ATTRACTORS FOR SEMILINEAR EQUATIONS OF
VISCOELASTICITY WITH VERY LOW DISSIPATION
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ABSTRACT. We analyze a differential system arising in the theory of isothermal vis-
coelasticity. This system is equivalent to an integrodifferential equation of hyperbolic
type with cubic nonlinearity, where the dissipation mechanism is contained only in the
convolution integral, accounting for the past history of the displacement. In particular,
here we consider a convolution kernel which entails an extremely weak dissipation. In
spite of that, we show that the related dynamical system possesses a global attractor of
optimal regularity.

1. INTRODUCTION

Let Q C R® be a bounded domain with smooth boundary 992. For ¢t € Rt = (0, 00), we
consider the evolution system arising in the theory of isothermal viscoelasticity [9, 20]

Oun = S = [ u(s) Su(s)ds + glu) = f,
0

81577 = T77 =+ 8tu7
where u = wu(t) : Q x [0,00) = R, n = n'(s) : Q@ x [0,00) x Rt = R and T = —0;,
supplemented with the boundary and initial conditions

u(t)|on = n'lon = n"(0) =0,

u(0) = ug, u(0) = vy, n°(s) = no(s).
Here, g : R — R is a nonlinear term of (at most) cubic growth satisfying some dissipa-
tivity conditions, f : 2 — R is an external force, whereas the memory kernel p is an
absolutely continuous summable decreasing (thus nonnegative) function defined on R*.

Problem (1.1)-(1.2) is cast in the so-called memory setting (see [5, 6]), and is equivalent
to the integrodifferential equation

Opu — (1 +¢)Au + /000 w(s)Au(t — s)ds + g(u) = f,

(1.1)

(1.2)

where ¢ = [ u(s)ds > 0, with boundary condition u(t)|so = 0 and initial conditions
u(0) = ug, u(t) = ug — no(—t), for t < 0, and u(0) = vo. We address the reader to [11]
for more details on the equivalence of the two formulations.

It is known that (1.1)-(1.2) generates a dissipative dynamical system S(¢) on the phase
space Hg(€2) x L*(Q) x L2(R*; Hy(Q)), the so-called history space, since the variable 7
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contains the information on the past history of the system. The asymptotic behavior of
S(t) has been investigated quite extensively. For instance, if the first equation contains
an extra term of the form d;u (physically, a dynamical friction), then S(¢) has a global
attractor of optimal regularity [1, 3, 18]. When this term does not appear, such as in our
case, the existence of the global attractor and its regularity can still be proved, although
the dissipation is contained in the memory term only [4, 10]. Clearly, this situation
requires a more careful analysis, the dissipation being much weaker. However, all the
above results (as well as all the results on the asymptotic behavior of dynamical systems
arising from equations with memory) have been proved under the apparently essential
condition

(1.3) 1 (s) +dp(s) <0,

for some § > 0 and (almost) every s € R". Indeed, even in the linear homogeneous case,
(1.3) seemed to play an essential role in establishing exponential stability (see [8, 15, 16]).
It is readily seen that (1.3) is equivalent to

(s +0) < e puls).

On the other hand, [2] proves that a necessary condition in order to have exponential
stability in the linear homogeneous case (and, consequently, in order for S(t) to possess
at least an absorbing set) is

(1.4) (s + o) < Ce ™ ps),

for some C' > 1, § > 0, every o > 0 and (almost) every s € R". Nonetheless, between
(1.3) and (1.4) there is quite an elbowroom. In particular, (1.3) does not hold when  is
too flat (which corresponds to having zones of very low, or even null, dissipation). Along
this direction, the very recent article [17], focused on the linear homogeneous case, shows
that exponential stability still occurs when (1.4) holds, but (1.3) is heavily violated. This
paper employs semigroup techniques, which, as often happens, can be translated in terms
of suitable energy functionals, which allow to extend the analysis to the nonlinear case.
Indeed, the aim of the present work is to establish the existence of a global attractor of
optimal regularity for S(¢) when p fulfills the necessary condition (1.4), but under much
weaker hypotheses than (1.3). To the best of our knowledge, this is the first result of
this kind for nonlinear systems with memory. In fact, this approach can be successfully
applied to other models with memory, such as reaction-diffusion equations with Gurtin-
Pipkin conduction law [12].

The plan of the paper is as follows. In the next Section 2 we write the assumptions on
f, g and p. In Section 3 we formulate the main theorem, which is proved in Section 4.
The remaining sections are devoted to the proofs of Lemma 4.3 and Lemma 4.4 appearing
is Section 4.

Notation. We consider the positive operator A = —A acting on (L*(Q), (-,-), || - ||) with
domain D[A] = H?(Q)NH{ (). Forr € R, we denote by H, = D[A"/?] the scale of Hilbert
spaces generated by A, with the usual inner products (-, )par/2) = (AT/2., A7/2.) "and by
M, = Li(R*; H,,) the Hilbert space of square summable functions on R" with values
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in Hy,,, with respect to the measure p(s)ds. To account for the boundary conditions on
n, we view T = —0, as the linear operator with domain

= {¢Y =1(s) € My : 050 € My, ¥(0) =0},

where 0; is the distributional derivative with respect to the 1nternal variable s. Then, T
is the infinitesimal generator of the right-translation semigroup R(t) on M, acting as

0, 0<s<t,
(s —t), s> 1.

Finally, we introduce the product Hilbert spaces
H, = Hyyp X H. X M,.

Throughout the paper, ¢ > 0 will denote a generic constant (whose value may vary
even within the same formula). Any further dependence of ¢ on other quantities will be
specified on occurrence. Also, we shall often tacitly use the Poincaré, the Young and the
Holder inequalities, as well as the usual Sobolev embeddings.

2. GENERAL ASSUMPTIONS

Concerning the nonlinearity and the external force, we take f € Hy independent of time,
and g € C*(R), with ¢g(0) = 0, such that the following growth and dissipation conditions
are satisfied:

(2.1) 9" ()] < e(1 + [ul),

(2.2) lim 1nf£ > =),

lujl—so0 U

where A > 0 is the first eigenvalue of A. Following [4], we decompose g into the sum
g = go + g1, where go, g1 € C*(R) fulfill

(2.3) 190 (u)] < e(1+ Jul),

(2.4) go(u)u >0,

(2.5) 90(0) =0,

(2.6) Igi(u)| <c

Setting G(u) = [, 9(y)dy and Go(u) = [;’ go(y)dy, it follows from (2.1)-(2.4) that
(2.7) —(1- w)||A1/2U||2 — ¢ <2(G(u), 1) < e(1+ || APul]"),

(2.8) 0 < 2(Go(u), 1) < c(1 + ||AY2u|Y),

for every u € H; and some w > 0.

Concerning instead the memory kernel, we assume that p: Rt — [0, 00) is absolutely
continuous, summable and nonincreasing. In particular, p is differentiable almost every-
where with g/ <0, and it is possibly unbounded in a neighborhood of zero. Without loss
of generality, we may (and do) assume that

/OOO j(s)ds = 1.
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This, together with the above assumptions on f and g, is enough to show that problem
(1.1)-(1.2) generates a strongly continuous semigroup S(t) on the phase space H, (see
[4, 18]). For further convenience, we recall that the third component of the solution
S(t) (ug, vo,mo) = (u(t), dyu(t),n') has the explicit representation [18]

u(t) — u(t — s), 0<s<t,
No(s — t) + u(t) — uo, s > t.

(2.9) n'(s) = {

We point out that, given w(t), the representation formula (2.9) depends only on the
structure of the second equation of (1.1). When f = g = 0 (linear homogeneous case),
the monotonicity of y ensures that S(t) is a (linear) contraction semigroup.

Remark 2.1. In fact, as in [2, 17], we could consider without substantial changes in the
subsequent analysis more general kernels, allowing x to have a finite number of jumps, or
even an infinite number of jumps, provided that the points where x4 has jumps form an
increasing sequence.

Definition 2.2. We say that u is an admissible kernel if there exists © > 0 such that

(2.10) /00 p(o)do < Ou(s),

for every s € Rt

Remark 2.3. Note that, in view of the other assumptions on p, conditions (1.4) and
(2.10) are equivalent. Indeed, it is apparent that (1.4) implies (2.10) (just take © = C/9).
Concerning the reverse implication, since p is positive and monotone nonincreasing, we
have, for every r > 0,

00 s+r
Ou(s) > / p(o)do > / p(o)do > ru(s+r).
Hence, there exists o < 1 and r > 0 such that

(s +1) < op(s).

Due to the monotonicity of 4, the above inequality readily yields (1.4).

Thus, p is admissible if and only if the semigroup associated with the linear homoge-
neous system is exponentially stable (see [2]).

3. THE MAIN THEOREM

Our main result reads as follows.

Theorem 3.1 (Existence of the global attractor). Let pu be an admissible kernel. Assume
in addition that

(3.1) 1 (s) <0, for a.e. s € RT.

Then S(t) possesses a connected global attractor A C Hy which coincides with the unstable
set of equilibria.
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Corollary 3.2 (Regularity of the attractor). The global attractor A is contained and
bounded in Hi. Moreover, calling I1 the projection of H onto My, we have the additional
reqularity

[IA C DIT], sup ||[Tn||m, < o0, sup  ||[An(s)|| < oc.
nellA nellA, seR+

Remark 3.3. Hypothesis (3.1) can be relaxed when the nonlinearity ¢ is subcritical, that
is, if (2.1) is replaced by

lg'(w)] < c(1 4+ u)®), B<2.

Precisely, the above results hold true even if the set Py = {s € Rt : j/(s) = 0} has
positive measure not exceeding a certain limit which depends on the physical constants
of the system. The exact condition is the same as the one required to have exponential
stability of the corresponding linear semigroup (see [17]).

Remark 3.4. If the first equation of (1.1) contains also the dissipative term 0,u it is not
hard to show, using the techniques of this paper, that Theorem 3.1 and Corollary 3.2
hold without hypothesis (3.1). Hence, in that situation, being an admissible kernel is
a necessary and sufficient condition in order for the related dynamical system S(t) to
possess the global attractor.

4. PROOF OF THE MAIN THEOREM

4.1. The gradient system. We begin to establish the following fact.

Proposition 4.1. S(t) is a gradient system on Ho, and the set S of its equilibria is
bounded in H,.

Proof. The second assertion is quite immediate. Indeed,

S = {(u0,0,0) € Ho : Aug + g(uo) = f},

which is bounded on account of the assumptions on f and g. We define the function
L e C(Ho,R) as

L(p,q,%) = I(p, 4, V)3, + 2(G(p), 1) — 2(f, p)-

We have to show that £ is a Lyapunov function, namely,
(i) L£(z) — oo if and only if ||z||3, — oo,
(ii) £(S(t)z) is nonincreasing for any z € H,,
(iii) if £(S(t)z) = L(z) for all £ > 0, then 2 is an equilibrium.
Property (i) is apparent in light of (2.7). Indeed,
1

(4.1) |2l — e < £(2) S ellzlly, +e, V€ Ho,

for some ¢ > 1. Next, if z = (ug, v, o) is a sufficiently regular datum (in particular,
no € D[T]), we have (see [4])

d

3 L5(0)2) = /0 " (s) | A2 ) .



6 S. GATTI, A. MIRANVILLE, V. PATA, S. ZELIK

Hence, choosing § > 0 small enough such that the set N = {s € R" : p/(s) + du(s) < 0}
has positive measure (here we are using (3.1)),

LIS(H)2) < L(2 —5/ / ()| A2y (s)|Pdsdr, Vit > 0.

By density, the inequality holds for every z € Hy. In particular, (ii) follows. Finally, if
L(S(t)z) = L(z) for all ¢ > 0, then n’(s) = 0 for every ¢ > 0 and every s € N. From
the representation formula (2.9), we learn that u(¢) has period s, for every s € N. Since
N has positive measure, it follows that u(t) = ug, and therefore dyu(t) = vy = 0. Using

again (2.9), we get
0, 0<s<t,
n'(s) =
(s —t), s > t.

To prove (iii), we are left to show that 79 = 0. Indeed, the equality £(S(¢)z) = L(z) now
reads

/ u(8+t)||A”2770(8)||2d8:/ n() Ao (s)|Pds, vt > 0.
0 0

Since p vanishes monotonically at infinity, taking the limit ¢ — oo in the right-hand side
and applying the dominated convergence theorem, we conclude that ny = 0. U

Remark 4.2. Note that we did not use (3.1) in its full strength. Indeed, to obtain the
desired conclusion it is enough to have a set of positive measure on which p is not constant
(cf. Remark 2.1).

4.2. The semigroup decomposition. We decompose the solution S(t)z into the sum
S(t)z = D(t)z + K(t)z,
where D(t)z = (v(t), dv(t), &) and K(t)z = (w(t), daw(t), ¢*) solve the problems

Onv + Av + /000 p(s)AE(s)ds + go(v) =0,
0 =TE + Oy,
(v(0), 9(0),£°) =
and .
o+ 4w+ [ () AC(s)ds +9(0) = lv) = 1.
8,¢ = TC + dyw,
(w(0), 0yw(0), ¢") =

Then, we have

Lemma 4.3. There exist k > 0 and an increasing nonnegative function () such that

ID(#) 2]l < Q([I2]l340)e ™™,
for every t > 0.
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Lemma 4.4. Let B C Hy. Assume that, for every t > 0,

sup ||S(#)z]|x, = C < oo.
z€B

Then, for every r € [0, %), there exists M = M(C,r) > 0 such that
sup | K (621, < M,
z€eB

for every t > 0.

Lemma 4.5. Let B C H/3. Assume that, for every t > 0,

sup [|S(t)2[3,,, = C < 0.
2€B

Then, there exists M = M(C') > 0 such that
sup ||K(t)z||7-l1 < M7
2€B

for every t > 0.
The proofs of the three above lemmata will be given in the following sections.
Corollary 4.6. Let B C H,, for some r € (0,1]. Assume that, for everyt > 0,

sup | K (£)z ]}, = M < oc.
z€B

Then, for every z € B and every t > 0, we have that K (t)z belongs to the compact set

K = {ZO lzolla, < M, 1000200 ag,- < M, (AT 2TH(s)|| < 2M, TIz(0) = 0}'

Proof. The compactness of TIKXM in M, (and, consequently, the compactness of K in
H, is guaranteed by Lemma 5.5 of [18]). From the analogue of (2.9) for ¢*, we know that

w(t) —w(t—s), 0<s<t,

¢(s) = {w(t), s>t

This shows that ¢(0) = 0 and [|A0+)/2¢t(s)|| < 2M. Besides,

0,C'(s) = {

Hence, [|A"0,(!(s)|| < M, which implies that ||0sCt||m,_, < M. O

dw(t —s), 0<s<t,
0, s >t.

4.3. Proof of Theorem 3.1. Since S(t) is a gradient system and S is bounded in H,,
using a general argument that can be found in [13, 14] (see also the Appendix of [4]), the
existence of the (connected) global attractor A coinciding with the unstable set of S is
achieved if we show that

(a) D(t) decays to zero uniformly on bounded sets,
(b) for any given R > 0, there is a compact set K = K(R) C Ho such that K(t)z € K
for every ¢t > 0 and every z € H, of norm less than or equal to R.
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In that case, A C K, for some R > 0 large enough.

Point (a) is exactly the content of Lemma 4.3, which says even more than is needed,
since the decay is of exponential type. Concerning point (b), due to (4.1) and to the
monotonicity of £ along the trajectories, if ||z||3, < R, then ||S(¢)z||%, < C, for some
C = C(R). Hence, given r € (0, %), applying Lemma 4.4 (with B equal to the ball of H,
of radius R), it follows that ||K(t)z||3, < M. Therefore, by Corollary 4.6 (with B equal
to the ball of A, of radius M), we conclude that K(t)z € KM.

4.4. Proof of Corollary 3.2. At this point, we know (in particular) that A is bounded
in Hi /3. Besides, A is fully invariant for S(t), namely, S(t)A = A, for every ¢t > 0. Hence,
for every z € A and every t > 0 there exists z; € A such that z = D(t)z; + K(t)z. An
application of Lemma 4.3 and Lemma 4.5 entails the boundedness of A in H;. Finally,
Corollary 4.6 yields the desired regularity. Indeed, TIKY C D[T].

Remark 4.7. In fact, by Lemma 4.3 and a slight modification of Lemma 4.4 and Lemma 4.5,

together with the transitivity of the exponential attraction property [7], one can show the

existence of a regular exponentially attracting set and, in turn, of an exponential attractor

of finite fractal dimension, whose basin of exponential attraction is the whole phase space

H,y. As a byproduct, the global attractor A has finite fractal dimension as well. It is also

worth observing that the regularity of A can be increased up to where f and g permit.
5. SOME AUXILIARY FUNCTIONALS

We begin with some preliminary work in order to be in a position to prove Lemma 4.3,
Lemma 4.4 and Lemma 4.5. We introduce the probability measure i on R* as

i(P) = [ uts)as,
P
for any (measurable) set P C R*. For any 0 > 0, we consider the sets
Ps={seR":p/(s)+du(s) >0} and  Ns;={seR":/(s)+du(s) <0}.
Clearly, Ps U N; = R" (except, possibly, a nullset). Besides, on account of (3.1),
lim /i(P5) = 0.
Then, for ¢ € M, we denote
Psl] = / u(s)[A0(s)|Pds  and  NjlY] = / u(s)[[ A2 (s) [P ds.
Ps Ns

Observe that Ps[y] + Ns[v)] = ||1)]|34,- In order to deal with the (possible) singularity of
p(s) at zero, given any v € (0,1), we choose s, = 5,(v) > 0 such that

'3
/ p(s)ds <
0

and we introduce the function w : Rt — Rt as

Y

VAN

w(s) = 11(8:)X(0,5.1(5) + 1(8) X (52,000 (5),
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where Y denotes the characteristic function. Finally, we define the functionals on H,

¥ (pav) =~ [ " (s, 0(s))ds
®*(p, q,7) = (g, p)

v = | ( / u(a)xP5<a>da)||A1/2(w<s> ~p)Pds,
and the functional

®(p, q,9) = @' (p, ¢, %) + (1 — 20)®*(p, q,%)).
In light of (2.10), it is readily seen that

(5.1) 0 < [®'(p, q,¥)| + 1®°(p, ¢, )| + ¥(p, ¢, %) < cll(p, g, )3, -
We now consider the system
Oup + Ap + / w(s)Ay(s)ds + k =0,
0
O =T + Op,

where k& = k(p,t) is a suitable nonlinearity. Observe that (5.2) may not generate a
strongly continuous semigroup on Hgy. Assuming that (p, d;p, 1) is a sufficiently regular
global solution to (5.2) (in particular, ¢ € D[T]), we have

Lemma 5.1. The following inequality holds:
d
— @ (p, dip, ) < 2V [ AVPp|P = (1 = v)[|Op]?

dt
_ /‘S/*) /Ooo u’(s)||A1/2¢(S)||2d3 + (20(Ps) + Vv )Ps[Y] + %NMM

4 [ @ s + [ wls) b v(s)ds
Py 0
The last term can be conveniently estimated as

|l vteds < I
Lemma 5.2. The following inequality holds:

(5.2)

d 1
¥ 0,0p,0) < ~(1= ) [ApIP + 9] + S Ni[Y)

dt
- /p u(s)(A2p, A2 (s))ds — (k, p).

The proofs of Lemma 5.1 and Lemma 5.2 can be found in [17], where the same func-
tionals have been introduced to treat the linear homogeneous case. Collecting the above
results, and observing that

63) [ WA AU < PV + (Pl Va0,
Ps

we readily obtain
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Lemma 5.3. The following inequality holds:

d se) [,
S0, 0, 0) < —(1 = 6V = sl ~ L [T syt pas
0

+2((P3) + VI VPS4 NG+ IR e, — (1= 20k, p).

Finally, we have
Lemma 5.4. The following inequality holds:
d 1 .
S, 0,0) < ~5Pilv] + 20( P A
Proof. Using the equality 0,0 = T + Oyp,

G¥wom ) =2 [ ( | M(G)ng(a)dff) (AT y(s), AV2((s) — p))ds

dt
=2 [ ([ o hn (oo ) 1 (), A2

- [T s ori) s as

An integration by parts then yields
¥, 0. ) = ~Polv] +2 [ plo)(A20(5), 4,
Ps
and using (5.3) the conclusion follows. O
Remark 5.5. The above results continue to hold with (A™/2?p, A™/20,p, A™/?1) in place of

(p, Oip, ). The only difference is that the terms ||k||||¢[| s, and (k, p) must be replaced
by ||k[[[|A™¥[[ a1z, and (k, A™p), respectively.

6. PROOF OF LEMMA 4.3

Here and in the sequel, all the estimates are performed within a suitable regularization
scheme. We define £y € C(Ho, R) as

Lo(p,a.¥) = [I(p, 0 ¥) 34, +2(Go(p), 1).

For every > 0, we have

d

FE(D0) = [ ) ) Pds <o

We now choose an arbitrary z such that ||z||3, < R. Throughout the end of the proof, the
generic constant ¢ > 0 may depend (increasingly) on R. Hence, on account of (2.3)-(2.5),

ID(t)2]13%, < Lo(D(t)2) < || D(t)2][3,-
Let ¢ € (0,3) to be specified later, and put v = £? (this fixes the corresponding s,).
Then, select § > 0 small enough such that pu(s,) < A\/d and i(Ps) < 2. Finally, setting
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(p(t), yp(t),¥') = D(t)z and k = go(v) in (5.2), introduce the functional

E(t) = %ﬁO(D(t)z) +2®(D(t)z) + %Z\II(D(t)z).
For £ small enough,
(6.1 SID(0)2I, < £() < | D0,

With the above choice of v and 4, exploiting Lemma 5.3 and Lemma, 5.4, and noting that
(go(v),v) > 0, we obtain the differential inequality

€ < =25 = 02420l = S - (5 - 42 Pale
+ (5= ) [T wenarolrds + asnife

+2lgo () 1 I€]| a_, -
Observe that

(5 - 280 [T opaecs)pas +4onie

< L / ” 1 (s)||AY2E(s)||2ds + 4eNG€]
0
1

while

3
£
e llgo @I llm-y < e |42 ulllEllmy < 1AM 20]|* + c2* Nile] + ™ Ps[e].

Hence,
ié’ < —53<1 — 65) |AY20]|2 — °(|0pw||* — 52(1 — 06)775[5] — (1 — cs)/\fg[f]
dt” = 4 ' 8 2 '
It is then clear that, up to taking & small enough (depending on ¢), we obtain
d
L)+ ID(0:B, <0

which, together with (6.1) and the Gronwall lemma, yield the desired conclusion. Notice
that the obtained decay rate x depends on ¢ (and thus on R). However, using the
semigroup properties, it is immediate to show that it can be fixed independently of R,
provided that we enlarge Q(R) accordingly.

7. PROOF OF LEMMA 4.4 AND LEMMA 4.5

The proofs of the lemmata lean on the existence of a (weak) dissipation integral. Namely,
Lemma 7.1. Assume that the hypotheses of Lemma 4.4 hold. Then, for every e > 0 and
everyt > 7 >0,

t
[ Wty < o) + K
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for some K = K(C\,¢e) > 0.

Proof. In this proof, the generic constant ¢ will depend on the bound C of the norm of
S(t)z in Hy. For any fixed e > 0 (without loss of generality, we assume that ¢ < 1/2),
choose v = % and § > 0 such that pu(s.) < \/§ and ji(Ps) < €% Tt is apparent that

/ 11(s)(AY2u, AY?n(s))ds < c=
Ps

and 1
lg(u) = flllnllm_, < §N5[77] + ce.

Then, setting (p(t), dip(t),¥") = S(t)z and k = g(u) — f in (5.2), in view of Lemma 5.1
and Remark 5.5, the functional ®'(S(t)z) satisfies the inequality

d 1 (ss) /°° 4
Sl <« = 2 H(Sx) (VI AL/2 2 il _
0 < 5l = 55 [ o)1) s + 060 + e
Finally, we define
£(t) = %ﬁ(s(t)Z) +e'0l(S(t)2),

where £ is the Lyapunov function introduced above. Due to (5.1), we have that |€,| < ¢/d.
Reasoning as in the proof of Lemma 4.3, if ¢ is small enough (which is clearly not a
constraint in view of our aim), we have

d gt

— &+ —||owul* < ce®.

S+ lou? <
Integrating this inequality over (7,t), and subsequently applying the Holder inequality,
we obtain the desired conclusion. O

7.1. Proof of Lemma 4.4. Again, the generic constant ¢ appearing below will depend
on the bound C' of the norm of S(t)z in H,. For r € [0, 1), We introduce the functional

Q. (t) = 1K (t)zll3, + 2(g(u(t)) — go(v(t)) — f, A"w(t)),
which satisfies the estimates

£0.(1) — e < K02l <20.(1) +c

and the differential equality

d o0
G0 [ WAt s
= 2{{gh(1) — gy ()]s, A7) + 20 (0) 0w, A7) + 2{g} () s, A7),

By virtue of (2.3), (2.5)-(2.6) and the continuous embedding H® «— L%G20(Q), we
obtain the following estimates:

(7.1) 2([go(w) = go(0)]10wu, A"w) < c(1 +[lullzs + [|vll o) [ Ovullllwll Lora-2n | A™w][ pora2r)
< cllopull]] AT,
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(7.2) 2(go (v)0w, A"w) < cl[v] + [v[*|| s [|Bpw]| Loses—2n | A™w]| porrsan
< | AV 2o||[| AT AN ]

and

(7.3) 2(g/ (u)yu, A™w) < el|Opul|[|[A™w]| < elldpul] + ef| Opu| [ AT 2w 2.

Thus, we readily obtain
d o0
50— [ WA (s) Pds < -+ b,
0
where we put

h(t) = c|| 0wl + c[| A ?0).

For ¢ € (0,3) we choose v = % and 6 > 0 such that u(s,) < A/ and (Ps) < 2. Setting

(p(t), dip(t), ') = A2 K (t)z (here, A™/? is in fact the diagonal matrix whose entries are
A%y and k = g(u) — go(v) — f in (5.2), we consider the functional

T, (t) = ®(A?K (t)z) + U(A2K (1)z).
Applying Lemma 5.3 and Lemma 5.4, together with Remark 5.5 and the immediate control
lg(u) = go(v) = FINA™Cllaey = (1 = 2¢){g(u) — go(v) — f, A™w)
< AT - IPAC) + NGATC) 4 e,
we obtain

d
%Tr < _62(||A(1+r)/2w||2 + ||Ar/28tw||2 +P6[Ar/2<])

* > / T 5 r
) [T At ) s + Saalar) 4

provided that e is small enough. Finally, we introduce the energy
Wo(t) = 50 (1) + <10 (0),
which fulfills the inequalities (again, if £ is small enough)
W) e < IK ()2l < W) e,

for some ¢ > 1 depending on £. Thus, we reach the desired conclusion if we show that
W,.(t) is bounded for all times. In light of the previous computations, we have

d
S, < =8 (AT 20 |20 + Po[ATAC)) + 5N A

+ (1= D) [T Ao s + e s
0

It is then apparent that, provided we fix £ small, we end up with the inequality

d
%Wr_kﬁwréh_khwr—i_ca
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for some 3 > 0. Observe also that, by virtue of Lemma 4.3 and Lemma 7.1,

/t h(y)dy < g(t e

Since W, (0) = 0, the conclusion follows from a Gronwall-type lemma (see e.g. [4]).

7.2. Proof of Lemma 4.5. We basically repeat the proof of Lemma 4.4, setting r = 1.
In this case, the generic constant ¢ appearing below will depend on the bound C' of the
norm of S(t)z in Hy/3. The only difference here is the way we reach the control (7.1),
whereas (7.2)-(7.3) remain the same (for r = 1). Since

190(u) = g0(v)] < clwl(1+ [ul + |w]),
exploiting the Agmon inequality
lwllzoe < el A2 Aw]|? < cf| Aw|]/?
and the embeddings H*/? < L?(Q) and H'/3 < L'8/7(Q), we are led to
2([90(u) — g0(v)]Owu, Aw) < clldpul[[|wl]| [ Awl] + el|ull o [|Qpul sz lw] Lo | Aw]|
+ elwll 76 Byl sy e 12 ] Aw |
< ol Aw||*? + ¢f| Aw|*?

c
<Al Aw|* + =,
fy
for every v € (0,1). Thus, for any given v € (0,1), we conclude that
d (0.0
G0 = [ HIAN P ds < |l + b+ Qs+ 5.
0

We can now proceed exactly as in the proof of Lemma 4.4. Note that the term ~|| Aw||?
is easily controlled, upon fixing + small enough.
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