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ABSTRACT. In this article, we study the long time behavior of a phase-field parabolic-
hyperbolic system arising from the phase-field theory of phase transitions. This system
consists of a parabolic equation governing the (relative) temperature which is nonlin-
early coupled with a weakly damped semilinear hyperbolic equation ruling the evolu-
tion of the order parameter. The latter is a singular perturbation through an inertial
term of the parabolic Allen-Cahn equation and it is characterized by the presence
of a singular potential, e.g., of logarithmic type, instead of the classical double-well
potential. We first prove the existence and uniqueness of strong solutions when the
inertial coefficient € is small enough. Then, we construct a robust family of exponential
attractors (as € goes to 0).

INTRODUCTION

We consider the following parabolic-hyperbolic system in a bounded smooth domain

O c R3:

(0.1)

(0 + H(w) ~ 2,0 =0, 6], =0, 8],_,— o
€8t2u+6tu_A$u+f(u>_Hl(u)0:g7 u}agzov gu’t:()zgov
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where u = u(t,xz) and 6 = 0(t,z) are unknown functions, &,(t) := (u(t), dwu(t)),
e > 0 is a small parameter, f and H are given functions, A, is the Laplacian with
respect to r = (z!, 22, 23) and g = g(z) are given external forces.

The study of such systems is motivated by the study of phase-field models (see
[BrS] and the references therein). In this context, § stands for the (relative) tem-
perature and u is an order parameter (or phase-field). This system was actually
proposed as a (singular) perturbation of the classical phase-field model of Caginalp
type corresponding to e = 0 in (0.1) (see [Ca]). From a physical point of view,
equation (0.1)y can be justified as follows (for simplicity, we take g = 0). When
e = 0, we can rewrite this equation in the form

ou OF

ot ou’

where %—i denotes the variational derivative of the free energy

1
F= 5|vu|2 + F(u) — H(u)b,

with respect to the order parameter (here, F' is a primitive of f). In the above rela-
tion, the quantity %—5 can be seen as a generalized force which arises as a consequence
of the tendency of the free energy to decay towards a minimum. Thus, the relation
% = —‘;—f means that the response of u to the generalized force is instantaneous.
Now, it has recently been proposed (see, e.g., [RDN]) that, in certain situations, the
response of u to the generalized force should be subject to a delay expressed by a

time dependent relaxation kernel, i.e.,

ou t 0F
2= —/ (e~ )5 (s)ds,

— 0o

for a proper relaxation kernel k. A simple and classical choice of kernel reads

When € — 0, then, k(t) — do (the Dirac mass at 0) and we recover (0.1)s for e = 0.
Now, when € > 0, we find, by differentiation with respect to ¢, (0.1)s.

In [GrP2] (see also [GrP1]), the authors studied the long time behavior of (0.1)
with homogeneous Dirichlet boundary conditions for the temperature and homoge-
neous Neumann boundary conditions for the order parameter. We will consider such
more physical boundary conditions, which generate additional difficulties such as, in
particular, regularity problems, in a forthcoming article (these difficulties arise from
the coupling and, if one deals with the hyperbolic equation only, Neumann boundary
conditions can be handled provided that one adds and subtracts u in equation (0.1)
and redefines f(u) as f(u)—wu). In particular, they proved the existence of the global
attractor A, which is a compact, invariant by the flow set which attracts uniformly
the bounded sets of initial data as time goes to infinity (see, e.g., [BV], [CV], [H],
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[L] and [T] for extensive reviews on this subject). Actually, for € = 0, one considers
a proper lifting of the global attractor associated with the corresponding parabolic
system; indeed, the phase spaces for € > 0 and € = 0 are not the same. Further-
more, the authors also proved an upper semicontinuity property of A, as e — 0T.
Finally, when H has quadratic growth, they proved the existence of an exponential
attractor M. (which is a compact, positively invariant set which contains the global
attractor, has finite fractal dimension and attracts exponentially the bounded sets
of initial data, see [EFNT]), whose fractal dimension is uniformly (with respect to
e — 0") bounded whenever H is linear. As a consequence, one has a similar result
for the global attractor A..

In [GrP1] and [GrP2], the authors only considered regular nonlinear functions f
(and, more precisely, functions f with cubic growth). Now, more general nonlin-
earities (e.g., of logarithmic type), which requires the order parameter to belong to
the physically relevant interval, for instance, (—1,1), are also important from the
thermodynamic point of view and they appear as natural generalization of polyno-
mial nonlinearities (see, e.g., [BrS] and the references therein). The main difficulty,
when considering such nonlinearities, is just ensuring that the order parameter does
remain in (—1,1) (of course, such a result would be also important to prove for
regular nonlinearities; fortunately, even though this is not available in general, it is
still possible to study the system in that case).

In [FGMZ] (see also [EfMZ2], [MZ1] and [MZ2]), the authors gave a general
construction of robust (with respect to perturbations) exponential attractors, based
on a recent construction of exponential attractors given in [EfMZ1] and valid in
Banach spaces. We can note that this construction of robust exponential attractors
is not based on the study of stationary solutions and their unstable manifolds, as it
is the case for regular (and robust) global attractors (see [BV] and [T]) and should
therefore apply to more situations: indeed, in general, global attractors are only
upper semicontinuous with respect to perturbations.

Our aim in this article is to prove such a result for system (0.1) with a singular
nonlinear term f. One of the main difficulties is to prove the existence of solutions
when € > 0. When € = 0, in which case the system is parabolic, we can prove
the existence of solutions by using some monotonicity arguments and the maximum
principle (see Section 1). When ¢ > 0, since the second equation of (0.1) is hy-
perbolic, we cannot use such arguments. However, we can use, in Section 2, some
generalization of a perturbation technique developed in [Z] (for the study of nonlin-
ear hyperbolic equations with supercritical nonlinearities) in order to prove that the
solutions of (0.1) for € > 0 remain, in some sense, close to the corresponding solu-
tions of the limit parabolic system when ¢ is small and when the initial data are not
too large. Furthermore, we are only able to prove the existence of strong solutions
in that case. Then, in Section 3, we obtain several estimates on the difference of so-
lutions of (0.1) and on the difference of solutions of (0.1) with € > 0 and € = 0 which
are necessary to construct robust exponential attractors (in particular, we need the

first term of the asymptotic expansion near t = 0 as € — 07). Finally, in Section 4,
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we apply the abstract result of [FGMZ] to construct a continuous (as e — 07) family
of exponential attractors for (0.1). Several useful uniform (as e — 0%) estimates on
linear hyperbolic problems are collected in an appendix.

Main assumptions. We assume that the functions H : [-1,1] — R and f :
(—=1,1) — R satisfy the following assumptions:

L. fECS(—l,l), HGCS([_LH)? f(O) :07
(0.2) 2. lim,— 11 f(r) = £o0,
3. lim,_1q f'(r) = +o0,

and that the external forces g belong to the space L>(€2). We recall that a typical
example of function f is

1
f(r) = —kor + K1 In : +r7 Vr e (-1,1),

where 0 < kg < Kq.
It is worth emphasizing that equations (0.1) have a sense only if

(0.3) -1 <u(t,z) <1,

for almost all (¢,z) € Ry x Q. That is the reason why it is natural to introduce the
following quantity:

(0.4) Du(t)] := (1 = [lu(t)] =) """

We also introduce, for every s > 0, the standard energy norm for the second equation

of (0.1):

(0.5) [, )]

2e(e) = lullfpees + ellvllze + lvlFa-r

Thus, the space £%(¢) coincides with [H*T1(Q) x H*(Q)] N {f}aﬂ =0} ife > 0 and
with [HST1(Q) x H*~1(Q)] N {5‘89 = 0} if ¢ = 0, whenever the traces make sense.
For s = 0, we will write £(¢) instead of £%(g).

§1 THE LIMIT PARABOLIC SYSTEM

In this section, we consider the limit case (¢ = 0) of system (0.1) which reads

(1.1) (6 + H(u) = 80 =0, 6], =0, 0],_; = fo,
' Opu— Agu+ f(u) — H'(w)0 =g, ul,, =0, ul,_,=muo.

We start with the following theorem.



Theorem 1.1. Let the nonlinearities H and f satisfy assumptions (0.2) and g
belong to L>°(QY). Then, for any initial data satisfying

(1.2) D[u(0)] + [16(0) |72 + [1u(0) |72 < oo,
equation (1.1) possesses a unique solution (0(t),u(t)) which satisfies the estimate

(1.3) D[u(t)] + [10t)]I 72 + [u(t) |72 <

< Q (D[u(0)] + 1100) 72 + [[u(0) I 72) e~ + Q(llgll =),
where the positive constant o and the monotonic function Q) are independent of
(6(0),u(0)).

Proof. We first derive the a priori estimate (1.3), assuming that (6(¢),&,(t)) is a
sufficiently regular solution of (1.1) which is separated from the singular points of
fiie., |lullpe®, xo) < 1. To this end, we need the following Lemmata.

Lemma 1.1. Let the above assumptions hold. Then, the following estimate is valid
(14) 0@ + llu@®)l7n+
t
+ / e (10,6(5) 22 + 10(5) 3= + 10euls)]132) ds <
< Q (D[u(0)] + [0(0)[I 72 + lu(0)][72) e + Q(llg] £2),

for appropriate positive constant v and monotonic function Q.

Proof of Lemma 1.1. Multiplying the first equation of (1.1) by 6(¢) and the second
one by d;u(t) and integrating over 2, we have

(1.5) 9 (0172 + [ Vau®)ll72 + 2(F(u(t)), 1)) +
+2[|0pu(t)[[ 22 + 2 V20(t)lI72 = 2(g, deult)) 2,
where F(r) := [ f(s)ds and (u,v)r2 denotes the standard inner product in L?(2).

Multiplying the second equation of (1.1) by au(t), where o > 0 is small enough, and
integrating over 2, we deduce that

(16) adilu(t) 32 + 20l|Vou()[3 + 2a(f (u(t)), u(t)) 2
— 2a(H'(u(t)8(t), u(t)) 2 = 2a(g, u(t)) 2.

Summing equations (1.5) and (1.6) and using the fact that, a priori, ||u(t)||p~ <1
and the obvious inequalities

(1.7) —C < F(r)< f(r)yr+C, vre(—-1,1),
S



we obtain

(1.8)  allOM72 + IVau®)lz> + allul®)lz> +2(F (u(t)), 1) 2]+
+all0@®NZ: + IVeu®)Z: + alu(®)l7e + 2(F (u(t), 1) 2]+
+0cu(®)172 + 200 Vo017 < C(1 + llgllZ2),

where a > 0 is small enough and C' is independent of the solution (6, ). Applying
Gronwall’s inequality to (1.8), we obtain the u-part of estimate (1.4). In order to
have the @-part, it is sufficient to rewrite the first equation of (1.1) as follows:

(1.9) 90 — Ay = ho(t) = —H' (u(t))du(t),

apply the following classical L2-regularity estimate for the heat equation to (1.9):

t
(L9) [6()]% + / e (0,0(3) 20 + 10(5)][%2) ds <
t
< OO 2pe + C / e [y (5) |2 ds
0

and use the estimate for the integral of ||d;u(t)||7. obtained above in order to es-
timate the right-hand side of the last inequality. This finishes the proof of Lemma
1.1.

Our purpose is now to obtain estimates for the H2-norms of 0(t) and u(t).

Lemma 1.2. Let the above assumptions hold. Then, the following estimate is valid

(1.10)  [10()]l 722 + lu(®)l|r2 < Q (D[w(0)] + [[0(0)]] 2 + [[w(0) ]| pr=) €™+
+ Q(llgllz=),
for some positive constant o and monotonic function Q).

Proof of Lemma 1.2. We differentiate the second equation of (1.1) with respect to ¢
and set p(t) := dyu(t). Then, we have

(1.11)  Op — Aup + f/(u(t))p = H (u(t))0,0(t) + H" (u(t))dyu(t)0(t),
p}tzo = Agug — f(uo) + H'(uo)bo + g.

Multiplying this equation by p(t), integrating over £ and using the facts that f'(r) >
—K and ||u(t)||p~ < 1, we infer

(112) L p)2 + [Vap®)3e < (K + 1)0u(t)|a+

+C00t)[72 + CLI0()], [p(E)]) 2

2.dt
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Estimating the last term in the right-hand side of (1.12) by Hélder’s inequality with
Al

exponents 4 and 4/3 and using the interpolation inequality || ||z« < C||- || /5 || |71 5

we have
2 1/2 3/2
(L.13)  CL(10)], [p()]7) 2 < Coll0@) | L2 |10 u(®) | 2" I Vap(®)]]72 <
1
< Csll0(®) 2l 0u®)z2 + ZIVap(®)]172-
We also note that, obviously,

lp(0)llz2 < [luollr= + [1f (uo)ll2 + llgllzz + Cll6ol[ 2 <
< Q(D[u(0)] + [luollz= + [160llz2) + llgll 2,

for an appropriate monotonic increasing function ). Consequently, applying Gron-
wall’s inequality to (1.12) and using (1.13) and (1.4), we deduce that

¢
(1.14) ||6tu(t)||%2 +/ e_o‘(t_s)H(‘)tu(s)H?p ds <
0

< Q (D(O)] + 00|z + [[w(0)l[zr2) e + Q(llgl =),

for appropriate positive constant « and monotonic function Q).
We now multiply the second equation of (1.1) by A,u(t), integrate over 2 and
use the fact that f/(r) > —K. Then, we have

(115)  [lAzu(t)lf> < 2K[Vou(®)]Z2 + 2lgll72 + ClO@Z + 2l0ru(t)l|7-.
Estimating the right-hand side of (1.15) by (1.14) and (1.4), we infer
(1.16) lu(®) 7> < Q (D[u(0)] + [10(0)l| s + [[u(0) ]l rr2) e + Q(llgll ),

for appropriate positive constant « and monotonic function ). Thus, the estimate
of the H%-norm of u(t) is obtained. In order to obtain an analogous estimate for
6(t), we rewrite the first equation of (1.1) in the form (1.9) and note that, due to
Holder’s inequality and the embedding H' C LS,

(L17) NhuOlF < Clowu®) 7 + Cllosu(t) Vou®)|z> <
< Cr(1+ [[u@® 1 E2) 10eu()| 31 -

We also recall that h,(t) ‘ 50 = 0. Then, applying the H 2_regularity theorem to the
heat equation (1.9) and using (1.17), (1.16) and (1.14), we have

t
(118) 002 < cue(O)uzze—awc/ =) (1) |22 dr <
0

< ClI00)[I72 + C1 Sél[l&]{e_a(t_”(l + () 12)"H+
2

¢
+ C4 (/ e_a(t_T)HatU(T)Hél dT) <
0

< Q (Du(0)] + ||79(0)||H2 +[u(0)[lm2) e + Q(llgll =),



for appropriate positive constant o and monotonic function (. Estimate (1.18)
finishes the proof of Lemma 1.2.

We are now ready to finish the proof of Theorem 1.1. To this end, we only need
to estimate D[u(t)]. In order to do so, we rewrite the second equation of (1.1) as
follows:

(1.19) Ou — Agu+ f(u) = hgo(t) =g+ H'(u(t))0(t),
and note that, due to the embedding H2 C C(f2) and Lemma 1.2, we have

(1200 Jlhou(®)L= < Q (D[u(0)] + [0(0) ] 172 + [[w(0) ] =) e + Q(llgl =),

for some positive constant o and monotonic function ). Thus, due to the comparison
principle for second order parabolic PDEs, we deduce the following inequalities:

(1.21) y—(t) <u(t,z) <yy(t), (t,x) e Ry xQ,
where the functions y4 (¢) solve the following ODEs:

(1.22) e (t) + fy=(t) = he(t) := £ ho,u(t)[[ L, y£(0) := £[u(0)]| Lo

Moreover, it is not difficult to verify, using assumptions (0.2) on the nonlinearity
[ (see, e.g., [MZ2, Appendix]), that the solutions of (1.22) satisfy the following
inequalities:

(1.23) { ly= (@)l <16 (D[u(0)] + I hxllLe(o,1) 2 0<t<1,

ly=(t +1)llee <1 =08 ([|htllpooqeer1p) s >0,

where the strictly positive and monotonic decreasing function § depends on f, but
it is independent of ¢t and y4 (¢). Estimates (1.20), (1.21) and (1.23) imply that

D[u(t)] < Q (D[u(0)] + 00| = + |u(0) =) e=** + Q(llgl =),

for appropriate positive constant o and monotonic increasing function ). This,
together with estimate (1.10), finish the proof of the a priori estimate (1.3). In
particular, estimate (1.3) implies that

|u(t)||p <1 =146, Vt>0,

for some positive constant ¢ and, consequently, every solution (6(¢),u(t)) of (1.1)
is a priori strictly separated from the singular points r = +1 of the nonlinearity f.
Thus, the existence and uniqueness of a solution (6(¢),u(t)) of problem (1.1) can
be now verified exactly as in the case of regular nonlinearities, see, e.g., [GrP1] or
[GrP2], and Theorem 1.1 is proven.

The following theorem gives the smoothing property for system (1.1).
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Theorem 1.2. Let the nonlinearities H and f satisfy assumptions (0.2). Then,
any solution (0(t),u(t)) satisfies the following estimate

(1.24) D[u®)]+ 0]z + [u) 5z < QE +[0(0)[|z2)e™ +Q(llgllL=), t >0,

where the positive constant C' and the monotonic function Q) are independent of the
solution (0, u).

Proof. We first note that, due to estimate (1.3), it is sufficient to verify (1.24) for
t <1 only. We divide the proof of estimate (1.24) with ¢ < 1 into several lemmata.

Lemma 1.3. Let the above assumptions hold. Then, the following estimate is valid
forall0 <t <1

(1.25) [0(t)]Z- +/O (O3 + () 1Fn + (1 f (uls))], luls)])2) ds <
< C(1000)lI7> + 1),

where the constant C is independent of the solution (6(t),u(t)).

Proof of Lemma 1.3. Integrating the first equation of (1.1) over [0, t], we have

o(t) — Ax/O 0(s) ds = 0(0) + H(u(0)) — H(u(t)).

Multiplying this equation by 6(t), integrating over [0, ¢] x 2 and using the fact that
|H(u(t)) |~ < [Hlcq1.) = L, we have

w2 [eeiedss |9 ([ o as)

where the constant C' depends on L, but it is independent of ¢ € [0, 1] and 60(¢).
Multiplying now the second equation of (1.1) by u(t), integrating over [0, ¢] x 2 and
using (1.26) and the fact that ||u(t)||~ < 1, we obtain

2

< C(100)Z: + 1),
2

(1.27) /O (lus)IF + (1f ()], lu(s)])r2) ds < C1 (10(0)]|72 + 1+ [lgllZ2) ,

where the constant C is independent of the solution (6, u) (here, we also implicitly
used the fact that, due to (0.2)a, f(r)r > —C). Thus, it only remains to obtain the
O-part of estimate (1.25). To this end, we transform the first equation of (1.1) as
follows:

(1.28) 04(0 + H(u)) — Ag(0 + H(uw)) = —A, H(u),
9



multiply (1.28) by 6(t) + H(u(t)) and integrate over [0,t] x ). Then, after standard
transformations, we have

(129) [10() + H (u() 22 + / 16(s) + H(u(s)) |2 ds <
<C, (||e<o> T H@u(0))]2: + / IV H (u(s)) 2 ds) <

t
<C3 <1 +1160(0)]|3.2 —I—/ |V ou(s)]|3: ds) .
0
Using now estimate (1.27) in order to estimate the last term in the right-hand side
of (1.29), we deduce the desired estimate for (¢) and finish the proof of Lemma 1.3.

Lemma 1.4. Let the above assumptions hold. Then, the following estimate is valid
130) ¢ (10O -+ @ + | Fruw)do) +
t
+/O s ([10:0(s)l172 + 19ru(s)]172) ds < C ([0(0)]172 + [lgll 7= + 1),

where F(r) := [ f(s)ds and the constant C is independent of t € [0,1] and of the
solution (0, u).

Proof of Lemma 1.4. Multiplying the second equation of (1.1) by t0;u(t) and inte-
grating over [0, t] x €, we obtain, after simple transformations

30t (lu@ln+ [ Fu@yas) + [ *sl0uu(s) 2 ds <

< C/O (IF (u(s)llzr + llu(s)Fn + 1+ 10(s)]1Z2) ds.

Inserting estimates (1.25) into the right-hand side of (1.31) and using estimates (1.7),
we deduce the u-part of estimate (1.30). The #-part of this estimate can be now
obtained in a standard way by multiplying the first equation of (1.1) by t0,0(t) and
integrating over [0,¢] x €. This finishes the proof of Lemma 1.4.

Lemma 1.5. Let the above assumptions hold. Then, the following estimate is valid
(1.32) t2 (10cu®)l|72 + 10()1I7~) < C (L +1000)l|7 + llgllZ2)

where the constant C' is independent of the solution (0,u).

Proof of Lemma 1.5. We differentiate the second equation of (1.1) with respect to ¢
and set p(t) := dyu(t). This function satisfies the equation

(1.33) Orp — Dgp + f'(u(t))p — H" (u(t)0(t)p = H'(u(t))0:0(t).
10



We multiply this equation by t?p(t) and integrate over [0, ¢] x€2. Then, using estimate
(1.13) and the facts that t < 1 and f’(r) > —K, we infer

t
(1.34) FM@M;+A8%MM%MBS

t
< [ s (10u(s) - + 100)]2) ds+
0

t

1 t
5 [ S s+ [ 210 [0ru(s) 2 ds
Estimating the right-hand side of (1.34) by (1.30), we finally have
(1.3 Plou(t) 3 < Ca(1+10(0) % + g%,

Thus, the u-part of (1.32) is proven. In order to obtain the #-part, we rewrite the
first equation of (1.1) as follows:

(1.36)  D,(t0(t)) + Au(t0(1)) = () := tH' (u(t))Dpult) + 0(1), (t0(t))],_, =0,

where, due to (1.35), we have [|h,(t)||z2 < C(1+ |6(0)||2, + ||lg|/32). Applying now
the classical L>°-estimate (see, e.g., [LSU]) to the heat equation that we obtain and
using (1.25) in order to estimate the L?-norm of (t), we deduce that

(1.37) O < CllhullL=o,1),20) < C5(1+ 100172 + llgllZ2)

and Lemma 1.5 is proven.

Lemma 1.6. Let the above assumptions hold. Then, the following estimate is valid

(1.38) D[u(t)] < Q(t™" + [0(0)l|2) + Q(llgll =), t € (0,1],

for an appropriate monotonic function Q which is independent of t € [0,1] and of
the solution (0, u).

Proof of Lemma 1.6. We rewrite the second equation of (1.1) in the form (1.19).
Then, due to Lemma 1.5, we have, instead of (1.20)

(1.39) tlho.u(®)lL= < CA+ 00|72 + llglT)-

Moreover, thanks to the comparison principle, we again have inequalities (1.21) for
the function u(t,z), where the functions y4(¢) solve the ODEs (1.22), and, analo-
gously to (1.23), it is not difficult to verify that the solutions of (1.22) are well defined
and satisfy the following improved version of the “smoothing property” (1.23)s:

(1.40) ya ()] <1 =3t + [hallpe(eso)s t€(0,1],
11



where the positive and monotonic decreasing function ¢ (which satisfies lim,_,,(2)
= 0) depends only on f and it is independent of y4(0) (see, e.g., [MZ2, Appendix]
for details). Estimates (1.39), (1.40) and (1.21) give (1.38) and Lemma 1.6 is proven.

Estimate (1.38) shows that the solution (6, u) is strictly separated from the singu-
lar points of the nonlinearity f for every ¢ > 0 and, therefore, the H2-smoothing part
of estimate (1.24) can be now derived exactly as in the case of regular nonlinearities.
This finishes the proof of Theorem 1.2.

We now obtain the Holder-Lipschitz continuity of the solutions of problem (1.1).

Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied and let (61(t), u1(t))
and (02(t), ua(t)) be two solutions of problem (1.1) such that D[u;(t)] < oo fori=1,2
and t € Ry. Then, there exists a positive constant § > 0 such that the following
estimate 1s valid

(141)  [[61(8) = b2(t) 122 + lJur () — uz(t)| 2 <

< Ce™ (101(0) = 02(0) 2 + J|ur(0) — u2(0)l| =) ,
where the constants C' and K depend only on f and H and on the L?>-norms of the
initial data 61(0) and 02(0).

Proof. We set 0(t) := 01(t) — 02(t) and u(t) := uy(t) — uz(t). Then, these functions
satisfy the following equations:

(1.42) { 00 — A,0 = =04 [H (u () = H(ua (1)),

Ot — Ayt + U(t)u = [H'(ua (1))01(t) — H' (uz(t))02(1))],

where [(t) := fol f(sui(t) + (1 — s)uz(t)) ds. In order to handle the first equation of
(1.42), we need the following lemma.

Lemma 1.7. Let the function v(t) solve the following equation:
(1.43) Ov — Agv = Och(t), U’t:O = 2, U’E)Q =0,

for some h € H}

loc
estimate s valid

(R4, L%(Q2)). Then, for all sufficiently small o > 0, the following

t
(1.44) / e I lu(s)[32ds < C([v(0)[|7> + [[1(0)]]F2)e ™"+
0
¢
+ C/ e_o‘(t_s)||h(s)||%2 ds,
0

where the constant C' is independent of t and «.
12



Proof of Lemma 1.7. We set w(t) := f(f e Pt=5)y(s) ds, for some § > 0. Then, this
function satisfies the equation

(1.45)  dyw(t) — Agw(t) = h(t) := e Pt (v(0) — h(0)) + h(t)—
- 5/t 6_/B(t_5)h(s) ds, w‘tzo =0.

Applying the classical L?-regularity estimate to the heat equation (1.45) and tak-
ing into account the fact that the first eigenvalue of —A, with Dirichlet boundary
conditions in 2 is strictly positive, we have

" t
/o == (19w (s) |22 + [ Agw(s)]|22) ds < C / e~ |[h(s)]72 ds,

where a > 0 is small enough, see, e.g., [LSU]. Noting that v(t) = dyw(t) + fw(t),
fixing 8 > o and inserting the explicit expression for h(t) given in (1.45) into the
right-hand side of the previous estimate, we obtain estimate (1.44) and finish the
proof of Lemma 1.7.

Applying Lemma 1.7 with a = 0 to the first equation of (1.42), we have

(1.46) /O 10(s) 122 ds < C/O la(s)l|Z2 ds + C(10(0)l|72 + 17(0)[1Z2),

where the constant C' is independent of £ > 0.
Using now Holder’s inequality, an appropriate interpolation inequality and the
fact that, a priori, ||u;(t)||L~ < 1, we have

(1.47) [ (H'(u1)01 — H'(u2)02,7) 12 | < C||0]| 2|1 2+
+ Cll0]| c2l[al[ s |l s <
< Cr(1+ [10allz2) lall7e + /2]l F + Cal6]]7e,
where the constant C; is independent of the solutions (61, uq) and (62, us). Mul-

tiplying now the second equation of (1.42) by u(t), integrating over 2 and using
estimate (1.47) and the fact that I(t) > —K (due to (0.2)), we have

(1.48) %Ilﬂ(t)lliz +lla)Fn < Co(1+ 10 @)7) la(t)lI72 + C2l10(0)]17--

Integrating inequality (1.48) over [0,¢] and using estimates (1.25) and (1.46), we
deduce that

(1.49) [la(t)|7 +/O 1a(s)lI7 ds < Cs(l[a(o)lz> + 10(0)[17-)+

t
+C3(L+ 101(0)]1 7 + Hglliz)/o Ia(s)I[7- ds.
13



Applying Gronwall’s inequality to (1.49), we finally deduce that

(1.50) )z + / [a(s)ll7 ds < Ce™ ([a(0)lI7- + 10(0)]172),

where the constants C' and K only depend on the L?-norm of 6;(0). Thus, the
u-part of estimate (1.41) is proven. In order to obtain the f-part, we need one more
lemma.

Lemma 1.8. Let v(t) solve the following equation

(1.51) Ov — Agv = —AE(1),

U’t o = Yos

where vy € L*(Q) and & € L2/0=)([0, T], H'~%(Q)) for some 0 < xk < 1/2. We also
assume that &(t) ‘8(2 = O Then, the following estimate holds

t (1-r)/2
(1.52) Hv(tﬂmscuvo|rL2e-M+c( / e—a<f-s>uﬁ<s>ui{flﬂd) ,
0

where the positive constants C' and o depend on k, but they are independent of &, t
and v.

Proof. We first note that, without loss of generality, we may assume that vy = 0.
1+~

We set w(t) := (—=A,;)” "2z v(t). Then, this function solves the equation

(1.53) dw — Agw = E(t) := (=) 177/ 2¢(t).

Moreover, according to the anisotropic regularity theorem for the heat equation (see,
e.g., [Mie]), we have

t
(54) [ e (o) + ) ds

t t
< [ eI g s < o / e e ds
0

0

for all sufficiently small o > 0. Using now a proper embedding theorem for aniso-
tropic Sobolev spaces, we infer

(1.55) lw @l e < CUlwlip2ra=n qe—1,0,82) + 105wl L2ra-0 (t-1,,22)),

where the constant C' is independent of ¢ (as usual, we extend the function w(t) by
zero for t < 0). Combining (1.55) with (1.54) and using the fact that [|v(t)] L2 <
C||lw(t)]| gr1++, we finally obtain

14



et o ()25 < Clletw(t)|[3 5 <

Hl+k —

t
<0 / e (0w ()71 + w(s) |24 ds

so that, for a small enough,

(1.56) HU( )”L2(1 K) < C/ —ao' (t— S)Hé%( )H?{/(Eﬂm)d

which finishes the proof of the lemma.

We now apply Lemma 1.8 to the first equation of (1.42) which we rewrite in the
form (1.51) with v(¢) := 6(t)+[H (u1(t))— H (uz2(t))] and £(t) := H (uy(t))—H (ua(t)).
Indeed, since H" and ||u;||£2([o,77,#1) are uniformly bounded, we have

T

(1.57) /ymw@aSCT
0

On the other hand, according to (1.50), there holds

(1.58) @)= < Ce™* ([[a(0)] L2 + [16(0)]| =) -

Combining (1.57) and (1.58) and using an appropriate interpolation inequality, we
infer

T
2/(1—k _ =
(1.59) / le@IFA" dt < Cre™T (a(0)] 2 + 116(0) ] 2)
and, consequently, Lemma 1.8 gives

10(6) + [H (ur(£) = Huz (D)7 < Coe®* ([a(0)]]12 + 10(0) ] 22) -

This estimate, together with (1.50), give (1.41) and finish the proof of Theorem 1.3.

Theorem 1.1 allows to define the solving semigroup S; associated with problem
(1.1) by the following standard expression:

(1.60) Si(0o, wo) == (0(t),u(t)), Si: T — T,

where W := {(0,u) € [H2(Q) N HY(Q))?, |lullr=~ < 1} and (0(t),u(t)) is the unique
solution of problem (1.1) with initial data (6y,up). Moreover, since the constants

C and K in estimate (1.41) depend only on the L?-norms of the initial data, we
15



can extend in a unique way (by continuity) the semigroup (1.60) to the Holder
continuous semigroup S; acting on the closure ® of ¥ in [L?(Q)]?, i.e.,

(1.61) Sp:® - &, &:=L*Q) x {ueL®Q), ||lur- <1},
and, for every (6, ug) € ®, we have
(1.62) Si(0,uo) := [L2(Q)]*— lim S,(OF,ul),

where (6§, u{) is an arbitrary sequence belonging to ¥ and converging to (6o, uo)
in the topology of [L?(Q)]?. Furthermore, thanks to Theorem 1.2, we have the
smoothing property

A

(1.63) Sp:®— U, Vi>0,
and it is not difficult to verify, using the definition of the semigroup S, and the

A~
A

smoothing property (1.63), that every trajectory (6(t),a(t)) of this semigroup be-
longs to the space C([0,T], [L?(Q2)]?) and satisfies system (1.1) in the sense of dis-
tributions. Thus, we have proven the following result.

Corollary 1.1. Let the assumptions of Theorem 1.1 hold. Then, for every initial
data 0y, ug) € @, equation (1.1) possesses a unique solution (A(t), i(t)) which belongs
to C([0,T], [L*(Q)]?) and belongs to ¥ for every t > 0. Moreover, this solution
satisfies (0(t), w(t)) = Sy(0o, ug).

In order to simplify the notation, we write below S; instead of S, when it does
not lead to confusion.

We conclude this section with several additional regularity estimates for the so-

lutions of (1.1) which are necessary to study the boundary layer term at ¢t = 0 in
system (0.1) with small positive € (see Section 3).

Corollary 1.2. Let the assumptions of Theorem 1.1 hold and let, in addition, g be-
long to HY(Q). Then, any solution of problem (1.1) satisfies the following smoothing
property

(1.64)  D[u@®)] + [lu®)llgs + 0] s + [0u)|ar + [0:0(8)] ar <

< QU+ 100 2)e™ " + Q(llgll Lenrr), t >0,
where the positive constant o and the monotonic function () are independent of t > 0
and of the solution (0,u). Moreover, if the initial data (6o, ug) satisfies
(1.65)  D[u(0)] + [[uollms + [[6ollms <00, Azbo|,, =0, —Aztolyg = 9|y
then, the following estimate holds
(1.66)  D[u®)] + [lu®)llgs + 0] g + [0u) | + [0:0(8)] <
< QD[u(0)] + 10(0)[[ = + lluollm=)e™" + QUlgllnm), t = 0.

Indeed, since, due to Theorems 1.1 and 1.2, the solution (0(¢),u(t)) is strictly
separated from the singular points » = £1 of the nonlinearity f, then estimates (1.64)
and (1.66) are immediate consequences of standard parabolic regularity estimates
(see, e.g., [LSU)).

16



Corollary 1.3. Let the assumptions of Corollary 1.2 hold. Then, for every initial
data (6o, uo) satisfying (1.65), the following estimate is valid

t+1
(1.67) (|07 u(®) |- +/t (07 u() 17> + I(=As) " 0Pu(s)||72) ds <

< Q(D[u(0)] + [luol = + 160l rr)e™" + Q(llgllL=nm),
where the constant o > 0 and the monotonic function Q) are independent of the
solution (0, u).

Estimate (1.67) is also a standard corollary of parabolic regularity estimates. We
thus leave its rigorous proof to the reader.

§2 THE CASE € > (: UNIFORM A PRIORI
ESTIMATES AND EXISTENCE OF SOLUTIONS

In this section, we study equation (0.1) for positive €. In that case, the second
equation of (0.1) is hyperbolic and we have neither the monotonicity property nor
the maximum principle for this equation. Nevertheless, we will show below, using
some kind of a perturbation technique, that this equation possesses a unique strong
solution (6(t),u(t)) if ¢ < 1 is small enough and the £l-energy of the initial data
is not too large and obtain some uniform (with respect to € — 0) estimates on this
solution. The main result of this section is the following theorem.

Theorem 2.1. Let the nonlinearities H and f satisfy assumptions (0.2) and g be-
long to L>°(2). Then, there exist a positive constant €9 and a monotonic decreasing
function R : (0,e0] — R4 such that

(2.1) lir% R(e) = 400

and, for every e < eg and every initial data (0(0),&,(0)) satisfying

(2.2) D[u(0)] + [[0(0) [ 2 + 1€u(0)]le1(e) < R(e),

there exists a unique global solution (6(t),&.(t)) of problem (0.1) which satisfies the
following estimate

(2.3) Du()] + [0(0)]2s + 100025 + €4 (1) 210+
4 / &= Byu(s)||2n ds <
< Q[u(O)] + [00) |2 + €a(O)e10))e= + QUlgll).

where the positive constant o and the monotonic function @ are independent of €.

Proof. We first derive the a priori estimate (2.3), assuming that (6(¢),&,(t)) is a
sufficiently regular solution of (0.1) which is separated from the singular points of

f,ie,
(2.4) [ullLoe @ x0) < 1.

We start with a classical £-energy estimate.
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Lemma 2.1. Let the above assumptions hold. Then, the solution (0(t),£,(t)) sat-
i1sfies the following estimate

t
(2.5) elldrut)llze + llu®lF: + 10 +/O e~ Byu(s)||F2 ds <
< Q (Du(0)] + elloeu(0) |72 + [lu(0) 72 + [0(0)[172) e + Q(llgll £2),

where the positive constant o and the monotonic function () are independent of €.

Proof. Multiplying the first and the second equations of (0.1) by 6(t) and O;u(t) +
Bu(t) respectively (where 3 is a small positive parameter which will be fixed below),
summing the equations that we obtain and integrating over €2, we have

1d
(26) 3 L) + IVl + 28(u(t), stz + Blu(D) 32+
10172 + 2(F (u(t), 1) 2]+
+ (L= eB)|0ru(t)l|Z2 + BIVaeu(t)llZe + IV20(6)]I 72+

AU (u(t)), u(t)) 12 = (g, Deult) + Bu(t)) 12 + B (u(t)0(t), u(t)) 1.
Using now estimate (1.7), fixing 5 > 0 small enough, applying Gronwall’s inequality
to (2.6) and arguing as in the proof of Lemma 1.1, we deduce estimate (2.5) and finish
the proof of Lemma 2.1 (see also [GrP1] and [GrP2]). We mention that, in contrast
to [GrP1] and [GrP2], we now have, a priori, ||u(t)|L~ < 1 and, consequently, no
growth restrictions on H are required in order to handle the term (H'(u)f,u)pe.

In a next step, we obtain an H!-estimate for the §-component of the solution of

(0.1).

Lemma 2.2. Let the above assumptions hold. Then, the following estimate is valid

@UIWW%+A@”W”WM®ErWﬂM%ﬁw§
< Q (l9u(0) 3 + [w(O)Is + 100)Frr) e + Qg z2).

where the positive constant o and the monotonic function () are independent of €.

Indeed, since ||u(t)|r= < 1 and the function H is regular (we recall that, in
contrast to the nonlinearity f, the function H does not have any singularity at
r = £1), then

(2.8) 10:H (u(t))]| 2 < CllOru(t)] L2

Estimate (2.7) is now an immediate consequence of (2.5), (2.8) and the classical
L2-regularity estimate (1.9’) for the heat equation applied to the first component of
system (0.1).
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In order to obtain a priori estimates for the £'-norm of the solutions of problem
(0.1), we will compare them with the solutions of the limit parabolic system (which
corresponds to ¢ = 0 in (0.1)), taking ¢ small. To this end, it is more convenient,
following [Z], to modify slightly the second equation of (0.1) with e = 0 and to
consider the following auxiliary system:

29) 0 (0o + H(uo)) — Agblg =0, 0], =0, 6o,_, =0(0), uol,_, = u(0),
. 675”0 - Amuo + f('LL()) - H/(UO>00 + LUO - hu(t)7 uO‘aQ - 07
where L is a sufficiently large positive parameter which will be specified below and

hy(t) == g + Lu(t). The following Lemma is the analogue of estimate (1.3) for the
auxiliary problem (2.9).

Lemma 2.3. Let the nonlinearities H and f satisfy assumptions (0.2), g belong to
L>(Q) and the function u(t) satisfy ||u(t)||L~ < 1. Then, equation (2.9) possesses
a unique solution (0o (t),uo(t)) which satisfies the estimate

(2.10)  Dluo(t)] + 160 (t) 172 + lluo ()7 <
< Q (D[u(0)] + 10(0) 1= + w(0) =) =" + Q(llgll =),

where the positive constant o and the monotonic function () depend on L.

The proof of this Lemma is completely analogous to that of Theorem 1.1 and is
left to the reader.

The next lemma shows that the solutions (6(t), &, (t)) of (0.1) are, in some sense,
close to the solutions (0y(t),uo(t)) of the auxiliary problem (2.9) if € > 0 is small
enough and L is large enough.

Lemma 2.4. Let the above assumptions hold and let (0(t),&.(t)) be a solution of
problem (0.1). Then, there exists a sufficiently large, but independent of €, constant
L such that

(2.11)  lu(t) — uo(t)]|7 +/0 e~ |6(s) — O (s)|[72 ds <
< & (Q (Dlu(0)] + 10(0)[I 5+ + elloru(0) |72 + [u(0)[[7) e + Qllgll =) ,

where (0o(t),uo(t)) is a solution of problem (2.9) and the positive constant o and
the monotonic function @) are independent of €.

Proof of Lemma 2.4. We set 0(t) := 0(t) — 0p(t) and u(t) := u(t) — uo(t). These
functions satisfy the following equations:

0:0 — A0 = —0;(H (u(t)) — H(uo(t))), é’t:(} =0, u
(2.12) Ot — Ayt + [f (u) — f(uo)] + Lu =

_ —gafzi(gt) + [H' (u(t)6(t) — H' (up(t))8o(t)).



Applying Lemma 1.7 to the first equation of (2.12), we have

t t
(2.13) / e t=910(s)||2. ds < C4 / e =9 a(s) |2 ds,
0 0

where the constant C; is independent of ¢.

We then study the second equation of (2.12). To this end, we multiply this
equation by @(t) and integrate over . Then, noting that f/'(r) > —K and using
estimate (1.47) (in which we replace 6; and 62 by 6 and 6, respectively), we have

(214) Sl + 5| Vau(t) 3+
(L= K = Cu(1+ 10D 60 < ~(0Pu(t), a(t)) s + A0,

where ;1 > 0 is arbitrary and the constant C), is independent of (0, ) and (0, uo).
We estimate the first term in the right-hand side of (2.14) as follows:

(2.15) —e (0Fu(t), u(t)) ., < —e0y (Byu(t), u(t)) + Ce (||0wu(t)]|72 + [|Oeuo(t)]|72) -

Inserting this estimate into (2.14), we have

(2.16) %at[llﬂ(t)lliz +26(Qpu(t), a(t)) o] + Cllla(t)| 72 + 2e(Opult), at)) 2]+
+(L =K —Cy = C'lo)z2)la®)z <
< ulfZ2 + C"e (locu(t) |72 + 0o (t)lI72) ,

where all the constants are independent of L and €. We recall that, due to Lemma
2.2,

(2.17) 10172 < Qre™" + Qo,

where Q1 = Q1(c[|0;u(0)[Z: + [u(0)[[Z: + 10(0)]F1) and Qo = Qolllgllz2). Thus,
fixing L = L, so that L — K — C,, — C'Q3 > 0, applying Gronwall’s inequality to
(2.16) and using estimate (2.13) (in order to estimate the term containing (¢)) and
estimates (2.5) and (2.10) (in order to estimate the integrals of the L?-norms of d;u
and Oyug), we have

(2.18) la(®)ll7- <

< & (QulellBru(0)[ 72 + [[u(O) 17 + 10(0)1Z2)e ™ + Qulllgllz2)) +

t t
+ Cu/ e~ |a(s)|2. ds + CQ?@“”/ e |a(s)|2. ds,
0 0

where the positive constants C' and o and the monotonic function @), are indepen-
dent of € and (0(0),&,(0)) and where the constants C' and « are also independent
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of u. Fixing finally the parameter > 0 such that C'u < o and applying once more
Gronwall’s inequality to relation (2.18), we finally find

(2.19)  lla®)lz: < e (Q(EllOwu(O)IZz + [[u(0)lFn + 10(0)IZ2)e™" + Q(llgllL2)) .

for some (new) positive constant o and monotonic function ) which are independent
of e. Estimate (2.11) is now an immediate consequence of (2.19) and (2.13) and
Lemma 2.4 is proven.

We are now ready to obtain £'-estimates on the solutions of (0.1). To this end,
we multiply the second equation of (0.1) by —A,(dyu(t) + Su(t)), where § > 0 is a
sufficiently small (but independent of €) constant, and integrate over 2. Then, after
standard transformations, we have

(2.20) %Eu(t) + BEL(t) + B/2(| Azu(t) 2 + [Vadru(t)l|72) <
< C (If () + H (u()0)[171)

where

Eu(t) = el VaOpu(t) 72 + Bl Vau(®) |72 + 1 Azu(t) ]2~
— 2(9, Axu<t))L2 -+ 6€(V1;'U/(t), antU(t))Lz

We now estimate the right-hand side of (2.20). We first note that the second term
in the right-hand side of (2.20) is easy to estimate, due to estimates (2.5) and (2.7)
and to the interpolation inequality |V ul%2s < C|lu| g ||ul g2. Indeed,

(2.21) [[H' (u(®)0®)]|F <
< ClOWN7 + Clot) - Vau®). < ClOOIE 1+ [IVaut)|gs) <

< gHAxU(t)Hiz + O+ 0[5 (1 + [u@®)][F) < g”Awu(t)”%?_'—
+Q (el 0u(O) 122 + u(0)l[7 + 10(0)I[7) e + Q(llgll ).

where 3 is the same as in (2.20) and the positive constant o and the monotonic

function ) are independent of €. So, it only remains to estimate the first term in

the right-hand side of (2.20). To this end, we will essentially use the fact that, due

to Lemma 2.4, the function u(t) is close to the regular function ug(t) if € > 0 is small

enough. Moreover, noting that the function f is regular inside the interval (—1,1),
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we have
(2.22) £ (uo() — F(u(t)) sy =
=va(0(fww@»+u—smu»@~maw—uu»)

< sup [[If'(suo + (1 = s)u) |7+

2
<

L2

+ 1" (suo + (1 = $)u) Lo (1 + [Juo(®)[I72 + HU( Wir)] - llu(t) = wo ()7 <

< sup My

5€[0,1] <1 — llsuo + (1 - S)UHLoo)

x (L + [luo ()l + lu()ll72)lu(t) — o ()7 <

1
M (1 + ||uo( + Ju®)||F2) x
f<1—mm>mm—WL e ) o (1) 32 + 1) r2)

% [lu(t) = uo(t)lI,

X

for some smooth monotonic function My (2) depending only on f (due to condition
(0.2)3, lim,_,oc M¢(2) = 00). Using now the interpolation inequalities

1/2 1/2

1/4 3/4
lu — uol}5, |lu—uollpe < Cllu—uol|}5!|Ju — uol3)

[ = ol < Cllu = ol B2

estimate (2.11) for the L?-norm of u — ug, the obvious estimate

lu(t) = uo(®)I72 < C (Eu(t) + lluo ()32 + 9l 72)
and estimate (2.10) in order to estimate the norms of ug(t), we have
(2.23) 1 —flu(®)llze =1 = Jluo(®)|lze — flu(t) = uo(t)llL> >
> (Q + Qoe )t = e/¥(Q + Qoe*)(1 + Eu(1))

and, consequently,

(2.24) || f(u(t)]lFn <
1/2 2 !
< QoeY?(1 + B, (t))°M; ((Q T Qo) —e/3(Q + Qo)1+ Eu(t))> "

+ Qoe_at + Qa

where the monotonic increasing functions

Qo = Qo(D[u(0)] + ||9(0)||21£2 + [1€u(0)l[er ) + llgllze)



and Q = Q(||g|]|z=) and the positive constant a are independent of ¢ (obviously,

estimate (2.24) has a sense only if (Q 4+ Qo)™™' — e/3(Q + Qo)(1 + E,(t)) > 0).
Inserting estimates (2.21) and (2.24) into the right-hand side of (2.20), we finally

deduce that the function FE,(t) satisfies the following differential inequality:

(2.25) S Bu(0)+ BEu() <

< Que?(1 + . (t)°M; ( !

(Q+ Qo)™ —e/3(Q+ Qo)1 +Eu(t)>) "
+2Qoe™ " + 20,

where we can assume, without loss of generality, that o < 3. The following Lemma
shows that inequality (2.25) allows to obtain a dissipative estimate for F,(¢) if the
initial values 0(0) and &,(0) are not too large.

Lemma 2.5. Let the initial data (6(0),&.,(0)) satisfy the inequality
(2.26) Du(0)] + [16(0) [ > + 1§u(0)lere) + llgllz> < R(e),
where R = R(e) solves the equation

(227) Q(lgllz~) =
= Qu(R)E/? (1+2(5 — ) 'Qu(R) +357'Q)°

1
* My ((Q T Qo(R) T — e 5(Q + Qo)) (1 +2(F — @) 'Qo(R) + :w—l@)) |
Then, the following estimate is valid
(2:28) B.(t) < Bolt) =
= 2(8 — @)~ Qo(D[u(0)] + [|0(0) [l 2 + €u(0) g1 () + llgllz)e™"+
+3671Q(lgllz=)-

Proof of Lemma 2.5. Since the right-hand side of (2.27) is monotonic with respect
to R, then the function Ey(t) satisfies the inequality

(2.29) %Eo(t) + BEy(t) > Qoe/?(1 4 Eo(t))*x
1
* My ((Q + Qo) ™! — e/3(Q + Qo) (1 + Eo(t))

if (2.26) holds. Moreover, increasing the function @) if necessary, we can assume
without loss of generality that

) +2Qoe " + 20,
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Consequently, due to the comparison principle for first order differential inequalities,
we have estimate (2.28) and Lemma 2.5 is proven.

Thus, due to (2.28), we have proven that, for initial data satisfying (2.26),

(2.30)  ellocu®)lF + lu®)l7- <
< Q(D[u(0)] + 10(0)[[ ;2 + [1€u(O)lle2())e™ ™" + QUllgll L),

where the positive constant o and the monotonic function ) are independent of e.
It is also worth noticing that, due to equation (2.27), we have

(2.31) lim R(e) = oo.

e—0

Moreover, it follows from (2.26) and (2.27) that (Q+Qo) ' —e/8(Q+Qo)(1+E(0))
is strictly positive for all initial data satisfying (2.2). Then, inserting (2.28) into the
right-hand side of (2.23), we verify that the solution w(t) is indeed separated from
the singular points r = £1, if € > 0 is small enough, and the following estimate is
valid:

(2.32) D[u(t)] < QD[u(0)] + [[0(0)ll 2 + [[€u(0)le2())e™ " + Qllgl L),

for some (new) positive constant o and monotonic function Q.

Thus, the most difficult part of estimate (2.3) is proven. The estimates for the
other terms can be obtained in a standard way by using estimates (2.30) and (2.32).
Indeed, multiplying estimate (2.20) by e ?(T=" integrating over [0,7] and using
(2.30) and (2.32), we have the estimate for the term fOT e AT |10pu(t)||%, dt. Hav-
ing this estimate, we can interpret the term 0;H (u) in the first equation of (0.1) as
external forces and apply an appropriate regularity theorem for the heat equation
that we obtain. Then, using also (2.30), we find the required estimate for the terms
10()]13,> and ||0:0(t)||2. (see (1.17) and (1.18)). Finally, rewriting the second equa-
tion of (0.1) in the following form:

(2.33) £02u + Opu — Agu = ho o (t) == g + H' (u(t))0(t) — f(u(t)),

applying estimate (A.7) with k = 1 and using the estimates obtained above in order
to estimate the required norms of iLg}u(ﬂ, we can easily obtain the desired estimate
for ||€.(t)|le1(c) and, thus, finish the proof of the a priori estimate (2.3).

We now recall that estimate (2.3) implies, in particular, that the solution u(t) is
a priori strictly separated from the singular points » = 41 of the nonlinearity f and,
consequently, the existence and uniqueness of this solution can be obtained exactly
as in the case of regular nonlinearities, see, e.g., [GrP1] and [GrP2], and Theorem

2.1 is proven.
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Thanks to Theorem 2.1, we can define the solving semigroup S;(g) of equation
(0.1) on the space ]B%z(g)(e), where

e) = {(0,¢) € [H*(Q) N Hy(Q)] x £(e), & = (u,v),
D[u] +[10]| 2 + [|€llex () < R},

by the following standard expression:

(2.34) Se(e) (60, &%) = (0(t), &u(t)),

where (6(t),&,(t)) is the unique solution of (0.1) with initial data (6o,£°) whose
existence is proven in Theorem 2.1. Moreover, due to estimate (2.3), the set Bg, (¢)
is a uniform (with respect to e < gg) absorbing set for (2.34), if Ry is large enough,
and there exists 7' (which is independent of ¢) such that

(2.35) Si(e) : B, (e) — By, (¢), Vt=>T,

so that ]Bf%(s) is indeed an appropriate phase space for the study of the long-time
behavior of solutions of problem (0.1). In the sequel, we will also need more regular
solutions of problem (0.1). To this end, we introduce the space B% () as follows:

(2.36) B(e) := {(0,€) € [H}(Q) N HJ(Q)] x E2(e), € = (u,v), Agb],, =0,
— Doty = loge DU+ 18] + €]l e2() < R}

Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Then, for every R > 0
and every initial data (6(0),&,(0)) belonging to IB%R(E)( g) NB%(e), the corresponding
solution (0(t), & (t)) of problem (0.1) satisfies the following estimate

t
237) 10Ol + 100 + 16,0 s + [ e o)l ds <
< Q (DLw(0)] + 10O + 1Eu(0)Z2(0)) €= + Qlgllarrz),

where the positive constant o and the monotonic function () are independent of €.

Proof. We first deduce the required estimate for &,(¢). To this end, we introduce
the function G = G(z) € H?*(Q) as follows: G := (—A,)"'g. Then, the function
v(t) := u(t) — G solves the following hyperbolic problem:

(2.38) €920 + 0w — Ayv = hg o (t) == H'(u(t))0(t) — f(u(t)), = Ayv|,, = 0.

U‘BQ

We have, thanks to estimate (2.3)

(2:39)  [1ho.u(t) 2 + II(‘?thou( )z

Q(Dfu(0 )]+ ||9§5)||H2 +11€u(0)[lere))e™ " + Qllgll=),



for appropriate positive constant o and monotonic function @ which are independent
of . Moreover, obviously, hg ., (t) ‘ 5o = 0. Therefore, applying the £ 2(g)-energy
estimate (A.7) to the linear hyperbolic equation (2.38), we have

t

(240) 60 (8)]22(c) + / =) 3,0(5) 22 ds <

< O(lI&0(0) 122y + 1o (O)][F)e™ "+

t
+C / ) ([lgu($) %2 + [9shao(s)132) ds,

where the constants C' and « > 0 are independent of . Inserting estimate (2.39)
into the right-hand side of (2.40), we obtain the desired estimate for the £2(¢)-norm
of £,(t).

In order to derive the desired estimates for the norms of (), we rewrite the first
equation of (0.1) in the form (1.9) and then apply the following regularity estimate:

t
(2.41) (082 + / =) 10,0(5) 2,2 ds <
0
t
< CYO) 2 + C / e [y (5) |22 ds
0

(we recall that hu(t)’ a0 = 0). Applying inequality (2.40) in order to estimate
the last term in the right-hand side of (2.41), we deduce the desired estimates for
|0(t)|| g5 and fg e~(=5)]|0,0(s)||%2 ds. The desired estimate for ||0;0(¢)|| g1 can be
now obtained by expressing 0;6(t) from the first equation of (0.1) and Theorem 2.2
is proven.

In the sequel, we also need the fact that B%(g) is a uniformly (with respect to
¢) exponentially attracting set for the semigroups S;(¢) for initial data belonging to

]B%?%(E) (g).

Theorem 2.3. Let the assumptions of Theorem 2.2 hold. Then, there exist positive
numbers R and o and a monotonic function Q@ (which are independent of €) such
that

(2.42) dist 772 () 1 (@) (Se(e)BR(€), BL(c)) < Q(R)e™ ™, R < R(e).

Proof. We first note that, due to estimate (2.3), it is sufficient to verify estimate
(2.42) for initial data belonging to B%O(a) only (with sufficiently large, but fixed,
Ry). To this end, we first split the solution v of equation (2.38) as follows: v(t) =
v1(t) 4+ va(t), where vy (t) solves

(243) 56152?}1 + atvl - A:pvl - 07 €’U1 (0) = 51) (0>7
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and the function vy (t) solves

(2.44) €07V + Opva — Agva = hou(t), &u,(0) = 0.
Then, applying estimate (A.7) with k = 1 to equation (2.43), we have
t
245 e+ [ eI ds < OO

where the positive constants C' and « are independent of €. Analogously, applying
estimate (A.7) with kK = 2 to equation (2.44) and using estimate (2.39), we obtain
t

(246) ||€112 (t)H?,'?(s) +/ 6_a(t_8) ||8t02(3>||§_12 ds < CRO,
0

where the constant C'r, is independent of € and t.
We now split the first component 0(t) as follows: 0(t) = 01(t) + 02(t), where 6,
solves

(2.47) 0101 — Al = hl(t) == —H'(u(t))0v1(t), 01(0) = 6(0),
and the remainder 05(t) satisfies
(2.48) 010y — Aply = h2(t) := —H'(u(t))sva(t), 62(0) = 0.

Applying the HZ?-regularity estimate (1.18) (where h, is replaced by hl) to the
heat equation (2.47) and using estimates (2.45) and (2.3) in order to estimate the
appropriate norm of hl(t), we have

(2.49) 16:®)13 < C (0O + 1O ) e,

where the positive constants C' and « are independent of t. Moreover, applying the
H3-regularity estimate (2.41) (where h,, is replaced by h?) and using estimates (2.3)
and (2.46) in order to estimate the integral of ||h2(t)||f2, we infer

(2.50) 102(8) |22 < Chy s

where the constant C}, is independent of t. Estimates (2.45), (2.46), (2.49) and
(2.50) give estimate (2.42) and finish the proof of Theorem 2.3.

Remark 2.1. We emphasize that Theorem 2.1 gives a unique solution of problem
(0.1) only for initial data satisfying (2.2) (in particular, only for small ¢ > 0).
In fact, we cannot even construct a weak energy solution for this problem if this
assumption is violated. Indeed, in contrast to the case of hyperbolic equations with
regular nonlinearities and supercritical growth rate, see, e.g., [CV] and [Z], we now
only have, a priori, in view of (2.6) (see also (A.4) in [MZ2]), an estimate for the
nonlinear term f(u) in L'([0,7] x ) (and not in the space L'*°([0,7] x Q) with
d > 0 as in the case of regular nonlinearities) and, consequently, we do not know
how to pass to the limit in the nonlinear term in a Galerkin approximation scheme
and verify the existence of a weak solution.

Remark 2.2. In particular, we deduce from the results proved in this section the
existence of strong solutions for weakly damped wave equations with singular po-

tentials. This result is, to the best of our knowledge, the first one in this direction.
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§3 ESTIMATES ON THE DIFFERENCE OF SOLUTIONS

In this section, we derive several estimates on the difference of solutions of problem
(0.1) which are of fundamental significance for our study of exponential attractors.
We start with the following standard estimate.

Theorem 3.1. Let the assumptions of Theorem 2.1 hold. Then, for every R < R(¢)
and every solutions (01(t),u1(t)) and (62(t), u2(t)) of problem (0.1) whose initial data
belong to B%(e), the following estimate is valid

(3:1) 102(6) = 02013 + €0 () — € (O30 +
[ (100(5) = 0a(5) 2 + 10461 (5) = 102() -1+ 2(5) = Oa(o) i) s <
< e (16:(0) = 02(0)]132 + 160, (0) — &0 (0) 3,

where the constants C' and K depend on R, but they are independent of €.

Proof. We set 0(t) := 01(t) — 02(t) and u(t) := uy(t) — uz(t). Then, these functions
satisfy the following equations:

(3.2 { 010 = 8,0 = —0,(H (w1 (1)) = H(ua(1))):

€07+ Oyt — Ayl = hy 4(t),

where

(3:3) hgq(t) = f(ua(t)) — fur(t)) + [H'(ur () — H' (uz(t))]01(t) — H' (uz(t))0(t).
We note that, thanks to estimate (2.3),

(3.4) lhga(®)llze < C(la(t) ]2 + 10(t)]2),

where the constant C' depends on R, but it is independent of €. The following lemma

gives the estimate of d;hg ; which is necessary for the study of the second equation
of (3.2).

Lemma 3.1. Let the above assumptions hold. Then
(3.5) N0¢hg o)1 < C (1 + [|0puz(t)|l2) 10(t)| L2+
+C (100 -1 + @) + 10:a() | 5r-1)

where the constant C' is independent of t and €.

Proof. We have

(3.6) Oihgy = [f (u2) = f'(u1)]Osur — f'(uz)0rti + [H' (u1) — H' (u2)]0:01+

+ 91H”(uQ)8tﬂ + 8{LL1[H”(’LL1) - H”(Ug)]é - 8{LL2H”(U2)Q_ - H'(uz)ﬁté.
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We recall that, due to estimate (2.3) and the fact that the function H is regular, we
have L>-bounds for f)(u;) and HY) (u;). Consequently, since estimate (2.3) gives
a uniform estimate for ||Oyu;|| 2 as well, then, for every v € H}(Q), we have

(3.7 I([f (u2) = f'(un)]Opu, v) 2] < [1f (u2) = f'(ur) || 2ol Opuall L2 |vll e <
< Cllullzsllvll

and, thus

(3.8) ILf" (u2) = /(w0 || = < Culla] ar,s

for some constants C' and C; which depend on R, but are independent of €. Analo-
gously, for the second term of (3.6), we have

(3.9)  [(f"(u2)0vt,v) 2| < CllOvul| 1 ||/ (u2)v]l <
< Cillvul g ([0l + [ Vaug - 0ll22) < Collrull g |[vll e (1 + [uzllm2)

and, consequently, since (2.3) gives an estimate for the H?-norm of u;,
(3.10) £ (u2)0ptl| -1 < Cs|Opti]| -1

The third term of (3.6) is completely analogous to the first one. Then, since, due to
(2.3), we have an estimate for the L?-norm of 9,0,

(3.11) ITH" (u1) — H' (u2)]0401[| -1 < Cllul

The fourth term of (3.6) is analogous to the second one and, consequently, analo-
gously to (3.9) and (3.10), we have

(61 H" (u2)04i, v) 2| < C1]|0st|| -1 |61 H" (u2)v| g1 <
< Col|0stal| -1 (|01 o=Vl + (V201 - (V][22 + |01 Lo || Vauz] - 0]l 2) <

< Csl|8ytll -1 (101117 + NuzllZ2) o]l
and, therefore,
(3.12) 101 H" (u2)0vt|| -1 < C||0sta| g1

The fifth term of (3.6) is analogous to the third one. Consequently, due to Holder’s
inequality with exponents 2, 6, 6 and 6, we have

|(6tU1[HH(U1) — HII('LLQ>]01,U)L2| S

< CllOpus |2 [ H" (ur) = H" (u2) | o [[01 ]| o [0l Lo < Cullur — | Lol|v]|
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and
(3.13) 10vur [H" (u1) — H" (u2)]0:1[| - < Cs[t]| -
Analogously, applying Holder’s inequality to the sixth term of (3.6), we infer
|(DpuzH" (u2)0,v) 2] < CllOpusl|pal| H" (uz)l| Lo 0] 2]|v]| 2o <
< Cil|0puz| 110 2 [0
and, consequently,
(3.14) [0vug H' (u2)0| -1 < Col|Opusa || g 10| 12

Combining estimates (3.8), (3.10) and (3.12-3.14), we deduce (3.5) and finish the
proof of Lemma 3.1.

Thus, applying the £(¢)-energy estimate (A.2) to the second equation of (3.2),
using (3.4) and (3.5) and estimate (2.3) for the integral of the H'-norm of d;us, we
have

t

<ma|mwﬁ@+leﬂww@mw;ms

< C1(1€a(0) I3 (e + 1hg,u (0) 17— )e ™"+

t
+ 01/0 e~ ([hga()lIZ2 + 10thg a(s)l|F-1) ds < Coll&a(O)3 )+

t
+ 02/0 (1a(s)lzn + 0va(s)[[7r-+ + 10:0(s)|IFr-1) ds + Casupeo 1 [10(s)lI72,

where the constants C7 and C3 are independent of e. Multiplying now the first
equation of (3.2) by (—A,)19;0(t) and integrating over [0,t] x €, we have

t
(3.16) /O 10:0(s)II7-1 ds + 10172 < 10(0)][7-+

+ C/O 10 (H (us(s)) — H (u2(5))) |71 ds.

Moreover, noting that 0;[H (u1) — H(uz)] = H'(u1)0:u + [H'(u1) — H'(u2)]0puz and
arguing as in the proof of Lemma 3.1, we can verify that

(3.17) 10:[H (u1(s)) — H(uz(s)l -+ < C(|10puls) | -1 + [[a(s)]| 1)
(see (3.7-3.10)). Inserting this estimate into the right-hand side of (3.16), we have

t
ﬁw)meMWM@+AWM®M4@S

t
S@WW@+CAU@MM%A+W@ﬁMd&
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Inserting estimate (3.18) into the right-hand side of (3.15), we infer

t
3.19) Ial®lF+ [ e a5 ds <
B t
< C (10O + 16:0)1)) +C [ (10 s+ () ) ds.

Applying Gronwall’s inequality, we find

t
3200 el + [ 1) ds < G (100 + a0l )

for appropriate constants C; and K which depend on R, but are independent of ¢
and t. Thus, the u-part of estimate (3.1) is proven. In order to obtain the desired

estimates for ||0(t)||z> and fg 10:0(s)||%_1 ds, it is sufficient to insert estimate (3.20)
into the right-hand side of (3.18). Thus, it only remains to estimate fot 10(s)]1%1 ds.

To this end, we note that, expressing A,0(t) from the first equation of (3.2) and
taking the H~!-norm of both sides of the equation that we obtain, we have

(3.21) 101 Fr < 100() 15—+ + 1106 (H (ur(5)) — H (ua(5))) |71

Integrating (3.21) over [0, t] and using estimates (3.17), (3.18) and (3.20), we deduce
the desired estimate for the integral of ||0(s)|| g1. This finishes the proof of Theorem
3.1.

We now derive an asymptotic smoothing property for the difference of solutions
of problem (0.1). To this end, we split the solution (0(t),u(t)) of problem (3.2) as
follows:

(3.22) (O(t), a(t)) = (01(t), us(t)) + (2(1), u2(t)),

where (01(t),u1(t)) solves

(3.23) { 0:01 — Ay =0, 61],_,=0|,_,

8(9?7]1 + 8th1 - Axﬁl = 0, 51—“ }tZO = fﬂ‘tzo,
and the rest (5(t), 12(t)) solves

(3.24) { 00y — Nply = —0,(H (ur(t)) — H(ua(t))), O2],_, =0,

ed} iy + Bty — Aytis = hg (1), &ay|,_o = 0.
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Theorem 3.2. Let the assumptions of Theorem 2.1 be satisfied and let (61(t), u1(t))
and (02(t), ua(t)) be two solutions of problem (0.1) with initial data in B%(e), for
some R < R(g). Then, the solutions (01(t),u1(t)) and (02(t),us(t)) satisfy the
following estimates

18 ()13 + 1€ (12 ey < Ce=t (18022 + €03 sy )

182012 + €0, ()21, < CeX* (1000)12: + 1€a(0) ]2, ) -

where the positive constants C', K, o depend on R, but they are independent of €.

(3.25)

Proof. Since system (3.23) consists of two decoupled linear parabolic and hyperbolic
equations, the first estimate of (3.25) is obvious and we only need to prove the second
one. To this end, we note that

(3.26) lhga @l < C (@)l + 10| m)

where the constant C' depends on R, but it is independent of €. Indeed, estimate
(3.26) can be verified as in the proof of Lemma 3.1 and even in a simpler way, since
we now do not need to estimate the negative norms (to this end, it is sufficient to
estimate the L?-norm of Vzhg () and, in order to do so, we only need to estimate
the L?-norm of every term in the right-hand side of (3.6), where the operator 0; is
replaced by V). We thus leave the details to the reader.

Recalling now that hg’ﬂ}aﬂ = 0, applying the £!(g)-energy estimate (A.7) to the
second equation of (3.24) and using estimates (3.1), (3.5) and (3.26), we have

t
&2, (D)1IZ1(.) < 01/0 (Ihg a(s) I + 110chg a(s)l7r-1) ds <
t
< 02/0 [(1+ 02 ()FDNO()IT2 + 10 Fn + 10:0(3) [ Fr—1 + 10:0(5) [ -] ds <

< CSeKt (HQ_(O)H%Z + ||£ﬂ(0)||?)(6)> ’

where the constants C; and K are independent of e. Thus, the us-part of the second
estimate of (3.25) is obtained. In order to obtain the #s-part, it remains to note
that, due to estimates (2.3) and (3.1),

| o)) = HCun(o)] 3 ds <
< [ U (DD + 1T (0 (5) = 7 (a(s)) () ) s <

t t
SCAHWWWQ@+CAH%Mﬂ%WMM%%S

< Cie™ (I3 + 160 )
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and apply the classical L?-regularity estimate (see (1.9")) to the first equation of
(3.24). This finishes the proof of Theorem 3.2.

We now estimate the difference between the solutions (6°(t),u®(t)) of problem
(0.1) for small positive ¢ and the solutions (8°(¢), u°(¢)) of the limit parabolic prob-
lem (2.1). To this end, we need the first term of the asymptotic expansion of (6%, u®)
near t = 0 with respect to . Following the general scheme (see [LyV]), we seek for
asymptotic expansions of the form

(3.27) 0°(t) = 0°(t) + eP(t), u(t) =u’(t) + et (e ) +eR(t),

where (6%, u") solves the limit parabolic problem (1.1) with initial data (6°(0), u°(0))
= (6°(0),u%(0)), the boundary layer term @' (7) satisfies the following equation:

(3.28)  O*at +0.at =0, 0,4'(0) = wu’(0) — u(0) and lim @'(r) =0,

T—+00

and (P(t), R(t)) is the remainder. Solving (3.28), we have

(3.29) ' (1) = e T¢5,,(0),
where
(3.30) qbZ’u(t) = 58?115(25) =g — 0w (t) + Apus(t) — f(u®(t)) + H (u°(t))6°(t).

The next theorem gives an estimate of the remainder (P, R) in expansions (3.27).

Theorem 3.3. Let (6°(t),u°(t)) be a solution of problem (0.1) with initial data
belonging to B%(E)(a) NB%(e) for some R > 0 and let the external forces g belong

to the space L>°(Q) N HY(Q). Then, the remainder (P(t),R(t)) in the asymptotic
expansions (3.27) satisfies the following estimate

(3.31) P72 + 612 < Ce™t, Er(t) := (R(1), BiR(1)),

where the constants C' and K depend on R, but they are independent of €.
Proof. Tt is not difficult to verify that the remainder (P(t), R(t)) satisfies the fol-
lowing equations:
(3.32) OP—A,P = 8té[H(uO(t))—H(u0(t) +eut(e7M) + eR(t))], P}t:O =0,
' PR+ OR — AR = hp r(t) — 07’ (t), &rl,_, = (—¢0.u(0),0),

where (6°(t), u"(t)) is the corresponding solution of the limit parabolic problem (2.1)

and

(333) hpw(t) = Z1F((0) ~ f(0)]+

+ E[H'(uw))es(t) CH @O (8)00(8)] + At (e 1) = éﬁm(t) + AL ().
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We split the function R(t) as follows: R(t) = R1(t) + Ra(t), where

2 _ 2,0 —
(334) gat R1+ a157?4 - Ale - _atu (t)7 5721 ‘t:O - ()]7

5(9,,2722 -+ atRZ — AﬂcRZ - hP,R(t)7 §R2 ‘t:O = (_QSO,U(O)? 0

Applying Proposition A.1 to the first equation of (3.34) and using estimates (1.67),
we have

(3.35) 1€, (B)]13(2) < C,

where the constant C' depends on R, but it is independent of ¢ and €. Analogously,
applying Proposition A.2 to the second equation of (3.34), we deduce that

(336) [lérs(t)]%e < Ce'+
t 2
e ( [ e Ul + 1 (o)) ds) .

0

Thus, we need to estimate the right-hand side of (3.36). To this end, we note that
the function hp g (t) coincides with the function (3.3), where now u;(t) := u®(t),
01(t) := 0°(t), u1(t) := u°(t) and ua(t) := u(t). Consequently, using estimates (3.4)
and (3.5) and the fact that, thanks to estimates (1.66) and (2.37), the H'-norm of
Oru®(t) is also uniformly bounded, we infer

(3.37)  |hpr@®)llg-1 + 10hp ()| -1 <
< O(16°(t) = 05 ()l > + [[u® () — u (8)]| ar+
+[10:6°(t) = 005 ()| -1 + 1| 0pu’(8) — By ()| 1) <
< Cie(P@Ollp2 + 1RO e+
+ 0Pz + 10:RE) | 1) + Cre(|at (e )|z + |83 (€7 ) [ 1),

where the constants C' and 'y depend on R, but they are independent of € and ¢.
We also note that, thanks to (3.29), (3.30) and Theorem 2.2, we have

(3.38) @t (™) || < Ce ¥, ||0at (e 1) || g—r < Ce™te /e,

Moreover, expressing 9;P(t) from the first equation of (3.32), taking the H~!-norm
of both sides of the equation that we obtain and using (3.17), we have

<
-1
< PO + Ce™ ([l (t) — u* ()] + [10pu°(t) — dpu” (1) 1) <
< Hp(t)HHl+C(||R(t)||H1+||atR(t)||H—;)zl+c(”ﬂ1(5_lt)”H1+||8tﬂ1(5_1t)||H—1>-

339 10POla < PO + |L00H60) - )]




Estimates (3.37-3.39) imply that

(3.40) [lhp R0l 11 + |Oehp R (E) | 11—+ <
< C (IR + [0RE -+ + PO i+ ).

where the constant C' depends on R, but it is independent of ¢ and €. Inserting this
estimate into the right-hand side of (3.36) and using (3.35), we have

(341) [IEr(®)IZ) < Cr+
t 2
+ Oy (/ e =) (| oR() | =1 + [|[P() || 2 + [|R(8)|| 12 + e Le™%/%) ds) <
0
t
< Cs+04/0 (IR()171 + 10:R(5)]13-1 + [P ()| 771) ds,

where the constants C; and « are independent of ¢ and ¢. Thus, we only need
to estimate the integral of the H!'-norm of P(t). To this end, we first note that,
analogously to the proof of Lemma 3.1,

(3.42)

L) - HOO )

< Ce () — u (O] <
Hl

< CIRO N + Cllat €™ ) < CrL+ IR 1)

Consequently, multiplying the first equation of (3.32) by P(t) + L1[H(u®(t)) —
H(u(t))], integrating over [0, ] x  and arguing analogously to (1.29), we have

@43) [P0+ LHGE0) - HO0)]

2 t
+/Hﬂﬂ@dw§
L2 0
2

< +

L2

P(0) + L [H(u(0)) — H(u(0))]

g
0

2

ds <
Hl

¢
<Co(t+1)+ C'z/ IR(5)]|%1 ds,
0

C[H (1)~ H((1)]

where the constants C; are independent of €. Inserting the estimate of the integral
of [|P(s)]|3;: obtained in (3.43) into the right-hand side of (3.41) and recalling the
definition of the £(e)-norm, we finally have

t
(3.44) H§R<wuzg>s;c>(t+-1+1[;Hﬁncguzw)ds).
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Applying Gronwall’s inequality to (3.44), we deduce that

(3.45) [€r(t)||ee) < O™,

where the positive constants C’ and K depend on R, but they are independent of ¢
and e. Thus, the R-part of estimate (3.31) is proven. The desired estimate for the
L?-norm of P(t) now follows from (3.42), (3.43) and (3.45), which finishes the proof
of Theorem 3.3.

Corollary 3.1. Let the assumptions of Theorem 3.3 hold. Then, the following
estimate s valid
(3.46)  [[€us (1) = Euo (B)lleqe) + 10°(2) — 0°(B)[| > <

< Cee®t 4 0™ (1165,,(0) |1 + 100,00 |22 )

where the constants C' and K depend on R, but they are independent of €.
Indeed, (3.46) follows from the asymptotic expansions (3.27) and Theorem 3.3.

We now generalize estimate (3.46) to the case where the solutions (6%, u®) and
(69, u®) have different initial data.

Corollary 3.2. Let the assumptions of Theorem 3.3 hold and let (0(t),u(t)) be a
solution of the limit parabolic problem (1.1) with initial data in B%(0). Then, the
following estimate is valid

(8.47) |6 (8) = €ult)le(0) < Ce™* (16°(0) = 0(0)]| 22 + [[u(0) = u(0) | 1n)
+ Ceet 4 Ce= " (1165 (Ol + 21165, (0)]12)

where the constants C' and K depend on R, but they are independent of €.
Indeed, let (6°(¢),u°(t)) be the same as in Theorem 3.3. Then, on the one hand,

the difference u®(t) — u°(t) satisfies estimate (3.46) and, on the other hand, since
(09(t),u’(t)) and (6(t),u(t)) solve the limit parabolic equation (1.1), then, thanks
to estimate (3.1) with ¢ = 0, we have
(348) [16(t) = 0°(DIZ2 + 16u(t) — Euo ()Z (o) <
< 0t (0(0) ~ 2032 + 164(0) ~ £ ]2 <
< C1e" (/10(0) = 0°(0)[I72 + [w(0) — u®(0)][71) -

Combining (3.46) and (3.48), we deduce (3.47).

In the sequel, we need to control the evolution of quantity (3.30).
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Corollary 3.3. Let the assumptions of Theorem 3.3 hold. Then, the following
estimate s valid

(349) 5. Olla-r +e 2165, < C (¢ 85,01 +e)

where the constant C' is independent of € and t.

Proof. Inserting the asymptotic expansions (3.27) into (3.30), we have

(3.50) ¢, (t) = ey (e7't) — 00" (g7 t) + eAR(t) — €O R(1)+

+ [ (1) — f®(1)]+
o [H (uf (£))0° (8) — H' (w0 (£))8°(1)] = chp r (t) — Oyt (e~ 1t) + AL R(t) — O R(2),

where hp r(t) is defined by (3.33). Moreover, without loss of generality, we can
assume that ¢ < 1. Then, using estimates (3.4), (3.31), (3.33) and (3.38), we have

(851) 1165, (Dlls1 < Ce (IROm + 10RE) 111 + [P(E)]22) +
T Ce(|la (= ) + 1003 (= )1 <

<0 (765, Ol +e)

where the constant C' is independent of € and ¢t € [0,1]. Moreover, it follows from
(1.66) and (2.37) that

166, (D)l < Ch.

Finally, interpolating between H ! and H', we derive the desired estimate for the
quantity 51/2||¢§,u(t>||L2 and finish the proof of Corollary 3.3.

Remark 3.1. We recall that, according to (3.30), estimate (3.49) can be rewritten
as follows:

1
(3.52) 076 ()l -+ + /20w (B) 12 < Cre™ ' 4 Co
where the constants C'y and C; depend on R, but they are independent of ¢.

§4 ROBUST EXPONENTIAL ATTRACTORS

In this section, we construct a robust family of exponential attractors M. for prob-

lems (0.1) as ¢ — 0. To this end, we first note that the semigroups (2.35) generated

by equation (0.1) with ¢ > 0 and the semigroup (1.60) associated with the limit

parabolic problem (1.1) are defined on different phase spaces (since the parabolic

problem (1.1) does not require to have an initial data for the derivative 8tu’ o) In

order to overcome this difficulty, following the standard procedure (for the theory of
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singularly perturbed hyperbolic equations, see, e.g., [BV] and [FGMZ]), we define
the infinite dimensional submanifold Ny of the space L?(Q) x £(0) as follows:

(4.1) No:={(0, [u,v]) € H*(Q) x £1(0), D[u(0)] + 0]l 2 + [|ull a2 < 0,
v=N(0,u) =g+ Ayu— f(u)+ H (u)f}

and define the semigroup S;(0) : Ny — Nj associated with the limit parabolic
equation (1.1) via

S¢(0)(6o, uo, vo) = (St(6o,u0), N (Se(0o,u0))), (6o, u0,v0) € No.

The main result of this section is the following theorem.

Theorem 4.1. Let the assumptions of Theorem 2.1 hold and let the external forces
g in (0.1) belong to L>°(Q) N HY(Q). Then, there exists a positive number Ry and
a family of exponential attractors Mg, € € [0,g¢|, of the semigroups Si(g) enjoying
the following properties

1) the following inclusions hold

(4.2) M. CB}, (e), Si(e)M.C M., VteRy, €€ [0,g);

2) the fractal dimension of M. is uniformly bounded with respect to &

(4.3) dimp (M., H?(Q) x EX(e)) < C, ¢ €0, &0];

3) the attractors M. converge to the limit attractor My in the following sense

(4.4) distjfg?mxgl(s)(/\/lg, M) < Ce”,

where dist{?™" denotes the symmetric distance between sets in the space V and the
constants C' and K are independent of &;

4) the sets M. attract exponentially the trajectories of the semigroups Si(e), i.e.,
there exist a positive constant o and a monotonic function Q) (which are independent
of €) such that, for every e < ey and R < R(e),

(4.5) diStH2(Q)X51(€) (St(s)B%z(e),Ms) < Q(R)B_at, vVt e R,.

Proof. We first construct the exponential attractors M. for more regular initial
data (i.e., belonging to Bé(s)(a) NB%(e)). Thanks to estimate (2.3) and (2.37), it
is sufficient to construct the exponential attractors M. for initial data belonging to
the set B. := B} (¢) only (where Ry > 2Q(||gl Lonp) is large enough). Moreover,
according to these estimates, there exists 7' = T'(Ry), which is independent of £ €
(0,€0), such that

(4.6) Si(e)B. C B., forall t>T.
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For the limit case ¢ = 0, it is however more convenient to define the set By in a
slightly different way, namely

(47) BO = {(9, [’LL,’U]) S N(), ]D)[U] + ||9||H3 + ||U||H3 < Ro}

Then, on the one hand, obviously, By C B%(0), where R = R(Ry) is large enough,
and, on the other hand, due to estimate (1.64), By is an absorbing set for the
semigroup S;(0) if Ry is large enough and, moreover, due to estimate (1.66), we
have

(4.8) SiBy C By, forall t>T.

Thus, instead of constructing the exponential attractors M. for the continuous
semigroups S; (), we first construct the exponential attractors M? for the discrete

semigroups Sg(n) := S,r(e) acting on the phase spaces B.:
(4.9) S :B. - B., VneN, eel0,g)

To this end, we apply the abstract theorem on perturbations of exponential attrac-
tors proven in [FGMZ]. According to this theorem, we need to verify that there exist
two families of Banach spaces E(g) and E'(¢), € € [0, &¢], such that:

1) the set B. is a closed bounded subset of E(e), By C E(e) for all € € [0, 0] and

(4.10) 10l () < Cillboll (o) + Cae®, Who € Bo,

where the positive constants Cy, C and § are independent of &;
2) the space El(g) is compactly embedded into the space E(g), Ve € [0, &o], and
this compactness is uniform with respect to € in the following sense:

(4.11) N,.(B(1,0, E*(e)), E(g)) < M(p), Vu >0,

where B(1,0, E*(e)) is the unit ball of E'(g), N, (X, V) denotes the minimal number
of p-balls in V' which are necessary to cover the subset X C V and the monotonic
decreasing function M is independent of ¢;

3) there exist two maps C. and K. (which map B. onto E(e)) such that S, :=

s = . 4+ K. and, for every bl,b? € B., we have

(4.12) { Kbk — Kb 1 ey < K|IDE = B2 e

|Cebt — C-02 || p(ey < 0| — b2 (e,

where § < 1/2 and K are independent of ¢;
4) there exist nonlinear projectors Il : B. — By such that I1.B. = By and

(4.13) 150b, — SSTLLb. || gy < CeL™, n €N, b, € B,
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where the constants C' and L are also independent of e.
Let us verify these conditions for the semigroups (4.9) generated by problems
(0.1). To this end, we set

(4.14) Ei(e) :== HY(Q) x £'(e), i=0,1.

Then, the first condition (with 6 = 1/2 in (4.10)) follows immediately from the
definition of the sets B.. The second assumption is also obvious for the spaces
E(e) := E%(). The third assumption follows from Theorem 3.2 if T is large enough
(we recall that S, := Sp(e)). So, it only remains to verify the fourth assumption.
To this end, we define the projectors Il := II by the following obvious expression:

(4.15) (6, [u, v]) := (0, [u, N'(0,u)]),

where the map N is the same as in (4.1). Then, it follows from the definition of
the set By that IIB. C By. Moreover, since (6, [u,0]) € TI71(0, [u, N'(u, 6)]), then,
[1B. = By, for every € > 0. It remains to note that estimate (4.13) is an immediate
consequence of estimate (3.46) (see also (3.49)). Thus, all the assumptions of the
abstract theorem on the existence of a robust family of exponential attractors are
verified and, consequently, due to this theorem (see [FGMZ]), there exists a family

M2 C B. of exponential attractors for the semigroups Sg(n) such that:
(4.16) 1) distge) (S B, M2) < Ce™Em,

where the constants C' and L are independent of ¢ and ¢,

(4.17) 2) dimp(M2 E(e)) < Cy,

where C is independent of e, and

(4.18) 3) distiyl) (M, MG) < Coe”,

where the positive constants C; and x are independent of .

Thus, the desired exponential attractors for the discrete semigroups are con-
structed. In order to obtain the exponential attractors for the continuous semigroups
S¢(e), we use the following standard formula:

(4.19) M = Urer,21) Se(e) M.

Let us verify that the attractors M. so constructed satisfy all the assumptions of
Theorem 4.1. Indeed, it can be proven, using estimates (2.37), (3.1) and (3.52),
that the semigroups S¢(e) are uniformly Lipschitz continuous on [T, 27T x B; in the
metric of E(e) (see [FGMZ]). Consequently, due to (4.16) and (4.17), we have:

(4.20) { dist g(c) (St (€) Be, M.) < Cle ',

dimp (M., E(e)) < C1,
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where the new constants C’, Cf and L’ are independent of €. Moreover, using
now estimates (3.47), (3.49) and (4.10), we derive the analogue of (4.18) for the
continuous attractors

(4.21) dist (1) (Me, Mo) < Cye”,

see [FGMZ] for the details. We also recall that, due to Theorem 2.2, the trajectories
of the semigroups S; () are uniformly bounded in H3(Q2) x £2(¢) and, consequently,
using an appropriate interpolation inequality, we deduce that estimates (4.20) and
(4.21) remain valid with the spaces F(g) replaced by H?(2) x £1(¢g) (of course, with
different constants C’, C1, C%, L’ and k which are independent of ¢).

Thus, all the assertions of Theorem 4.1, except (4.5), are satisfied and instead of
estimate (4.5), we now only have

(4.22) diStHl(Q)Xgl(g)(St({-f)[]B%(E) (8) N ]B%(&?)],MJ < Q(R)e_at,

where the positive constant a and the monotonic function ) are independent of e
(here, we have implicitly used the fact that B is an absorbing set for the semigroups
S¢(e) with initial data belonging to B%(E) N [H3(Q) x £2(g)]). Using now estimate
(4.22), Theorem 2.3 and the transitivity of exponential attraction (see [FGMZ]),
we derive estimate (4.5) for initial data belonging to B%(¢) and finish the proof of
Theorem 4.1.

Remark 4.1. It follows from Theorem 4.1 that there exists a family of global

attractors A, € € [0, ], of the semigroups S(g) enjoying the following properties

1) A C B, (¢), Si(e)Ae = Ac, VteRy, €€ [0,e];

2) the fractal dimension of A, is uniformly bounded with respect to ¢, that is,
dimp (A, H?(Q) x EY()) < C, € €10,¢0].

APPENDIX: UNIFORM ENERGY ESTIMATES
FOR THE LINEAR HYPERBOLIC PROBLEM

Here, we give several uniform (with respect to ¢ — 0) energy estimates for the
following initial and boundary value problem for a singularly perturbed damped
hyperbolic equation:

(A1) £07v+ 0w — Agv = h(1), &,y =€ |y =0,

which are necessary in order to handle the second equation of (0.1). We start with
the following result.

Proposition A.1. Let v be a solution of (A.1). Then, the following estimate is

valid
t

(A2) [&®2e + / =) | Dy0(s) |22 ds <

< Ce™ ™ ([[€0(0) 13 + IA(O)[I7-1)+

t
+C /0 e ([h(s)I1Ze + (= A0) T 0h(5)122) ds,
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where the positive constants o and C' are independent of € — 0.

Proof. Multiplying equation (A.1) by div(t) + av(t), where a > 0 is a sufficiently
small (but independent of €) number, integrating over {2 and arguing in a standard
way, we have

t
(A3) ellow®lZ: + @)z +/0 e Bv(s) |12 ds <

t
sck-M<dmw«m@z+Hwowzﬁ+*7[;5ﬂ“*nmwn@ﬂw,

where the constant C' is independent of ¢ (see, e.g., [BV]). Thus, it only remains to
deduce the estimate for the H'-norm of d;v. To this end, we multiply equation
(A1) by (—A,)"t0%v(t) and integrate over Q. Then, we have

(Ad) R0 + [ 10O + (o(e), oo e)) 2

— (h(t), (=Ag) " 0v(t)) 2] + a[%llﬁtv(t)llfg—l + (v(t), Oro(t)) L2 =
— (h(t), (=Dz) 70w (t)) 2] = —((—Ds) "' Oeh(t), Opu(t)) L2 —
— ow®)IIZ- + a[%llﬁtv(t)ll?g-l + (u(t), 0w (t)) 22 — (A(t), (D)~ Opv(t)) 2]

Applying now Gronwall’s inequality to (A.4) and using (A.3) in order to estimate
the right-hand side of (A.4), we have

(A.5) %Ilatv(t)llil +(v(t), 0w (t)) L2 — (A(t), (D)~ Opv(t)) 2 <
< [%H@tv(o)llé—l + (0(0),00(0)) 2 — (h(0), (—Ag) ™ 0pv(0)) p2]e™ "+

t
i C/o e I ([A(s)I172 + 1(=A0) " Oeh(s)]172) ds,

where the constant C' is independent of €. We now recall that, for every a > 0,

t

—a d —a(t—s
(A6) I+ e O = [ 4 (G- ds =
0 S

= /0 e~ a(t=s) (allh(s)IF-1 + 2(R(s), (—Ag) "' Osh(s)) ., ds <

¢
= Ca/o e ()72 + 1(—A0) " Oeh(s)]122) ds.
Estimate (A.5), together with (A.3) and (A.6), imply that
100 ()l F-1 < CUUIE0)IZ (o) + 1R (0)[[F-1)e ™"+
¢
i C/o e ([|h(s)lIF2 + (=A0) " Oeh(s)II72) ds,

which finishes the proof of Proposition A.1.
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Corollary A.1. Letv be a solution of problem (A.1) and let us assume, in addition,

that h(t)’ag =0 for allt > 0. Then, the following estimate is valid

t

(A7) Nl&®llene + / e~ Qv (s)|[3e ds <

< Ce™ ™ ([|&u(0)Zx (o) + 1RO [ Frn-1)+

t
[ () e + 003 )
where k = 1,2 and the positive constants o and C are independent of €.

Indeed, applying the operator (—A;)"/? to both sides of equation (A.1) and
applying estimate (A.2) to the equation that we obtain, we deduce estimate (A.7).

The following proposition gives the analogue of estimate (A.2) in the case where
the W11([0,T], H~1(Q2))-norm of the right-hand side h is known.

Proposition A.2. Let v be a solution of problem (A.1). Then, the following esti-
mate is valid

t
(A-8) ll&allee + / e |gyu(s)|2a ds <

< Ce™ (|8 (0)Z ) + IR (O)IF-1)+
2

w0 ([ Qouns) s+ 1)) )
where the positive constants o and C?’ are independent of €.
Proof. Multiplying equation (A.1) by 2(0wv(t) + av(t)), where o > 0 is a small (but
independent of €) number, and integrating over 2, we find
(A.9) %f(t) +2(1 - ae)||dp(t) |72 + 20| Vaoo(t)ll72 =
= 4(h(1), (—D2) T 0h(1)) 2 + 2ah(t) — k() v(t)) 12,

where
(A.10) T(t) :=elldot)72 + [[Vav(®)[|72+
+alot)|[72: = 2(h(t), v(t)) 2 + 2ea(v(t), v (t)) 2 + 2| h(t)|[7-1-
Moreover, for a sufficiently small a > 0, we have, obviously
(A11) O HElldw®)1 T2 + [Vav(®)][Te + 1h(0)]I7-1) < T(t) <
< Ci(ellow )12 + IVar@®lI72 + 1R F-1),

where the constant C is independent of €. Thus, (A.9) implies the following esti-
mate:

(A.12) %f(t) +a/T(t) + allgew(t) |22 < CURE) -+ + 18| -1)T ()2,

where the positive constants o/ and C are independent of €. In order to deduce a

proper estimate on I'(t) from (A.12), we need the following lemma.
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Lemma A.1. Let the positive function z € C*(R ) satisfy the following differential
inequality

(A.13) %z(t) +az(t) < HE)[z()]Y? + G(t),

for some positive constant a and nonnegative functions H and G. Then, the follow-
ing estimate is valid

(A14) 2(T) < 2(0)e T 4 C (/T e T2 (s) ds) +

T
-I—C/ e~ T=9)G(s) ds,
0

where the constant C' depends only on «.

Proof of Lemma A.1. We set A(T) := fOT e~ T=Y/2[(t) dt. Then, estimating the
term H (t)[z()]*/? as follows:

H(t)[2()]? < e T2 N(T) T H (1) 2(t) + AMT)e* T2 H (1),

we deduce the following inequality:

(A.15) %z(t) + (= A1) Le T2 (1)) 2(t) < G(t) + eXTV/2N(T)H(2).

Integrating inequality (A.15), we obtain
2(T)eT=1 — 2(0) <

T
< / 8()41€—A(T)71f(;f ef‘l(T*S)/zH(s) dS(G(t) +A(T>6Q(T—t)/2H(t)>dt <
0
T T
< / e“*G(t) dt + A(T)e*T / e~ T2 (¢t) dt.
0 0

Dividing this inequality by e®? !, we deduce estimate (A.14) and finish the proof
of Lemma A.1.

Applying now Lemma A.1 to inequality (A.12) and using (A.11), we obtain
(A16) elldrw®)Z: + [v®)Fn + 1RO)IF - <
< Cem (el O(0)[IZ2 + [[v(0)lIFn + 1R(0)IIF 1)+

t 2
co ([ e o) + 100 ) ds)
0
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where the constants C' and o’ are independent of €. We now derive the desired
estimate for the integral of [|9,v(s)||7.. To this end, we multiply inequality (A.12)

by e~ (Tt integrate over [0, T] and use the obvious fact that
T / /
/ e~ @D/ (1) + o/ 2(8)] dt = 2(T) — 2(0)e—'T.
0
Then, according to (A.11), (A.12) and (A.16), we have

T
(A7)« / e T 90 (t) |2, dt <T(0)e™>" —T(T)+
0
T , -
+ C/ e (T—t)H(t)F(t)l/Z dt <
0
[ ' g ! 4 / —
0

T t
+C’/ e_o‘/(T_t)H(t)/ e~ T2 (s)ds dt <
0 0

2
T
< Cre ' TT(0) + ¢4 ( / e~ (=0 H (¢) dt) ,
0

where H(t) := ||h(t)||g-1 + ||0:h(t)| g-1. Estimate (A.17) gives the desired estimate
for the integral of ||@;v(t)||3.. Thus, it only remains to obtain the estimate for
the H !-norm of d;v(t). Moreover, due to Proposition A.1, we can assume that
£,(0) = 0. We differentiate equation (A.1) with respect to ¢, multiply the equation
that we obtain by (—A,)1(2e0?v(t) + d;v(t)) and integrate over Q. Then, we have

d

(A18) =

Lo (t) + el gfv(®)|7-1 + [0(B)IZ2 =
— (Bih(t), (—A) 1 (2e020(t) + Dyu(t))) 12,

where
1
(A19) Ty(t) :=e(dev(t), (D) '070(t)) L2 + 5!\3tv(t)!\§1—1+
+ | ()72 + 2| 07v () |71
We note that

(A.20) C7' (%]|0fv(t)||F-1 + l|Owo ()72 + (|0 ()| 5-1) < Tw(t) <

< C(El0v(O) 7 - + elldww®)ll72 + 100 ()] F-)
45



where the positive constant C'is independent of £ and, consequently, for sufficiently
small € > 0, (A.18) yields

d

(A.21) =

Ly (t) + aly(t) < Cil|@h(t) | g Tu ()2,
where the positive constants « and C; are independent of €. Applying Lemma A.1
to the differential inequality (A.21), we obtain

(A.22)  2(|0Fv(®)[I7-2 +elldw ()72 + 100 (t)[[F-1 <
t 2
< Cete?||020(0) %1 + C ( / e~ 9, h(s) | g ds) .
0

Here, we have also used the fact that £,(0) = 0. It remains to note that equation
(A.1) implies that €0?v(0) = h(0) and, consequently, the desired estimate for the
H~!-norm of d;v(t) is an immediate consequence of (A.22). This finishes the proof
of Proposition A.2.
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