EXPONENTIAL ATTRACTORS FOR SINGULARLY PERTURBED
DAMPED WAVE EQUATIONS: A SIMPLE CONSTRUCTION
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ABSTRACT. This note is concerned with the damped wave equation
£20uu + O — Au+ f(u) =g
depending on a small parameter £ and with the corresponding parabolic equation
Ou—Au+ f(u) =g

obtained in the singular limit ¢ — 0. The existence of a family M. of exponential attractors
which is Holder continuous with respect to ¢ is proved.

1. INTRODUCTION

The longtime behavior of dynamical systems generated by dissipative partial differential equa-
tions can be better understood by using the concept of a global attractor. This is, by definition,
the unique compact invariant set of the phase space which attracts the images of all bounded
subsets as time tends to infinity (see [2, 3, 17] and references therein). However, the global
attractor may present two essential drawbacks; namely, the rate of attraction may be arbitrarily
slow and, as a rule, it cannot be estimated in terms of the physical parameters of the system
under consideration. Consequently, the global attractor may be very sensitive to perturbations.

An alternative object to describe the longterm dynamics is an inertial manifold, which is
free from the above-mentioned drawbacks (see [10]). Unfortunately, its existence can be proved
only under very restrictive spectral gap assumptions, which can be verified in few particular
dynamical systems, mainly arising from one-dimensional parabolic equations (see also [16] for
nonexistence examples).

In order to overcome this difficulty, an intermediate object has been introduced in [6], an
exponential attractor (or inertial set). Although, like the global attractor, it is not a manifold
and usually has an irregular fractal structure, it is finite-dimensional and its rate of attraction
is exponential and measurable in terms of the physical parameters, as in the case of an inertial
manifold. Besides, an exponential attractor turns out to be almost as general as the global
one, since its existence can be generally verified whenever a finite-dimensional global attractor
is available.

It is also known that an exponential attractor is much more robust with respect to perturba-
tions than the global one. Nonetheless, due to its essential nonuniqueness, only the relatively
weak property of the continuity up to time shifts is available (see [6]), without the proper choice
of a “one-valued branch” in the set of all admissible exponential attractors. Thus, the problem of
a “clever” choice of an exponential attractor in dependence of perturbation parameters becomes
crucial in order to obtain upper and lower semicontinuity or Holder continuity results with re-
spect to perturbations. This problem has been studied for different types of regular and singular
perturbations in [7, 9, 11, 12, 13, 15]. However, in all these papers, the Hélder continuity of the
family of exponential attractors M. (¢ is a perturbation parameter) has been proved only at
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one fixed point € = g, that is,

distY™ (M., M,,) < Cle —eol?, 0 >0,
where dist™™ is the symmetric Hausdorff distance in the proper phase space (see below). In
addition, the unperturbed exponential attractor M., is needed in order to build M,.

An alternative framework which allows to obtain a uniform Holder continuity for all reasonable
values of the perturbation parameter, that is,

distY™ (M., M,) < Cler —e0|?, 9 >0,

has been recently suggested in [8]. The result of that paper deals with regular perturbations and
is formally applicable to dynamical systems S.(t) acting in the same phase space and depending
smoothly on the perturbation parameter ¢. Besides, the exponential attractor M., now only
depends on the dynamical system S (¢), and its construction requires no information on Sc(t)
for ¢ # &g.

The main focus of the present work is to show that the above result can also be applied to the
case of singular perturbations by using a simple scaling argument. For simplicity, we illustrate
our method on the model example of a singularly perturbed damped wave equation, which is,
in a sense, the standard model of a singularly perturbed dynamical system in the theory of
attractors (see [2, 3, 17]). The applications of this method to more general classes of singularly
perturbed systems will be considered in a forthcoming paper.

2. THE MAIN RESULT

For ¢ € (0,1], we consider the Cauchy problem for the damped wave equation in a smooth
bounded domain Q C R?
£20uu + Opu — Au + f(u) = g,
(2.1) u(0) = up, Opu(0) = uy,
ujgn = 0,
along with the parabolic Cauchy problem
Ou — Au + f(u) =g,
(2.2) u(0) = uo,
ujgn = 0,

obtained in the singular limit ¢ — 0. Here, g € L?(Q) is independent of time and f € C?(R),
with f(0) = 0, satisfies the standard growth and dissipation conditions

1" (w)] < cp(1+ |ul), liminfM > =,
lu| 00 U
where ¢y > 0 and A\; > 0 is the first eigenvalue of —A on (L*(Q),|| - ||, (-,+)) with Dirichlet

boundary conditions. We introduce the product Banach spaces
X0 = HNQ) x I2(Q), X! =[HX(Q) N H}(Q)] x HY(9),
endowed with the norms
1, 0) 50 = IVal® +%l0ll?, lI(u, )5 = [[Au]? + o).
When ¢ = 0, the second components of the spaces X and X} reduce to {0}. It is well known
that (2.1)-(2.2) generate strongly continuous semigroups
S.(t): X2 — x?
satisfying the continuous dependence estimates
(2.3) 1S:(1)é1 — Se(t)éallxo < ce[1ér — &2l xo,
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for some ¢ > 0 depending (increasingly) only on the X%-norms of & and & (see [1, 2]).
Notation. We denote the Hausdorff semidistance and the symmetric Hausdorff distance of two
subsets By, By of a Banach space X by, respectively,

distx(B1,B2) = sup inf ||z1 — 22| x
bi€By b2€51

and

disty™ (Bi, B2) = max {distx (B, B),dist x (B2, B1) }.
Throughout this paper, C > 0, w > 0 and ¢ € (0, 1) will denote generic constants, while Q will
denote a generic increasing positive function. All these quantities, unless otherwise stated, are
independent of €. Further dependencies will be specified on occurrence. Besides, we set

B.(r) = {6 € X; : ||¢]lx2 <7}
In [9, 14, 15, 18] the following further facts are established.

e There is 7y > 0 such that the ball B. (ry) is uniformly exponentially attracting for S.(t), that
is, for every bounded set B C X?,

(2.4) dist o (S- () B, B (ro)) < Q(||Bllxo)e™".

e The semigroup S, () fulfills a uniform asymptotic smoothing property: it can be split into the
sum S¢(t) = L(t) + K(t) in such a way that, for every &;,& € B-(r),

IL:(t)é1 — Le ()2l xo < Ce™|&1 — &l xo,

K- ()& — Ke(H)éallx: < Q(1)[I1€1 — &allxo-

e For every ¢ = (ug,u;1) € B-(r), we have the uniform estimate

(2.5)

t+1
(2.6) 1Au(@)|” + e[ Vapu(t) | + / IV8u(r)|dr < C.
t

e For every ¢, 7 € [0,T] and every & € B.(r),
(2.7) 15:(£)€ = Se()€ll xo < QT)|E — 7]
Here, Q depends on «.

The main result of this paper reads as follows.

Theorem 2.1. For every ¢ € [0, 1], there exists an exponential attractor M. for the semigroup
S.(t) acting on X2 which satisfies the following properties.

(P1) M. is bounded in X} and in XV, with bounds independent of €.
(P2) The rate of attraction is uniformly exponential: for every bounded set B C X2,
dist xo(S:(t) B, M:) < Q(|| B|| xo)e*".

(P3) The fractal dimension of M. in X? is uniformly bounded, that is, dimxo[M.] < C.
(P4) The map € — M. is Holder continuous in the following sense: If €1 > €9, then
dist?’g(MEI,MQ) < C(er —e9)7.

Recall that (see [5, 6, 7]), given a semigroup S(¢) on a Banach space X, an exponential
attractor for S(¢) is a compact set M C X of finite fractal dimension in X, positively invariant
for S(¢) and such that, for every bounded set B C X,

distx (S(t)B, M) < Q(||B|x ).

As recalled in the introduction, a weaker result than Theorem 2.1 has been proved in [9, 13],
where the existence of a family of exponential attractors M. has been shown, with a Holder
continuity property only at ¢ = 0. In this note, exploiting the ideas of [8], we establish the
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Hoélder continuity of M. for all ¢ € [0,1]. We also mention that the growth restriction on f”
can be removed for € small enough, by using the methods of [19].

3. THE ASSOCIATED DISCRETE SEMIGROUP

For ¢, > 1 to be determined, we consider the discrete semigroup
S, =8.(t,) : X0 — X0

Our first step is to show the existence of a family of discrete exponential attractors for S,
sharing analogous properties to those stated in Theorem 2.1. To this end, we will make use of
the following abstract result from [8], concerned with the existence of a family of exponential
attractors satisfying a Holder continuity property with respect to (regular) perturbations.

Theorem 3.1. Let X and X' be two Banach spaces with compact embedding X' € X, and
let P be a closed subset of X° bounded in X'. For every ¢ € [0,1], assume that there ewist
a §-neighborhood O5(P) (5 > 0) of the set P in X' and a family of maps S. : O5(P) — P
satisfying the following conditions.

(C1) For every xy,x9 € O5(P),

S.x1 — Sews = Lo(x1,2) + Ke(21,72),
where

| Lc(z1, 22)[|x < Iz1 — 22| x,
|1Ke (71, 2) || x1 < Cllz1 — 72X

(C2) The family §8 s uniformly Holder continuous with respect to e, that is,

sup ||S.,z — S,z x < Cler — eof”.
r€Qs(P)

Then, there exists a family of closed sets /\7§ C P, positively invariant for §8, such that

(3.1) distx (SPP, M) < Ce™m,
(3.2) dimx [MJ] < C,
(3.3) distY™ (M, M2)) < Cley — ea)?,

where §? (n € N) is the family of discrete semigroups generated by the iterations of :S';.
Remark 3.2. As M\g is positively invariant, (C1) and (C2) imply that the thesis of Theorem 3.1
continues to hold if we replace MY with

M =S MicMicP.
Indeed, M\g’l is clearly positively invariant and compact, and the analogues of (3.1)-(3.2) are

apparent. Concerning the analogue of (3.3), we observe that, if z; € ./T/l\gjyl, then z; = §Ew]~, for
some w; € M\gj. Hence, from (C1) and (C2),

21 — 2ol x < |50, w1 — Sewalx + [|Se,ws — Seyws | x < Cllwy — wal|x + Cler — e,

and the conclusion follows from (3.3).

However, we cannot directly employ this abstract result for our purposes, since the phase space
under consideration depends explicitly on e. In order to overcome this difficulty, we introduce,
for any e € [0, 1], the scaling operators T. : X! — X7, defined by

T:(n,¢) = (n,£0),
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and we construct e-scaled maps §E : X? — X? associated with S; as
Se(y,2) = T.S.T ' (y, 2).
When € = 0, we set Tofl(y,z) = (y,0), so that
So(y,2) = So(y,0).
With this position, if £ € X!, we have the equality ||£||Xg- = ||TE£||X{.

Our goal is now to apply Theorem 3.1 to the e-scaled maps §5, with X = X9, X! = X{ and
P = By (r), for a fixed r > r5. Note that, since X is reflexive, By (r) is closed in X/. Fixing
d > 0, it is apparent from (2.5) that, if we fix ¢, large enough,

S. : O5(By (1) — B (r),
with O5(By (r)) = By (r + d), and condition (C1) of Theorem 3.1 is satisfied by setting
£5($1,$2) = Estl - Eefp%
’Cs(fElaxZ) = -R\—Ewl - I/(\—E$27

where K, = T.K.(t,)T. ! and L. = T.L:(t,)T- *. If we can prove that (C2) holds as well, and
we have the boundary layer condition

(3.4) T, '5.B; (r) is bounded in X? uniformly with respect to & > 0,
then we claim that there exists a family of compact sets
M =T M| C By (r) = B (r),

positively invariant for S. and uniformly bounded in X¢, such that

(3.5) dist xo (SI'B., MY) < Ce™™,
(3.6) dim yo[M{] < C,
(3.7) distg' (ME,, ME,) < Cler —e2)’, a1 > 2.

In order to prove the claim, we first note that, by construction and in view of (3.4), MY

is compact, contained in B, (r) and uniformly bounded in X?. Moreover, using the positive
A

<., we observe that

invariance of M
SMI =TS M, c T M = M2

Since T: is just a scaling, (3.1)-(3.2) easily imply (3.5)-(3.6). The Holder continuity (3.7) is

slightly more delicate. From (3.4),

ITlaz]| ;0 < Ce, Vr € M\S,I,
where Ils is the projection of Xg onto its second component Z°. Indeed, z = §Ew, for some
w € M3 C By (r). Assume now g1 > g9 > 0, and let &; = (n;,(;) € ng. Setting z; = €;(;, we
have
A d
Tajgj = (njazj) € Maj,l'

Making use of the inequality

2(61 — 62)2 |

1
—|leaz1 — 8122“220 < 2|z — Z2||2ZO + 5
€2 25

we obtain

220150 < 2|21 — 22/|50 4+ Cle1 — €2)?,

1
161 = &llXo = llm — nallo + 2 llezz1 = e1z2lz0 < 2| T &1 = Teyoll5o + Cler — e2)”.
2
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Hence, (3.7) follows from (3.3). The case g1 > €2 = 0 is immediate.

4. PROOF OF THEOREM 2.1

We preliminarily note that it is sufficient to construct uniform exponential attractors M, having
B. (r) as a basin of attraction rather than the whole space X?. Namely, such that

(4.1) dist o (S (t)B (r), M) < Ce™".

Indeed, due to the uniform exponential attraction property (2.4) and the Lipschitz continuity
(2.3), we can appeal to the transitivity of the exponential attraction, devised in [9], which leads
to the desired conclusion (P2).

The next two lemmas show that (3.4) and condition (C2) hold true for S. = S.(t,).

Lemma 4.1. Fore >0 and t > 1, the boundary layer estimate

15=()¢l xo < Qlp)
holds for all £ € X} such that 1€llx: < p-

Proof. Along this proof, K > 0 is a generic constant depending (increasingly) on p, but inde-
pendent of €. Let u(t) be the solution to (2.1) with initial data £ = (ug,u1). From (2.6) and the
continuous embedding H?(Q2) C L>(Q),

[u(®)[[e < CllAu)[] < OS¢l xs < QIENx1) < K.
Hence, in light of the assumptions on f,
|[Au — f(u) + 9| < K.
Setting w = dyu, we can rewrite (2.1) as
20w +w = Au — f(u) +g.

Since the right-hand side is uniformly bounded in L?(Q2), we obtain, by solving explicitly the
equation,
l0wu(®)] < flurlle™/* + K < Ee =" + K.
€

Thus, for ¢ > 1, the required boundedness for [|S:(£)¢]| xo follows. O
Lemma 4.2. Fort > 1,

8., () — By (Dl xo < Q)2 e, — e/,
for all x € X{ such that [zl x1 < p. Here, S:;(t) = Tezngj ()T, -

Proof. Again, K > 0 is a generic constant depending on p, but independent of €1,e5. Let us
first prove the result for the case € = ey > g5 = 0. For = (ug,u;), let u°(t) be the solution

to (2.2), and w®(t) the solution to (2.1) with initial data ¢ = (ug,e 'up). Then, the difference

v = u® — uf solves the equation

0w — Av = [f(u) — f(u®)] + 20’
with v(0) = 0. Arguing as in the previous lemma,
lu® (B |poe + [[u® ()| e < K,
and, from the assumptions on f, we learn that
1f () = f(u)]| < K]l
Analogously, by (2.6),

t+1
/ Vol ||| VOyl|dr < K.
t
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Setting
1
o= §||Vv|| — e2(Vou®, Vo),

and multiplying the equation above by —Aw, we obtain

%@ + | Av||? = (f(u®) = f(u®), Av) — e2(VIus, Vo) < K||Vo||? + || Av||? + ||V out ||| Vo ||.
On account of (2.6),
e2|(Vou®, Vv)| < 2| Vous||||Vu| < Ke|| Vo).
Consequently,
%WmP—Ak%g¢SHVﬂ2+K£.
Hence, we end up with the differential inequality

d
SO <Ko+ Ke? + 2| Vouud ||| Vo]

As ®(0) = 0, by (2.6) and the Gronwall lemma, we conclude that
d(t) < Kelle?

which, in turn, implies that

|Vul (t) — Vus (t)|| < KeXle.
Concerning the norm of the second component, Lemma, 4.1 gives, for t > 1,

lledpu® (t) — 0]] < Ke.

In conclusion, we have proved that, if ¢ > 1,

15.(6)¢ — So(®)elxo < KeXee.

Let us now consider the remaining case €1 > €3 > 0. We first observe that, from the inequality
above,

(4.2) 15, ()¢ — Sea (ellyo < KeXer.

This is not enough to finish the proof of the lemma, and we need one more estimate. Let
u!(t) and u%(t) be the solutions to (2.1) with ¢ = £ and ¢ = 5 respectively, with initial data
(uo, €, ‘1) and (ug, ey ur). Then, the difference v = u? — u! solves the equation

£50u0 + 0w — Av = [f(u') — f(u?)] + (7 — 3) I’
with initial data
v(0) =0, Ow(0) = (g5 — ey .
Reasoning as in the former case,
17 () = F(?)] < KlJv]|.
Besides, using (2.6) and equation (2.1) for u!, we find the control

s [ 1 2
@/ 9wl (7)|2dr < K.
t
Thus, multiplying the equation above by 0;v, and arguing in a standard way, we are led to

d
ZIVol? + Sllowll”] < K[IVol® + &5l10w]°] + el (er = &2) |0’ |1,

and the Gronwall lemma yields

(e1 —82)2_

2
€1

IVo@)I” + 3o (B)]|* < Ke'*
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Combining this estimate with the obvious equality
e20u’ — £10pu' = 90w + (9 — 51)8tu1,
where ||0yu'|| is bounded due to Lemma 4.1, we finally infer that, for ¢ > 1,

(e1—€2)

(4.3) 155, ()¢ = Sea (Bl xp < KM =—

The proof of the case €1 > €5 > 0 then follows from (4.2) and (4.3), just noting that

min{ey, (e1 —e2)/e1} < (e1 — 52)1/2- O

In summary, we have obtained the existence of a family Mg C B. (r) of discrete exponential
attractors for S., uniformly bounded in X? and satisfying (3.5)-(3.7).

The final step is to define the exponential attractors for the continuous semigroups S.(¢) via
the standard expression

Me = Uer, o] Se(t)M¢.

Indeed, the positive invariance of M, is an immediate consequence of the positive invariance of
MY, while (P1) follows from (2.6) and Lemma 4.1. The uniform exponential attraction property
(4.1) (which implies (P2), as shown before) and (P4) also follow from the analogous properties
(3.5) and (3.7) of the discrete attractors together with the uniform Lipschitz continuity (2.3).
Finally, collecting (2.3) and (2.7), we see that the map (¢,£) — S:(¢)¢ is Lipschitz continuous
from [t,,2t,] x MY into MY. As a byproduct, M. is compact in X2 and (P3) holds. This
completes the proof of Theorem 2.1.
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