17], [29] and [31]), it is not convenient for more general translation-compact

time dependences. Indeed, as already mentioned, there is no reason to expect the uniform
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attractor to have finite dimension in general and point 4 of Definition 4.2, together with
the embedding (4.4), imply that dimp A < co. Consequently, there is also no reason to
expect the existence of an exponential attractor in the sense of Definition 4.2 in general!

Thus, condition 4 of Definition 4.2 should be modified. We note however that this con-
dition cannot be dropped completely. Indeed, in that case, every compact (semi-invariant)
absorbing set of (0.1) would be an exponential attractor, which does not make sense.

We note that, although an exponential attractor must have infinite dimension (if the
same is true for the uniform attractor), it is reasonable to construct it as ’'small’ as possible.
Using Kolmogorov’s entropy in order to compare the ’size’ of infinite dimensional sets,
we come to the following problem: construct an exponential attractor M whose entropy
H. (M) has in some sense the same type of asymptotics, as € — 0, as the entropy H. (A)
of the uniform attractor:

(45) Hs (M, VO) ~ He (A7 VO)

Having estimate (3.11) for the entropy of the right-hand side of (4.5), it looks reasonable
to give the following definition of (infinite dimensional) exponential attractors for equation
(0.1).

Definition 4.3. A set M is an (infinite dimensional) exponential attractor for equation
(0.1) if conditions 1-3 of Definition 4.2 are satisfied and if, in addition

1
(46) H (M7 VO) < (i 10g2 g + H&/Ll (rH(g)‘Qo,Kl logo 1/E,LZ(QO,K1 log, 1/6)) ’
for appropriate constants Cy, L1 and K;.

Remark 4.1. We note that, if the external force g is in some proper sense finite dimen-
sional (e.g. if it is quasiperiodic, see also the examples in Section 5 below), then the second
term in the right-hand side of (4.6) has the asymptotics L” log, 1/¢ and, consequently,
(4.6) implies that M is finite dimensional (that is the reason why we put into parenthe-
ses the words ’infinite dimensional’ in Definition 4.3). In this situation, Definition 4.3 for
exponential attractors coincides with the standard definition (i.e. Definition 4.2).

The main result of this section is the following theorem.

Theorem 4.1. Let the assumptions of Theorem 3.1 hold and let in addition assumption
(1.30) be wvalid. Then, equation (0.1) possesses an (infinite dimensional) exponential at-
tractor M in the sense of Definition 4.3.

Proof. We first note that it is sufficient to verify the exponential attraction for an absorbing
set, for equation (0.1) (indeed, the image of every bounded subset of Vj enters the absorbing
set after a finite time).

Let us fix an absorbing set By for the extended semigroup S;: ® — ® (say, the same as
in the proof of Theorem 2.1). We note that this set may not be semi-invariant with respect
to S¢, so that we define (as usual) a new absorbing set

(4.7) B:= [UtZOStBO] )
>
20



which is also bounded in V; (due to Theorem 1.1) and is obviously semi-invariant:
(4.8) SB C B, V>0,

and we set B :=II;B.

As usual, we first construct an exponential attractor for a discrete time ¢,, = n and for
the discrete semigroup S(n) :=S,, n € N. Then, we extend this result to the continuous
case. .

We are now going to construct the analogues of the sets U] introduced in the proof of
Theorem 3.1. To this end, we fix ug € Vp and R € R such that B C B(ug, R, Vp) and we
choose the constant L’ such that (due to (1.11))

(4.9) [ (1) — w2 (1)

l1,2 < L' ([Ju1(0) — u2(0)lo,2 + [l91 — 92, Qollo,2) ,

for every solutions u; and us with right-hand sides g1 and g € H(g) such that uq(0) and
u2(0) € B(ug, 2R, V) (compare with (3.12)).

Let us now fix an arbitrary k¥ € N and let us construct the minimal R/(2¥4L’)-covering
of the hull 7{(9)‘90 oy, I the space L7 (Qo41)- Let G(k) = {&1,--- , Ny} be the set of

the centers of this covering. We set
(4.10) logy N(K) = Hpy sy (H(9) |, L2 sr)):

(We note that, in general, the constants R and L’ are not the same as in the proof of
Theorem 3.1; we keep here the same notations to indicate the analogy. We also note that
we slightly change the definition of the number N and that we consider the time interval
[0,k + 1] instead of [0,k]. The reason for doing this will become clearer in the proof of
Lemma 4.1 below.)

We now define the number P (which is independent of k!) and we construct the sets
L{lj(k), jel,---,N(k)], I € [0,k], by induction, following the proof of Theorem 3.1 (the
only difference is that we now write L{lj (k) instead of L{lj to indicate the dependence on k).

Then, it can be proved (repeating word by word the proof of Lemma 3.1) that the system

of R/(2¥)-balls for the Vy-metric centered at the points of Uy (k) := U;-V:(If)ulg(k) covers the
set I1;SiB. We reformulate this property in the following equivalent way:

R

(4.11) dist, (111 (SiB) , Us (k) < 57

We also note that, according to our construction
(4.12) #U (k) = P

Roughly speaking, the main idea of our construction of exponential attractor is to take
this attractor as the union [UkeN L[k(k)]VO. Then, (4.11) gives the exponential attraction,
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whereas (4.12) gives the proper entropy estimate. However, in order to satisfy the other
conditions of Definition 4.3, we have to be a little more accurate.

Let us first define the lifting of the sets U} (k) (which will be denoted below by U7 (k)
in order to simplify the notations) to the extended phase space ®. To this end, for every
v € U (k), we take a point (u,,&,) € B such that

(413) o= Ug, (b, 0)ullvy < B/2% (1§ — Eullzzannn < R/,

(It is clear from the proof of Lemma 3.1 that the points v € U7 (k) for which such a point
does not exist can be dropped out from Z/{,‘z(k‘), thus preserving property (4.11)).

We set U7 (k) := {Sp(uy, &) € @ 2 v € U (k)} and U(k) := UL U/ (k). Then (due to
(4.11)—(4.13))

(4.14) disty, (TI1(SiB), I U(k)) < R/2%71, U(k) C SiB, #U(k) < N(k)P*.

We are now in a position to construct the discrete exponential attractors M¢ and M? :=
II;M?. To this end, we first define a sequence of sets E(k) by induction:

(4.15) E(0) :=TU(0), E(k+1):=S1E(k) UU(k + 1),
and we then define the exponential attractor M? as follows:
(4.16) M? = [Upen E(K)] 4

Indeed, the semi-invariance (S{M? C M?) is an immediate consequence of (4.15) and (4.16).

Furthermore, the exponential attraction follows from the first formula of (4.14). Thus, there

only remains to verify the entropy estimate. We recall that the entropy of a set coincides

with that of its closure. Consequently, we will estimate the entropy of M¢ := UgenIT1 E().
Let us fix an arbitrary €, R > ¢ > 0, and compute k = k(¢) from the inequality

R

We then decompose M$ as follows:
(4.18) M$ = U THE(D) U (Ups i T E(E)) -

We note that, according to our construction, E(k) C SgB. Consequently (since B is semi-
invariant), the second set in the decomposition (4.18) is a subset of Si1B. We recall that
(due to (4.14)) the system of R/2¥(< €)-balls centered at the points of TI;U(k + 1) covers
I1;(Sk+1B) and, consequently, covers the second set in (4.18). Thus, the minimal number
N.(M%,Vp) of e-balls which cover the attractor satisfies

(4.19) N (M Vo) < #E(k) + #U(k +1) < > #E(k
I<k I<k+1
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It follows immediately from the inductive definition of the sets E(l) that

(4.20) #E(I) <Y #U(m) <I#U(1) < (k+ 1)#U(k + 1) < (k+ 1)N(k + 1)P*,

Inserting this estimate into (4.19) and applying the log,, it follows that
(4.21) H. (M%, V) < 2logy(k + 1) +logy, N(k + 1) + (k + 1) log, P.

Expressing k = k() from (4.17) and inserting this expression into (4.21), we obtain (as in
the end of the proof of Theorem 3.1) estimate (4.6). Thus, the set M9 is indeed a discrete
exponential attractor.

To complete the proof of the theorem, there remains to extend M? to a continuous
exponential attractor.

Lemma 4.1. We set
(4.22) M=M= {(v,&) € ®: I c[0,1], Ip € M¢, (v,&) = S;p}.

Then, M :=TI1M is an (infinite dimensional) exponential attractor for equation (0.1).

Proof. Let us verify the conditions of Definition 4.3. The semi-invariance follows immedi-
ately from the discrete semi-invariance of M¢ and from (4.22).

Let us now verify the exponential attraction. To this end, we fix an arbitrary (v,£) € B
with corresponding trajectory u(T) := Ug (T, 0)v and we consider the time T' = k+t, where
k € Nand 0 < ¢ < 1. Then, according to the construction of the sets U(k), there exists
(v*,€*) € B such that Sg(v*,£*) € U(k) and

(423) (k) ~ Ue(k, 0%l < R/25 1€~ 3@y < BAQHFD),

The second inequality follows from the second inequality in (4.13) and from the fact that
G(k)=1{¢&,j=1,---,N}is an R/2*T2L'-net. In particular, we note that this inequality
implies that

(4.24) | Té — The*, Qllo2 < R/(2FTLL).

(That was the reason why we have considered the time interval [0,k + 1] instead of [0, k]
from the very beginning.)

We note that, by definition of M, the point u*(T') := Ur, ¢« (k + t,k)Uc (0, k)v* belongs
to M. Moreover, estimate (1.29) implies that

(4.25) |lu(T) — u*(T)

1.2 < L ([Ju(k) —u* ()

1,2 + [Tk — Th€™, €20

lo,2)-

(We note that the constant L > 1 is chosen such that, for every u(k), u*(k) € B(uo, 2R, Vp)
and every 0 < T — k < 1, (4.25) holds. It is possible to do so thanks to Corollary 1.1.)
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Inserting estimates (4.23) and (4.24) into the right-hand side of (4.25), we have
(4.26) Ju(T) — w*(T)|l12 < L127% < Ly27 T+

Since u*(T') € M, we obtain the attraction property.
So, there only remains to verify the entropy estimate. To this end, it is convenient to
introduce the operator

(4.27) S:® — C([0,1],Vy), S(v,&):=Ug(t,0)v,

and to consider the set M := SM c C ([0,1], Vo). (Roughly speaking, we replace every
point of M by the piece of the corresponding trajectory of length one.) To this end, we
need the following Proposition.

Proposition 4.1. The L"R/2%=2-balls for the topology of C([0,1], Vo) centered at the
points of S(U(k)) cover S(SiB).

The proof of this proposition is similar to our proof of the attraction property. We
take an arbitrary point (v,&) € B and we set u(t) := Ug(t,0)v. Then, there exists a point
(v*,&*) € B, u*(t) = Ug«(t,0)v*, such that (u*(k), Tx&*) € U(k) and

(4.28)  |Ju(k) — u* (k)

|1,2 < R/Qk_lv ||§ - é*“Lg(Omegao,k_H) < R/(2k+1L/) < R/2k+1'
Thus, according to estimate (4.25)

4.29 u(t + k) —u (t+ k)12 < L'(R/2¥1 + R/2M) < L"R/2872 0 <t < 1,
( :

and Proposition 4.1 is proved.

Let us now fix e, R > ¢ > 0, and let us construct the e-covering of M. As in the discrete
case, we compute k = k(e) from the inequality

(4.30) L'"R/2% < e < L"R/2F1.
We then decompose the set M as follows:
(4.31) M = U<, S(E(1)) US (Ui E(D)) := M1 U M.

We note that, as in the discrete case, My C S(Sk+1B) and, due to Proposition 4.1, it can
be covered by the e-balls centered at the points of S(U(k + 1)) C S(E(k + 1)). Thus, we
have proved that the system of e-balls centered at the points of S(E(l)), I =1,--- ,k+ 1,
covers M. Consequently (compare with (4.21)), the entropy H. of this covering satisfies

(4.32) H,. (M, C([0,1],Vp)) < He < (k +1)log, P + logy N(k) + 2logy(k + 1).
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Computing k£ = k(e) from (4.30) and inserting this value into (4.32), we obtain an entropy
estimate of the form (4.6) for the set M.

Now, we are in a position to estimate the entropy of M and to complete the proof of
the lemma. To this end, we introduce the projector

Pr: C(]0,1],Vp) — 2", Pr(v) := {v(t): t € ]0,1]}.

~

Obviously, M = Pr(M) and, consequently
(4.33) diStVO (M, Ui<k+1 PI‘(S(]E(Z)))) <e.

Thus, there remains to construct the appropriate covering of the sets O (Pr(S(E(1))), where
O denotes the e-neighborhood in V. We recall that the sets E(/) contain a finite number
of points. Therefore, it is sufficient to know how to cover the sets

(4.34) O.(S(v,6)) = {w e Vo : It €0,1], Jo(t) — wllv, <e, v(t) = Ue(t,0)v},

for every (v,£) € E(k). In order to construct such a covering, we note that, according to
our construction, M C S;B (since we take a union in (4.16) not from £ = 0, but from

k =1). Then, according to Corollary 1.2, M is bounded in Voﬁ , and, consequently (due to
Theorem 1.4), every trajectory u(t) := Ug(t, 0)v starting from an arbitrary point (v,§) € M
is uniformly Holder continuous in Vj, i.e.

(4.35) lu(t +s) —u(t)||v, <Cs?, t>0, 0<s<1.

In particular, (4.35) holds uniformly with respect to (v,&) € E(k), k € N.
Let us fix sp = so(e) = (¢/C)'/7 and let us consider the following discrete subset of
(4.34):

(4.36) Lyey = {v(nso) : n=0,1,---,[1/s0]}.
Then, obviously, the 2¢-balls centered at the points of L, ¢y cover (4.34). Moreover
(4.37) #Li.e = 1+ [1/s0] < (C/2)/7,

and, consequently, the system of 2e-balls centered at the points of L, ¢), for every (v,€) €
E(l), | < k+ 1, covers tM. The entropy of this covering can be estimated by H. +
1/vlog, C/e. Thus

1
(4.38) Hoe (M, Vo) < (k+ 1) log, P + log, N (k) + 21ogy(k + 1) + S log, C/e.

Computing k(e) from inequality (4.30) and inserting this expression into (4.38), we obtain
estimate (4.6). Lemma 4.1, and thus Theorem 4.1, are proved.

Remark 4.2. We note that our construction of (infinite dimensional) exponential attrac-
tors is not based on the squeezing property (see also [13]) and is thus valid in a general
Banach setting.
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65 EXAMPLES

In this Section, we present several examples of external forces g and discuss the corre-
sponding global/uniform and exponential attractors. We start with the simplest case where
g is independent of ¢. Some related questions can be found in [4].

Example 5.0 (autonomous external forces). Let g be independent of ¢. Then, equa-
tion (0.1) is autonomous and H(g) = {g}. Consequently, the second term in estimate (4.6)
vanishes and we have the finite dimensional global attractor A and exponential attractor
M for the autonomous equation (0.1), where

(5.1) dimF(A, Vo) < dimF(M, Vo) < Cluut

As a next simple example, we consider the case of quasiperiodic external forces.

Example 5.1 (quasiperiodic external forces). We assume that the external force g is
of the form

(5.2) g(t) = G(Tiap), g€ T™,

where G : T™ — L?(w) is a smooth (at least C'!) function from the m-dimensional torus
T™ into L?(w) and 7T; is the standard linear flow on the m-dimensional torus T™ (T;cvg :=
(g + tB) mod (2m)™, B € R™ being a vector with rationally independent frequencies). In
other words

9(t) = G(B't + ag,---, A"t + '),

and the function G(z1,- -+, zy,) is 2w-periodic with respect to each variable z;. Then, the
hull #(g) has the following description (see e.g [4]):

H(g) = {&a(t) :== G(Tir) : € T™}.

Furthermore, the hull #(g) is diffeomorphic to the torus T™ if G is injective.
We note that the linear flow 7; preserves the distance between the points on T™. Con-
sequently (since G is C1)

(5.3) H. (% L) < H. (H(g), Co(R, L* (w)) <

< Heyo(T™,R™) = (m +0(1)) logy 1/e.

(g) ‘QO,KIOgQ l/s7

Inserting (5.3) into (3.11) and (4.6), we deduce that we again have the finite dimensional
uniform attractor A and exponential attractor M, with

(5.4) dimp (A, Vp) < dimp(M,Vy) < Cout + m,

where the constant Cour = Cout(f; a, [|g][22) is the same as that derived in the autonomous

case (5.1).
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Construction (5.3) can be generalized as follows.

Example 5.2 (cascade systems). Let K be a compact metric space with finite fractal
dimension dimp(IC,) = m < oo and let T;, t € R, be a flow on K that has a finite
Lyapunov exponent p > 0:

(5.5) dic(Teky, Teka) < C2M%dic (ky, k2), t > 0.

As in the previous example, we consider a uniformly Lipschitz continuous function G : K —
L?(w) and an external force of the form

(5.6) g(t) = GE®)), €(t) = Toko, ko € K.

For instance, the function £(¢) may be a complete bounded trajectory of the autonomous
ODE

(5.7) ¢'(t) = F(§(t), £ eR™,

with F' of class C1. (In other words, we consider an autonomous cascade system of ODE
(5.7) and the RDE (0.1) with external force g(t) = G(£(t)).)

Then, K := [£(t),t € Rlgm is a compact set with finite (< m) fractal dimension and
condition (5.5) is also satisfied (since F' is C1).

Let us now estimate the entropy of the hull H(g) of (5.6). We note that, due to the
uniform Lipschitz continuity of G, we obtain

(5.8) By (W), L) < Heyo, L (H(©). L(0.T()]. K).

where H(£) is the hull of £(¢) in L°.(R,K) and T'(¢) = K log, 1/e. Estimate (5.5), together

loc
with the fact that K is finite dimensional, imply the estimate

(5.9)  Heyc, L(H(E), L=([0,T(e)], K)) < Hy-pr0re/0, (K, K) <
< (dimp K +0(1)(logy 1/ + pT'(e) + logy(CoL)) = (m(1 + pK) +9(1)) logy 1 /c.

Thus, we have proved that, in that case, equation (0.1) also possesses the finite dimensional
uniform attractor A and exponential attractor M such that

(5.10) dimp(A, Vp) < dimp(M, Vp) < Cuut + m(1 + Kp),

where K is the same as in (4.6).

Example 5.3 (stabilizing external forces). We assume here that the right-hand side
g belongs to W, *(R, L?(w)) and stabilizes as t — o0 in the following sense: there exist
gF € L?(w) and « > 0 such that

(5.11) lg — ¢, Qrllo < CIT|7.
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Then, obviously

(5.12) H(g) ={9 U {g"} U {Thg,h e R}.

Let us construct the e-net in H(g) ‘Qo o To this end, we note that, on the one hand (due
to the fact that d;g € L2(Q))

(513) ||g — Th979T||0,2 < Clh, h € R,
for every T' € R, and, on the other hand (due to estimate (5.11))
(5.14) 197 = Thgllz @oriy) < €0 197 = ThallLzag.re.,) < €

if h ¢ [~te(e), T(e) + te(e)], where t.(c) = (C/e)'/. Consequently, the set

{g_}U{g+}U{Thng, hp = —te +ne/Cy, n=0,---,]

Ci(T 2t

1( (8) + )] + 1},
€

where Cy is the same as in (5.13), is the e-net in ’H(g)‘QO . The entropy of this e-net

can be estimated as follows
1 _
He (H(9), Li(Qo,7(e))) < logy C/e +1ogy (T (€) + te(e)) = (1 + - to(1))log, 1/e.

Thus, we have proved that equation (0.1) with a stabilizing external force g possesses the
finite dimensional uniform attractor A and exponential attractor M such that

1
dimF(A, VO) < dimF(M, V()) < Cuut +1+ P

Let us now consider examples of infinite dimensional external forces. We start with the
so-called frequency modulated external forces which are widespread in the information’s
industry.

Example 5.4 (frequency modulated external forces). Let Bz (R) C Cp(R) be the

space of functions £ € Cp(R) whose Fourier transform (in the sense of distributions) £ have
finite support

(5.15) supp€ C [-L, L,

(see e.g. [23] for a detailed study of the space Br, (R)). Let us fix an arbitrary £ € B, (R).
Then (due to the fact that T;,Br (R) = B, (R)), the hull H () of this function in Cio.(R) is
a bounded subset of By, (R) (it is known that Bz, (R) consists of entire functions (see [23]).
Consequently, £(t) is obviously translation-compact).
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It is proved in [38] that the restriction of the unit ball B(1,0,B (R)) in Bz (R) to the
interval [0, 7] has the following entropy estimate:

(5.16) H. (B(0,1,B. (R)),C([0,T])) < C(T + log, 1/¢)log, 1/,

(and this estimate is sharp, at least if T ~ log, 1/¢ or is larger). Consequently, we have
the following estimate for the entropy of the hull H(¢):

(5.17) H. (H(€), C([0,T])) < C1(T + logy 1/¢) logy 1/¢.

We now assume that the right-hand side g of (0.1) has the following form: g(t) = G(£(t)),
where G € C'(R, L?(w)) (for instance, g(t) = £(t)go(z), with go € L?(w)). Then, (5.17)
implies that

(5.18) H., 1 (H(9), L3 (Qo1(s) < Cs (logy 1/¢)? .

Thus, we have proved that equation (0.1) with a frequency modulated right-hand side
g possesses the (infinite dimensional) uniform attractor A and exponential attractor M
having the following entropy estimates:

(5.19) H. (A, V) < H. (M, Vy) < C (log, 1/¢)°.

(compare with the typical asymptotics given in Section 3.)

We conclude our examples by considering a cascade system for which the right-hand
side g satisfies a RDE in an unbounded domaim (for simplicity, in R™).

Example 5.5 (cascade systems with unbounded domains). We assume that the
external force g(t) = f(t)‘mEW, where £(t) = &(t, ), x € R™, satisfies the RDE
(5.20) MéE =N —F(&), z€R, £(t) € LE(R™),

where, by definition, L?(R") is a B-space generated by the following norm:

(5.21) 1€z == Sup 1€(t), Bz, llo,2 < o0,
ToER™M

and Bfo denotes the R-ball centered at xy. In other words, only bounded with respect to
|z| — oo solutions of (5.20) are considered.

It is known (see e.g [15], [28], [37] and [38]) that, under some natural dissipativity as-
sumptions on F', this equation is well-posed and that the corresponding semigroup possesses
the bounded global attractor K in L2(£2), which is compact in L2 (R"). We note that the
attractor A is usually infinite dimensional but, as proved in [38] it possesses the following

entropy estimate:

(5.22) ]HL:(A‘BR ,C’(Bfo)) < C(R +logy1/e)" logy 1/,
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(moreover, this estimate is in a sense sharp).

We now assume that our external force £(¢), t € R, is a complete bounded trajectory
of (5.20) which consequently belongs to the attractor A. Then, it is not difficult to prove,
using estimate (5.22) and estimate (5.23) below for the difference of two solutions on the
attractor (which generalizes (5.5)):

(5.23) |lug (t) — ua(t), B;OH%,Q < CeLt/ lup (0, ) — us(0, a:)|2e_€|m_””°| dr,

n

(with C, L and ¢ independent of z( (see [14], [15] or [38] for the proof)), that the entropy
of the hull #(g) satisfies:

(5.24) H. . (H(9) \QO,T(E) ,L2(Qo.1(e))) < C (logy 1/6)" .

Thus, equation (0.1), with right-hand side g(t) = £(¢, x) ‘me such that £(t) is a solution of
equation (5.20) in R™, possesses the (infinite dimensional) global attractor A and exponen-
tial attractor M having the following entropy estimates:

(5.25) H. (A, Vo) < H. (M, Vp) < C (logy 1/e)" ",

(compare with the typical asymptotics given in Section 3).
We also note that this result remains valid if ¢ is a solution of a damped hyperbolic
equation in R™

(5.26) D26+ 4O — Dl +F(6) =0, z€R", v>0

Indeed, the existence of a (locally compact) attractor A for the equation (5.26) is verified
in [18] and the analogues of estimates (5.22) and (5.23) are obtained for this case in [39]
and [40].
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