
ROBUST EXPONENTIAL ATTRACTORS FOR SINGULARLYPERTURBED PHASE-FIELD TYPE EQUATIONSALAIN MIRANVILLE & SERGEY ZELIKAbstrat. In this artile, we onstrut robust (i.e. lower and upper semi-ontinuous) exponential attrators for singularly perturbed phase-�eld typeequations. Moreover, the estimates for the symmetri distane between thatexponential attrators and the exponential attrator of the limit Cahn-Hilliardequation in terms of the perturbation parameter are also obtained.IntrodutionIn this artile, we are interested in the study of the asymptoti behavior ofphase-�eld type equations. The orresponding equations onsist of a system of twoparaboli equations involving two unknowns, namely the temperature u(t; x) atpoint x and time t of a substane whih an appear in two di�erent phases (e.g.liquid-solid) and a phase-�eld funtion �(t; x), also alled order parameter, whihdesribes the urrent phase at x and t. Suh models were introdued in order tostudy the evolution of interfaes in phase transitions. They have also led to othermodels of phase transitions and motion of interfaes as singular limits (e.g. theStefan, Hele-Shaw and Cahn-Hilliard models). We refer the interested reader to[6, 7, 8, 9, 10, 19, 20, 21, 25, 27℄ and the referenes therein for more details.The long time behavior of suh models was extensively studied in [2, 3, 4, 5℄, [10,11, 12, 13, 17℄. In partiular, the existene of the global attrator and exponentialattrators is obtained in [3, 4, 5℄. Furthermore, the upper semiontinuity of theglobal attrator for a singularly perturbed phase-�eld model is proved in [12℄ (seealso [11℄ for a logarithmi nonlinearity) for two limit equations, namely the visousCahn-Hilliard and Cahn-Hilliard equations. The lower semiontinuity of the globalattrator was studied in [10℄, but only in one spae dimension. In that ase, theauthors do not need any assumption on the hyperboliity of the stationary solutions,as it is usually the ase to obtain the lower semiontinuity of the global attratorfor dynamial systems whih possess a global Lyapunov funtion [1, 22℄.In [14, 15℄, we onstruted families of robust (i.e. upper and lower semiontin-uous) exponential attrators for singularly perturbed visous Cahn-Hilliard equa-tions and damped wave equations. We an note that these results are not basedon the study of stationary solutions and their unstable manifolds, as it is the asefor regular global attrators [1, 22℄; in partiular, this allows us to obtain expliit2000 Mathematis Subjet Classi�ation. 35B40, 35B45.Key words and phrases. Phase-�eld equations, exponential attrators,upper and lower semiontinuity.Submitted April 18, 2002. Published ??.This researh was partially supported by INTAS projet 00-899.1



2 ALAIN MIRANVILLE & SERGEY ZELIKestimates on the di�erent onstants (appearing e.g. in the estimate for the symmet-ri distane between the exponential attrators of the perturbed and unperturbedproblems, see [14℄, [15℄ and below).Our aim in this artile is to obtain a similar result for singularly perturbed phase-�eld equations. Atually, we onsider a more general system of equations, whihdoes not possess a global Lyapunov funtion, by adding a nonlinear term in theequation for the temperature u.In Setion 1, we derive uniform estimates whih are neessary for the studyof the singular limit. Then, in Setion 2, we study the asymptoti expansion ofthe solutions with respet to the singular perturbation parameter " and obtainestimates on the di�erene of solutions whih are essential for our onstrution ofexponential attrators. Finally, in Setion 3, we onstrut a family of ontinuousexponential attrators for our problem and obtain in partiular an expliit estimatefor the symmetri distane between the exponential attrators of the perturbed andunperturbed equations in terms of the perturbation parameter " (see Theorem 3.1below). The ase of Neumann boundary onditions is briey addressed in Setion 4.Setting of the problem. We onsider the following system of singularly per-turbed reation-di�usion equations:Æ�t� = �x�� f1(�) + u+ g1; ����
 = 0;"�tu+ �t� = �xu� f2(u) + g2; u���
 = 0;���t=0 = �0; u��t=0 = u0; (0.1)where 
 �� R3 is a bounded regular domain of R3 , (�(t; x); u(t; x)) is an unknownpair of funtions, �x is the Laplaian with respet to the variable x, gi = gi(x) 2L2(
), i = 1; 2, are given external fores and Æ and " > 0 are given onstants.We assume that the nonlinear terms fi belong to C3(R;R), i = 1; 2, and satisfythe following dissipativity onditions:f1(v):v � �C; C � 0f 01(v) � �K; K � 0f 02(v) � 0; f2(0) = 0: (0.2)Finally, we assume that the initial data (�0; u0) belongs to the phase spae �,de�ned by � := �H2(
) \H10 (
)�� �H2(
) \H10 (
)� : (0.3)Remark 0.1. Taking f2 � 0 in (0.1), we reover the phase-�eld system onsideredin [2, 3, 4, 5, 10, 11, 12, 13, 17℄.1. Uniform a priori estimatesIn this setion, we derive several uniform (with respet to " � 1) estimates forthe solutions of problem (0.1) whih are neessary for the study of the singular limit"! 0. We start with the following lemma.



ROBUST EXPONENTIAL ATTRACTORS 3Lemma 1.1. Let the above assumptions hold and let the pair (�(t); u(t)) 2 C(R;�)be a solution of (0.1). Then, the following estimate is valid:krx�(t)k2L2 + "ku(t)k2L2 + (F1(�(t)); 1)++ Z t+1t �k�t�(s)k2L2 + krxu(s)k2L2 + (f2(u(s)); u(s))� ds �� C �krx�(0)k2L2 + "ku(0)k2L2 + (F1(�(0)); 1)� e�t + C �kg1k2L2 + kg2k2L2� ;(1.1)where F1(v) := R v0 f1(s) ds, (�; �) denotes the standard inner produt in L2(
) andthe positive onstants C1, C2 and  are independent of ".Proof. Taking the inner produt in L2(
) of the �rst equation of (0.1) by �t�(t)and of the seond equation by u(t) and summing the relations that we obtain, wehave�t[Ækrx�(t)k2L2 + 2(F1(�(t)); 1) + "ku(t)k2L2 � 2(g1; �(t))℄++ 2Æk�t�(t)k2L2 + 2krxu(t)k2L2 + 2(f2(u(t)); u(t)) � 2(g2; u(t)) = 0: (1.2)Taking now the inner produt in L2(
) of the �rst equation of (0.1) by 2��(t),where � is a suÆiently small positive number, and summing the relation that weobtain with equation (1.2), we �nd�tE(t) + E(t) = h(t); (1.3)whereE(t) := Ækrx�(t)k2L2 + 2(F1(�(t)); 1) + "ku(t)k2L2 � 2(g1; �(t)) + �Æk�(t)k2L2 ;0 <  < � is another small positive parameter whih will be �xed below andh(t) := (Æ � 2�)krx�(t)k2L2 + 2 (F1(�(t)) � f1(�(t))�(t); 1) ++ 2( � �)(f1(�(t)); �(t)) � 2Æk�t�(t)k2L2 � 2krxu(t)k2L2 � 2(f2(u(t)); u(t))++ 2(g2; u(t)) + "ku(t)k2L2 + 2(� � )(g1; �(t)) + �Æk�(t)k2L2 + 2�(u(t); �(t)):(1.4)It follows from onditions (0.2) thatf1(v):v +Kjvj2 � F1(v); 8v 2 R; (1.5)(see e.g. [26℄). Consequently, it is possible to �x the small positive parameters �and  (whih are independent of 0 < " < 1) suh that the following estimate holds:h(t) � C1 �1 + kg1k2L2 + kg2k2L2� ; (1.6)where C1 is independent of ". Applying now Gronwall's inequality to relation (1.3)and using estimate (1.6) and equation (1.2), we �nd estimate (1.1) and Lemma 1.1is proved. �The next lemma gives uniform (with respet to ") estimates of (�; u) in the spaeH2(
)�H1(
).



4 ALAIN MIRANVILLE & SERGEY ZELIKLemma 1.2. Let the above assumptions hold. Then, the following estimate is validfor a solution (�(t); u(t)) of equation (0.1):k�(t)k2H2+k�t�(t)k2L2 + ku(t)k2H1 + Z t+1t �k�t�(s)k2H1+"k�tu(s)k2L2� ds �� Q(k�(0)k2H2 + ku(0)k2H1)e�t +Q(kg1k2L2 + kg2k2L2); (1.7)where the onstant  > 0 and the monotoni funtion Q are independent of " > 0.Proof. We set  (t) := �t�(t). Then, this funtion satis�esÆ�t = �x �f 01(�) +�tu;  (0) = Æ�1 (�x�(0)� f1(�(0)) + u(0) + g1) : (1.8)Taking the inner produt in L2(
) of the equation by  (t) and of the seondequation of (0.1) by �tu and summing the relations that we obtain, we have�t[Æk�t�(t)k2L2 + krxu(t)k2L2 + 2(F2(u(t)); 1)� 2(g2; u(t))℄++ [Æk�t�(t)k2L2 + krxu(t)k2L2 + 2(F2(u(t)); 1)� 2(g2; u(t))℄++ 2krx (t)k2L2 + 2"k�tu(t)k2L2 = h1(t); (1.9)where F2(v) := R v0 f2(s) ds andh1(t) := [Æk�t�(t)k2L2 + krxu(t)k2L2 + 2(F2(u(t)); 1)� 2(g2; u(t))℄++ 2(g1; �t�(t)) � 2(f 01(�(t))�t�(t); �t�(t)): (1.10)Analogously to (1.5), we have f2(v):v � F2(v): (1.11)Furthermore, thanks to (0.2) and (1.11), we �ndh1(t) � C1 �1 + kg1k2L2 + kg2k2L2�++ C2 �(f2(u(t)); u(t)) + k�t�(t)k2L2 + krxu(t)k2L2� : (1.12)Applying Gronwall's inequality to relation (1.9) and using estimates (1.1) and(1.12), we obtaink�t�(t)k2L2 + ku(t)k2H1 + Z t+1t �k�t�(s)k2H1 + "k�tu(s)k2L2� ds �� Q(k�(0)k2H2 + ku(0)k2H1)e�t +Q(kg1k2L2 + kg2k2L2); (1.13)for appropriate onstant  > 0 and monotoni funtion Q whih are independentof ". There now remains to estimate the H2-norm of �(t). To this end, we rewritethe �rst equation of (0.1) in the form�x�(t)� f1(�(t)) = h2(t); �(t)���
 = 0; (1.14)where h2(t) := Æ�t�(t) � u(t)� g1. Indeed, aording to estimate (1.13), we havekh2(t)k2L2 � Q(k�(0)k2H2 + ku(0)k2H1)e�t +Q(kg1k2L2 + kg2k2L2): (1.15)Taking then the inner produt in L2(
) of equation (1.14) by �x�(t) and using(0.2), we obtain k�x�(t)k2L2 � 2Kkrx�(t)k2L2 + 2kh2(t)k2L2 : (1.16)Inserting �nally estimates (1.15) and (1.13) into the right-hand side of (1.16), wederive the neessary estimate for the H2-norm of �(t) and Lemma 1.2 is proved. �



ROBUST EXPONENTIAL ATTRACTORS 5We are now in a position to derive a priori estimates for the solutions of (0.1) inthe phase spae �.Lemma 1.3. Let the above assumptions hold. Then, the following estimate holds,for every solution (�(t); u(t)) of problem (0.1):k�(t)k2H2 + ku(t)k2H2 + "2k�tu(t)k2L2 �� Q(k�(0)kH2 + ku(0)kH2)e��t +Q(kg1kL2 + kg2kL2); (1.17)where the positive onstant � and the monotoni funtion Q are independent of ".Proof. We rewrite the seond equation of system (0.1) in the form"�tu��xu+ f2(u) = h(t) := g2 � �t�(t): (1.18)Resalling now the time variable (t := "�), we have��u��xu+ f2(u) = ~h(�) := h("�); u���=0 = u0: (1.19)Moreover, it follows from (1.7) thatk~h(�)kL2 � Q(k�(0)k2H2 + ku(0)k2H1)e�"� +Q(kg1k2L2 + kg2k2L2); (1.20)where Q and � are independent of ". Applying the standard maximum prinipleto equation (1.19), using the fat that f2(u):u � 0 and noting that H2 � C (sinen = 3), we obtain the estimateku(�)kL1 � Cku(0)kH2e��� + C sups2[0;� ℄ne��(��s)k~h(s)kL2o ; (1.21)for appropriate positive onstants � and C (see e.g. [18℄ for details). Insertingestimate (1.20) into the right-hand side of (1.21) and returning to the time variablet, we �ndku(t)kL1 � Q(k�(0)k2H2 + ku(0)k2H2)e�t +Q(kg1k2L2 + kg2k2L2); (1.22)where the onstant  and the funtion Q are independent of ".Let us now derive a uniform estimate for the H2-norm of u(t). To this end, weintrodue the funtions Gi = Gi(x) := (��x)�1gi, i = 1; 2, and split the solution(�(t); u(t)) as follows:�(t) := G1 + �1(t) + �2(t); u(t) := G2 + u1(t) + u2(t) + u3(t); (1.23)where u1(t) solves "�tu1 = �xu1; u1��t=0 = u0 �G2; (1.24)the funtion u2(t) is solution of"�tu2 = �xu2 � �t�1; u2��t=0 = 0; (1.25)with Æ�t�1 = �x�1; �1��t=0 = �0 �G1; (1.26)and the funtion u3(t) solves"�tu3 ��xu3 = h3(t) := ��t�2(t)� f2(u(t)); u3��t=0 = 0; (1.27)with Æ�t�2 ��x�2 = h4(t) := u(t)� f1(�(t)); �2��t=0 = 0: (1.28)Obviously, Gi 2 H2(
) andkGikH2 � CkgikL2 ; i = 1; 2: (1.29)



6 ALAIN MIRANVILLE & SERGEY ZELIKMoreover, sine ��x generates an analyti semigroup in H2(
), thenku1(t)kH2 � Ce�t=" (ku0kH2 + kg2kL2) ; (1.30)where the onstants C and  are independent of ". Let us then estimate u2(t). Tothis end, we note that u2(t) = ÆÆ � " (�1(t)� ~u0(t)) ; (1.31)for "� 1, where the funtion ~u0(t) solves the problem"�t~u0 = �x~u0; ~u0��t=0 = �0 �G1:Analogously to (1.30), we haveku2(t)kH2 � Ce��t (k�0kH2 + kg1kL2) ; (1.32)where C and � are independent of ". So, there only remains to estimate u3(t). Tothis end, we note that, due to estimate (1.7) and due to the fat that H2 � C, thefuntion h4 de�ned in (1.28) satis�eskh4(t)kH1 � Q(k�(0)kH2 + ku(0)kH2)e�t +Q(kg1kL2 + kg2kL2); (1.33)for appropriate  and Q whih are independent of ". Applying the paraboli regu-larity theorem (see e.g. [18℄) to equation (1.28), we obtaink�t�2(t)kH1�� � Q�(k�(0)kH2 + ku(0)kH2)e�t +Q�(kg1kL2 + kg2kL2); (1.34)where 0 < � < 1 and  and Q� are independent of ". Consequently, aording to(1.7), (1.22) and (1.34), we have the following estimate for the funtion h3(t) in theright-hand side of (1.17):kh3(t)kH1�� � Q�(k�(0)kH2 + ku(0)kH2)e�t +Q�(kg1kL2 + kg2kL2); (1.35)for appropriate  and Q� whih are independent of ". Applying now the standardparaboli regularity theorem to equation (1.27) and resalling the time as above(t := "�) in order to eliminate the dependene on " (analogously to (1.18){(1.22)),we dedue from (1.35) thatku3(t)kH2 � Q(k�(0)kH2 + ku(0)kH2)e�t +Q(kg1kL2 + kg2kL2); (1.36)where the positive onstant  and the monotoni funtion Q are independent of ".Combining (1.29), (1.30), (1.32) and (1.36), we �nally haveku(t)kH2 � Q(k�(0)kH2 + ku(0)kH2)e�t +Q(kg1kL2 + kg2kL2); (1.37)for some new positive onstant  and monotoni funtion Q whih are independentof ". Thus, the uniform estimate for the H2-norm of u(t) is obtained. The uniformestimate for the L2-norm of "�tu(t) is an immediate orollary of (1.7), (1.37) andof the seond equation in (0.1). This �nishes the proof of Lemma 1.3. �Lemma 1.4. Let the above assumptions hold. Then, for every (�0; u0) 2 �,problem (0.1) has a unique solution (�(t); u(t)) 2 C(R;�) whih satis�es estimate



ROBUST EXPONENTIAL ATTRACTORS 7(1.17). Moreover, for any solutions (�i(t); ui(t)) 2 �, i = 1; 2, the following in-equality holds:k�1(t)� �2(t)k2H1 + "ku1(t)� u2(t)k2L2++ Z t+1t �k�t�1(s)� �t�2(s)k2L2 + krxu1(s)�rxu2(s)k2L2� ds �� CeLt �k�1(0)� �2(0)k2H1 + "ku1(0)� u2(0)k2L2� ; (1.38)where the onstants C and L depend on k�i(0)kH2 and on kui(0)kH2 , but are in-dependent of ".Proof. The existene of a solution an be proved in a standard way, based on a prioriestimate (1.17) and on the Leray-Shauder �xed point theorem (see e.g. [18℄). So,there remains to dedue estimate (1.38). To this end, we set v(t) := �1(t) � �2(t)and w(t) := u1(t)� u2(t). These funtions satisfy the equationsÆ�tv = �xv � l1(t)v + w; v��t=0 = �1(0)� �2(0); v���
 = 0;"�tw + �tv = �xw � l2(t)w; w��t=0 = u1(0)� u2(0); w���
 = 0; (1.39)wherel1(t) := Z 10 f 01(s�1(t) + (1� s)�2(t)) ds; l2(t) := Z 10 f 02(su1(t) + (1� s)u2(t)) ds:It now follows from estimates (1.7) and (1.17) and from the embedding H2 � Cthatkl1(t)kH2 + k�tl1(t)kL2 + kl2(t)kH2 �� L := Q(k(�1(0); u1(0))k� + k(�2(0); u2(0))k�); (1.40)for a monotoni funtion Q whih is independent of ". Moreover, due to our as-sumptions on f 02, we have l2(t) � 0: (1.41)Multiplying now the �rst equation of (1.39) by �tv(t) and the seond one by w(t),integrating over 
 and summing the relations that we obtain, we �nd, taking intoaount estimates (1.40) and (1.41)�t[krxv(t)k2L2 + "kw(t)k2L2 ℄ + 2Æk�tv(t)k2L2 + 2krxw(t)k2L2 �� L2Æ�1kv(t)k2L2 + Æk�tv(t)k2L2 : (1.42)Applying Gronwall's inequality to this relation, we derive estimate (1.38) and Lem-ma 1.4 is proved. �Corollary 1.5. Let the above assumptions hold. Then, for every " > 0, problem(0.1) de�nes a semigroup S"t in the phase spae � byS"t : �! �; S"t (�0; u0) = (�(t); u(t)); (1.43)where the funtion (�(t); u(t)) solves (0.1).Let us now onsider the limit equation of (0.1) (i.e. " = 0 in (0.1)):Æ�t ��0 = �x ��0 � f1(��0) + �u0 + g1; ��0��t=0 = �0; ��0���
 = 0;�t ��0 = �x�u0 � f2(�u0) + g2; �u0���
 = 0: (1.44)



8 ALAIN MIRANVILLE & SERGEY ZELIKWe note that, in ontrast to the ase " > 0, the values of (��0(t); �u0(t)) are notindependent in that ase. Indeed, it follows from (1.44) thatÆ�x�u0(t)� Æf2(�u0(t))� �u0(t) = �x ��0(t)� f1(��0(t)) + g1 � Æg2: (1.45)Moroever, as the following proposition shows, the value of �u0(t) is uniquely de�nedby (1.45), if the value ��0(t) is known.Proposition 1.6. Let the above assumptions hold. Then, the nonlinear operatorin the left-hand side of (1.45) is invertible in H2(
) \ H10 (
), i.e. there exists anonlinear C1-operatorL 2 C1(H2(
) \H10 (
); H2(
) \H10 (
)); (1.46)suh that (1.45) is equivalent to �u0(t) = L(��0(t)): (1.47)This proposition is an immediate orollary of the ondition f 02(v) � 0 (whihprovides the invertibility of the operator in the left-hand side of (1.45)) and ofstandard ellipti estimates.Thus, the solution (��0(t); �u0(t)) of problem (1.44) exists only for initial data(�0; u0) that belong to the in�nite dimensional submanifold L of the phase spae� de�ned by L := f(�0; u0) 2 �; u0 = L(�0)g � �: (1.48)Lemma 1.7. Let the above assumptions hold. Then, for every (�0; u0) 2 L, prob-lem (1.44) has a unique solution (��0(t); �u0(t)) 2 L, for t � 0, whih satis�es theestimatek��0(t)k2H2 + k�t ��0(t)k2L2 + k�u0(t)k2H2 + Z t+1t k�t ��0(s)k2H1 ds �� Q(k��0(0)k2H2)e�t +Q(kg1k2L2 + kg2k2L2); (1.49)for a positive onstant  and a monotoni funtion Q. Consequently, equation(1.44) de�nes a semigroup S0t on the manifold L byS0t : L ! L; S0t (�0; u0) := (��0(t); �u0(t)); (1.50)where the funtion (��0(t); �u0(t)) solves (1.44).Proof. Sine estimates (1.7) and (1.17) are uniform with respet to ", then, passingto the limit "! 0 in equations (0.1), we obtain a solution (��0(t); �u0(t)) for problem(1.44) whih satis�es (1.49). The uniqueness of this solution an be proved exatlyas in Lemma 1.4. �In the sequel, we will also need the estimates for �t�u0 and �2t �u0 that are givenin the following lemma.Lemma 1.8. Let the above assumptions hold. Then, the following estimate is validfor the solution (��0(t); �u0(t)) of problem (1.44):k�t�u0(t)k2L2 + Z t+1t �k�t�u0(s)k2H1 + k�2t �u0(s)k2H�1� ds �� Q(k��0(0)k2H2)e�t +Q(kg1k2L2 + kg2k2L2); (1.51)for a positive onstant  and a monotoni funtion Q.



ROBUST EXPONENTIAL ATTRACTORS 9Proof. Let us �rst derive estimate (1.51) for the �rst derivative �t�u0(t). To thisend, we di�erentiate relation (1.45) with respet to t and split �t�u0 as follows:�t�u0(t) = Æ�1�t ��0(t) +  0(t): (1.52)After straightforward substitutions, we �ndÆ�x 0(t)� Æf 02(�u0(t)) 0(t)�  0(t) == (f 02(�u0(t))� f 01(��0(t)) + Æ�1)�t ��0(t) := 	(t): (1.53)It then follows from (1.49) thatk	(t)kL2 � Q(k��0(0)kH2)e�t +Q(kg1kL2 + kg2kL2);and, onsequently, due to the assumption f 02 � 0, it follows from (1.53) (usingstandard ellipti estimates) thatk 0(t)kH2 � Q(k��0(0)kH2)e�t +Q(kg1k2L2 + kg2k2L2): (1.54)Estimates (1.49) and (1.54) imply the part of (1.51) for �t�u0. So, there remains toestimate �2t �u0 only. To this end, we di�erentiate the �rst equation of (1.44) withrespet to t:Æ�2t ��0(t) = �x�t ��0(t)� f 01(��0(t))�t ��0 + Æ�1�t ��0(t) +  0(t); (1.55)and obtain, using (1.49) and (1.54)Z t+1t k�2t ��0(s)k2H�1 ds � Q(k��0(0)k2H2)e�t +Q(kg1k2L2 + kg2k2L2): (1.56)Di�erentiating now equation (1.53) with respet to t and setting �0(t) := �t 0(t),we haveÆ�x�0 � Æf 02(�u0)�0 � �0 = �(f 02(�u0)� f 01(��0) + Æ�1)�2t ��0�++�(Æ�1f 002 (�u0)�f 001 (��0))(�t ��0)2�+�f 002 (�u0)(Æ 0+2�t ��0) 0� := I1(t)+I2(t)+I3(t):(1.57)Multiplying (1.57) by �0(t), integrating over 
 and noting that f 02 � 0, we obtainthe inequalityÆkrx�0(t)k2L2+k�0(t)k2L2 � j (I1(t); �0(t)) j+j (I2(t); �0(t)) j+j (I3(t); �0(t)) j: (1.58)Let us estimate eah term in the right-hand side of (1.58). Using Shwarz' inequalityand the embeddings H2 � C and H1 � L6, we havej (I1(t); �0(t)) j �� Ck�2t ��0(t)kH�1krx[(f 02(�u0(t))� f 01(��0(t)) + Æ�1)�0(t)℄kL2 �� Q(k��0(t)kH2)k�2t ��0(t)kH�1krx�0(t)kL2 �� Æ4krx�0(t)k2L2 +Q1(k��0(t)kH2)k�2t ��0(t)k2H�1 ; (1.59)where Q and Q1 are appropriate monotoni funtions (here, we impliitly used for-mula (1.47) in order to estimate k�u0(t)kH2 through k��0(t)kH2 ). Thanks to H�older's



10 ALAIN MIRANVILLE & SERGEY ZELIKinequality, we an estimate the seond term:j (I2(t); �0(t)) j � Q(k��0(t)kH2)k�t ��0(t)kL2k�t ��0(t)kL3k�0(t)kL6 �� Q1(k��0(t)kH2)k�t ��0(t)k2L2k�t ��0(t)k2H1 + Æ4krx�0(t)k2L2 : (1.60)Finally, using estimates (1.49) and (1.54), we havej (I3(t); �0(t)) j � k�0(t)k2L2 +Q(k��0(0)kH2)e�t +Q(kg1k2L2 + kg2k2L2): (1.61)Inserting estimates (1.59)-(1.61) into (1.58), integrating the inequality that we ob-tain over [t; t+ 1℄ and using estimates (1.49) and (1.54) again, we �ndZ t+1t k�0(s)k2H1 ds � Q(k��0(0)k2H2)e�t +Q(kg1k2L2 + kg2k2L2); (1.62)for a positive onstant  and a monotoni funtion Q. There now remains to reallthat �2t �u0 := Æ�1�2t ��0 + �0 and that the appropriate estimate for �2t ��0 is given by(1.56) to �nish the proof of the lemma. �2. Estimates on the differene of solutionsIn this setion, we derive several estimates on the di�erene of two solutions ofproblem (0.1) whih are of fundamental signi�ane for our study of exponentialattrators.We start with omputing the �rst terms of the asymptoti expansions of thesolution (�(t); u(t)) of problem (0.1) as " ! 0. To this end, following the generalproedure (see e.g. [24℄), we introdue the fast variable � := t" and expand thesolution as follows:�(t) = �0(t; �) + "�1(t; �) + � � � ; u(t) = u0(t; �) + "u1(t; �) + � � � ; (2.1)where the funtions ui(t; �) are of the formui(t; �) := �ui(t) + ~ui(�); �i(t; �) := ��i(t) + ~�i(�); (2.2)and satisfy the additional onditionslim�!1 ~ui(�) = lim�!1 ~�(�) = 0: (2.3)Inserting these expansions into system (0.1) and assuming that the ui(t; �) areindependent of ", we an obtain the reurrent equations for ui(t; �) and �i(t; �).Indeed, at order "�1, it follows from the �rst equation of (0.1) that�� ~�0(�) = 0 and, onsequently, ~�0(�) � 0:At order "0, we obtainÆ�� ~�1(�) = ~u0(�); Æ�t ��0(t) = �x ��0(t)� f1(��0) + �u0 + g1:Analogously, we dedue from the seond equation of (0.1) that�t ��0(t) = �x�u0(t)� f2(�u0(t)) + g2;and �� ~u0(�) = �x~u0(�)� [f2(�u0(0) + ~u0(�)) � f2(�u0(0))℄� �� ~�1(�):Expanding now the initial data for (�(t); u(t)), we have��0(0) = �(0); ��1(0) + ~�1(0) = 0; ~u(0) = u(0)� �u0(0):



ROBUST EXPONENTIAL ATTRACTORS 11Thus, the funtion (��0(t); �u0(t)) solves equation (1.44) with initial data ��0(0) =�(0), i.e. ( ��0(t); �u0(t)) = S0t (�(0);L(�(0))); (2.4)and the �rst boundary layer term ~u0(�) an be found as a solution of the followingproblem:�� ~u0(�) = �x~u0(�)� [f2(�u0(0) + ~u0(�)) � f2(�u0(0))℄� Æ�1~u0(�);~u0(0) = u(0)�L(�(0)); ~u0���
 = 0: (2.5)Then, the boundary layer term ~�1(�) is given by~�1(�) = Æ�1 Z 1� ~u0(s) ds: (2.6)We restrit ourselves to the �rst boundary layer term in the asymptoti expansions(2.1) only and estimate the rest (whih is in fat suÆient for our purposes). Tobe more preise, we seek for a solution of equations (0.1) of the form�(t) := ��0(t) + "~�(t=") + "b�(t); u(t) := �u0(t) + ~u(t=") + "bu(t); (2.7)where (��0(t); �u0(t)) solves the limit problem (1.44), the boundary layer term ~u(�)solves�� ~u(�) = �x~u(�) � [f2(�u0("�) + ~u(�)) � f2(�u0("�))℄ � Æ�1~u(�);~u(0) = u(0)�L(�(0)); ~u���
 = 0; (2.8)and the boundary layer term ~�(�) is de�ned by~�(�) = Æ�1 Z 1� ~u(s) ds: (2.9)Equation (2.8) on ~u(�) di�ers slightly from equation (2.5) for the funtion ~u0(�)(the term �u0(0) is replaed by �u0(t) := �u0("�)). We note however that the di�erene~u(�) � ~u0(�) is of order "1 and, onsequently, an be interpreted as a part of therest in the asymptoti expansions (2.1).The next lemma shows that the funtion ~u(�), solution of equation (2.8), isindeed a boundary layer term.Lemma 2.1. Let the above assumptions hold. Then, the solution ~u(�) of problem(2.8) satis�es the estimatek~u(�)kH2 + k�� ~u(�)kL2 � Q�k(�(0); u(0))k��k~u(0)kH2e�� ; (2.10)where  > 0 is a positive onstant and Q is a monotoni funtion that are bothindependent of ".Proof. We set ~v(�) := ~u(�)2. Then, due to the assumption f 02 � 0, this funtionsatis�es the inequation�� ~v(�) ��x~v(�) � 2Æ�1~v(�) � 0; ~v(0) = ~u(0)2;and, onsequently, due to the omparison priniple, we havek~u(�)kL1 � Ck~u(0)kL1e�t: (2.11)Having estimate (2.11) for the L1-norm of ~u(�) and estimates (1.49) and (1.51)for �u0(t), we dedue (2.10) by applying standard paraboli regularity arguments toequation (2.8) and Lemma 2.1 is proved. �



12 ALAIN MIRANVILLE & SERGEY ZELIKWe are now in a position to estimate the rest (b�(t); bu(t)) in expansions (2.7).Lemma 2.2. Let the above assumptions hold. Then, the rest (b�(t); bu(t)) in theasymptoti expansions (2.7) enjoys the following estimate:kb�(t)kH2 + kbu(t)kH2 + k�tb�(t)kL2 + "k�tbu(t)kL2 � CeLt; (2.12)where the onstants C and L depend on k(�(0); u(0))k�, but are independent of ".Proof. The funtions b�(t) and bu(t) satisfy the equationsÆ�tb� = �xb�� 1"�f1(��0 + "~�+ "b�)� f1(��0)�+ bu+�x ~�;"�tbu = �xbu� 1"�f2(�u0 + ~u+ "bu)� f2(�u0 + ~u)�� �tb�� �t�u0;b���t=0 = �~�(0); bu��t=0 = 0: (2.13)We �rst note that, aording to (2.9) and (2.10), we havek~�(�)kH2 � Q�k(�(0); u(0))k��k~u(0)kH2e�� ; (2.14)whereQ is independent of �, and, onsequently, the initial data in (2.13) is uniformlybounded in H2(
) as "! 0.Multiplying the �rst equation of (2.13) by b�(t) and integrating over 
, we have,noting that f 01 � �KÆ�tkb�(t)k2L2+ 32krxb�(t)k2L2 � 2Kkb�(t)k2L2+C �kbu(t)k2L2 + krx ~�( t" )k2L2� : (2.15)We now di�erentiate the �rst equation of (2.13) with respet to t, multiply therelation that we obtain by �tb�(t) and integrate over 
 to �ndÆ�tk�tb�(t)k2L2 + 2krx�tb�(t)k2L2 � 2(�tb�(t); �tbu(t)) � 2Kk�tb�(t)k2L2�� 2" �[f 01(��0 + "~�+ "b�)� f 01(��0)℄�t ��0; �tb��� 2(f 01(��0 + "~�+ "b�)�t ~�; �tb�)++ k�t�x ~�kL2 �1 + k�tb�(t)k2L2� : (2.16)Sine the funtions ~� and "b� are uniformly bounded (with respet to ") in H2(
)and �t ��0 is bounded in L2(
) (see (1.17), (1.51) and (2.14)), it follows that2" �[f 01(��0)� f 01(��0 + "~�+ "b�)℄�t ��0; �tb�� � C �(1 + jb�j)j�t ��0j; j�tb�j� �� C �1 + k�tb�(t)k2L2 + kb�(t)k2L2�+ 12krxb�(t)k2L2 + krx�tb�(t)k2L2 ; (2.17)where the onstant C depends on k(�0; u0)k�, but is independent of ". Analogously,we have 2j(f 01(��0 + "~�+ "b�)�t ~�; �tb�)j � Ck�t ~�kH2(1 + k�tb�(t)k2L2); (2.18)



ROBUST EXPONENTIAL ATTRACTORS 13where C is independent of ". Inserting estimates (2.17) and (2.18) into estimate(2.16) and summing the relation that we obtain with inequality (2.15), we �ndÆ�t �kb�(t)k2L2 + k�tb�(t)k2L2 + 1�+ krx�tb�(t)k2L2 + krxb�(t)k2L2�� 2��tb�(t); �tbu(t)� �� C �1 + k�t ~�kH2��1 + kb�(t)k2L2 + k�tb�(t)k2L2 + kbu(t)k2L2� ; (2.19)where the onstant C depends on k(�0; u0)k�, but is independent of ".Multiplying now the seond equation of (2.13) by �tbu(t) and integrating over 
,we have�t �krxu(t)k2L2 � 2(�t�u0(t); bu(t))� + 2(�tb�(t); �tbu(t)) + "k�tbu(t)k2L2 �� �2" ([f2(�u0 + ~u+ "bu)� f2(�u0 + ~u)℄; �tbu(t))� k�2t �u0kH�1(1 + kbu(t)k2H1):(2.20)In order to transform (2.20), we use the following identity:1" ([f2(�u0 + ~u+ "bu)� f2(�u0 + ~u)℄; �tbu(t)) == �t� 1"2 (F2(�u0 + ~u+ "bu)� F2(�u0 + ~u)� "f2(�u0 + ~u)bu; 1) ��� � 1"2 (f2(�u0 + ~u+ "bu)� f2(�u0 + ~u0)� "f 02(�u0 + ~u)bu; �t�u0 + �t~u) � :=:= �t�"(t)� �"(t); (2.21)where F2(v) := R v0 f2(s) ds. We now note that, due to the assumption f 02(v) � 0and due to the ondition bu(0) = 0, we have�"(t) � 0; �"(0) = 0: (2.22)Moreover, arguing in a standard way, we an obtain the following estimate for �"(t):j�"(t)j � C �jbu(t)j2; j�t~uj+ j�t�u0j� � C1(k�t~ukL2 + 1)kbu(t)k2H1 ; (2.23)where the onstants C and C1 depend on k(�0; u0)k�, but are independent of ".Inserting identity (2.21) and inequality (2.23) into relation (2.20) and summing therelation that we obtain with inequality (2.19), we �nally �nd�t�Ækb�(t)k2L2 + Æk�tb�(t)k2L2 + kbu(t)k2H1 � 2(�t�u0(t); bu(t)) + 2�"(t) + C2� �� C3 �1 + k�t ~�(t=")kH2 + k�t~u(t=")kL2 + k�2t �u0(t)k2H�1��� �Ækb�(t)k2L2 + Æk�tb�(t)k2L2 + kbu(t)k2H1 � 2(�t�u0(t); bu(t)) + 2�"(t) + C2�;where the onstants C2 and C3 depend on k(�0; u0)k�, but are independent of". Moreover, the onstant C2 an be hosen suh that the expression in squarebrakets in the right-hand side of the above inequality is positive (it is possible to



14 ALAIN MIRANVILLE & SERGEY ZELIKdo so thanks to estimates (1.51) and (2.22)). Applying Gronwall's inequality tothis relation and noting that (1.51) and (2.10) yield the estimateZ t+1t �k�t ~�(s=")kH2 + k�t~u(s=")kL2 + k�2t �u0(s)k2H�1� ds � C4; (2.24)where C4 is independent of ", we �nd the estimatekb�(t)k2L2 + k�tb�(t)k2L2 + kbu(t)k2H1 � C5eL1t; (2.25)where the onstants C5 and L1 depend on k(�0; u0)k�, but are independent of ".Estimate (2.12) an be dedued from estimate (2.25), based on standard para-boli regularity arguments, exatly as in the proof of Lemma 1.3, whih �nishes theproof of Lemma 2.2. �Let us now formulate several useful orollaries of estimate (2.12).Corollary 2.3. Let the above assumptions hold. We also assume that (�(t); u(t)) issolution of equation (0.1) and (��0(t); �u0(t)) is solution of the limit problem (1.44),with ��0(0) = �(0). Then, the following estimate is valid:k�(t)� ��0(t)kH2 + ku(t)� �u0(t)kH2 + k�t�(t)� �t ��0(t)kL2++ "k�tu(t)� �t�u0(t)kL2 � C �ku(0)�L(�(0))kH2e� t" + "eLt� ; (2.26)where  > 0 is a positive onstant depending only on 
 and the onstants C and Ldepend on k(�(0); u(0))k�, but are independent of ".Indeed, estimate (2.26) is an immediate orollary of the asymptoti expansions(2.7) and of estimates (2.10), (2.12) and (2.14).Corollary 2.4. Let the above assumptions hold and let (�(t); u(t)) be solution ofproblem (0.1). Then, the following estimates hold:k�tu(t)kL2 � Q (k(�(0); u(0))k�)�1 + 1"ku(0)�L(�(0))kH2e� t"� ; (2.27)andku(t)�L(�(t))kH2 � Q (k(�(0); u(0))k�) �"+ ku(0)�L(�(0))kH2e� t"� ; (2.28)where the onstant  > 0 and the funtion Q are independent of ".Proof. Without loss of generality, we an derive estimates (2.27) and (2.28) for t � 1only. Now, estimate (2.27) is an immediate orollary of (2.26) and (1.51). So, thereonly remains to dedue estimate (2.28). To this end, we reall that, by de�nitionof the operator L, we have �u0(t) = L(��0(t)) and, onsequentlyku(t)�L(�(t))kH2 � ku(t)� �u0(t)kH2 + kL(�(t))�L(��0(t))kH2 : (2.29)Estimate (2.28) is now a orollary of (2.26), (2.29) and of Proposition 1.6. �Remark 2.5. Let the funtion ~U(�) be solution of the problem�� ~U = �x ~U � Æ�1 ~U; ~U ��t=0 = u(0)�L(�(0)); (2.30)i.e. ~U(�) := e�(��x+Æ�1I)� (u(0)�L(�(0))). Then, it is not diÆult to verify thatthe quantity ~u(t=")� ~U(t=") is of order "1 as "! 0 and, onsequently, the boundarylayer term in expansions (2.7) an be simpli�ed as follows:u(t) = �u0(t) + e�(��x+Æ�1I) t" [u(0)� �u0(0)℄ +O("): (2.31)



ROBUST EXPONENTIAL ATTRACTORS 15We are now able to verify the uniform (with respet to ") Lipshitz ontinuityof the semigroups S"t assoiated with problem (0.1) in the phase spae �.Lemma 2.6. Let the assumptions of Lemma 1.1 hold and let (�1(t); u1(t)) and(�2(t); u2(t)) be two solutions of problem (0.1) with initial data in �. Then, thefollowing estimate is valid:k�1(t)� �2(t)k2H2 + ku1(t)� u2(t)k2H2 + k�t�1(t)� �t�2(t)k2L2++ "2k�tu1(t)� �tu2(t)k2L2 �� CeLt �k�1(0)� �2(0)k2H2 + ku1(0)� u2(0)k2H2� ; (2.32)where the onstants C and L depend on k�i(0)kH2 and on kui(0)kH2 , but are in-dependent of ".Proof. We set v(t) := �1(t)��2(t) and w(t) := u1(t)�u2(t). These funtions satisfyequation (1.39). Moreover, due to estimate (2.27) as well as (1.40) and (1.41), wealso have the uniform estimateZ t+1t k�tl2(s)kL2 ds � L: (2.33)Di�erentiating now the �rst equation of (1.39) with respet to t, multiplying by�tv(t), summing the relation that we obtain with the seond equation of (1.39)multiplied by �tw(t) and integrating over 
, we obtain�t[Æk�tv(t)k2L2 + krxw(t)k2L2 + (l2(t)w(t); w(t))℄ + 2krx�tv(t)k2L2 �� �2(l1(t)�tv(t); �tv(t))� 2(�tl1(t)v(t); �tv(t)) + (�tl2(t)w(t); w(t)); (2.34)wherel1(t) := Z 10 f 01(s�1(t) + (1� s)�2(t)) ds; l2(t) := Z 10 f 02(su1(t) + (1� s)u2(t)) ds:Estimates (2.34), (1.40) and (1.41) imply that�t[Æk�tv(t)k2L2 + krxw(t)k2L2 + (l2(t)w(t); w(t))℄ + 2krx�tv(t)k2L2 �� C (1 + k�tl2(t)kL2) [Æk�tv(t)k2L2 + krxw(t)k2L2 + (l2(t)w(t); w(t))++ 2krx�tv(t)k2L2 ℄ + Ckv(t)k2L2 ; (2.35)where the onstant C depends on k(�i(0); ui(0))k�, but is independent of ". Ap-plying Gronwall's inequality to relation (2.35) and taking into aount inequalities(2.33) and (1.38), we �ndk�tv(t)k2L2 + kw(t)k2H1 � CeLt �kv(0)k2H2 + kw(0)k2H1� ; (2.36)where the onstants C and L depend on k(�i(0); ui(0))k�, but are independent of ".Estimate (2.32) is a orollary of (2.36) and of standard paraboli regularityarguments (see the proof of Lemma 1.3). This �nishes the proof of Lemma 2.6. �To onlude this setion, we �nally derive standard smoothing estimates for thedi�erene of solutions of (0.1) whih are neessary for our onstrution of exponen-tial attrators.



16 ALAIN MIRANVILLE & SERGEY ZELIKLemma 2.7. Let the assumptions of Lemma 1.1 hold and let (�1(t); u1(t)) and(�2(t); u2(t)) be two solutions of problem (0.1) with initial data in �. Then, thefollowing estimate is valid:k�1(t)� �2(t)k2H3 + ku1(t)� u2(t)k2H3 �� CeLt t+ 1t �k�1(0)� �2(0)k2H2 + ku1(0)� u2(0)k2H2� ; t > 0; (2.37)where the onstants C and L depend on k�i(0)kH2 and on kui(0)kH2 , but are in-dependent of ".Proof. We split the solution (v(t); w(t)) of problem (1.39) into a sum of two fun-tions v(t) := v1(t) + v2(t); w(t) := w1(t) + w2(t); (2.38)where the funtion (v1(t); w1(t)) solvesÆ�tv1 ��xv1 = H1(t) := w(t) � l1(t)v(t); v1��t=0 = 0;"�tw1 + �tv1 ��xw1 = H2(t) := �l2(t)w(t); w1��t=0 = 0; (2.39)withl1(t) := Z 10 f 01(s�1(t) + (1� s)�2(t)) ds; l2(t) := Z 10 f 02(su1(t) + (1� s)u2(t)) ds;and the funtion (v2(t); w2(t)) solvesÆ�tv2 ��xv2 = 0; v2��t=0 = v(0);"�tw2 + �tv2 ��xw2 = 0; w2��t=0 = w(0): (2.40)It follows from estimates (2.32) and from the assumption fi 2 C3, i = 1; 2, thatkH1(t)kH2 + kH2(t)kH2 � CeLt (kv(0)kH2 + kw(0)kH2) ; (2.41)and, onsequently, due to standard paraboli regularity arguments (see the proofof Lemma 1.3), we havekv1(t)kH3 + kw1(t)kH3 � CeLt (kv(0)kH2 + kw(0)kH2 ) ; (2.42)where the onstants C and L depend on k(�i(0); ui(0))k�, but are independent of ".The solution (v2(t); w2(t)) of problem (2.40) an be easily found by using theanalyti semigroups theory (see [16℄ and [23℄). More preisely, we havev2(t) = e�A tÆ v(0); w2(t) = e�A t"w(0) + ÆÆ � " �e�A tÆ � e�A t" v(0)� ; (2.43)where A := ��x, assoiated with Dirihlet boundary onditions. A standardsmoothing estimate for analyti semigroups (see e.g. [16℄), applied to (2.43), impliesthatkv2(t)k2H3 + kw2(t)k2H3 � Ct�1e�t �kv(0)k2H2 + kw(0)k2H2� ; t > 0; (2.44)where C and  > 0 are independent of ". Combining estimates (2.42) and (2.44),we derive (2.37) and Lemma 2.7 is proved. �Remark 2.8. We reall that estimates (2.32) and (2.37) hold uniformly with re-spet to " > 0. Consequently, passing to the limit " ! 0 in these estimates, wesee that the same estimates remain valid for the di�erene of solutions of the limitproblem (1.39).



ROBUST EXPONENTIAL ATTRACTORS 173. Robust exponential attratorsIn this setion, we onstrut a uniform family of exponential attrators M" in� for problem (0.1) whih onverges as " ! 0 to the limit exponential attratorM0 of problem (1.44). To be more preise, the main result of this setion is thefollowing theorem.Theorem 3.1. Let the assumptions of Setion hold. Then, there exists a familyof ompat sets M" � �, " 2 [0; 1℄, suh that1. These sets are semi-invariant with respet to the ows S"t assoiated withproblem (0.1), i.e. S"tM" �M": (3.1)2. The fratal dimension of the sets M" is �nite and uniformly bounded withrespet to ": dimF (M";�) � C <1; (3.2)where C is independent of ".3. These sets attrat exponentially the bounded subsets of �, i.e. there exists apositive onstant � > 0 and a monotoni funtion Q whih are independent of "suh that, for every bounded subset B in the phase spae �, we havedist�(S"tB;M") � Q(kBk�)e��t; " 2 [0; 1℄; (3.3)where dist� denotes the nonsymmetri Hausdor� distane between sets in � (for" = 0, we should take B � L).4. The symmetri Hausdor� distane between the limit attrator M0 and theattrators M" enjoys the following estimate:distsym;�(M";M0) � C"�; (3.4)where the onstants C > 0 and 0 < � < 1 are independent of " and an be omputedexpliitly.The proof of this result is based on the following abstrat result for exponentialattrators of singularly perturbed disrete maps.Proposition 3.2. Let B" � �, " 2 [0; 1℄, be a family of losed and bounded subsetsof a Banah spae � and let S" : B" ! B" be a family of maps whih satis�es thefollowing properties:1. There exists another Banah spae �1, whih is ompatly embedded into �,suh that, for every b1"; b2" 2 B", the following estimate holds:kS"b1" � S"b2"k�1 � Kkb1" � b2"k�; (3.5)where the onstant K is independent of ".2. There exist nonlinear 'projetors' �" : B" ! B0 suh that, for every b" 2 B"kS"(k)b" � S0(k)�"b"k� � "Lk; k 2 N; (3.6)where S(k) denotes the kth iteration of S and the onstant L is independent of ".Then, the maps S" possess a family of exponential attrators Md" whih satis�es(3.1), (3.2), (3.4) uniformly with respet to " and suh thatdist�(S"(k)B";Md") � Ce�k; (3.7)where C and  > 0 are also independent of " and an be omputed expliitly.The proof of this proposition is given in [15℄ in a more general setting.



18 ALAIN MIRANVILLE & SERGEY ZELIKProof of Theorem 3.1. We apply the abstrat result of Proposition 3.2 to our situ-ation. To this end, we de�ne the sets B" � � for " 6= 0 byB" = B := f(�0; u0) 2 �; k(�0; u0)k2� � 2Q(kg1k2L2 + kg2k2L2)g; (3.8)where the funtion Q is de�ned in (1.17), and, for " = 0, we setB0 = f(�0; u0) 2 �; k�0k2H2 � 2Q(kg1k2L2 + kg2k2L2); u0 = L(�0)g: (3.9)Then, it follows from the uniform estimate (1.17) that there exists a time T > 0whih is independent of " suh thatS"TB" � B"; " 2 [0; 1℄: (3.10)We now set S" := S"T ; " 2 [0; 1℄; (3.11)and verify that the operators (3.11) satisfy all the assumptions of Proposition 3.2.Indeed, aording to (3.10), the maps S" are well de�ned on B". Estimate (3.5),with �1 := H3(
) � H3(
), is an immediate orollary of Lemma 2.7. So, thereremains to verify (3.5). To this end, we de�ne the nonlinear projetor �" by�" : B" ! B0; �"(�0; u0) := (�0;L(�0)): (3.12)Then, estimate (3.6) is an immediate orollary of (2.26) (in whih the boundarylayer term disappears sine t = T > 0 and T is independent of "). Thus, allthe assumptions of Proposition 3.2 are satis�ed for the family of maps (3.11) and,onsequently, these maps possess a family of disrete exponential attrators Md"whih satis�es (3.1), (3.2), (3.4) and (3.7).We now de�ne the desired family M" of exponential attrators by the standardexpression: M" := [t2[1;T+1℄S"tMd" : (3.13)The semi-invariane (3.1) is then an immediate orollary of the semi-invariane ofMd" and of de�nition (3.13). The exponential attration (3.3) follows from the fatthat the B" are uniform (with respet to ") absorbing sets for S"t (due to (1.17))and from the uniform Lipshitz ontinuity (2.32). Estimate (3.4) for the symmetridistane is also a orollary of an analogous result for the disrete exponential at-trators and of estimates (2.26) and (2.32). We note that the boundary layer termin (2.26) also disappears, due to estimate (2.28), sineM" � S"1B": (3.14)Thus, there only remains to verify estimate (3.3) for the fratal dimension. To thisend, we need the following lemma.Lemma 3.3. Let the assumptions of Setion hold. Then, the solution (�(t); u(t))of equation (0.1) is H�older ontinuous with respet to t, with H�older exponent 1=3if t � 1, i.e., for every t � 1 and 0 � s � 1, we havek�(t+ s)� �(t)kH2 + ku(t+ s)� u(t)kH2 � Q(k(�0; u0)k�)s1=3; (3.15)for an appropriate monotoni funtion Q whih is independent of ".



ROBUST EXPONENTIAL ATTRACTORS 19Proof. Aording to estimates (2.27) and (1.17) and sine t � 1, we havek�(t+ s)� �(t)kL2 + ku(t+ s)� u(t)kL2 � Q(k(�0; u0)k�)s1; (3.16)for an appropriate monotoni funtion Q whih is independent of ". In order toderive (3.15) from (3.16), we note that, due to estimate (2.37) and due to a standardinterpolation inequalityk�(t+s)��(t)kH2+ku(t+s)�u(t)kH2 � k�(t+s)��(t)k1=3L2 k�(t+s)��(t)k2=3H3 ++ ku(t+ s)� u(t)k1=3L2 ku(t+ s)� u(t)k2=3H3 � Q1(k(�0; u0)k�)s1=3;whih ompletes the proof of Lemma 3.3. �The Lipshitz ontinuity (2.32) of S"t with respet to the initial data (�0; u0),together with the H�older ontinuity (3.15), imply thatdimF (M";�) � dimF (Md" ;�) + 3; (3.17)and Theorem 3.1 is proved. �4. The ase of Neumann boundary onditionsIn this onluding setion, we briey onsider system (0.1) of phase-�eld equa-tions assoiated with the Neumann boundary onditions�n����
 = �nu���
 = 0: (4.1)We �rst note that, if the nonlinear funtion f2 is stritly monotone, i.e.f 02(v) � �; 8v 2 R; (4.2)for some stritly positive onstant � (whih improves the nonstrit monotoniityassumption (0.2) 3.), then, repeating word by word the proofs given above for thease of Dirihlet boundary onditions, we easily extend all the results of Setions 1-3to the ase of Neumann boundary onditions. That is the reason why we onsideronly the ase where assumption (4.2) is violated below. More preisely, we assumethat f2 � 0 and g2 � 0. Then, system (0.1) readsÆ�t� = �x�� f(�) + u+ g; �n����
 = 0;"�tu+ �t� = �xu; �nu���
 = 0;���t=0 = �0; u��t=0 = u0; (4.3)whih orresponds to the standard phase-�eld system. We assume that g 2 L2(
)and that the nonlinear funtion f 2 C3(R;R) satis�es the assumptions1: f(v):v � �jvj2 � �0; 2: f 0(v) � �K; for every v 2 R; (4.4)with � > 0 and �0, K � 0.The main di�erene between system (4.3) and system (0.1) with Dirihlet bound-ary onditions is the existene of a onservation law. Indeed, integrating the seondequation of (4.3) over 
, we have"�thu(t)i+ �th�(t)i = 0; where hvi := 1j
j Z
 v(x) dx: (4.5)Integrating then (4.5) with respet to t, we obtain the onservation law mentionedabove: "hu(t)i+ h�(t)i = "hu(0)i+ h�(0)i := I0(u0; �0); t 2 R+ : (4.6)



20 ALAIN MIRANVILLE & SERGEY ZELIKTherefore, we annot expet the existene of the global dissipative estimate (1.17)for the solutions of (4.3) in the phase spae �. Nevertheless, we will show in thissetion that all the results obtained above for Dirihlet boundary onditions remainvalid (after minor hanges) for Neumann boundary onditions. To this end, we needto modify the phase spae � for problem (4.3) by �xing expliitly the bounds forthe possible values of the onserved integral I0, namely, for everyM > 0, we de�nethe phase spae �M for problem (4.3) as follows:�M := f(�0; u0) 2 H2(
)�H2(
);�n�0���
 = �nu0���
 = 0; jI0(u0; �0)j �Mg: (4.7)The following theorem gives a dissipative estimate for the solutions of (4.3) in thephase spae �M , similar to that given in Lemma 1.3.Theorem 4.1. Let assumption (4.4) hold. Then, for every M > 0 and every(�0; u0) 2 �M , problem (4.3) possesses a unique solution (�(t); u(t)) whih satis�esthe following estimate:k�(t)k2H2 + ku(t)k2L2 + "2k�tu(t)k2L2 �� QM (k�(0)k2H2 + ku(0)k2H2)e��t +QM (kgkL2); (4.8)where � > 0 and the monotoni funtion QM depend on M , but are independent of".Proof. Let us �rst derive the analogue of estimate (1.1) for equation (4.3). Takingthe salar produt of the �rst equation of (4.3) by �t�(t) + ��(t), of the seondequation by u(t) and summing the relations that we obtain, we have (analogouslyto (1.3)) �tE(t) + E(t) = h(t); (4.9)where � and  are small positive numbers suh that � > ,E(t) := Ækrx�(t)k2L2 +2(F (�(t)); 1) + "ku(t)k2L2 � 2(g; �(t)) + �Æk�(t)k2L2 ; (4.10)F (v) = R v0 f(s) ds and the funtion h(t) is de�ned byh(t) := (Æ � 2�)krx�(t)k2L2 + 2(F (�(t))� f(�(t))�(t); 1)�� 2(� � )(f(�(t)); �(t)) � 2Æk�t�(t)k2L2 � 2krxu(t)k2L2 + "ku(t)k2L2++ 2(� � )(g; �(t)) + �Æk�(t)k2L2 + 2�(u(t); �(t)): (4.11)We now transform the last term in the right-hand side of (4.11) as follows, usingthe onservation law (4.6):2�(u; �) = 2�(u� j
jhui; �) + 2�j
j2h�ihui == 2�(u� j
jhui; �)� 2�j
j2"hui2 + 2�I0(u0; �0)j
j2hui: (4.12)Inserting this relation into the right-side of (4.11) and using inequalities (1.6), (4.4)and the following analogue of Friedrihs' inequality:ku� j
jhuik2L2 � C
krxuk2L2 ; (4.13)



ROBUST EXPONENTIAL ATTRACTORS 21for suÆiently small (but independent of ") onstants  and �, we obtain theestimateh(t) � �12(2� � Æ)k�(t)k2H1 � (� � )(f(�(t)); �(t)) � Æk�t�(t)k2L2�� krxu(t)k2L2 � 2(� � )"j
j2hu(t)i2 + C �1 + kgk2L2�+ 2�j
j2hu(t)i; (4.14)for some onstant C that is independent of " (in ontrast to the ase of Dirihletboundary onditions, we now need assumption (4.4) 1. with stritly positive on-stant � beause, in the ase of Neumann boundary onditions, the term krx�(t)k2L2does not bound the L2-norm of � and we obtain the estimate for this norm fromthe third term in the right-hand side of (4.11)).So, there remains to estimate the last term in the right-hand side of (4.14). Tothis end, we integrate the �rst equation of (4.3) over 
 and express h�(t)i throughhu(t)i by using the onservation law to obtain"�thu(t)i+ hu(t)i = hf(�(t))i � hgi: (4.15)We also note that, due to (4.4) 1. and the ontinuity of the funtion f , we havejhf(�(t))ij � hjf(�(t))ji � �(f(�(t)); �(t)) + C� ; (4.16)where the positive onstant � an be arbitrarily small. We now multiply (4.15) by� := 2�j
j2I0(u0;�0)1�" and sum the relation that we obtain with (4.9). Then, aordingto (4.11)-(4.12) and (4.14)-(4.16), we have�t[�"hu(t)i+E(t)℄ + [�"hu(t)i+E(t)℄++ 0 �k�(t)k2H1 + krxu(t)k2L2 + k�t�(t)k2L2� � C(1 + kgk2L2); (4.17)where all the onstants are positive and are independent of ". We also reall that,due to (4.10)C�1M �"ku(t)k2L2 + (F (�(t)); 1) + Æk�(t)k2H1 � 1� kgk2L2� �� �"hu(t)i+E(t) � CM �"ku(t)k2L2 + (F (�(t)); 1) + Æk�(t)k2H1 + 1 + kgk2L2� ;(4.18)for every (�(t); u(t)) 2 �M . Here, the onstant CM depends on M , but is indepen-dent of ". Applying Gronwall's inequality to (4.17) and using (4.18), we have thefollowing estimate (whih is similar to that obtained in Lemma 1.1):"ku(t)k2L2 + (F (�(t)); 1) + Æk�(t)k2H1++ Z t+1t (k�t�(s)k2L2 + krxu(s)k2L2) ds �� CM �"ku(t)k2L2 + (F (�(t)); 1) + Æk�(t)k2H1� e��t + CM �1 + kgk2L2� ; (4.19)where the onstant CM depends on M , but is independent of ". Our aim is nowto derive the analogue of estimate (1.7). Arguing as in the proof of Lemma 1.2, wehave�t[Æk�t�(t)k2L2 + krxu(t)k2L2 ℄ + [Æk�t�(t)k2L2 + krxu(t)k2L2 ℄++ 2k�trx�(t)k2L2 + 2"k�tu(t)k2L2 � [Æk�t�(t)k2L2 + krxu(t)k2L2 ℄++ 2(g; �t�(t)) � 2(f 0(�(t))�t�(t); �t�(t)):



22 ALAIN MIRANVILLE & SERGEY ZELIKApplying Gronwall's inequality to this relation and using (4.19), we obtain theestimateÆk�t�(t)k2L2 + krxu(t)k2L2 + Z t+1t (k�t�(s)k2H1 + "k�tu(s)k2L2) ds �� Q(k�(0)k2H2 + ku(0)k2H2)e��t +Q(kgkL2); (4.20)where the funtion Q depends onM , but is independent of ". Multiplying then the�rst equation of (4.3) by �x�(t), integrating by parts in (u(t);�x�(t)) and usingestimate (4.20), we have, analogously to (1.14)-(1.16)k�(t)k2H2 � Q1(k�(0)k2H2 + ku(0)k2H2)e��t +Q1(kgkL2); (4.21)for some funtion Q1 whih is independent of ". Sine H2 � C, (4.21) implies theestimate kf(�(t))k2L2 � Q2(k�(0)k2H2 + ku(0)k2H2)e��t +Q2(kgkL2); (4.22)for an appropriate funtion Q2 whih depends on M , but is independent of ".Returning now to equation (4.15) and using (4.22), we �ndhu(t)i � Q3(k�(0)k2H2 + ku(0)k2H2)e��t +Q3(kgkL2) (4.23)(see (1.19)-(1.22)). Finally, estimates (4.20), (4.21) and (4.23) imply the analogueof estimate (1.7) for the ase of Neumann boundary onditions:Æk�t�(t)k2L2 + ku(t)k2H1 + k�(t)k2H2++Z t+1t (k�t�(s)k2H1+"k�tu(s)k2L2) ds � Q(k�(0)k2H2+ku(0)k2H2)e��t+Q(kgkL2);(4.24)where the monotoni funtion Q depends on M , but is independent of ". Estimate(4.8) follows from (4.24), exatly as in Lemma 1.3, and Theorem 4.1 is proved. �We now formulate the analogues of Lemma 2.6 and Lemma 2.7 for the di�ereneof two solutions of (4.3) (sine f2 � 0, we do not need estimate (2.27) in order toprove this result).Theorem 4.2. Let the above assumptions hold and let (�1; u1) and (�2; u2) be twosolutions of (4.3) belonging to �M . Then, the following estimate is valid:k�1(t)� �2(t)k2H2 + ku1(t)� u2(t)k2H2++ "2k�tu1(t)� �tu2(t)k2L2 �� CeLt �k�1(0)� �2(0)k2H2 + ku1(0)� u2(0)k2H2� ; (4.25)where the onstants C and L depend on M , k�i(0)kH2 and kui(0)kH2 , but areindependent of ". Moreover, the following smoothing estimate holds:k�1(t)� �2(t)k2H3 + ku1(t)� u2(t)k2H3 �� CeLt t+ 1t �k�1(0)� �2(0)k2H2 + ku1(0)� u2(0)k2H2� ; t > 0: (4.26)



ROBUST EXPONENTIAL ATTRACTORS 23Proof. We set v(t) := �1(t) � �2(t) and w(t) := u1(t) � u2(t). These funtionssatisfy�tv = �xv + w +G(t); "�tw + �tv = �xu; �nv���
 = �nw���
 = 0; (4.27)where G(t) := R 10 f 0(s�1(t)+ (1� s)�2(t)) ds � v(t). We note that system (4.27) alsopossesses a onservation law:I0(v(t); w(t)) := I0(�1(t); u1(t))� I0(�2(t); u2(t)) � onst: (4.28)Moreover, obviouslyjI0(v(t); w(t))j2 � C �kv(0)k2H2 + kw(0)k2H2� (4.29)and, due to estimate (4.8) and the embedding H2 � CkG(t)k2L2 + k�tG(t)k2L2 � C �k�tv(t)k2L2 + kv(t)k2L2� ; (4.30)where C depends onM and on the H2-norm of the initial data, but is independentof ". Interpreting now the funtion G(t) in (4.27) as a nonautonomous externalfore, repeating word by word the proof of Theorem 4.1 and using estimates (4.29)and (4.30), we �nd estimate (4.25). Having estimate (4.25), we an prove thesmoothing property (4.26) exatly as in Lemma 2.7 and Theorem 4.2 is proved. �As in Setion 1, we now study the limit problem (4.3) with " = 0:Æ�t ��0 = �x ��0 � f(��0) + �u0 + g; �t ��0 = �x�u0;��0��t=0 = �0; �n ��0���
 = �n�u0���
 = 0: (4.31)Again, the variables (��0; �u0) are not independent, but satisfy the relationÆ�x�u0(t)� �u0(t) = �x ��0(t)� f(��0) + g; t 2 R+ (4.32)(ompare with (1.45)) and, onsequently, there exists a nonlinear operatorL 2 C1(H2(
); fv 2 H2(
); �nv���
 = 0g); (4.33)suh that �u0(t) = L(��0(t)); t 2 R+ ; (4.34)for every solution (��0(t); �u0(t)) of problem (4.31). Thus, problem (4.31) de�nes asemigroup in the in�nite dimensional submanifold of � de�ned byLM := f(�0; u0) 2 H2(
); u0 = L(�0); �n�0���
 = 0; jh�0ij �Mg: (4.35)The next theorem gives the analogue of Lemmas 1.5 and 1.6 for equation (4.31).Theorem 4.3. Let the above assumptions hold. Then, for every (�0; u0) 2 LM ,problem (1.44) has a unique solution (��0(t); �u0(t)) 2 LM , t � 0, whih satis�es theestimatek��0(t)k2H2 + k�t ��0(t)k2L2 + k�u0(t)k2H2 + Z t+1t k�t ��0(s)k2H1 ds �� Q(k��0(0)k2H2)e�t +Q(kgkL2); (4.36)for a positive onstant  and a monotoni funtion Q whih depend on M . More-over, estimates (4.25) and (4.26) remain valid for the di�erene of solutions of the



24 ALAIN MIRANVILLE & SERGEY ZELIKlimit problem (4.31) and the following analogue of estimate (1.51) holds:k�t�u0(t)k2L2 + Z t+1t �k�t�u0(s)k2H1 + k�2t �u0(s)k2H�1� ds �� Q(k��0(0)k2H2)e�t +Q(kgkL2); (4.37)where H�1(
) denotes here the dual of H1(
).Proof. Sine the onstant � and the monotoni funtion QM in (4.8) are indepen-dent of ", then, passing to the limit "! 0, we have estimate (4.36). The estimatesfor the di�erene of solutions an be obtained similarly. Finally, estimate (4.37)an be veri�ed exatly as in Lemma 1.8 and Theorem 4.3 is proved. �We now extend the asymptoti expansions for (�(t); u(t)) as "! 0 (obtained inSetion 2 for the ase of Dirihlet boundary onditions) to the ase of Neumannboundary onditions. We note that the formulae for the �rst boundary layer termare simpler now, sine f2 � 0. Indeed, analogously to (2.8) and (2.9), we obtainthe following system for ~�(�) and ~u(�), � := t" :Æ�� ~�(�) = u(�); �� ~u(�) = (�x � Æ�1)~u(�); �n~u���
 = 0;~u(0) = u(0)�L(�(0)); lim�!1 ~�(�) = 0: (4.38)The solution (~�(�); ~u(�)) an be expressed expliitly, using the analyti semigrouptheory: ~�(�) = (I � Æ�x)�1e(�x�Æ�1I)� (u(0)�L(�(0));~u(�) := e(�x�Æ�1I)� (u(0)�L(�(0)); (4.39)where �x is assoiated with Neumann boundary onditions. As in Setion 2, weseek for asymptoti expansions for (�(t); u(t)) near t = 0 of the form�(t) := ��0(t) + "~�( t" ) + "b�(t); u(t) := �u0(t) + ~u( t" ) + "bu(t); (4.40)where (��0(t); �u0(t)) is solution of (4.31) with ��0(0) := �(0) and (~�; ~u) is de�ned by(4.39). The following theorem is an analogue of Lemma 2.2.Theorem 4.4. Let the above assumptions hold. Then, the rest (b�(t); bu(t)) in theasymptoti expansions (4.40) enjoys the following estimate:kb�(t)kH2 + kbu(t)kH2 + k�tb�(t)kL2 + "kbu(t)kL2 � CeLt; (4.41)where the onstants C and L depend on k�(0)kH2 and ku(0)kH2 , but are indepen-dent of ".Proof. The funtions ~u(t) and ~�(t) satisfy the equationsÆ�tb� = �xb�� 1"�f(��0 + "~�+ "b�)� f(��0)�+ bu+�x ~�;"b�tu = �xbu� �tb�� �t�u0; ���t=0 = �~�(0); bu��t=0 = 0;�nb����
 = �nbu���
 = 0: (4.42)



ROBUST EXPONENTIAL ATTRACTORS 25Arguing as in (2.15)-(2.23) (with f2 � 0), we obtain the estimate�t�Ækb�(t)k2L2 + Æk�tb�(t)k2L2 + krxbu(t)k2L2 � 2(�t�u0(t); bu(t)) + C1� �� C2 �1 + k�t ~�(t=")kH2 + k�t~u(t=")kL2 + k�2t �u0(t)k2H�1��� �Ækb�(t)k2L2 + Æk�tb�(t)k2L2 + krxbu(t)k2L2 � 2(�t�u0(t); bu(t)) + C1 + hu(t)i2�;(4.43)where we have the additional term hu(t)i2 in the right-hand side (whih appearsbeause of Friedrihs' inequality (4.13) for Neumann boundary onditions) and theonstants C1 and C2 are independent of ". In order to estimate this term, weintegrate the �rst equation of (4.42) over 
:hbu(t)i = Æh�t b�(t)i + h1"�f(��0 + "~�+ "b�)� f(��0)�i: (4.44)Sine, due to Theorems 4.1 and 4.3, the L1-norms of �(t) := ��0(t)+"~�(t=")+"b�(t)and ��0(t) are uniformly (with respet to ") bounded, it follows from (4.44) thathu(t)i2 � C �1 + k�tb�(t)k2L2 + kb�(t)k2L2� ; (4.45)where the onstant C is independent of ". Applying now Gronwall's inequality to(4.43) and using (2.24) and (4.45), we havekb�(t)k2L2 + k�tb�(t)k2L2 + kbu(t)k2H1 � CeLt; (4.46)where the onstants C and L are independent of ". Estimate (4.41) an be deduedfrom (4.46) exatly as in Lemma 1.3. This �nishes the proof of Theorem 4.4. �Corollary 4.5. Under the assumptions of Theorem 4.4, estimates (2.26), (2.27)and (2.28) remain valid (for the ase of Neumann boundary onditions).Indeed, these estimates an be dedued from (4.46) exatly as in Corollaries 2.3and 2.4.We are now ready to onstrut a robust family of exponential attrators forproblem (4.3) with Neumann boundary onditions. Sine we have the dissipativityof system (4.3) in the phase spaes �M only (for every �xed M ; for Dirihletboundary onditions, this property was valid in the whole spae �), it is natural toonstrut the exponential attratorsMM" for the semigroupsS";Mt : �M ! �M ; S";Mt (�0; u0) := (�(t); u(t)) (4.47)(where (�(t); u(t)) is the orresponding solution of (4.3)) ating in the spaes �M .In that ase, the exponential attratorsMM" depend obviously on M . We onsiderthe following limit semigroup S0;Mt for (4.47):S0;Mt : LM ! LM ; S0;Mt (�0; u0) := (��0(t); �u0(t)); (4.48)assoiated with the limit problem (4.31) on the manifold LM de�ned by (4.35).The main result of this setion is the following analogue of Theorem 3.1 for thease of Neumann boundary onditions.Theorem 4.6. Let the assumptions of Theorem 4.1 hold. Then, for every M > 0,there exists a family of ompat sets MM" � �M , " 2 [0; 1℄, suh that



26 ALAIN MIRANVILLE & SERGEY ZELIK1. These sets are semi-invariant with respet to the ows S";Mt assoiated withproblem (4.3), i.e. S";Mt MM" �MM" : (4.49)2. The fratal dimension of the sets MM" is �nite and uniformly bounded withrespet to ": dimF (MM" ;�M ) � C <1; (4.50)where C = C(M) is independent of ".3. These sets attrat exponentially the bounded subsets of �M , i.e. there exista positive onstant � = �(M) > 0 and a monotoni funtion Q = QM whih areindependent of " suh that, for every bounded subset B in the phase spae �M , wehave dist�M (S";Mt B;MM" ) � Q(kBk�M )e��t; " 2 [0; 1℄ (4.51)(for " = 0, we should take B � LM ).4. The symmetri Hausdor� distane between the limit attrator MM0 and theattrators MM" enjoys the following estimate:distsym;�M (MM" ;MM0 ) � C"�; (4.52)where the onstants C = C(M) > 0 and 0 < � = �(M) < 1 are independent of "and an be omputed expliitly.Proof. As in the ase of Dirihlet boundary onditions, the proof of this theoremis based on the abstrat result given in Proposition 3.2 and oinides, up to minorhanges, with that of Theorem 3.1. That is the reason why we only indiate thesehanges below and leave the details to the reader.Instead of the absorbing sets B" and B0 de�ned by (3.8) and (3.9) respetively,we now onsider, for every M > 0, the setsBM" := f(�0; u0) 2 �M ; k(�0; u0)k2� � 2QM (kgkL2)g; (4.53)BM0 := f(�0; u0) 2 LM ; k�0k2H2 � 2QM (kgkL2)g; (4.54)where the funtion QM is the same as in (4.8). We note that, in ontrast to the aseof Dirihlet boundary onditions, the sets B" now depend on ", sine the onservedintegral (4.5) depends expliitly on ".Then, these sets are indeed uniform (with respet to ") absorbing sets for semi-groups (4.47) and (4.48) (due to estimates (4.8) and (4.36) (thus, the analogue of(3.10) is also satis�ed)). Moreover, ondition (3.5) of Proposition 3.2 is satis�ed forthese semigroups, due to Theorem 4.2.Let us now verify ondition (3.6) of this proposition. To this end, we modifyslightly the onstrution of the nonlinear projetors �" as follows:�" : BM" ! BM0 ; �"(�0; u0) := (�0 + "hu0i;L(�0 + "hu0i): (4.55)Sine jh�0 + "hu0iij = jI0(�0; u0)j �M;projetors (4.55) are indeed well de�ned. Moreover, the analogue of ondition (3.6)for our ase now follows from estimate (2.26) (see Corollary 4.5), estimate (4.25)for the limit problem (4.31) and from the obvious estimatek�"(�0; u0)� (�0;L(�0))k� � "CM ; (4.56)for every (�0; u0) 2 B".
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