ROBUST EXPONENTIAL ATTRACTORS FOR SINGULARLY
PERTURBED PHASE-FIELD TYPE EQUATIONS

ALAIN MIRANVILLE & SERGEY ZELIK

ABSTRACT. In this article, we construct robust (i.e. lower and upper semi-
continuous) exponential attractors for singularly perturbed phase-field type
equations. Moreover, the estimates for the symmetric distance between that
exponential attractors and the exponential attractor of the limit Cahn-Hilliard
equation in terms of the perturbation parameter are also obtained.

INTRODUCTION

In this article, we are interested in the study of the asymptotic behavior of
phase-field type equations. The corresponding equations consist of a system of two
parabolic equations involving two unknowns, namely the temperature u(t,z) at
point z and time ¢ of a substance which can appear in two different phases (e.g.
liquid-solid) and a phase-field function ¢(¢,z), also called order parameter, which
describes the current phase at = and ¢. Such models were introduced in order to
study the evolution of interfaces in phase transitions. They have also led to other
models of phase transitions and motion of interfaces as singular limits (e.g. the
Stefan, Hele-Shaw and Cahn-Hilliard models). We refer the interested reader to
[6, 7, 8,9, 10, 19, 20, 21, 25, 27] and the references therein for more details.

The long time behavior of such models was extensively studied in [2, 3, 4, 5], [10,
11, 12, 13, 17]. In particular, the existence of the global attractor and exponential
attractors is obtained in [3, 4, 5]. Furthermore, the upper semicontinuity of the
global attractor for a singularly perturbed phase-field model is proved in [12] (see
also [11] for a logarithmic nonlinearity) for two limit equations, namely the viscous
Cahn-Hilliard and Cahn-Hilliard equations. The lower semicontinuity of the global
attractor was studied in [10], but only in one space dimension. In that case, the
authors do not need any assumption on the hyperbolicity of the stationary solutions,
as it is usually the case to obtain the lower semicontinuity of the global attractor
for dynamical systems which possess a global Lyapunov function [1, 22].

In [14, 15], we constructed families of robust (i.e. upper and lower semicontin-
uous) exponential attractors for singularly perturbed viscous Cahn-Hilliard equa-
tions and damped wave equations. We can note that these results are not based
on the study of stationary solutions and their unstable manifolds, as it is the case
for regular global attractors [1, 22]; in particular, this allows us to obtain explicit
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estimates on the different constants (appearing e.g. in the estimate for the symmet-
ric distance between the exponential attractors of the perturbed and unperturbed
problems, see [14], [15] and below).

Our aim in this article is to obtain a similar result for singularly perturbed phase-
field equations. Actually, we consider a more general system of equations, which
does not possess a global Lyapunov function, by adding a nonlinear term in the
equation for the temperature u.

In Section 1, we derive uniform estimates which are necessary for the study
of the singular limit. Then, in Section 2, we study the asymptotic expansion of
the solutions with respect to the singular perturbation parameter € and obtain
estimates on the difference of solutions which are essential for our construction of
exponential attractors. Finally, in Section 3, we construct a family of continuous
exponential attractors for our problem and obtain in particular an explicit estimate
for the symmetric distance between the exponential attractors of the perturbed and
unperturbed equations in terms of the perturbation parameter € (see Theorem 3.1
below). The case of Neumann boundary conditions is briefly addressed in Section 4.

Setting of the problem. We consider the following system of singularly per-
turbed reaction-diffusion equations:

6019 = App — f1(d) +u+ g1, G|y =0,
edu + 0rp = Agu — fa(u) + go, u|8Q =0, (0.1)
¢|t:0 = o, u|t:0 = Uo;
where 0 CC R? is a bounded regular domain of R, (¢(¢, ), u(t,z)) is an unknown
pair of functions, A, is the Laplacian with respect to the variable z, g; = g¢;(z) €
L?(Q), i = 1,2, are given external forces and § and € > 0 are given constants.
We assume that the nonlinear terms f; belong to C®(R,R), i = 1,2, and satisfy
the following dissipativity conditions:
filv)w>-C, C>0
filv)>-K, K2>0 (0.2)
f3(v) >0, f2(0)=0.
Finally, we assume that the initial data (do,uo) belongs to the phase space @,
defined by
$ = (H*(Q) N Hy(Q)) x (H*(Q) N Hy(Q)). (0.3)

Remark 0.1. Taking fo =0 in (0.1), we recover the phase-field system considered
in 2, 3,4, 5,10, 11, 12, 13, 17].

1. UNIFORM A PRIORI ESTIMATES

In this section, we derive several uniform (with respect to e < 1) estimates for
the solutions of problem (0.1) which are necessary for the study of the singular limit
e — 0. We start with the following lemma.
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Lemma 1.1. Let the above assumptions hold and let the pair (¢(t),u(t)) € C(R, D)
be a solution of (0.1). Then, the following estimate is valid:

IVao(®)l72 + ellu(®)ll72 + (F1(6(t)), 1) +

t+1
+/t (10eb ()22 + [IVau(s)lZ2 + (£2(u(s)), u(s))) ds <

< C([IVa(O)lIZ: + ellu(0)l[72 + (F1(4(0)),1)) e + C (lloall7= + ||gzlliz()1,1)

where Fy(v) := fov fi(s)ds, (-,-) denotes the standard inner product in L*(Q) and
the positive constants C1, Cs and v are independent of €.

Proof. Taking the inner product in L?(2) of the first equation of (0.1) by 9;¢(t)
and of the second equation by u(t) and summing the relations that we obtain, we
have

OOV d(B)lI72 + 2(F1(6(1)), 1) + ellu(®)lZ> = 2(g1, $(t))]+
+2010ep () I72 + 20 Vou®)lIZ> + 2(f2(u(t)), u(t)) — 2(g2, u(t)) =0. (1.2)

Taking now the inner product in L?(Q) of the first equation of (0.1) by 28¢(t),
where 3 is a sufficiently small positive number, and summing the relation that we
obtain with equation (1.2), we find

O E(t) +vE(t) = h(t), (1.3)
where
E(t) == 8|IV20(D)l7> + 2(F1(6(1), 1) + ellut)|7= — 2(g1, ¢(1)) + BSllo(t)]I72,

0 < v < (B is another small positive parameter which will be fixed below and

h(t) = (v6 = 28)[[Ved(®lIZ> + 27 (F1(6(1) = f1(6(t)e(t), 1) +
+2(y = B)(f1(6(1)), 6(t) — 20106 () |72 — 2/ Vou(t)l|72 — 2(f2(u(®)), u(t))+
+2(g2,u(®)) + vellu®)lZe + 208 =) (g1, (1)) + BVII(t)l 7> + 28 (u(t), </>(t)()-

It follows from conditions (0.2) that
AL+ K> > Fi(v), YweR, (1.5)

(see e.g. [26]). Consequently, it is possible to fix the small positive parameters (
and 7 (which are independent of 0 < € < 1) such that the following estimate holds:

h(t) < C1 (1 +[lg1ll7e + llg2llZ2) (1.6)

where C is independent of e. Applying now Gronwall’s inequality to relation (1.3)
and using estimate (1.6) and equation (1.2), we find estimate (1.1) and Lemma 1.1
is proved. O

The next lemma gives uniform (with respect to €) estimates of (¢, u) in the space
H2(Q) x HY(Q).
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Lemma 1.2. Let the above assumptions hold. Then, the following estimate is valid
for a solution (¢(t),u(t)) of equation (0.1):

t+1
IOz + 18 (t)I72 + lu(®)]7n +/t (I18:6 () 171 +ellOvu(s)|72) ds <

< QUIgO) 72 + lu(O)7r)e™" + QUllgrlI72 +llgallze), (1.7)
where the constant v > 0 and the monotonic function Q are independent of € > 0.
Proof. We set 9(t) := 0;#(t). Then, this function satisfies

00 = Dath = fi(@)Y + 0w, 1(0) = 67" (As(0) — fi(4(0) +u(0) + g1) . (1.8)
Taking the inner product in L?(Q) of the equation by (¢) and of the second
equation of (0.1) by 0;u and summing the relations that we obtain, we have

0e[0110ed(t)l[7> + IVou(®)lI7e + 2(Fa(u(t)), 1) — 2(g2, u(t)]+
+10110e()]|72 + [IVau(t)l72 + 2(Fa(u(t)), 1) — 2(g2, u(®))]+
+2/|Varp ()72 + 2/ 0pu(®)||7 = ha(t), (1.9)
where Fy(v) := [ f2(s) ds and

ha () = [8l10epONIZ> + IVeu®lIZ> + 2(Fa(u(t)), 1) — 2(g2, u(t)]+
+2(g1,009(t)) — 2(f1(6(1))0: (1), 0 (1)) (1.10)
Analogously to (1.5), we have
fo(v).v > Fo(v). (1.11)
Furthermore, thanks to (0.2) and (1.11), we find
hi(t) < Cr (1+ llgallze + llgallZ2) +
+C2 ((f2(u(®), u®) + 06O I72 + [IVau®llz2) . (1.12)

Applying Gronwall’s inequality to relation (1.9) and using estimates (1.1) and
(1.12), we obtain

t+1
18:p ()12 + Ilu ()7 +/t (l12ip() I +elldru(s)lI72) ds <

< QU7 + lu(OliF)e™ + Qllgrll7- + llgall7=),  (1.13)

for appropriate constant v > 0 and monotonic function ) which are independent
of e. There now remains to estimate the H?-norm of ¢(¢). To this end, we rewrite
the first equation of (0.1) in the form

Arg(t) = fi(9(1) = ha(t),  ¢(1)],q =0, (1.14)
where ho(t) := §0;0(t) — u(t) — g1. Indeed, according to estimate (1.13), we have
1h2(B)[|72 < QU0 7> + u(0)][7r)e ™" + QUllgrllZ2 + [lg2IZ2)- (1.15)

Taking then the inner product in L?(2) of equation (1.14) by A,¢(t) and using
(0.2), we obtain

18201172 < 2K([Va(®)IZ2 + 2[lh2(t)]]Z-- (1.16)

Inserting finally estimates (1.15) and (1.13) into the right-hand side of (1.16), we
derive the necessary estimate for the H2-norm of ¢(¢) and Lemma 1.2 is proved. O
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We are now in a position to derive a priori estimates for the solutions of (0.1) in
the phase space ®.

Lemma 1.3. Let the above assumptions hold. Then, the following estimate holds,
for every solution (H(t),u(t)) of problem (0.1):
eI + w2 + e2ll0u®)IZ> <
< QUIBO) = + [u(0)l2)e™ + Qllgrllz2 + oo llz2), (117)

where the positive constant a and the monotonic function QQ are independent of €.
Proof. We rewrite the second equation of system (0.1) in the form

edu — Agu + fo(u) = h(t) := go — 0:p(1). (1.18)
Rescalling now the time variable (¢ := e7), we have
Oru — Agu + fo(u) = (1) := h(eT), u|T
Moreover, it follows from (1.7) that

IA(r)lzz < QUISO)IFr + lu()lF)e ™ + QUlgillza + llg2llz=),  (1.20)

where () and a are independent of €. Applying the standard maximum principle
to equation (1.19), using the fact that f>(u).u > 0 and noting that H> C C (since
n = 3), we obtain the estimate

()l < Clu@lmse™+€ sup {eMGo)l=}, (.21

—o — Yo (1.19)

for appropriate positive constants 8 and C (see e.g. [18] for details). Inserting
estimate (1.20) into the right-hand side of (1.21) and returning to the time variable
t, we find

lu(®)llz= < QUIg(0)IF2 + [[u(0)72)e ™" + QllgrIZ2 + llg21I72), (1.22)
where the constant v and the function @ are independent of €.

Let us now derive a uniform estimate for the H2-norm of u(t). To this end, we
introduce the functions G; = G;(z) := (—A;)"1g;, i = 1,2, and split the solution
(o(t),u(t)) as follows:

o(t) == G+ ¢1(t) + d2(t),  u(t) == G2 +ui(t) +ua(t) +us(t), (1.23)

where u; () solves

88{111 = Amul, U,1|t:0 = Up — GQ, (124)
the function usy(¢) is solution of
EatU,Q = AmUQ — 8t¢1, U2|t:0 = 0, (125)
with
00161 = Duthr, ¢1],_, = ¢o — G, (1.26)
and the function us(t) solves
88{&3 - AIU3 = hg(t) = —at¢2(t) - f2(u(t)), U3|t:0 = 0, (127)
with
6012 — Dppo = ha(t) :=u(t) — f1(4(1), ¢2f,_, =0. (1.28)

Obviously, G; € H?(Q) and
IGillae < Cllgillze, i=1,2. (1.29)
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Moreover, since —A, generates an analytic semigroup in H?(Q2), then

lur ()]l < Ce™* (luolli= + llg2llz2) , (1.30)

where the constants C' and v are independent of €. Let us then estimate us(t). To
this end, we note that

)

uz(t) = 0—¢

(¢1(t) = Go(t)) (1.31)
for € < 1, where the function g(t) solves the problem

edyiig = Ayilo, iol,_, = o — G1.
Analogously to (1.30), we have

llus(®)lla> < Ce™ P (gollme + llgillee) (1.32)

where C and 8 are independent of €. So, there only remains to estimate us(t). To
this end, we note that, due to estimate (1.7) and due to the fact that H> C C, the
function hy defined in (1.28) satisfies

1ha® < QUISO) = + lu(0)llm=)e™" + Q(llgallz2 + llg2llz2), (1.33)

for appropriate v and @ which are independent of €. Applying the parabolic regu-
larity theorem (see e.g. [18]) to equation (1.28), we obtain

18:62(B)l| -5 < Qa(I$(0) 12 + [[u(O)lm=)e ™" + Qs(llgnllze + llg2llze), (1.34)

where 0 < 8 < 1 and 7y and (g are independent of e. Consequently, according to
(1.7), (1.22) and (1.34), we have the following estimate for the function hs(¢) in the
right-hand side of (1.17):

1hs(®llz-s < Qs(1@(0)lm= + w(O) | m=)e ™" + Qs (llgull2 + llg2llz=),  (1.35)

for appropriate v and (g which are independent of . Applying now the standard
parabolic regularity theorem to equation (1.27) and rescalling the time as above
(t ;== e7) in order to eliminate the dependence on e (analogously to (1.18)—(1.22)),
we deduce from (1.35) that

lus(D) 2 < QUISO)I = + lu(0)llmr=)e ™" + QUllgallz2 + llg2llz2), (1.36)

where the positive constant v and the monotonic function @) are independent of €.
Combining (1.29), (1.30), (1.32) and (1.36), we finally have

lu@®)llmz < QU= + l[u(O)llm=)e ™" + Qllgullz2 + [lg2llr2), (1.37)

for some new positive constant v and monotonic function () which are independent
of €. Thus, the uniform estimate for the H?-norm of u(t) is obtained. The uniform
estimate for the L?-norm of ed;u(t) is an immediate corollary of (1.7), (1.37) and
of the second equation in (0.1). This finishes the proof of Lemma 1.3. O

Lemma 1.4. Let the above assumptions hold. Then, for every (¢o,uo) € @,
problem (0.1) has a unique solution ($(t),u(t)) € C(R, @) which satisfies estimate
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(1.17). Moreover, for any solutions (¢;(t),u;(t)) € ®, i = 1,2, the following in-
equality holds:

161 () = ¢2(Ol7 + ellua (t) — ua(B)72+
t+1
+/t (110:¢1(5) = Beda(s)lI72 + Voui(s) = Voua(s)|l72) ds <

< Ce" (|[61(0) = d2(0)[I7: + ellur(0) — u2(0)IZ=) ,  (1.38)
where the constants C' and L depend on ||¢;(0)||gz and on ||u;(0)||g=2, dbut are in-
dependent of €.

Proof. The existence of a solution can be proved in a standard way, based on a priori
estimate (1.17) and on the Leray-Schauder fixed point theorem (see e.g. [18]). So,
there remains to deduce estimate (1.38). To this end, we set v(t) := ¢1(t) — ¢2(t)

and w(t) := uy(t) — ua(t). These functions satisfy the equations
50w = Agv — Lt +w, v|,_, =¢1(0) — $2(0), v|,, =0, (1.39)
edrw + 0w = Ayw — Ix(H)w, w|t:0 = u1(0) — uz(0), w|8(2 =0, '

where

L(t) = / Fl(sor(t) + (1= 8)bo(t) ds,  Io(t) = / fi(sur(t) + (1 — s)us(®)) ds.

It now follows from estimates (1.7) and (1.17) and from the embedding H? C C
that

@l + 10l ()| > + ()| > <
< L:=Qll(¢1(0), ur(0)lle + [I(¢2(0), u2(0))lle), (1.40)

for a monotonic function ) which is independent of €. Moreover, due to our as-
sumptions on fj3, we have

I2(t) > 0. (1.41)

Multiplying now the first equation of (1.39) by d;v(t) and the second one by w(t),

integrating over 2 and summing the relations that we obtain, we find, taking into
account estimates (1.40) and (1.41)

AIVar(®)I72 + ellw(®)I7=] + 26/|0e0(D) |72 + 2l Vow(t)[[72 <

< L2 P (@)IZs + olldeo(®)][Z-.  (1.42)

Applying Gronwall’s inequality to this relation, we derive estimate (1.38) and Lem-

ma 1.4 is proved. a

Corollary 1.5. Let the above assumptions hold. Then, for every ¢ > 0, problem
(0.1) defines a semigroup S; in the phase space ® by

Sts 1P — (I>7 55(4507”0) = ((b(t)au(t))a (143)

where the function (¢(t),u(t)) solves (0.1).
Let us now consider the limit equation of (0.1) (i.e. e =0in (0.1)):
80ip0 = Dydo — f1(do) + o+ g1, bol,_g =0, bo|yg =0,

] ) ] - (1.44)
Orpo = Aglig — fo(to) + g2, ”0|aQ =0.
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We note that, in contrast to the case ¢ > 0, the values of (¢o(t),@o(t)) are not
independent in that case. Indeed, it follows from (1.44) that

60, tlg(t) — 6 f2(To(t)) — To(t) = Ando(t) — fi(o(t)) + g1 — 0go. (1.45)

Moroever, as the following proposition shows, the value of 7ig(t) is uniquely defined
by (1.45), if the value ¢o(t) is known.

Proposition 1.6. Let the above assumptions hold. Then, the nonlinear operator
in the left-hand side of (1.45) is invertible in H*(Q) N HE(Q), i.e. there erists a
nonlinear C'-operator

L e CHH?*(Q) N Hy(Q), H*(Q) N Hy (Q)), (1.46)
such that (1.45) is equivalent to

to(t) = L(o(1)). (1.47)
This proposition is an immediate corollary of the condition f;(v) > 0 (which
provides the invertibility of the operator in the left-hand side of (1.45)) and of

standard elliptic estimates.

Thus, the solution (@g(t),wo(t)) of problem (1.44) exists only for initial data
(¢o,up) that belong to the infinite dimensional submanifold L of the phase space
® defined by

L := {(¢0,U0) €D, wuy= E(¢0)} C . (148)

Lemma 1.7. Let the above assumptions hold. Then, for every (¢o,uo) € L, prob-
lem (1.44) has a unique solution (Po(t),uo(t)) € L, for t > 0, which satisfies the
estimate

— — t+1 —
160 ()ll7> + 10:00 (D172 + [0 (1) 172 +/t 18edo () |I7 ds <

< QUeo(O)lIF2)e™" + QUllgrllZ> + llg2llZ=), (1.49)

for a positive constant v and a monotonic function Q). Consequently, equation
(1.44) defines a semigroup SY on the manifold L by

S? L — La S?((ﬁo,ﬂo) = (&O(t)aﬂo(t))a (150)
where the function (¢o(t),ug(t)) solves (1.44).

Proof. Since estimates (1.7) and (1.17) are uniform with respect to ¢, then, passing
to the limit € — 0 in equations (0.1), we obtain a solution (¢o(t), @ (t)) for problem
(1.44) which satisfies (1.49). The uniqueness of this solution can be proved exactly
as in Lemma 1.4. O

In the sequel, we will also need the estimates for ;iip and 07uo that are given
in the following lemma.

Lemma 1.8. Let the above assumptions hold. Then, the following estimate is valid
for the solution (¢po(t),uo(t)) of problem (1.44):

t+1
1Be0 (1)I13= + / (19410 () s + 1920 (5)|[3-1) ds <

< Qg0 (0)I72)e ™" + QUlgnllZ> + llg2llz2), (1.51)

for a positive constant v and a monotonic function Q.
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Proof. Let us first derive estimate (1.51) for the first derivative d;ug(t). To this
end, we differentiate relation (1.45) with respect to ¢ and split 9,1 as follows:

6tﬂg(t) = (5716,5&0(15) + ’l/)o(t). (152)

After straightforward substitutions, we find

OA o (t) — O f3(to(t))Yo(t) — ho(t) =
= (f3(@o(t)) — fi(do(t)) + 6 1)io(t) := ¥(t). (1.53)
It then follows from (1.49) that
1)z < QIS0 (0] 2)e™ + Qlgnllz + llg2ll2),

and, consequently, due to the assumption fi > 0, it follows from (1.53) (using
standard elliptic estimates) that

1ol < QUIdo(0)llm2)e™" + Qllgall7> + llgall72)- (1.54)

Estimates (1.49) and (1.54) imply the part of (1.51) for d;ug. So, there remains to
estimate 071 only. To this end, we differentiate the first equation of (1.44) with
respect to t:

307 Po(t) = Aydeo(t) — f1(o(£))Bro + 6 Deo (1) + 1o (), (1.55)
and obtain, using (1.49) and (1.54)

t+1 B _
/t 107 60 ()I7r-1 ds < Q(lldo(0)[[72)e ™" + QUllgullZ> + llgllZ=).  (1.56)

Differentiating now equation (1.53) with respect to ¢ and setting 6o(t) := 0o (t),
we have

dA00 — 8 f3()0o — Oo = [(fé(ﬂo) — fi(do) + 51)6,:2(1_50] +

T [(61 () - {'(¢0))(3t¢0)2] +[ é'(uo)(5¢o+28t¢0)¢0] = L)+ I ()T ).
(L57)

Multiplying (1.57) by 6o(¢), integrating over  and noting that f} > 0, we obtain
the inequality

3IVabo (D172 +10(®)]I7> < | (11(8), () [+] (12(t), 00 (t)) [+] (13(8), 6o (t)) |- (1.58)

Let us estimate each term in the right-hand side of (1.58). Using Schwarz’ inequality
and the embeddings H2 C C and H' C L°, we have

| (1.(8),00(1)) | <
< CNNO; bo )l -2 11V [(f3(@o(t) = £1(do(8)) + 67 o (®)]llL2 <
< Qg0 )l m2)1107 do ()l =1 |V (1)l 2 <
< gll%%(ﬂll% +Q1(llgoOllr2)107 Go (DI 7—1,  (1.59)

where () and ()1 are appropriate monotonic functions (here, we implicitly used for-
mula (1.47) in order to estimate ||t (t)|| gz through ||¢o(¢)||z2). Thanks to Holder’s



10 ALAIN MIRANVILLE & SERGEY ZELIK

inequality, we can estimate the second term:
| (L2(1),80(1)) | < Q@0 ()l r2)[10eb0 (t)| 2 110e b0 (1) ] 2180 ()] e <
< Q1(llgo (D)l 2)10: G0 (1)][72 1960 (1) 1711 + gllvx0o(t)lli2- (1.60)
Finally, using estimates (1.49) and (1.54), we have

| (I5(2), 60 (1) | < [10()l1Z> + QUUIGo(0)llm2)e ™" + QUllgrll72 + lg2llz2).  (1.61)

Inserting estimates (1.59)-(1.61) into (1.58), integrating the inequality that we ob-
tain over [t,t + 1] and using estimates (1.49) and (1.54) again, we find

t+1 B
/t 180()I7: ds < Q(lldo (0)I72)e ™" + QUllgnllZ> + [lg2l1Z2), (1.62)

for a positive constant v and a monotonic function (). There now remains to recall
that 97tig := 6~ 102dp + o and that the appropriate estimate for 97 ¢ is given by
(1.56) to finish the proof of the lemma. O

2. ESTIMATES ON THE DIFFERENCE OF SOLUTIONS

In this section, we derive several estimates on the difference of two solutions of
problem (0.1) which are of fundamental significance for our study of exponential
attractors.

We start with computing the first terms of the asymptotic expansions of the
solution (¢(t),u(t)) of problem (0.1) as € — 0. To this end, following the general

procedure (see e.g. [24]), we introduce the fast variable 7 := £ and expand the
solution as follows:
o) = do(t,7) +epr(t,7) + -, u(t) =uo(t,7) +eur(t,7) +---, (2.1)
where the functions w;(t, 7) are of the form
wilt, 7) = Wit) + wi(r),  Gi(t,7) := ¢i(t) + di(7), (2.2)
and satisfy the additional conditions
Tlgrgo (1) = Tlgrgo o(r) = 0. (2.3)

Inserting these expansions into system (0.1) and assuming that the wu;(¢,7) are
independent of £, we can obtain the recurrent equations for u;(t,7) and ¢;(t,7).
Indeed, at order ¢!, it follows from the first equation of (0.1) that

d-do(T) =0 and, consequently, ¢o(r) = 0.
At order €°, we obtain
00:¢1 (1) = iio(7), 000 (t) = Audo(t) — f1(do) + o + g1
Analogously, we deduce from the second equation of (0.1) that
Beo(t) = Aytio(t) — f2(io(t)) + g2,
and

Oriio (1) = Ayiio() — [f2(70(0) + fio(7)) — f2(7i0(0))] — 371 (7).
Expanding now the initial data for (¢(t),u(t)), we have

$0(0) = ¢(0),  ¢1(0) + ¢1(0) = 0, a(0) = u(0) — wo(0).
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Thus, the function (¢o(t), o (t)) solves equation (1.44) with initial data ¢o(0) =
#(0), i.e. .

(@0 (1), To(1)) = S} (£(0), L(6(0))), (2.4)
and the first boundary layer term g (7) can be found as a solution of the following
problem:

Brio(7) = Apiio(7) — [f2(Ti0(0) + o (7)) — fo(i0(0))] — 6~ o (7),
a0 (0) = u(0) = L($(0)), o|,, =0. (2.5)
Then, the boundary layer term ¢y (7) is given by

i(r) = 5 / " do(s) ds. (2.6)

We restrict ourselves to the first boundary layer term in the asymptotic expansions
(2.1) only and estimate the rest (which is in fact sufficient for our purposes). To
be more precise, we seek for a solution of equations (0.1) of the form

B(t) == Go(t) +ed(t/e) +20(t), ult) := o (t) + i(t/e) + €hlt), (2.7)
where (¢o(t),o(t)) solves the limit problem (1.44), the boundary layer term (r)
solves

dra(t) = Aya(r) — [fo(uo(er) +a(r)) — fo(uo(er))] — 6~ a(r),
a(0) = u(0) — L($(0)), dl,, =0, (2.8)
and the boundary layer term gZ)(T) is defined by

p(r) =671 /Oo ii(s) ds. (2.9)

Equation (2.8) on a(r) differs slightly from equation (2.5) for the function g (7)
(the term ug(0) is replaced by @g(t) := up(e7)). We note however that the difference
@(T) — 1o(7) is of order €' and, consequently, can be interpreted as a part of the
rest in the asymptotic expansions (2.1).

The next lemma shows that the function (7), solution of equation (2.8), is
indeed a boundary layer term.
Lemma 2.1. Let the above assumptions hold. Then, the solution (1) of problem
(2.8) satisfies the estimate

la(m)lla + 10-a(7)] L2 < Q<|l(¢(0),U(0))|lcb> [@(0)[|2e77, (2.10)

where v > 0 is a positive constant and Q) is a monotonic function that are both
independent of €.

Proof. We set ©(7) := @(7)?. Then, due to the assumption fj > 0, this function
satisfies the inequation
0, 0(1) — Ay(T) — 20 'o(7) <0, #(0) = @(0)?,
and, consequently, due to the comparison principle, we have
la(r)||L= < Clla(0)||L=e". (2.11)

Having estimate (2.11) for the L°-norm of @(7) and estimates (1.49) and (1.51)
for uo(t), we deduce (2.10) by applying standard parabolic regularity arguments to
equation (2.8) and Lemma 2.1 is proved. O
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~

We are now in a position to estimate the rest (¢(¢),u(t)) in expansions (2.7).

~
~

Lemma 2.2. Let the above assumptions hold. Then, the rest (¢(t),u(t)) in the
asymptotic expansions (2.7) enjoys the following estimate:

1612 + @@ | + 1016 (B)]| 2> + el|da(®) |2 < Ce™, (2.12)
where the constants C and L depend on ||(¢(0),u(0))||s, but are independent of .

Proof. The functions $(t) and u(t) satisfy the equations

80ip = Do — é [f1(¢o +ed+ep) — f1(¢0):| +a+ A,

ediu = AU — % [ﬁ(ﬂo + @+ eti) — fo(Tp + g)] — 8:b — Byiio, (2.13)
$|t:0 = —9(0), a|t:0 =0.
We first note that, according to (2.9) and (2.10), we have
15l < @(116(0) ) ) 0= (214

where @ is independent of €, and, consequently, the initial data in (2.13) is uniformly
bounded in H2(2) as & — 0.

Multiplying the first equation of (2.13) by gg(t) and integrating over 2, we have,
noting that f] > —K

- 3 - ~ R -t
00L|o()I[72 + S V20 (B2 < 2K[|6(1)]7=+C <IIU(t)||2L2 + IIVz¢(g)II%2> - (2.19)

We now differentiate the first equation of (2.13) with respect to ¢, multiply the
relation that we obtain by 0;¢(t) and integrate over Q to find

0|0 p(t) ][22 + 2/ V20, b (t)|[22 — 2(8:(t), Dpti(t)) < 2K (|0, (t)|3 2~
~ 2 (Ao + 26+ 0) ~ F1(G0)101do, D) — 2Fi (o + 6+ £B)0B, P+

11089l (1+ 106011 ) . (216)

Since the functions ¢ and e¢ are uniformly bounded (with respect to ) in H2(€)
and 0;¢g is bounded in L?(Q) (see (1.17), (1.51) and (2.14)), it follows that

2 (171(B0) — £1(90 + 6+ B0, 03) < € ((1+13DIadol. 0Fl) <
< (141080 + 180I32) + SIV230) 3 + V.00 2, (217)

where the constant C' depends on ||(¢g, uo)||, but is independent of . Analogously,
we have

2/(f(do + £ +28)0,019)| < CllAudll 1= (1 + 19:6(2)][72), (2.18)
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where C' is independent of e. Inserting estimates (2.17) and (2.18) into estimate
(2.16) and summing the relation that we obtain with inequality (2.15), we find

60c (I1B(1)I132 + 10:d(1) 132 + 1) + IV.0i0(1) 32 + V2]~
—a(@&wﬂma»g
<C (1+10dlm2) (1+ 160132 + 10:6®IF= + a®l=), (2.19)

where the constant C' depends on ||(¢g,uo)||s, but is independent of e.
Multiplying now the second equation of (2.13) by d:u(t) and integrating over (2,
we have

O (IVu(®)l72 — 2B (1), @(1))) + 2(0:6(2), 0p(t)) + el O (8172 <

< —g ([F2(a0 + @+ £t) — fo(ao + @)], Byu(t)) — (|07 aol| - (1 + [[a(t)|[ 71 )-
(2.20)

In order to transform (2.20), we use the following identity:

([f2(@o + @ + eu) — f2(tio + @)], Du(t)) =

M | =

= at |:El2 (FQ(’L_LO + m +Eﬂ) — FQ(’L_LO + ﬂ) — €f2(’L_LO + ﬁ)ﬂ, ].):|—

_ [é (fa(tup + @ + ) — fo(to + @o) — f4 (o + @), Optip + Btﬂ)} =

= 9,0.(t) — 6.(t), (2.21)

where Fy(v) := [ f2(s)ds. We now note that, due to the assumption f}(v) > 0
and due to the condition u(0) = 0, we have

©-(t) >0, ©.(0)=0. (2.22)
Moreover, arguing in a standard way, we can obtain the following estimate for 6. (t):
16=(8)| < C ([a(®)]?, |0 + |ytol) < Cy(10eill > + D)7, (2.23)

where the constants C' and C} depend on ||(¢o,uo)||s, but are independent of e.
Inserting identity (2.21) and inequality (2.23) into relation (2.20) and summing the
relation that we obtain with inequality (2.19), we finally find

) {6||<$(t>||%2 + 010 ()13 + [A(t)][3 — 2(Deto(t), G(t)) + 20 (t) + cg] <
< Cy (14 10i6(t/2) 1= + 10vilt/2)1z2 + 1070 (1)1 ) %
x [6||$(t>||iz + 0110 d()][32 + 1) 3 — 2(Betin(t), A(t)) + 20-(t) + 02] :
where the constants Co and C3 depend on ||(¢o,u0)||s, but are independent of

€. Moreover, the constant C> can be chosen such that the expression in square
brackets in the right-hand side of the above inequality is positive (it is possible to
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do so thanks to estimates (1.51) and (2.22)). Applying Gronwall’s inequality to
this relation and noting that (1.51) and (2.10) yield the estimate

t+1 5
[ (102 + 0a(s/2) oo + 107 ua()y ) ds < Car (220
t
where (4 is independent of ¢, we find the estimate

I6()I172 + 1051172 + N@DI7 < Cse™, (2.25)

where the constants Cs and Ly depend on ||(¢o, uo)||, but are independent of .
Estimate (2.12) can be deduced from estimate (2.25), based on standard para-

bolic regularity arguments, exactly as in the proof of Lemma 1.3, which finishes the

proof of Lemma 2.2. O
Let us now formulate several useful corollaries of estimate (2.12).

Corollary 2.3. Let the above assumptions hold. We also assume that ($(t), u(t)) is
solution of equation (0.1) and (¢o(t),tuo(t)) is solution of the limit problem (1.44)
with ¢o(0) = #(0). Then, the following estimate is valid:

16(8) = Go()ll= + lu(t) — o (1) 112 + 118:6(t) — Dedbo (D)l =+
+ ellou(t) = Biio ()= < C (I1u(0) = L@O)|2e 7 +2eH), (226)

7

where v > 0 is a positive constant depending only on Q) and the constants C and L
depend on ||(#(0),u(0))||s, but are independent of €.

Indeed, estimate (2.26) is an immediate corollary of the asymptotic expansions
(2.7) and of estimates (2.10), (2.12) and (2.14).

Corollary 2.4. Let the above assumptions hold and let (¢(t),u(t)) be solution of
problem (0.1). Then, the following estimates hold:

vt < Q (I(6(0),uOllo) 1+ 21u(0) = GO e ), (227
and
llu(t) — L)z < Q (1(4(0),u(0))]]s) (6 + ||lu(0) — E(¢(0))||H26*”§) , (2.28)

where the constant v > 0 and the function Q) are independent of €.

Proof. Without loss of generality, we can derive estimates (2.27) and (2.28) for ¢t < 1
only. Now, estimate (2.27) is an immediate corollary of (2.26) and (1.51). So, there
only remains to deduce estimate (2.28_). To this end, we recall that, by definition
of the operator £, we have @g(t) = L(¢o(t)) and, consequently

llu(t) = LGz < Mult) = o)l a2 + 1£($(8) — Lo ()] = (2.29)

Estimate (2.28) is now a corollary of (2.26), (2.29) and of Proposition 1.6. O
Remark 2.5. Let the function U(t) be solution of the problem
0,U =AU —-6"'U, Ul,_, =ul0)— L(¢(0)), (2.30)

i.e. U(T) := e_(_Am+f71])T(u(0) — L(4(0))). Then, it is not difficult to verify that
the quantity i(t/e) —U(t/€) is of order €' ase — 0 and, consequently, the boundary
layer term in expansions (2.7) can be simplified as follows:

u(t) = dip(t) + e~ AT DE(0) — G (0)] + O(e). (2.31)
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We are now able to verify the uniform (with respect to &) Lipschitz continuity
of the semigroups S; associated with problem (0.1) in the phase space ®.

Lemma 2.6. Let the assumptions of Lemma 1.1 hold and let (¢1(t),u1(t)) and
(p2(t), ua(t)) be two solutions of problem (0.1) with initial data in ®. Then, the
following estimate is valid:

161.(8) = G2()][72 + lur () — w2 ()2 + (1061 (£) — Dppa (B[ 72+
+e2[|0pur (t) — Bpua(t)||7 <
< Ce™ (||61(0) = ¢2(0)[[32 + [lur (0) — u2(0)[[7=) , (2:32)
where the constants C and L depend on ||¢;(0)|| 2z and on ||u;(0)||z2, but are in-
dependent of €.

Proof. We set v(t) := ¢1(t) —p2(t) and w(t) := uq(¢) —u2(t). These functions satisfy
equation (1.39). Moreover, due to estimate (2.27) as well as (1.40) and (1.41), we
also have the uniform estimate

t+1
/ 04l (5) | g2 ds < L. (2.33)
t

Differentiating now the first equation of (1.39) with respect to ¢, multiplying by
Ov(t), summing the relation that we obtain with the second equation of (1.39)
multiplied by d;w(t) and integrating over (2, we obtain

B [8l|0ro ()72 + V2w @)z + (o (Hw(t), w(t)] + 2[|Vadpo(t)[|72 <
< —2(11 (BB (L), Beo(t)) — 2(els ()u(E), Byv(t)) + (Belo(Hw(t), w(t)), (2.34)

where

L(t) = / Fl(sor(t) + (1= $)bo(t) ds,  Io(t) = / fi(sur(t) + (1 — s)us(®)) ds.
0 0
Estimates (2.34), (1.40) and (1.41) imply that

ool B)II72 + IVaw(®)l|72 + (2 (D)w(t), w(t))] + 2/ Va0 (t)||72 <

< C(L+]10d2(B)l|2) Bllow®)II72 + IVew®)lZ + (2(Hw(t), w(t))+
+2[Vadio(t)IZ2] + Cllv(®)|[72,  (2.35)

where the constant C' depends on [|(¢;(0),u;(0))||e, but is independent of . Ap-
plying Gronwall’s inequality to relation (2.35) and taking into account inequalities
(2.33) and (1.38), we find

10ev(® 17> + lw®)I7 < Ce™ ([lo(O)l72 + lw(0)I7) (2.36)

where the constants C' and L depend on ||(¢;(0), u;(0))||s, but are independent of €.
Estimate (2.32) is a corollary of (2.36) and of standard parabolic regularity
arguments (see the proof of Lemma 1.3). This finishes the proof of Lemma 2.6. O
To conclude this section, we finally derive standard smoothing estimates for the
difference of solutions of (0.1) which are necessary for our construction of exponen-
tial attractors.
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Lemma 2.7. Let the assumptions of Lemma 1.1 hold and let (¢1(t),u1(t)) and
(p2(t),u2(t)) be two solutions of problem (0.1) with initial data in ®. Then, the
following estimate is valid:

[161(8) = G2(D)l7rs + Ilur (8) — uz (B[ <
t+1
< Ce —— (161(0) = 2 (O)l5z= + [ua (0) = w2 (O)[32) , >0, (2.37)
where the constants C and L depend on ||¢;(0)||g2 and on ||u;(0)||g=, but are in-

dependent of ¢.

Proof. We split the solution (v(t),w(t)) of problem (1.39) into a sum of two func-
tions

v(t) = v (t) +v2(t), w(t) :=wi(t) +wa(t), (2.38)
where the function (vq(t), w1 (t)) solves
&)tvl - Az’l}l = H1 (t) = UJ(t) - l1 (t)U(t), V1 |t=0 = 0, (239)
68{11)1 + Btvl — Az’ll}l = H2 (t) = —l2(t)w(t), w1 |t:0 = 0,
with
b= [ fieor )+ 0= oa0)ds, b0 = [ filaun )+ 1 u®)ds,

and the function (v2(t), w2 (t)) solves
d0va — Agua =0, U2|t:0 =v(0),

(2.40)
edyws + Opva — Agzws =0, w2|t:0 = w(0).

It follows from estimates (2.32) and from the assumption f; € C®,i = 1,2, that
[Hi ()| 2 + 1 Ha (D)2 < Ce™ (l0(0)][ 2 + [[w(0)|z2) , (2.41)

and, consequently, due to standard parabolic regularity arguments (see the proof
of Lemma 1.3), we have

llor (@)l 772 + [lwr (Ol < Ce™ ([[0(0) 772 + [[w(O) 1 r2) (2.42)

where the constants C' and L depend on ||(4;(0), u;(0))]|s, but are independent of .
The solution (vs(t),w=2(t)) of problem (2.40) can be easily found by using the
analytic semigroups theory (see [16] and [23]). More precisely, we have

s (t) = e=A%50(0), wQ(t):e—A%w(oH%(e—A%—e—A%v(O)), (2.43)

where A := —A,, associated with Dirichlet boundary conditions. A standard
smoothing estimate for analytic semigroups (see e.g. [16]), applied to (2.43), implies
that

lo2(B)[[7s + [lw2 (Ol s < Ct e (Jlo(0)[[72 + [lw(O)IF) , t>0,  (2.44)
where C' and v > 0 are independent of €. Combining estimates (2.42) and (2.44),

we derive (2.37) and Lemma 2.7 is proved. O

Remark 2.8. We recall that estimates (2.32) and (2.37) hold uniformly with re-
spect to € > 0. Consequently, passing to the limit € — 0 in these estimates, we
see that the same estimates remain valid for the difference of solutions of the limit
problem (1.39).
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3. ROBUST EXPONENTIAL ATTRACTORS

In this section, we construct a uniform family of exponential attractors M. in
® for problem (0.1) which converges as € — 0 to the limit exponential attractor
My of problem (1.44). To be more precise, the main result of this section is the
following theorem.

Theorem 3.1. Let the assumptions of Section hold. Then, there exists a family
of compact sets M. C ®, ¢ € [0,1], such that

1. These sets are semi-invariant with respect to the flows S associated with
problem (0.1), i.e.

S;M. C M.. (3.1)

2. The fractal dimension of the sets M is finite and uniformly bounded with
respect to €:

dimp (M., ®) < C < oo, (3.2)

where C' is independent of €.

3. These sets attract exponentially the bounded subsets of ®, i.e. there exists a
positive constant a > 0 and a monotonic function Q which are independent of ¢
such that, for every bounded subset B in the phase space ®, we have

diste (S; B, M.) < Q(||Blla)e™*, e €]0,1], (3.3)
where diste denotes the nonsymmetric Hausdorff distance between sets in ® (for
e =0, we should take B C L).

4. The symmetric Hausdorff distance between the limit attractor Mgy and the
attractors M. enjoys the following estimate:

distsym,a(Me, Mp) < Ce”, (3.4)

where the constants C > 0 and 0 < k < 1 are independent of € and can be computed
explicitly.

The proof of this result is based on the following abstract result for exponential
attractors of singularly perturbed discrete maps.
Proposition 3.2. Let B, C @, ¢ € [0,1], be a family of closed and bounded subsets
of a Banach space ® and let S° : B. — B. be a family of maps which satisfies the
following properties:

1. There exists another Banach space ®1, which is compactly embedded into P,
such that, for every bl,b? € B., the following estimate holds:

[

18°be — S°B2[le, < Kbz — BZ]]ss, (3.5)

where the constant K is independent of €.
2. There exist nonlinear ’projectors’Il. : B. — By such that, for every b. € B.

1S5k b= — Sl ebelle < eL¥, k€N, (3.6)

where S(i) denotes the kth iteration of S and the constant L is independent of €.
Then, the maps S¢ possess a family of exponential attractors M? which satisfies
(3.1), (3.2), (3.4) uniformly with respect to € and such that

diste (Sfy,) B, ME) < Ce ", (3.7)

where C and v > 0 are also independent of € and can be computed explicitly.

The proof of this proposition is given in [15] in a more general setting.
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Proof of Theorem 3.1. We apply the abstract result of Proposition 3.2 to our situ-
ation. To this end, we define the sets B. C ® for € # 0 by

B. = B = {(¢0,u0) € ¥, [|(do, wo)ll3 < 2Q(llg1ll7= + llg2ll72)},  (3.8)

where the function @ is defined in (1.17), and, for € = 0, we set

By = {(¢o,u0) € T, [I¢ollz= < 2QlgullZ2 + [lg21l72), o = L(¢o)}- (3.9)

Then, it follows from the uniform estimate (1.17) that there exists a time 7" > 0
which is independent of € such that

STB. C B., ¢€]0,1]. (3.10)

We now set
S¢ =87, e€]0,1], (3.11)

and verify that the operators (3.11) satisfy all the assumptions of Proposition 3.2.
Indeed, according to (3.10), the maps S° are well defined on B.. Estimate (3.5),
with ®; := H3(Q) x H?*(Q), is an immediate corollary of Lemma 2.7. So, there
remains to verify (3.5). To this end, we define the nonlinear projector II. by

Il; : B. — By, HE(¢07“’0) = (¢05£(¢0)) (312)

Then, estimate (3.6) is an immediate corollary of (2.26) (in which the boundary
layer term disappears since ¢t = T > 0 and T is independent of €). Thus, all
the assumptions of Proposition 3.2 are satisfied for the family of maps (3.11) and,
consequently, these maps possess a family of discrete exponential attractors MY
which satisfies (3.1), (3.2), (3.4) and (3.7).

We now define the desired family M. of exponential attractors by the standard
expression:

ME = Ute[l,T+1]StEMg- (313)

The semi-invariance (3.1) is then an immediate corollary of the semi-invariance of
M and of definition (3.13). The exponential attraction (3.3) follows from the fact
that the B. are uniform (with respect to €) absorbing sets for S5 (due to (1.17))
and from the uniform Lipschitz continuity (2.32). Estimate (3.4) for the symmetric
distance is also a corollary of an analogous result for the discrete exponential at-
tractors and of estimates (2.26) and (2.32). We note that the boundary layer term
in (2.26) also disappears, due to estimate (2.28), since

M. C SB.. (3.14)

Thus, there only remains to verify estimate (3.3) for the fractal dimension. To this
end, we need the following lemma.

Lemma 3.3. Let the assumptions of Section hold. Then, the solution (¢(t), u(t))
of equation (0.1) is Hélder continuous with respect to t, with Holder exponent 1/3
ift > 1, i.e., for everyt > 1 and 0 < s <1, we have

16t + ) = 6Ol = + llu(t + 5) = u®)ll= < QUI(@o, uo)lle)s""?, (3.15)

for an appropriate monotonic function QQ which is independent of €.
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Proof. According to estimates (2.27) and (1.17) and since ¢ > 1, we have
1p(t + ) = D)2 + llu(t + 5) —u(®)l[z2 < QUIl(bo, uo)lls)s", (3.16)

for an appropriate monotonic function ¢ which is independent of €. In order to
derive (3.15) from (3.16), we note that, due to estimate (2.37) and due to a standard
interpolation inequality

6(t+5) = 6(#) |2 +I[u(t+5) —u(®)| = < [ $(t+3) = SIS ot +5) — B ()75 +

lu(t + 5) — w175 lult + 5) — (B3 < Qi(ll(go,uo)lla)s"/?,
which completes the proof of Lemma 3.3. d

The Lipschitz continuity (2.32) of S; with respect to the initial data (g, uo),
together with the Holder continuity (3.15), imply that

dimp(M.,®) < dimp(M?, &) + 3, (3.17)
and Theorem 3.1 is proved. O
4. THE CASE OF NEUMANN BOUNDARY CONDITIONS

In this concluding section, we briefly consider system (0.1) of phase-field equa-
tions associated with the Neumann boundary conditions

Ond o = Onul,q = 0. (4.1)
We first note that, if the nonlinear function fs is strictly monotone, i.e.
frv) >a, YveR, (4.2)

for some strictly positive constant o (which improves the nonstrict monotonicity
assumption (0.2) 3.), then, repeating word by word the proofs given above for the
case of Dirichlet boundary conditions, we easily extend all the results of Sections 1-3
to the case of Neumann boundary conditions. That is the reason why we consider
only the case where assumption (4.2) is violated below. More precisely, we assume
that fo =0 and g» = 0. Then, system (0.1) reads

6019 = Ao — f(P) +u+g, Ond|yg =0,
ediu + O = Ayu, 8nu|89 =0, (4.3)
B, = P0, |,y =0,
which corresponds to the standard phase-field system. We assume that g € L?(€2)
and that the nonlinear function f € C3(R, R) satisfies the assumptions
L f(w)w > pl> =i, 2. f'(v)>—K, foreveryv € R, (4.4)

with ¢ > 0 and p', K > 0.

The main difference between system (4.3) and system (0.1) with Dirichlet bound-
ary conditions is the existence of a conservation law. Indeed, integrating the second
equation of (4.3) over 2, we have

el (u(t)) + 0 (p(t)) =0, where (v):= ﬁ /Q v(x)de. (4.5)

Integrating then (4.5) with respect to ¢, we obtain the conservation law mentioned
above:

e(u(t)) + (o(t)) = e(u(0)) + (4(0)) := Io(uo, do), t€Ry. (4.6)
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Therefore, we cannot expect the existence of the global dissipative estimate (1.17)
for the solutions of (4.3) in the phase space ®. Nevertheless, we will show in this
section that all the results obtained above for Dirichlet boundary conditions remain
valid (after minor changes) for Neumann boundary conditions. To this end, we need
to modify the phase space ® for problem (4.3) by fixing explicitly the bounds for
the possible values of the conserved integral Iy, namely, for every M > 0, we define
the phase space ®s for problem (4.3) as follows:

@ = {(do,u0) € H*(Q) x H*(Q),
6n¢0|39 = nu0|8Q = 07 |I0(’LL0, ¢0)| S M} (47)
The following theorem gives a dissipative estimate for the solutions of (4.3) in the
phase space @, similar to that given in Lemma 1.3.

Theorem 4.1. Let assumption (4.4) hold. Then, for every M > 0 and every
(¢o,u0) € ®ar, problem (4.3) possesses a unique solution (p(t),u(t)) which satisfies
the following estimate:

l6@)l[72 + [lu(®)l|72 +*1Oru®)IZ <
< Qu (IOl + [u(0)[F=)e " + Qu(llgllze), (4.8)

where a > 0 and the monotonic function Qp; depend on M, but are independent of
€.

Proof. Let us first derive the analogue of estimate (1.1) for equation (4.3). Taking
the scalar product of the first equation of (4.3) by 8;¢(t) + Bé(t), of the second
equation by u(t) and summing the relations that we obtain, we have (analogously
to (1.3))

O E(t) +vE(t) = h(t), (4.9)
where 8 and 7 are small positive numbers such that g > -,
E(t) := 0l|Vao(t)l72 + 2(F((t)), 1) +ellu(®) |72 — 2(g, ¢(2)) + Bl 6(t)][72, (4.10)
F(v) = [; f(s)ds and the function h(t) is defined by

h(t) = (v6 = 2B)IVed (|72 + 2v(F(6(1)) = f((t))(t), 1)~
= 2(8 = )(f(6(1)),6(t)) — 26/10:0(D) |72 — 2/ Vau(t)lZ> +vellu(®)||Z+
+2(8 = 7)(g,8(t)) + Byéllg ()7 + 28(u(t), #()). (4.11)

We now transform the last term in the right-hand side of (4.11) as follows, using
the conservation law (4.6):

28(u, ¢) = 2B(u — |Q(u), §) + 281Q1*(g)(u) =
= 28(u — [Q(u), ¢) — 268|Q17(u)® + 28Io (uo, $0)|QI* (u).  (4.12)

Inserting this relation into the right-side of (4.11) and using inequalities (1.6), (4.4)
and the following analogue of Friedrichs’ inequality:

lu = Q)72 < CallVoullZ2, (4.13)
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for sufficiently small (but independent of &) constants v and [, we obtain the
estimate

h(t) < —%(26 = 10)le®lF = (8 = (f(B(1), 6(1) = l12ed(B) |72~
= IVeu(®)ll7z = 208 = Vel (u(t))® + C (1 + [gll72) + 2812 (u(t)), (4.14)

for some constant C' that is independent of ¢ (in contrast to the case of Dirichlet
boundary conditions, we now need assumption (4.4) 1. with strictly positive con-
stant p1 because, in the case of Neumann boundary conditions, the term ||V, ¢(¢)||7
does not bound the L?-norm of ¢ and we obtain the estimate for this norm from
the third term in the right-hand side of (4.11)).

So, there remains to estimate the last term in the right-hand side of (4.14). To
this end, we integrate the first equation of (4.3) over 2 and express (¢(¢)) through
(u(t)) by using the conservation law to obtain

e0y(u(t)) + (u(t)) = (f(o(1)) — (9)- (4.15)
We also note that, due to (4.4) 1. and the continuity of the function f, we have
[(FON] < (I f (D)) < v(f(8(2)),d(1)) + Co, (4.16)

where the positive constant v can be arbitrarily small. We now multiply (4.15) by

2
K= %W and sum the relation that we obtain with (4.9). Then, according

t0 (4.11)-(4.12) and (4.14)-(4.16), we have
O[ke(u(t)) + E(t)] + y[re(u(t)) + E(t)]+
+9 (le@ 7 + IVeu@®)lZz + [10:6®)]172) < C(1+ llgll7z), (4.17)

where all the constants are positive and are independent of e. We also recall that,
due to (4.10)

Oy (ellu@®lLz + (F(o(t), 1) +dllo®)IFn — 1 = llgllZ:) <

< we(u(t)) + B(t) < Cwr (ellu(®)llZ= + (F(6(1)), 1) + dll¢®)l[7n +1+ ||g||2L(z) s

for every (¢(t),u(t)) € ®p. Here, the constant C'y; depends on M, but is indepen-
dent of . Applying Gronwall’s inequality to (4.17) and using (4.18), we have the
following estimate (which is similar to that obtained in Lemma 1.1):

el + (F&(1)), 1) + 8ll(0) [+
t+1
+ / 100022 + IVau(s)[[22) ds <
< Car (el|u®) 22 + (F(B(0),1) + 816 (e + Car (1 + [lgl2), (4.19)

where the constant C'ys depends on M, but is independent of €. Our aim is now
to derive the analogue of estimate (1.7). Arguing as in the proof of Lemma 1.2, we
have

auolldnp(t)IIZ> + IVou®)lZ=] + 81100 (DIZ> + Vau(®)l|7=)+
+ 20V p(NIT + 2el10u®)IZ2 < [8l18id(DIZ> + Vau(®)l|7=]+

+2(g,0i6(t)) — 2(f'((£)) 0 6(t), O (1))
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Applying Gronwall’s inequality to this relation and using (4.19), we obtain the
estimate

t+1
3l1oepT> + [IVau(®)lIZ +/t (10eb ()11 + ellBeu(s)]|72) ds <
< QUIeOIz> + [uO)l72)e™* + Q(llgllz2), (4.20)

where the function () depends on M, but is independent of e. Multiplying then the
first equation of (4.3) by A,¢(t), integrating by parts in (u(t), Azé(t)) and using
estimate (4.20), we have, analogously to (1.14)-(1.16)

eIz < Qi) Iz + lu(0)[F=)e™ " + Q1(llgll2), (4.21)

for some function @; which is independent of . Since H? C C, (4.21) implies the
estimate

1£ (@@L < Q2(lle(O)7 + [lu(0)][72)e™" + Q2(llgll2), (4.22)

for an appropriate function @2 which depends on M, but is independent of e.
Returning now to equation (4.15) and using (4.22), we find

((®) < Qs([le(0)IZ> + lu(0)[|F=)e™*" + Qs(llgll2) (4.23)

(see (1.19)-(1.22)). Finally, estimates (4.20), (4.21) and (4.23) imply the analogue
of estimate (1.7) for the case of Neumann boundary conditions:

318ed(®)[|72 + [lu®)lF + o172+

t+1
+/t (1106() 72 +ellBeu(s)|72) ds < QUG (0)[[7r2 +[[w(0) [ Fr2)e™** +Q(llgll =),
(4.24)

where the monotonic function @ depends on M, but is independent of £. Estimate
(4.8) follows from (4.24), exactly as in Lemma 1.3, and Theorem 4.1 is proved. O

We now formulate the analogues of Lemma 2.6 and Lemma, 2.7 for the difference
of two solutions of (4.3) (since fo = 0, we do not need estimate (2.27) in order to
prove this result).

Theorem 4.2. Let the above assumptions hold and let (¢1,u1) and (2, us) be two
solutions of (4.3) belonging to ® ;. Then, the following estimate is valid:

[161.(2) = G2()[72 + Ilua () — w2 ()| 7=+
+&%]10pun (t) — Bpua (8)[[72 <
< Ce™ (||61(0) = ¢2(0)[[372 + [Jur (0) — u2(0)[[7=) ,  (4.25)

where the constants C' and L depend on M, ||¢;(0)||gz and ||u;(0)|| 72, but are
independent of €. Moreover, the following smoothing estimate holds:

[161() = G2(O)lrs + llur (8) = w2 (B[ <

s (I161(0) = ¢2(0)[[2 + Ilur (0) — ux(0)l[72) , > 0. (4.26)

<Ce
t
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Proof. We set v(t) := ¢1(t) — ¢2(t) and w(t) := w1 (t) — ua(t). These functions
satisfy
Ov=A0Av+w+G(t), edw+ 0w = Azu, 8nv|8Q = 8nw|8(2 =0, (4.27)

where G(t) := fol f(sp1(t)+ (1 —s)p2(t)) ds-v(t). We note that system (4.27) also
possesses a conservation law:

Io(v(t), w(t)) := To(¢1(t),ur (1) — To(P2(t), u2(t)) = const. (4.28)
Moreover, obviously
[To(v(t), w(t))]* < C ([lo(0)ll7> + llw(0)]I7-) (4.29)
and, due to estimate (4.8) and the embedding H? C C
G172 + 18:GD)I72 < C (100(®)I72 + [l0(@)]72) , (4.30)

where C depends on M and on the H2-norm of the initial data, but is independent

of e. Interpreting now the function G(t) in (4.27) as a nonautonomous external

force, repeating word by word the proof of Theorem 4.1 and using estimates (4.29)

and (4.30), we find estimate (4.25). Having estimate (4.25), we can prove the

smoothing property (4.26) exactly as in Lemma 2.7 and Theorem 4.2 is proved. O
As in Section 1, we now study the limit problem (4.3) with ¢ = 0:

60rdo = Ay — f(o) + o + g, Ordo = Agilo,

_ _ - (4.31)
60l,0 = b0, Onolyq = Ontio] g = 0.
Again, the variables (¢g, @o) are not independent, but satisfy the relation
60z uo(t) — to(t) = Apgo(t) — f(¢o) +9, tE€Ry (4.32)
(compare with (1.45)) and, consequently, there exists a nonlinear operator
LeC'(H*(),{ve H(Q), 0|y, =0}), (4.33)
such that
ao(t) = L(¢o(t)), teRy, (4.34)

for every solution (¢o(t), %o (t)) of problem (4.31). Thus, problem (4.31) defines a
semigroup in the infinite dimensional submanifold of ® defined by

Lar := {(¢o,u0) € H*(Q), o =L(¢0), Ono|yy =0, (o) < M}. (4.35)

The next theorem gives the analogue of Lemmas 1.5 and 1.6 for equation (4.31).

Theorem 4.3. Let the above assumptions hold. Then, for every (¢o,up) € Las,
problem (1.44) has a unique solution (Po(t),uo(t)) € Lar, t > 0, which satisfies the
estimate

— — t+1 —
@0 (D)1IZr2 + 10 b0 (D)II72 + 1170 ()72 +/t 18: 0 (5)|[7 ds <
< Qlldo(0)l[7r2)e ™" + QUllgllz2), (4.36)

for a positive constant v and a monotonic function Q which depend on M. More-
over, estimates (4.25) and (4.26) remain valid for the difference of solutions of the
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limit problem (4.31) and the following analogue of estimate (1.51) holds:

t+1
1Bvao ()12 + / (190 (5)\%0r + 1020(s) 1%y ) ds <
< QUIBO)Z)e" + Qlllgllz), (4.37)

where H—1(Q) denotes here the dual of H* ().

Proof. Since the constant « and the monotonic function Qs in (4.8) are indepen-
dent of ¢, then, passing to the limit ¢ — 0, we have estimate (4.36). The estimates
for the difference of solutions can be obtained similarly. Finally, estimate (4.37)
can be verified exactly as in Lemma 1.8 and Theorem 4.3 is proved. g

We now extend the asymptotic expansions for (¢(t), u(t)) as € — 0 (obtained in
Section 2 for the case of Dirichlet boundary conditions) to the case of Neumann
boundary conditions. We note that the formulae for the first boundary layer term

are simpler now, since f> = 0. Indeed, analogously to (2.8) and (2.9), we obtain
the following system for ¢(7) and a(r), 7 := L:

50, ¢() = u(r), ;m(r) = (A, =07 a(r), Oniy, =0, (4.38)

@(0) = u(0) — L(4(0)), lim, o (1) = 0.

The solution (¢(7), (7)) can be expressed explicitly, using the analytic semigroup

theory:

37 = (I — “1(Ae=67 D)0, 0 —

¢(1) = (I - 6A;) 8 (u(0) — £(¢(0)), (4:39)
a(r) = el 70 D7 (u(0) — L£(¢(0)),

where A, is associated with Neumann boundary conditions. As in Section 2, we
seek for asymptotic expansions for (¢(t),u(t)) near t = 0 of the form

B(1) 1= Golt) + £D(2) +e0(0), u(t) = mo(t) + (%) + <A, (440)

where (¢o(t), o(t)) is solution of (4.31) with @o(0) := ¢(0) and (¢, i) is defined by
(4.39). The following theorem is an analogue of Lemma 2.2.

Theorem 4.4. Let the above assumptions hold. Then, the rest ((Z(t),ﬂ(t)) in the
asymptotic expansions (4.40) enjoys the following estimate:

()12 + G|z + 10eb ()| 12 + ella(t)|| 2 < Cel, (4.41)

where the constants C' and L depend on ||¢(0)||g2 and ||u(0)||g2, but are indepen-
dent of €.

Proof. The functions @(t) and ¢(t) satisfy the equations
~ ~ 17 - RN _ N -
53t¢:Am¢—g f(do +ed+ep) — fdo)| +u+ Aro,
SB;’U, = Amﬁ — 8t<$— at’lj,o, ¢|t:0 = —&(O), ﬂ|t:0 = 0’

6”$|BQ = 6”a|89 =0.

(4.42)
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Arguing as in (2.15)-(2.23) (with f» = 0), we obtain the estimate
o {anawuiz 81002 + VA0 — 2(e0(t), (1)) + 01] <
< Gy (14 188t/ = + 10e(t/2)l12 + 820D+ ) x

x [5II$(t)Il2L2 + 010132 + IV2AB)1F2 — 2(Detio(t), A(t)) + Cr + <u(t)>2],
(4.43)

where we have the additional term (u(t))? in the right-hand side (which appears
because of Friedrichs’ inequality (4.13) for Neumann boundary conditions) and the
constants C; and Cy are independent of £. In order to estimate this term, we
integrate the first equation of (4.42) over :

(@(0) = 6050} + (2 | 1o + 26+ 20) ~ S(on)] (1.49)

Since, due to Theorems 4.1 and 4.3, the L>°-norms of ¢(t) := ¢y (t) +e¢(t/e) +eg(t)
and ¢o(t) are uniformly (with respect to €) bounded, it follows from (4.44) that

w®)? < € (1+ 10301 + 15011 (4.45)

where the constant C' is independent of €. Applying now Gronwall’s inequality to
(4.43) and using (2.24) and (4.45), we have

16@) 1172 + 19:@(D17= + a0 |72 < Ce™, (4.46)

where the constants C and L are independent of €. Estimate (4.41) can be deduced
from (4.46) exactly as in Lemma 1.3. This finishes the proof of Theorem 4.4. O
Corollary 4.5. Under the assumptions of Theorem 4.4, estimates (2.26), (2.27)
and (2.28) remain valid (for the case of Neumann boundary conditions).

Indeed, these estimates can be deduced from (4.46) exactly as in Corollaries 2.3
and 2.4.

We are now ready to construct a robust family of exponential attractors for
problem (4.3) with Neumann boundary conditions. Since we have the dissipativity
of system (4.3) in the phase spaces ®,; only (for every fixed M; for Dirichlet
boundary conditions, this property was valid in the whole space ®), it is natural to
construct the exponential attractors MM for the semigroups

S i@y = @, S (G0, u0) 1= (6(2), u(t)) (4.47)

(where (¢(t),u(t)) is the corresponding solution of (4.3)) acting in the spaces ® .
In that case, the exponential attractors M depend obviously on M. We consider
the following limit semigroup S¢"™ for (4.47):

SPM L = Lar, SPM (0, u0) = (o (1), wo (1)), (4.48)

associated with the limit problem (4.31) on the manifold ILy; defined by (4.35).
The main result of this section is the following analogue of Theorem 3.1 for the

case of Neumann boundary conditions.

Theorem 4.6. Let the assumptions of Theorem 4.1 hold. Then, for every M > 0,

there exists a family of compact sets MM C @y, e € [0,1], such that
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1. These sets are semi-invariant with respect to the flows Sf’M associated with
problem (4.3), i.e.
SEMMM c MM, (4.49)
2. The fractal dimension of the sets MM is finite and uniformly bounded with
respect to €:
dimp(MM ®)) < C < oo, (4.50)

where C = C(M) is independent of €.

3. These sets attract exponentially the bounded subsets of ®ys, i.e. there exist
a positive constant « = a(M) > 0 and a monotonic function Q = Qns which are
independent of € such that, for every bounded subset B in the phase space ®pr, we
have

. e, M M —at
diste,, (S, B, M) < Q(|Blle,)e” ™, €€10,1] (4.51)

(for e =0, we should take B C Ly ).

4. The symmetric Hausdorff distance between the limit attractor MY and the
attractors MM enjoys the following estimate:

distsym @, (MM M) < Ce", (4.52)

where the constants C = C(M) > 0 and 0 < k = k(M) < 1 are independent of €
and can be computed explicitly.
Proof. As in the case of Dirichlet boundary conditions, the proof of this theorem
is based on the abstract result given in Proposition 3.2 and coincides, up to minor
changes, with that of Theorem 3.1. That is the reason why we only indicate these
changes below and leave the details to the reader.

Instead of the absorbing sets B. and By defined by (3.8) and (3.9) respectively,
we now consider, for every M > 0, the sets

B := {(¢o,u0) € ®ar,  ||(do, uo)ll3 < 2Qum(llgllz2)}, (4.53)
By" :={(¢o,u0) € Lar,  loollTrz < 2Qu(llgllz2)} (4.54)

where the function @ s is the same as in (4.8). We note that, in contrast to the case
of Dirichlet boundary conditions, the sets B. now depend on ¢, since the conserved
integral (4.5) depends explicitly on e.

Then, these sets are indeed uniform (with respect to ) absorbing sets for semi-
groups (4.47) and (4.48) (due to estimates (4.8) and (4.36) (thus, the analogue of
(3.10) is also satisfied)). Moreover, condition (3.5) of Proposition 3.2 is satisfied for
these semigroups, due to Theorem 4.2.

Let us now verify condition (3.6) of this proposition. To this end, we modify
slightly the construction of the nonlinear projectors II. as follows:

II. : BM — BM, 1L (¢o,u0) := (¢o + e(uo), L(¢o + £(uo)). (4.55)

Since
[{do + &{uo))| = [Zo(do, wo)| < M,

projectors (4.55) are indeed well defined. Moreover, the analogue of condition (3.6)
for our case now follows from estimate (2.26) (see Corollary 4.5), estimate (4.25)
for the limit problem (4.31) and from the obvious estimate

ITT: (o, uo) — (¢o, L(p0))|le < eChr, (4.56)
for every (o, uo) € Be.
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Thus, we can apply Proposition 3.2 to our situation and we obtain the desired
family of exponential attractors MM for the discrete semigroups ST acting on
the absorbing sets (4.53) and (4.54). The existence of the exponential attractors
for the continuous semigroups then follows exactly as in the proof of Theorem 3.1
and Theorem 4.6 is proved. g

Remark 4.7. We recall that the exponential attractors MM constructed in Theo-
rem 4.6 depend on M. Moreover, all the constants in estimates (4.50)-(4.52) also
depend a priori on M. It is possible to prove, however, that, under natural assump-
tions on f, there exists a positive constant My > 1 that is independent of ¢ such
that every solution of equation (4.3) with initial data satisfying

[0(¢o, uo)| = Mo, (4.57)

uniformly with respect to €, stabilizes exponentially to the corresponding equilibrium
(¢, @) € R?, which is the unique solution of

u=f(¢), et+¢=1Io(do,uo) (4.58)

This suggests that it is possible to construct the family of exponential attractors MM
for (4.3) such that all the constants in estimates (4.50)-(4.52) are independent of
M. We will come back to this problem in a forthcoming article.
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