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ademy of S
ien
es, Mos
owNovember 5, 1999Abstra
t. The nonlinear rea
tion-di�usion system of the type(1) �tu = a�xu� f(u) + g(x); x 2 
;where 
 �� Rn , u = (u1; � � � ; uk), a+ a� > 0 and the nonlinearity f is not assumedto be subordinated to the Lapla
ian is 
onsidered.The existen
e of a �nite dimensional global attra
tor for the system (1) is provedunder some natural regularity (but not growth) assumptions on the nonlinear termf . In order to obtain this result a new s
heme of estimating the fra
tal dimension ofinvariant sets, whi
h does not require the 
orresponding map to be di�erentiable ispresented. Introdu
tionThis paper is devoted to study the longtime behavior of solutions of the followingrea
tion-di�usion system(0.1) � �tu� a�xu+ f(u) = g; x 2 
u��t=0 = u0; u���
 = 0It is assumed that 
 �� Rn is a bounded domain in Rn with a suÆ
iently smoothboundary, u = (u1; � � � ; uk) is an unknown ve
tor fun
tion, a is a given matrix witha positive symmetri
 part(0.2) a+ a� > 0;the right-hand side g 2 L2(
) and f(u) = (f1(u1; � � � ; uk); � � � ; fk(u1; � � � ; uk)) is agiven nonlinear fun
tion, whi
h satis�es the 
onditions(0.3) 8><>: 1: f 2 C1(Rk ;Rk )2: f(u):u � �C3: f 0(u) � �K1991 Mathemati
s Subje
t Classi�
ation. 35B40, 35B65.Key words and phrases. Nonlinear rea
tion-di�usion systems, attra
tors, fra
tal dimension.Typeset by AMS-TEX1



Here and below we denote by u:v the inner produ
t in Rk .The longtime behavior of solutions of (0.1) has been intensively studied by manyauthors (see [1℄, [4℄, [11℄ and referen
es therein) but mainly under the additionalgrowth restri
tions to the nonlinear fun
tion f like(0.4) jf(u)j � C(1 + jujq) ; q < qmax = n+ 2n� 2whi
h guarantee that the nonlinear term f(u) is subordinated to the linear one��xu in the 
orresponding Sobolev spa
e.The fa
t that the equation (0.1) under the assumptions like (0.3) and (0.4) withan arbitrary q 2 R+ possesses a global attra
tor in L2(
) has been established in[1℄. However, the restri
tion q < qmax has been essentially exploited in order toobtain the quantitative or qualitative information about this attra
tor (parti
ularly,in order to prove that it has a �nite Hausdor� and fra
tal dimension).The main aim of the present paper is to develop the attra
tor theory for thesystems of the type (0.1) without any growth restri
tions.In Se
tion 1 we prove that under the above assumptions the equation (0.1)possesses a unique solution u(t) 2 D for every u0 2 D , where(0.5) D = fv 2 H2(
) : v���
 = 0; f(v) 2 L2(
)gand 
onsequently this equation generated a nonlinear semigroup(0.6) St : D ! D ; Stu0 = u(t)In Se
tion 2 we show that (0.6) 
an be extended in a unique way to the Lips
hitz
ontinuous semigroup (whi
h we also denote by St for simpli
ity) a
ting in L2(
)and prove that the semigroup thus obtained possesses a 
ompa
t attra
tor A � L2.Se
tion 3 is devoted to study some regularity problems for the solutions u(t) =Stu0 belonging to the attra
tor A whi
h will be used in the next Se
tion.Note that in 
ontrast to the 
ase when f(u) is subordinated to ��xu (e.g. when(0.4) is satis�ed) in our 
ase we 
onstru
t only the Lips
hitz 
ontinuous semigroupSt 
orresponding to the problem (0.1) and we do not have enough smoothnessof solutions u(t) to obtain the di�erentiability with respe
t to the initial valueu0. Consequently the 
lassi
al methods of estimating the Hausdor� and fra
taldimension of the attra
tor based on k-
ontra
tion maps and Liapunov exponents(see [11℄, [2℄, [5℄) will not work.That is why a new method of estimating the fra
tal dimension of the invariantsets whi
h does not require the di�erentiability is presented in Se
tion 4. Usingthis method we prove that under some additional regularity assumptions (but notthe growth restri
tions!) on the nonlinear term f(u) the attra
tor A, 
onstru
tedin Se
tion 2, has the �nite fra
tal dimension in L2(
).As an example of the equation (0.1) for whi
h all our assumptions are ful�lledwe 
onsider the generalized 
omplex Ginzburg-Landau equation in 
 � Rn(0.7) �tu = (1 + i�)�xu+ Ru� (1 + i�)ujuj2� + g(x); u���
 = 0where �; �;R 2 R, u = u1 + iu2, g 2 L2(
) and � > 0. It is not diÆ
ult to verifythat the quasimonotoni
ity assumption (f 0(u) � �K) is ful�lled if(0.8) j�j < p2� + 1�2



Thus, we have proved that if (0.8) holds then the attra
tor A of the Ginzburg-Landau equation has the �nite fra
tal dimension for every n 2 N . To the best ofour knowledge this result was known only if n < 2 + 2� (see [10℄, [7℄ for a moredetailed study of this equation).Our approa
h gives some new results even in the 
ase of s
alar Chafee-Infanteequation in 
 �� Rn(0.9) �tu��xu+ ujuj2� � Ru = g(x) ; u���
 = 0where � > 0 and the right-hand side g = g(x) belongs only to the spa
e L2(
)(and does not belong to Lp(
) if p > 2). Then the standard methods work onlyunder the restri
tion n < 2+2=� (whi
h follows from (0.4)) but we obtain the �nitedimensionality of the attra
tor A of the equation (0.9) for an arbitrary n.x1 Existen
e of solutions.In this Se
tion we dedu
e a number of a priori estimates for the problem (0.1)and prove that for every u0 2 D this problem has a unique solution. It is 
onve-nient for us to 
onsider a little more general problem of the type (0.1) with thenonautonomous right-hand side g = g(t):(1.1) � �tu� a�xu+ f(u) = g(t); x 2 
u��t=0 = u0; u���
 = 0It is assumed now that g 2 H1([0; T ℄; L2(
)) for every T � 0. (Here and below wedenote by H l the Sobolev spa
e of fun
tions whose derivatives up to the order lin
lusive belong to L2.)The main result of this Se
tion is the following Theorem.Theorem 1.1. Let the above assumptions be valid. Then for every u0 2 D theproblem (1.1) has a unique solution u 2 Cw([0; T ℄; D ) and the following estimateholds:(1.2) ku(t)k2D � C1(ku(0)k2D + kg(0)k2L2)e2(K�")t++ C2 Z t0 e2(K�")(t�s)(kg(s)k2L2 + kg0(s)k2L2) dsHere K is the same as in (0.3), " > 0 is small enough,(1.3) kvk2D � kvk2H2 + kf(v)k2L2and u 2 Cw([0; T ℄; D ) means by de�nition that u 2 C([0; T ℄; H2w) and f(u) 2C([0; T ℄; L2w) (as usual the symbol 'w' denotes the weak topology).We give below only a formal proof of the estimate (1.2) whi
h 
an be justi�edfor instan
e using the Galerkin approximations method. To this end we need thefollowing Lemmata. 3



Lemma 1.1. Let u 2 Cw([0; T ℄; D ) be a solution of the equation (1.1). Then thefollowing estimate holds(1.4) ku(t)k2H1 � C1ku(0)k2H1e2(K�")t + C2 Z t0 e2(K�")(t�s)kg(s)k2L2 dswhere K is the same as in (0.3) and " > 0 is small enough.Proof. Indeed, multiplying the equation (1.1) by ��xu and integrating over 
 weobtain after the standard integration by parts that(1.5) �tkrxu(t)k2L2 + ((a+ a�)�xu(t);�xu(t))++ 2 (f 0(u(t))rxu(t);rxu(t)) + 2 (g(t);�xu(t)) = 0Using the fa
ts that a + a� > 0, f 0(u) � �K and using Friedri
hs and Holderinequality we dedu
e from (1.5) that(1.6) �tkrxu(t)k2L2 + 2"krxu(t)k2L2 � 2Kkrxu(t)k2L2 � C"kg(t)k2L2where " > 0 is a suÆ
iently small positive number. Applying the Gronewal in-equality to the estimate (1.6) we obtain the assertion of the lemma.Lemma 1.2. Let u 2 Cw([0; T ℄; D ) be a solution of the problem (1.1). Then thefollowing estimate is valid:(1.7)k�tu(t)k2L2 � C1(ku(0)k2D + kg(0)k2L2)e2(K�")t + C2 Z t0 e2(K�")(t�s)kg0(s)k2L2 dswhere K is the same as in (0.3) and " > 0 is small enough.Proof. Di�erentiating the equation (1.1) by t and denoting �(t) = �tu(t) we willderive(1.8) � �t�(t)� a�x�(t) + f 0(u(t))�(t) = g0(t)���t=0 = a�xu(0)� f(u(0)) + g(0) ; ����
 = 0Multiplying this equation by �(t), integrating over x 2 
 and arguing as in theproof of previous Lemma we dedu
e that(1.9) �tk�(t)k2L2 + 2"k�(t)k2L2 � 2Kk�(t)k2L2 � C"kg0(t)k2L2Applying the Gronewal inequality to the estimate (1.9) we obtain the assertion ofthe lemmaLemma 1.3. Let u 2 Cw([0; T ℄; D ) be a solution of the problem (1.1). Then thefollowing estimate is valid:(1.10) ku(t)k2H2 � C1(ku(0)k2D + kg(0)k2L2)e2(K�")t++ C2 Z t0 e2(K�")(t�s)(kg(s)k2L2 + kg0(s)k2L2) ds4



where " > 0 is small enough.Proof. Let us rewrite the equation (1.1) in the form of ellipti
 boundary problem(1.11) a�xu(t)� f(u(t)) = �tu(t)� g(t) � hu(t); u(t)���
 = 0Multiplying (1.11) by �xu(t) and integrating over x 2 
 we obtain arguing as inthe proof of Lemma 1.1 that(1.12) k�xu(t)k2L2 � C1Kkrxu(t)k2L2 + C2(k�tu(t)k2L2 + kg(t)k2L2)A

ording to (L2; H2)-regularity of solutions of the Lapla
e equation (see [12℄)(1.13) ku(t)k2H2 � Ck�xu(t)k2L2Inserting the inequalities (1.4) and (1.7) into the right-hand side of (1.12) and using(1.13) we obtain (1.10) after simple 
al
ulations. Lemma 1.3 is proved.Now we are in position to 
omplete the proof of the estimate (1.2). Indeed,a

ording to (1.3) we should estimate the H2-norm of u(t) and the L2-norm off(u(t)). The H2-norm is already estimated in Lemma 1.3, so it remains to estimateonly kf(u(t))kL2. But it follows immediately from the equation (1.1) that(1.14) kf(u(t))k2L2 � Cku(t)k2H2 + Ck�tu(t)k2L2 + Ckg(t)k2L2Inserting the inequalities (1.7) and (1.10) into the right-hand side of (1.14) weobtain the estimate of the L2-norm of f(u(t)). The estimate (1.2) is proved.The existen
e of a solution u 2 Cw([0; T ℄; D ) for the problem (1.1) 
an be derivedin a standard way using the a priori estimate (1.2) and the Galerkin approximationsmethod (see for example [1℄, [8℄). So it remains to prove the uniqueness.Lemma 1.4. Let u1; u2 2 Cw([0; T ℄; D ) be two solutions of the equation (1.1) withthe initial values u1(0) and u2(0) respe
tively. Then(1.15) ku1(T )�u2(T )k2L2+Z T+1T ku1(t)�u2(t)k2H1 dt � ku1(0)�u2(0)k2L2e2(K�")Tfor some positive " > 0. Parti
ularly the problem (1.1) has the unique solution forevery u0 2 D .Proof. Let w(t) = u1(t)� u2(t). Then the fun
tion w satis�es the equation(1.16) � �tw(t)� a�xw(t) = f(u2(t))� f(u1(t)) � hu1;u2(t)w��t=0 = u1(0)� u2(0)Note, that hu1;u2 2 Cw([0; T ℄; L2). Moreover, sin
e f 0(v) � �K then(1.17) (f(�1)� f(�2)):(�1 � �2) � �Kj�1 � �2j2for every �1; �2 2 Rk . Thus,(1.18) (hu1;u2(t); w(t)) � Kkw(t)k2L25



Multiplying now the equation (1.16) by w(t), integrating over x 2 
 and using theestimate (1.18) we dedu
e that(1.19) �tkw(t)k2L2 + "kw(t)k2H1 � 2Kkw(t)k2L2 � 0Applying the Gronewal inequality to (1.19) we obtain the estimate (1.15). Lemma1.4 is proved. Theorem 1.1 is proved.Remark 1.1. Note, that the dissipativity assumption f(u):u � �C has not beenused in the proof of Theorem 1.1, 
onsequently this theorem remains valid withoutthis assumption. However the dissipativity assumption will be essentially usedin the next Se
tion in order to prove the existen
e of the absorbing set for thesemigroup, generated by the equation (0.1).x2 The attra
tor.In this Se
tion we des
ribe the longtime behavior of solutions of the autonomousequation (0.1) in terms of the attra
tor for the 
orresponding semigroup. Re
allthat, a

ording to Theorem 1.1, the problem (0.1) generates a Lips
hitz 
ontinuoussemigroup fSt; t � 0g in D :(2.1) St : D ! D ; Stu0 = u(t)Moreover, (1.2) implies that(2.2) ku(t)k2D � C �ku(0)k2D + kgk2L2 + 1� e2(K�")tfor a suÆ
iently small positive ". But the right-hand side of (2.2) tends to +1when t ! 1 if K � " > 0 (the 
ase K � " < 0 is not 
onsidered be
ause in this
ase it is easy to prove that the attra
tor will 
onsist of a unique exponentiallyattra
ting equilibria point). Hen
e, the estimate (2.2) does not guarantee us thatSt will be bounded in D when t!1. In fa
t under our assumptions we 
an provethat it will be bounded in L2 or H1 only and not in D . To avoid this diÆ
ulty weextend by 
ontinuity the semigroup St, whi
h is initially de�ned for u0 2 D onlyto Ŝt : L2 ! L2. Indeed, D dense in L2 and a

ording to (1.15) St is uniformly
ontinuous on D in L2-metri
 for every �xed t. Consequently it 
an be extended ina unique way to the semigroup Ŝt on L2 by expression:(2.3) Ŝtu0 = L2�limn!1 Stun0 ; un0 2 D ; u0 = L2�limn!1 un0Moreover, the estimate (1.15) implies that(2.4) kŜtu10 � Ŝtu20k2L2 + Z T+1T kŜtu10 � Ŝtu20k2H1 dt � e2(K�")T ku10 � u20kL2for every u10; u20 2 L2 and sin
e un(t) = Stun0 2 C([0; T ℄; L2) if un0 2 D thenu(t) = Ŝtu0 also belongs to C([0; T ℄; L2) for every u0 2 L2.Thus, we 
an naturally interpret the fun
tion u(t) = Ŝtu0 as a unique solutionof the problem (0.1) for u0 2 L2 and study the longtime behavior of the semigroupŜt : L2 ! L2. The following Theorem is of fundamental signi�
an
e for thesepurposes. 6



Theorem 2.1. Let u0 2 L2 and u(t) = Ŝtu0. Then u 2 C([0; T ℄; L2) for everyT � 0 and(2.5) ku(T )k2L2 + Z T+1T ku(t)k2H1 dt � C1ku(0)k2L2e�"t + C2(1 + kgk2L2)for a suÆ
iently small positive " > 0. Moreover, for every t > 0 u(t) 2 H1,u 2 C([t; T ℄; H1w), and the following estimate is valid(2.6) ku(T )k2H1 + Z T+1T ku(t)k2H2 dt � C t+ 1t �ku(0)k2L2e�"t + 1 + kgk2L2�Proof. A

ording to (2.3) it is suÆ
ient to dedu
e the estimates (2.5) and (2.6)only for u0 2 D . Let us prove �rstly the estimate (2.5).Multiplying the equation (0.1) by u(t) and integrating over x 2 
 we obtain that(2.7) �tku(t)k2L2 + 2 ((a+ a�)rxu(t);rxu(t)) = �2 (f(u(t)); u(t)) + 2 (g(t); u(t))Using the fa
t that a+ a� > 0, the dissipativity assumption (0.3) on f(u), Holderand Friedri
hs inequalities we derive that(2.8) �tku(t)k2L2 + "ku(t)k2L2 + "ku(t)k2H1 � C �1 + kgk2L2�Applying the Gronewal inequality to (2.8) we obtain the estimate (2.5).Let us prove now the estimate (2.6). We give below only a formal deriving of itwhi
h 
an be justi�ed by the Galerkin approximations method.Multiplying the equation (0.1) by t�xu(t) integrating over x 2 
 we obtain afterintegration by parts that(2.9) �t �tkrxu(t)k2L2�� ku(t)k2H1 + t ((a+ a�)�xu(t);�xu(t)) == �2t (f 0(u)rxu(t);rxu(t))� 2t(g;�xu(t))Using now the quasimonotoni
ity assumption (0.3) on f(u) and the fa
t that a +a� > 0 we obtain as in the proof of previous estimate that(2.10) �t �tku(t)k2H1�+ "(tku(t)k2H1) + "(tku(t)k2H2) �� C �(t+ 1)ku(t)k2H1 + tkgk2L2�for a suÆ
iently small positive ". Applying the Gronewal inequality to (2.10)and using the estimate (2.5) for the integral of ku(t)k2H1 we obtain after simple
al
ulations the estimate (2.6).Thus, it remains to prove the 
ontinuity of u(t) with respe
t to t. Indeed, thefa
t u 2 C([0; T ℄; L2) follows from (2.3) and from the 
ontinuity of solutions un for(0.1) with un(0) 2 D proved in Theorem 1.1 (un 2 C([0; T ℄; L2)).The weak 
ontinuity in H1 for t > 0 follows from the fa
t that u 2 C([0; T ℄; L2)\L1([t; T ℄; H1) (see [9℄ for instan
e). Theorem 2.1 is proved.Now we are in a position to 
onstru
t a 
ompa
t attra
tor for the semigroup Ŝtin L2. Let us remind that a set A � L2 is 
alled the attra
tor for Ŝt : L2 ! L2 if7



1. The set A is 
ompa
t in L2.2. The set A is stri
tly invariant with respe
t to Ŝt, i.e.(2.11) ŜtA = A for t � 03. A is an attra
ting set for Ŝt in L2. The latter means that for every neighbor-hood O(A) of the set A in L2 and for every bounded subset B � L2 there existsT = T (B;O) su
h that(2.12) ŜtB � O(A) for every t � T(See [1℄, [4℄, [11℄ for details).Theorem 2.2. Let the assumptions (0.2) and (0.3) be valid and let g 2 L2. Thenthe semigroup Ŝt, de�ned by (2.3), possesses a 
ompa
t attra
tor A �� L2 (A �H1) whi
h has the following stru
ture(2.13) A = �0Kwhere by K we denote the set of all 
omplete bounded traje
tories of the semi-group Ŝt:(2.14) K = fû 2 Cb(R; L2) : Ŝhu(t) = u(t+ h) for t 2 R, h � 0; ku(t)kL2 � Cugand �0u � u(0).Proof. A

ording to the abstra
t attra
tor's existen
e theorem (e.g. see [1℄ ) it issuÆ
ient to verify that1. The operators Ŝt : L2 ! L2 are 
ontinuous for every �xed t � 0.2. The semigroup Ŝt possesses a 
ompa
t attra
ting set K in L2.The 
ontinuity is an immediate 
orollary of (2.4). So it remains only to verifythe existen
e of the attra
ting set.The estimate (2.6) implies that the H1-ballK � fv 2 H1(
) : kvkH1 � Rgwill be the attra
ting (and even the absorbing) set for the semigroup Ŝt in L2 if Ris large enough. Sin
e H1 �� L2 then K is 
ompa
t in L2 and 
onsequently thesemigroup Ŝt possesses the attra
tor A � K � H1. Theorem 2.2 is proved.x3 The regularity of solutions.Let us remind that in Se
tion 1 we have proved that the problem (0.1) has theunique solution u(t) = Stu0 for every u0 2 D . Then in Se
tion 2 we have extendedby 
ontinuity the semigroup St from D to Ŝt : L2 ! L2 and proved that thesemigroup thus obtained possesses the attra
tor A in L2. This Se
tion studies thefollowing three problems whi
h are naturally arise after proving the above results:1. In what sense the 'solution' u(t) = Ŝtu0 satis�es the equation (0.1) if u0 onlyfrom L2 (but not from D ).2. Whether the attra
tor A belongs to the spa
e D .8



3. Under what assumptions on f the semigroup Ŝt possesses the smoothingproperty in the following form:(3.1) Ŝt : L2 ! D for every t > 0Note also that these problems o

urs to be 
losely 
onne
ted with the problem ofthe �nite dimension of the attra
tor A whi
h will be 
onsidered in the next Se
tion.We start here with the most simple 
ase where the nonlinear term f satis�es thefollowing growth restri
tion:(3.2) jf(u)j � C(1 + jujp) where p � pmax � 1 + 4n� 4if n > 4 and p is arbitrary if n = 4 (for n � 3 we need not any growth restri
tion!).In this 
ase one 
an easily verify (using Sobolev embedding theorem) that f(v) 2 L2if v 2 H2. Thus,(3.3) D = H2(
) \ fv���
 = 0gand therefore the nonlinearity f(u) is subordinated by the linear term �xu.Theorem 3.1. Let the assumption (3.2) holds. Then the semigroup Ŝt possessesthe smoothing property in the form of (3.1) and 
onsequently for every u0 2 L2u(t) = Ŝtu0 satis�es (0.1) in the sense of distributions. Moreover,(3.4) ku(1)k2D � Q(ku0k2L2 + kgk2L2)for a 
ertain monotoni
 fun
tion Q depending on f and therefore(3.5) A � DProof. Indeed, a

ording to (2.6) u 2 L2([s; T ℄; H2) for every s > 0 hen
e due toFubini theorem u(t) 2 H2 for almost all t 2 R+ . Then, a

ording to (3.3), u(t) 2 Dfor almost all t 2 R+ . But Theorem 1.1 implies that Ŝt : D ! D , therefore u(t) 2 Dfor every t > 0. Let us prove now the estimate (3.4).Indeed, a

ording to (2.6),Z 11=2 ku(t)k2H2dt � C(ku(0)k2L2 + 1 + kgk2L2)The latter means that there exists a point t0 2 [1=2; 1℄, su
h that(3.6) ku(t0)k2H2 � 2C(ku(0)k2L2 + 1 + kgk2L2)and hen
e, a

ording to (3.2) and the embedding theorem(3.7) ku(t0)k2D � ku(t0)k2H2 + kf(u(t0))k2L2 � Q(ku(t0)k2H2)for a 
ertain monotoni
 fun
tion Q. The estimate (3.4) follows now from the in-equality (2.2) with u0 = u(t0) applied in the point t = 1�t0 and from the estimates(3.6) and (3.7). 9



Thus it remains to prove the embedding (3.5). But this fa
t is an immediate
orollary of the estimates (2.5) and (3.4). Theorem 3.1 is proved.Remark 3.1. Let n � 3. Then Theorem 3.1 and the embedding theorem implythat under the assumptions of Se
tion 2(3.8) Ŝt : L2(
)! C(
) for t > 0 and A � C(
)Assume now that n � 4, (3.2) holds with p < p0 and the right-hand side g 2 Lr(
)for a some r > n2 . Then using the Lq-regularity theory for the heat equations(see [6℄) one 
an derive that the assertions (3.8) remains valid in this 
ase as well.Moreover the spa
e C in (3.8) 
an be repla
ed by H2;r �� C.Note also that the growth 
ondition (3.2) is essentially less restri
tive then (0.4).Remark 3.2. If a is a s
alar matrix and g 2 Lr with r > n2 then due to themaximum prin
iple one 
an 
onstru
t the 
ompa
t attra
tor for (0.1) in H2;r �� Cwithout any growth restri
tions (and even without the monotoni
ity assumptionf 0 � �K!) (see [3℄ and [13℄ for instan
e).Let us 
onsider now the 
ase when the nonlinearity f is not subordinated by thelinear part �xu.Theorem 3.2. Let the assumptions of Theorem 2.2 holds and let u(t) = Ŝtu0with u0 2 L2. Then for every  2 C1(Rk ;Rk ) with the 
ompa
t support in Rkthe fun
tion  (u(t)) belongs to the spa
e H1([s; T ℄; L2(
)) for s > 0, satis�es theequation(3.9) �t (u) =  0(u)a�xu�  0(u)f(u) +  0(u)gin the sense of distributions and the following estimate is valid for T � 1:(3.10) Z T+1T k�t (u(t))k2L2 + k (u(t))k2L2dt � C �ku0k2L2e�"t + kgk2L2 + 1�for a 
ertain C depending on  and " > 0.Moreover, the fun
tion f(u(t)):u(t) belongs to L1([0; T ℄; L1(
)) and satis�es theestimate(3.11) Z T+1T kf(u(t)):u(t)kL1dt � Cku0k2L2e�"T + C(1 + kgk2L2)whi
h is valid for every T � 0.Proof. Indeed, let u(t) = L2�limn!1 un(t) where un be the solutions of (0.1)with the initial 
ondition un(0) 2 D . Then multiplying the equation (0.1) (with urepla
ed by un) by the matrix  0(un) we obtain that the fun
tions  (un) satisfythe equation(3.12) �t (un) =  0(un)a�xun �  0(un)f(un) +  0(un)gRe
all, that the fun
tion  0(v), and therefore the fun
tion  0(v)f(v) have the �nitesupport in Rk . It means that(3.13)  0(un)!  (u) and  0(un)f(un)!  (u)f(u)10



in the spa
e C([0; T ℄; L2) when n!1. Moreover, a

ording to the estimate (2.6)(3.14) a�xun + a�xuweakly in L2([s; T ℄; L2) for every s > 0. The assertions (3.13) and (3.14) imply that(3.15)  0(un)a�xun +  (u)a�xuweakly in L1([s; T ℄; L1). Thus, we 
an pass to the limit n ! 1 in the sense ofdistributions in the equations (3.12) and obtain that (3.9) is valid. The assertion (u) 2 H1([s; T ℄; L2) now is an immediate 
orollary of Theorem 2.1 and the equality(3.9). Let us prove the estimate (3.10). Note, thatj (v)j+ j 0(v)j+ j 0(v)f(v)j � C( )for every v 2 Rk sin
e these fun
tions are 
ontinuos and have a �nite support.Then, a

ording to (3.9),(3.16) Z T+1T k�t (u(t))k2L2 + k (u(t))k2L2 dt � kgk2L2 + C Z T+1T k 0(u(t))k2L2++ k 0(u(t))k2L2 + k 0(u(t))f(u(t))k2L2 + k�xu(t))k2L2 dt �� C1( )�kgk2L2 + kuk2L2([T;T+1℄;H2) + 1�Inserting the estimate (2.6) into the estimate (3.16) and using the fa
t that T � 1we obtain (3.10).Thus, it remains to prove the estimate (3.11). To this end we 
onsider againthe sequen
e un(t) the same as before, multiply the equation (0.1) (with u repla
edby un) by un(t) and integrate over (t; x) 2 [T; T + 1℄ � 
. We will have after theevident transformations that(3.17) Z T+1T (f(un(t)); un(t)) dt = 1=2 �kun(T )k2L2 � kun(T + 1)k2L2��� Z T+1T (arxun(t);rxun(t))dt+ Z T+1T (g; un(t)) dtInserting the estimate (2.5) into the right-hand side of (3.17) and using the fa
tthat f(u):u � �C we obtain(3.18) Z T+1T kf(un(t)):un(t)kL1dt � Ckun(0)k2L2e�"T + C(1 + kgk2L2)Our aim now is to pass to the limit n ! 1 in the estimate (3.18). Note, that we
annot do it dire
tly be
ause we do not know whether the limit fun
tion f(u):ubelongs to L1. To avoid this diÆ
ulty we introdu
e a 
ut-o� fun
tion �(z) : R ![0; 1℄ in su
h a way that �(z) = 1 if jzj < 1, �(z) = 0 if jzj > 2, z 0(z) � 0 and
onsider the fun
tions �L(v) = �(jvj2=L2), v 2 Rk .The estimate (3.18) implies that(3.19) Z T+1T k�L(un(t))f(un(t)):un(t)kL1dt � kf(un):unkL1([T;T+1℄�
) �� Ckun(0)k2L2e�"T + C(1 + kgk2L2)11



Sin
e �L(v)f(v):v has the �nite support we 
an easily pass to the limit n!1 in(3.19) and obtain that(3.20) Z[T;T+1℄�
 FL(t; x)dtdx � Cku(0)k2L2e�"T + C(1 + kgk2L2)Where FL(t; x) = �L(u(t; x))f(u(t; x)):u(t; x). Note that the sequen
e FL(t; x)L 2 N is non de
reasing with respe
t to L and nonnegative for every �xed (t; x).Consequently, passing to the limit L!1 in (3.20) we obtain the assertion F1 =f(u):u 2 L1 and the estimate (3.11). Theorem 3.2 is proved.Corollary 3.1. Let the assumptions of Theorem 2.2 hold and let the fun
tion f(u)satisfy the inequality(3.21) jf(v)j � C �jf(v):vj+ 1 + jvj2� for every v 2 RkThen 1. f(u) 2 L1([0; T ℄; L1), 2. �tu 2 L1([s; T ℄; L1) for every s > 0 and u(t) =Ŝtu0 satis�es (0.1) in the sense of distributions.Proof. Indeed, the �rst assertion is an immediate 
orollary of (3.21) and (3.11). Toprove the se
ond one it is suÆ
ient to 
onsider (3.9) with  (u) =  L(u) = u�L(u)where �L is the same as in the proof of Theorem 3.2 and pass to the limit L!1in the distribution sense.Now we are going to study the smoothing properties of solutions for (0.1). Westart our 
onsideration with the 
ase where the main part of the nonlinearity f hasa gradient stru
ture.Theorem 3.3. Let the assumptions of Theorem 2.2 be valid and let the fun
tionf have the stru
ture(3.22) f(v) = f1(v) + f2(v)where the fun
tion f1 also satis�es (0.3) and f1(v) = rvF (v), and the fun
tion f2be subordinated to f1 in the following sense(3.23) jf2(v)j2 � C �F (v) + 1 + jvj2�Then the semigroup Ŝt, de�ned by (2.3), maps L2 to D for every t > 0. Moreover,(3.24) ku(t)k2D � C 1 + t2t2 �ku(0)k2L2e�"t + 1 + kgk2L2�and therefore A � D .The proof of this theorem is based on a number of lemmata.Lemma 3.1. Under the assumptions of Theorem 3.3 the following estimate isvalid:(3.25) �C (1 + ln(jvj+ 1)) � F (v) � C �jf(v):vj+ 1 + jvj2� for every v 2 Rk12



and 
onsequently(3.26) Z T+1T kf2(u(t))k2L2 + kF (u(t))kL1 dt � Cku(0)k2L2e�"t + C(1 + kgk2L2)Proof. Indeed, the estimate (3.26) is an immediate 
orollary of (3.25), (3.23) and(3.11). Thus, it remains to prove (3.25).Sin
e f1(v):v � �C and f1 is 
ontinuous thenF (v)� F (0) = Z 10 f1(sv):v ds = Z 1=(jvj+1)0 f1(sv):v ds++Z 11=(jvj+1) f1(sv):v ds � �C1(f) jvjjvj+ 1�Z 11=(jvj+1) Cs ds � �C1(f)�C ln(jvj+1)The left-hand side of (3.25) is proved. Let us prove the right-hand side of it. Tothis end we introdu
e a fun
tion(3.27) �(v) = F (v)� f1(v):vThen, using the monotoni
ity assumption (f 01(v) � �K) we obtain that(3.28) �(v)� �(0) = Z 10 rv�(sv):v ds = � Z 10 f 01(sv)v:v ds � Kjvj2Consequently, a

ording to (3.23)F (v) � f1(v):v +Kjvj2 = f(v):v � f2(v):v +Kjvj2 �� f(v):v + �jf2(v)j2 + C�jvj2 � 1=2F (v) + f(v):v + C(jvj2 + 1)The right-hand inequality of (3.25) is proved. Lemma 3.1 is proved.Lemma 3.2. Let the assumptions of Theorem 3.3 hold. Then for T > 0(3.29) Z T+1T k�tu(t)k2L2 dt � CT + 1T �ku(0)k2L2e�"t + 1 + kgk2L2�Proof. Let us multiply the equation (0.1) by t�tu(t) and integrate over t 2 [0; 2℄:(3.30) Z 20 tk�tu(t)k2L2 dt = Z 20 (a�xu(t); t�tu(t)) dt� 2F (u(2))++ Z 20 F (u(t)) dt� Z 20 t(f2(u(t)); �tu(t)) dt+ Z 20 t(g; �tu) dtApplying the Holder inequality together with (2.5) and (3.26) to the right-handside of (3.30) we dedu
e thatZ 20 tk�tu(t)k2L2 dt � C �Z 20 tk�xu(t)k2L2 dt+ 1 + kgk2L2 + ku0k2L2�13



Arguing as in the proof of estimate (2.6) one 
an easily derive that(3.31) Z 20 tk�xu(t)k2L2 dt � C �ku0k2L2 + 1 + kgk2L2�and therefore(3.32) Z 20 tk�tu(t)k2L2 dt � C1 �1 + kgk2L2 + ku0k2L2�Note that the estimate (3.32) implies (3.29). Indeed, for T � 1 we derive from(3.32) that T Z T+1T k�tu(t)k2L2 dt � C1 �1 + kgk2L2 + ku0k2L2�And if T � 1 then a

ording to (3.32) and (2.5)Z TT�1 k�tu(t)k2L2 dt � C(ku(T�1)k2L2+1+kgk2L2) � C1 �ku(0)k2L2e�"t + 1 + kgk2L2�Lemma 3.2 is proved.Lemma 3.3. Let the assumptions of Theorem 3.3 hold. Then for t > 0(3.33) k�tu(t)k2L2 � C 1 + t2t2 �ku(0)k2L2e�"t + 1 + kgk2L2�Proof. Let us di�erentiate the equation (0.1) with respe
t to t and denote �(t) =�tu(t). We will obtain the equation(3.34) �t�(t) = a�x�(t)� f 0(u(t))�(t)Multiplying the equation (3.34) by t2�t� and using the monotoni
ity assumptionon f we derive that(3.35) �t(t2k�(t)k2L2)� 2tk�(t)k2L2 � �t2((a+ a�)�t�; �t�) + 2Kt2k�(t)k2L2and therefore(3.36) �t �t2k�(t)k2L2�+ " �t2k�(t)k2L2� � Ct(t+ 1)k�tu(t)k2L2Applying the Gronewal inequality to the estimate (3.36) and using the estimate(3.32) for �tu(t) in the right-hand side of (3.36) we obtain the assertion of thelemma.Now we are in a position to 
omplete the proof of the Theorem. Indeed, theestimate (3.33) inserted in (1.12) gives us thatku(t)k2H2 � C 1 + t2t2 �ku(0)k2L2e�"t + 1 + kgk2L2�Inserting this estimate to (1.14) we derive the analogous estimate for the norm off(u(t)). Theorem 3.3 is proved.Remark 3.3. The model example of the nonlinearity f(u) for whi
h the assump-tions of previous Theorem hold is the following:(3.37) f1(u) = (a1u1ju1jp1 ; � � � ; akukjukjpk) ; f2(u) = Luwhere ai > 0, pi > 0 and L is and arbitrary linear operator (L 2 L(Rk ;Rk )).In 
on
lusion of this Se
tion we 
onsider another type of smoothing propertywhi
h is well adopted to study the 
omplex Ginzburg-Landau equations.14



Theorem 3.4. Let the nonlinear fun
tion f 
an be represented in the followingform(3.38) f(v) = f1(v) + f2(v)where f 01(v) � 0 and the fun
tion f2(v) 2 C1(Rk ;Rk ) has the �nite support in Rk .Then the attra
tor A of the 
orresponding equation (0.1) belongs to D . Moreover,this attra
tor is bounded in D .(3.39) kAkD � CProof. Let us represent the solution u(t) of the equation (0.1) as a sum of twofun
tions(3.40) u(t) = v(t) + w(t)where v(t) satis�es the equation(3.41) �tv = a�xv � f1(v)� f2(u(t)) + g ; v���
 = 0 ; v��t=0 = 0and w(t) is a solution of the following equation(3.42) �tw = a�xw � f1(v + w) + f1(v) ; v��t=0 = u��t=0Sin
e f 01 � 0 then evidently (f1(v+w)�f1(v)):w � 0 and 
onsequently the solutionw(t) of the equation (3.42) satis�es the estimate(3.43) kw(t)k2L2 � Ce�"tku(0)k2L2whi
h holds now only for u0 2 D .Let us study the equation (3.41). Sin
e Ŝt : L2 ! H1 then without loss ofgenerality we may assume that u0 2 H1 (instead of starting with u0 2 L2). Notethat f2 has the 
ompa
t support, therefore, arguing as in the proof of Theorem 3.2,we dedu
e that f2(u(t)) 2 H1([0; T ℄; L2) and satis�es the estimateZ T+1T k�tf2(u(t))k2L2 + kf2(u(t))k2L2dt � Cf2 �ku0k2H1e�"t + kgk2L2 + 1�Theorem 1.1 applied to the equation (3.41) (in whi
h �f2(u(t)) + g is interpretedas the nonautonomous right-hand side) implies now that(3.44) kv(t)k2D � C1ku(0)k2H1e�"t + C2(1 + kgk2L2)Moreover, let v1(t) and v2(t) be two solutions of (3.41) whi
h 
orrespond to thesolutions u1(t) and u2(t) of the initial problem (0.1). Then,(3.45) kv1(t)� v2(t)k2L2 � Ce2Ktku1(0)� u2(0)k2L2Indeed, sin
e f2 has the �nite support then f 02 is bounded and hen
e (2.4) impliesthat(3.46) kf2(u2(t))� f1(u1(t))k2L2 � Cku1(t)� u2(t)k2L2 � C1ku1(0)� u2(0)k2e2Kt15



Let ~v = v1 � v2. Then, evidently,(3.47) �t~v = a�x~v � (f1(v1)� f1(v2))� (f2(u1)� f2(u2))Multiplying the equation (3.47) by ~v and integrating over x 2 
 we obtain after theevident transformations (whi
h use (3.46) and the fa
t that (f1(v1)�f1(v2)):~v � 0)that (3.45) is valid.Note that the fun
tions v(t) and w(t) are de�ned now only if u0 2 D . Butdue to the estimates (2.4) and (3.45) we 
an de�ne by 
ontinuity (as in (2.2)) thede
omposition (3.40) for every u0 2 L2 (and parti
ularly for u0 2 H1). Moreoverthe estimates (3.43) and (3.44) remain valid for u0 2 H1 as well.Thus, we have de
omposed the operator Ŝt : H1 ! H1 into a sum of twooperators Ŝ1t u0 = v(t) and Ŝ2t u0 = w(t) one of them is smoothing (Ŝ1t : H1 ! D )and another is exponentially 
ontra
ting in L2-norm. Consequently, the attra
torA belongs to D and(3.48) kAk2D � C2(1 + kgk2L2)where C2 is the same as in (3.44). Theorem 3.4 is proved.Remark 3.4. Let us 
onsider the 
omplex Ginzburg-Landau equation in the formof (0.7). It is not diÆ
ult to verify that the nonlinearity f(u) = (1+i�)ujuj2��Ru,(written in a standard real form u = (Reu; Imu)) is quasimonotoni
 if and only if� � p2�+1� . Moreover, if the inequality is stri
t thenru �(1 + i�)ujuj2�� � "juj2�for a some positive " > 0 and therefore f 0(u) � 0 if juj is large enough. Thus,this nonlinearity possesses the de
omposition (3.38) and 
onsequently under theassumption (0.8) the attra
tor AG�L of 
omplex Ginzburg-Landau equation (0.7)satis�es the 
ondition(3.49) AG�L � D = H2(
) \ fu���
 = 0g \ L4�+2(
)Not that (3.49) holds for every n 2 N , � 2 R, � > 0 and � satisfying (0.8).x4 The dimension of the attra
torIn this Se
tion we prove that under some additional assumptions on the nonlinearterm f(u) the attra
tor A of the equation (0.1) has a �nite fra
tal dimension. Notethat the usual way of estimating the fra
tal dimension of invariant sets involvingthe Liapunov exponents and k-
ontra
tion maps (see for instan
e [11℄) requires thesemigroup to be quasidi�erentiable with respe
t to the initial data on the attra
tor.But in our 
ase where f(u) is not subordinated by the linear part �xu (in the senseof (3.3)) we were able to prove only that A � D (under the assumptions of previousSe
tion) whi
h is not suÆ
ient to obtain the di�erentiability. To avoid this diÆ
ultywe present below a new s
heme of estimating the dimension of invariant sets whi
hworks without the di�erentiability assumptions.First of all we remind here the de�nition and the simplest properties of the fra
taldimension (see [11℄ for further details). 16



De�nition 4.1. Let X be a metri
 spa
e and let M be a pre
ompa
t set in X.Then, a

ording to Hausdor� 
riteria the set M 
an be 
overed by a �nite numberof "-balls in X for every " > 0. Denote by N"(M;X) the minimal number of "-ballsin X whi
h 
over M . Then the Kolmogorov's entropy of the set M in X is de�nedto be the following number(4.1) H"(M;X) � log2N"(M;X)and the fra
tal (entropy, box-
ounting) dimension of M 
an be de�ned in the fol-lowing way(4.2) dF (M) = dF (M;X) = lim sup"!0 H"(M;X)log2 1"The following properties of the fra
tal dimension 
an be easily dedu
ed from it'sde�nitionProposition 4.1. 1. Let M be a 
ompa
t k dimensional Lips
hitz manifold in X.Then dF (M;X) = k.2. Let X and Y be metri
 spa
es M � X and L : X ! Y . Assume that the mapL is globally Lips
hitz 
ontinuous on M . Then(4.3) dF (L(M); Y ) � dF (M;X)Parti
ularly, the fra
tal dimension preserves under Lips
hitz 
ontinuous homeo-morphisms.The following Theorem is of fundamental signi�
an
e in our study the dimensionof attra
tors.Theorem 4.1. Let H1 and H be Bana
h spa
es, H1 be 
ompa
tly embedded in Hand let K �� H. Assume that there exists a map L : K ! K, su
h that L(K) = Kand the following 'smoothing' property is valid(4.4) kL(k1)� L(k2)kH1 � Ckk1 � k2kHfor every k1; k2 2 K. Then the fra
tal dimension of K in H is �nite and 
an beestimated in the following way:(4.5) dF (K;H) � H1=4C(B(1; 0; H1); H)where C is the same as in (4.4) and B(1; 0; H1) means the unitary ball in the spa
eH1.Proof. Let fB("; ki; H)gN"i=1, ki 2 K, be some "-
overing of the set K (here andbelow we denote by B("; k; V ) the "-ball in the spa
e V , 
entered in k). Then,a

ording to (4.4), the system fB(C"; L(ki); H1)g of C"-balls in H1 
overs theset L(K) and 
onsequently (sin
e L(K) = K) the same system 
overs the set K.Cover now every H1-ball with radius C" by a �nite number of "=4-balls in H. Byde�nition, the minimal number of su
h balls equals to(4.6) N"=4(B(C"; L(ki); H1); H) = N"=4(B(C"; 0; H1); H) == N1=4C(B(1; 0; H1); H) � N17



Note, that the 
enters of "=4-
overing thus obtained not ne
essarily belongs to Kbut we evidently 
an 
onstru
t the "=2-
overing with 
enters in K and with thesame number of balls.Thus, having the initial "-
overing ofK inH with the number of ballsN" we have
onstru
ted the "=2-
overing with the number of balls N"=2 = NN". Consequently,the "-entropy of the set K possesses the following estimate(4.7) H"=2(K;H) � H"(K;H) + log2NIn fa
t the assertion of the theorem is a 
orollary of this re
urrent estimate. Indeed,sin
e K �� H then there exists "0 su
h that K � B("0; k0; H) and 
onsequentlyH"0(K;H) = 0Iterating the estimate (4.7) n-times we obtain that(4.8) H"0=2n(K;H) � n log2NFix now an arbitrary " > 0 and 
hoose n = n(") in su
h a way that(4.8) "02n � " � "02n�1Then H"(K) � H"0=2n(K) � n log2N � log2 �2"0" � log2NTheorem 4.1 is proved.Now we are in a position to formulate the main result of this Se
tion.Theorem 4.2. Let the assumptions of Theorem 2.2 hold and let A be the attra
torof the equation (0.1). Assume that for a suÆ
iently small Æ > 0 the followingregularity assumption is valid(4.9) kf 0(�u0 + (1� �)u1)kL2�Æ(
) � Cuniformly with respe
t to u0; u1 2 A and � 2 [0; 1℄. Then the fra
tal dimension ofthe attra
tor A is �nite.(4.10) dF (A; L2(
)) <1We are going to apply Theorem 4.1. In order to do so we need some estimateson a di�eren
e v(t) = u1(t)� u2(t) between two solutions u1 and u2 belonging tothe attra
tor.Lemma 4.1. Let the assumptions of the theorem hold and let " > 0 and Æ > 0satis�es the 
ondition 0 < k("; Æ) � 4"+ Æ � "Æ1� ("+ Æ) � 4n� 218



Then the following estimate is valid:(4.11) k�tvkL1+"([1;2℄;L1+"(
)) + kvkL2([1;2℄;H1(
)) � Ckv(0)kL2Proof. Re
all, that the fun
tion v(t) satis�es the equation(4.12) �tv(t) = a�xv � l(t)v ; v���
 = 0with l(t) = R 10 f 0(su1(t) + (1� s)u2(t)) ds. Sin
e u1(t); u2(t) 2 A then the assump-tion (4.9) implies that(4.13) kl(t)kL2�Æ � C1Let us estimate the L1+"-norm of the fun
tion hv(t) = l(t)v(t) using Holder inequal-ity, the estimate (4.13), and Sobolev embedding theorem H1 � Lp if p � 2 + 4n�2 :(4.14) khv(t)kL1+" � kl(t)kL2�Ækv(t)kLk(";Æ) � C2kv(t)kH1It follows from the estimates (2.4) and (4.14) that(4.15) khvkL1+"([0;2℄;L1+") � C3kv(0)kL2Let us rewrite (4.12) as the linear nonhomogeneous paraboli
 problem in 
(4.16) �tv = a�xv � hv(t)Then a

ording to the L1+"-regularity theorem for the linear paraboli
 equation(4.16) and using the smoothing property for the 
orresponding homogeneous prob-lem (see for instan
e [6℄) we derive that(4.17) k�tvkL1+"([1;2℄;L1+") + k�xvkL1+"([1;2℄;L1+") �� C �kv(0)kL1+" + khvkL1+"([0;2℄;L1+")� � C4kv(0)kL2The estimate (4.17) together with (2.4) 
ompletes the proof of Lemma 4.1.Lemma 4.2. Let the assumptions of previous Lemma hold. Then(4.18) kv(1)k2L2 � C Z 10 kv(t)k2L2 dtProof. Indeed, multiplying the equation (4.12) by tv(t) and integrating over x 2 
we obtain using the fa
t that l(t) � �K(4.19) �t(tkv(t)k2L2)� 2K �tkv(t)k2L2� � kv(t)k2L2Applying the Gronewal inequality to the estimate (4.19) we obtain the assertion ofthe lemma. 19



Thus, 
ombining the results of lemmata 4.1 and 4.2 we derive that(4.20) k�tvkL1+"([2;3℄;L1+"(
)) + kvkL2([2;3℄;H1(
)) � CkvkL2([0;1℄;L2)Now we are in the position to 
omplete the proof of the theorem. To this end weintrodu
e a spa
e(4.21) W = fu 2 L2([0; 1℄; H1) : �tu 2 L1+"([0; 1℄; L1+")gIt is known (see [8℄) that the spa
e W is 
ompa
tly embedded in L2([0; 1℄; L2).Let us 
onsider the restri
tion K��[0;1℄ of the kernel K, de�ned by (2.14) and themap(4.22) L : K��[0;1℄ ! K��[0;1℄ ; (Lu)(t) = Ŝ2u(t)Sin
e the attra
tor is stri
tly invariant with respe
t to Ŝt thenL�K��[0;1℄� = K��[0;1℄and due to (4.20) kL(u1)� L(u2)kW � Cku1 � u2kL2([0;1℄;L2)Consequently, a

ording to Theorem 4.1,(4.23) dF �K��[0;1℄; L2([0; 1℄; L2(
))� <1The �nite dimensionality of A in L2(
) is an immediate 
orollary of (4.23), (4.18)and the se
ond assertion of Proposition 4.1. Theorem 4.2 is proved.Thus, we have proved that the attra
tor is �nite dimensional under the regularityassumption (4.9). But it is still not 
lear how to verify this 
ondition in appli
ations.The following 
orollary gives an answer on this question.Corollary 4.1. Let the attra
tor A be bounded in D (for instan
e let the assump-tions of Theorem 3.3 or 3.4 be valid). Let us assume also that there exists a 
onvexfun
tion 	 : Rk ! R+ su
h that(4.24) K2	(v)� C2 � kf 0(v)kL(Rk;Rk) � K1	(v) + C1 ; 8v 2 Rkwhere Ki > 0. Moreover, it is assumed that the derivative f 0 satis�es the estimate(4.25) kf 0(v)kL(Rk;Rk) � C(jf(v)j1+� + 1)for a suÆ
iently small � > 0 and every v 2 Rk . Then the assumption (4.9) issatis�ed and 
onsequently the attra
tor A has the �nite fra
tal dimension.Indeed, sin
e the fun
tion 	 is 
onvex then(4.26) kf 0(�v1 � (1� �)v2)kL(Rk;Rk) � K1�	(v1) +K1(1� �)	(v2) + C2 �� K1K2 ��kf 0(v1)kL(Rk;Rk) + (1� �)kf 0(v2)kL(Rk;Rk) + C�20



for every v1; v2 2 Rk and � 2 [0; 1℄. Thus, (4.9) is ful�lled if(4.27) kf 0(u0)kL2�Æ(
) � C for every u0 2 AIn order to verify the assumption (4.27) we use the estimate (4.25). Indeed, a
-
ording to (4.27) and due to the fa
t that A is bounded in Dkf 0(u0)k2�ÆL2�Æ � C(kf(v)k2L2 + 1) � C(kuk2D + 1) � C1for Æ = 2� 21+� . Corollary 4.1 is proved.Remark 4.1. Sin
e the solutions of the equation y0 = y1+� blow up in �nitetime then (4.25) is not a growth restri
tion but only a some kind of regularityassumption.Example 4.1. Let us 
onsider the Cha�ee-Infante equation (0.9) in 
 �� Rn .Then all assumptions of Corollary 4.1 are evidently satis�ed and therefore theattra
tor A of this equation has a �nite dimension for an arbitrary n 2 N .Example 4.2. All assumptions of Corollary 4.1 are ful�lled also for the 
omplexGinzburg-Landau equation (0.7) under the assumption (0.8). Consequently the
orresponding attra
tor has the �nite fra
tal dimension.Example 4.3. Assume now that the nonlinear fun
tion f(u) has the form f(u) =f1(u)+f2(u) and (3.37) is satis�ed. Then the assumptions of Corollary 4.1 are alsosatis�ed and 
onsequently for every a 2 L(Rk ;Rk ) su
h that a+ a� > 0 and for anarbitrary n 2 N the system (0.1) with su
h nonlinearity has a �nite dimensionalattra
tor.Remark 4.2. Re
all, that in this Se
tion we have primarily 
onsidered the 
asewhere the nonlinearity is not subordinated by the linear term �xu. In the 
asewhere this subordination assumption is ful�lled (for instan
e if the assumptions ofRemark 3.1 is valid) the di�erentiability of Ŝt with respe
t to the initial data u0
an be veri�ed dire
tly and therefore the �nite dimensionality of the attra
tor 
anbe obtained by standard methods without any additional restri
tions on f .
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