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ABSTRACT. Our aim in this article is to construct exponential attractors for singularly per-
turbed damped wave equations that are continuous with respect to the perturbation param-
eter. The main difficulty comes from the fact that the phase spaces for the perturbed and
unperturbed equations are not the same; indeed, the limit equation is a (parabolic) reaction-
diffusion equation. Therefore, previous constructions obtained for parabolic systems cannot be
applied and have to be adapted. In particular, this necessitates a study of the time boundary
layer in order to estimate the difference of solutions between the perturbed and unperturbed
equations. We note that the continuity is obtained without time shifts that have been used
in previous results.

INTRODUCTION

The study of the long time behavior of equations arising from mechanics and physics
is very important, as it is essential, for practical purposes, to understand and predict the
asymptotic behavior of the system. Several objects have been introduced for this study.

A first object is the global attractor. It is a compact set, invariant by the flow which
attracts all the trajectories as time goes to infinity. Since it is the smallest (with respect
to inclusion) set enjoying these properties, it is a suitable object for the study of the long
time behavior of the system. Furthermore, in many cases, one can prove that it has finite
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dimension (in the sense of the Hausdorff or the fractal dimension). We refer the reader to
[BV], [CV], [H], [L], [R2] and [T] for extensive reviews on this subject. Now, the global
attractor has two drawbacks. Indeed, it can attract slowly the trajectories (see for instance
[Ko]) and (consequently) it can be sensitive to perturbations.

In order to overcome these difficulties, Foias, Sell and Temam have introduced in [FoST]
the notion of inertial manifold. An inertial manifold is a smooth, finite dimensional, hyper-
bolic (and thus robust), semi-invariant manifold which contains the global attractor and
attracts the trajectories exponentially. Unfortunately, all the known constructions of iner-
tial manifolds are based on a very restrictive property, the so-called spectral gap condition.
Consequently, the existence of inertial manifolds is not known for many physically impor-
tant equations such as the Navier-Stokes equations (even in two space dimensions) and
reaction-diffusion and damped wave equations in three space dimensions. A non existence
result has even been obtained for reaction-diffusion equations in higher space dimensions
(see [MpS]).

So, Eden, Foias, Nicolaenko and Temam have introduced in [EFNT] the notion of an
exponential attractor (also called an inertial set), which can be seen as an intermediate
object between the two ideal objects that the global attractor and an inertial manifold are.
An exponential attractor is a compact, semi-invariant set which contains the global attrac-
tor, attracts the trajectories exponentially and has finite fractal dimension. So, compared
with an inertial manifold, an exponential attractor is not necessarily regular and, compared
with the global attractor, it is expected to be more stable (since it attracts the trajectories
exponentially). We shall come back to this last point below. We note finally that, since it
is not unique, the actual choice of an exponential attractor may, in a sense, be artificial.

Exponential attractors have been constructed for a large class of equations (see [BN],
[EFNT], [EFK], [EM1], [EM2], [EMZ1], [BMZ2], [EMZ3], [FG1], [FG2], [FM], [FN], [G].
[M1], [M2], [M3] and the references therein). In particular, in [EfMZ1] (see also [EfMZ2]
and [EfMZ3]), a construction that is valid in Banach spaces is given (all the previous
constructions made an essential use of orthogonal projectors with finite ranks and were
thus valid in Hilbert spaces only); another construction, due to Le Dung and Nicolaenko
and valid in Banach spaces, is given in [LdN] (see also [BaN]). So, exponential attractors
are as general as global attractors.

Let us come back to the problem of the robustness of the global attractor. Generally,
global attractors are only upper semicontinuous with respect to perturbations. The lower
semicontinuity property is much more delicate to obtain and can be established only for
some particular cases (see e.g. [R2]); for instance, it is true when the semigroup possesses
a global Lyapunov function and all equilibria are hyperbolic. In this particular case, the
corresponding attractor (the so-called regular attractor in the terminology of Babin and
Vishik) is exponential and is robust under perturbations (i.e. it is upper and lower semicon-
tinuous with respect to perturbations, see [BV]). Moreover, if A, is the global attractor of a
perturbed system and Ay is that of the unperturbed one, then, under natural assumptions
on the perturbations, we have



distsym (Ae, Ao) < ce”,

where distg,,, denotes the symmetric distance between sets, £ € (0,1) and € > 0 is the
perturbation parameter.

As already mentioned, exponential attractors are more robust objects. In particular,
one can prove the continuity of exponential attractors under perturbations in many cases
(see [EFNT] for the continuity for Galerkin approximations and [FGM], [FG1], [FG2] and
[G] for examples of (singular) perturbations of partial differential equations), even when
this property is not known or is violated for the global attractor. The drawback of these
results is that the continuity is obtained up to a time shift.

In [EfMZ3], by adapting the construction of [EfMZ1], a construction of continuous ex-
ponential attractors, without such time shifts, is given. Moreover, analogous (to the case
of regular attractors) estimates for the symmetric distance between the perturbed (M.)
and unperturbed (M) exponential attractors are obtained:

dist sym (Me, Mp) < 1",

without assuming that the system possess a global Lyapunov function and that all equi-
libria be hyperbolic. We also note that, in contrast to the case of regular attractors, the
constants ¢; and k; can be computed explicitly in terms of the physical parameters in
specific examples. This construction was then applied to a (singularly) perturbed viscous
Cahn-Hilliard system.

Our aim in this article is to extend this construction to singularly perturbed damped
wave equations (see e.g. [R1] for the study of the (upper semi)continuity of the global
attractor and [FGM] for the continuity (up to a time shift) of exponential attractors). The
difficulty here comes from the fact that the phase spaces for the perturbed and unperturbed
equations are not the same (the limit equation being a (parabolic) reaction-diffusion equa-
tion). Therefore, the abstract construction of [EfMZ3] cannot be applied and must be
deeply reworked. In particular, in order to adapt it to our setting, we need to make a
precise study of the time boundary layer, which is necessary for obtaining proper estimates
for the difference of solutions of the perturbed and unperturbed equations.

This article is dedicated to Professor Mark losifovich Vishik on the occasion of his
eightieth birthday in recognition of the impact he had on the development of the theory of
infinite dimensional dynamical systems in mathematical physics.

§0 SETTING OF THE PROBLEM

We consider the following singularly perturbed damped wave equation in a smooth
bounded domain Q C R3:

0.1) { e02u + y0pu — Agu+ f(u) = g,

— _ /
“‘t:o = Yo, 8t“‘t=0 = Yo,
3

U‘BQ =0,



where ¢ > 0 is a small parameter and v > 0. We assume that the nonlinear interaction
function f satisfies the following assumptions:

L. feC*R), f(0)=0,
2. f'(u) > —K,

3. flu)u>0if |u| > L,
4" (w)] < C(1 + u)),

(0.2)

where C', K and L are fixed positive constants. We also assume that the external force g
belongs to the Sobolev space H'(2):

(0.3) g € HY(Q).
Remark 0.1. We note that assumptions (0.2) are satisfied for cubic nonlinearities:
(0.4) flu)=u*—au, acR,

and, consequently, all the results formulated and proved below will be valid for this physi-
cally relevant class of nonlinearities. We also note that, for simplicity, we require the regu-
larity (0.3) for the external force g, although our approach allows us (after minor changes)
to obtain the main results for the case g € L%(2) as well (see also Remark 1.1). We finally
note that assumption (0.2)3. is not satisfied for the Sine-Gordon equation (f(u) = sinu).
However, the calculations are simpler in that case (since f and its derivative are bounded)
and the results obtained below are valid for this equation as well.

In order to simplify the notations, we set &, (t) := [u(t), d;u(t)] and introduce the fol-
lowing energy norms depending on the small parameter ¢ > 0 on the pairs of functions

%

(0.5) 1€ullZ~ e = ellOpullze + 0l Frms + [lullFasr-

In view of these norms, we introduce the energy spaces £%(e) as follows: for € # 0, we set
(0.6) E%(e) == (H*TH(Q)N {“‘asz =0}) x (H*(Q) N {8tu‘89 =0}),

and, for ¢ = 0, we set

(0.7) £5(0) == (H" () N {u| 5, = 0}) x (H*H(Q) N {Dpul,, = 0}),

where H*(2) denotes the standard Sobolev space; we agree that the boundary conditions
are added only for the x for which they have a sense according to the Sobolev embedding
theorems, see e.g. [Tr]. We will write in the sequel £(¢) instead of £°(e).
We note that the space (0.6) is a natural phase space for the hyperbolic equation (0.1)
(see e.g. [BV]). On the other hand, in the case £ = 0, the space (0.7) is naturally associated
4



with the limit parabolic problem (0.1) (with e = 0). As we will show below, the norms (0.5)
reflect in a right way the dependence on € of the norms of the solutions of the singularly
perturbed hyperbolic equations (0.1) as e — 0.

The rest of the article is organized as follows.

The solvability results for problem (0.1) in the phase spaces £%(¢), k = 1,2, 3, together
with several uniform (with respect to ¢ — 0) estimates for these solutions, are obtained in
Section 1.

In Section 2, we derive estimates for the difference of solutions of problem (0.1) that are
crucial for our study of exponential attractors. In particular, we give a precise study of the
time boundary layer near ¢ = 0 as ¢ — 0, which is necessary to obtain the proper estimates
for the difference of solutions of the perturbed (e # 0) and unperturbed (¢ = 0) equations
(0.1).

Section 3 is devoted to the study of singular perturbations of exponential attractors in
an abstract setting. In this section, we extend the construction given in [EfMZ3] to the
case where the perturbed and unperturbed dynamical systems are defined in different phase
spaces.

Based on the results of Section 3, we prove, in Section 4, that the dynamical systems
associated with problems (0.1) possess uniform exponential attractors M. in the spaces
E%(¢) such that

(0.8) diStsym,g(a) (ME, Mo) < Cef™t,

where C' > 0 and 0 < k1 < 1 are independent of €.

We note that, in Section 4, we construct the exponential attractors in the spaces £2(g)
only, although the convergence (0.8) is established in a dif ferent (weaker) space (namely,
£(€)). In order to overcome this disadvantage, we prove, in Section 5, an abstract result
on the transitivity of exponential attraction and, based on this result, we verify that M,
attracts exponentially the bounded subsets of £(¢) as well. Thus, it is finally established
that the uniform exponential attraction property for M. and the convergence (0.8) take
place in the same phase space £(e).

§1 UNIFORM BOUNDS ON THE SOLUTIONS

In this section, we derive several estimates on the solutions of (0.1) in the spaces £"(¢),
k = 0,1, 2, which are necessary for the construction of attractors.

Theorem 1.1. Let assumptions (0.2) and (0.3) hold and let 0 < e < 1. Then, for every

1.
€4(0) := (uo,uy) € E(€), problem (0.1) has a unique solution &, (t) € E(g) and the following
estimate is valid:

T+1
(1.1) ||§u(T)||,Zs(a)+/ (elloFulzr-1 + 10wu(t)lZ2) dt <

T
< Q (Il Oy ) =" + QUlgllze).



where the monotonic function @Q and the constant o > 0 are independent of € > 0. More-
over, system (0.1) possesses a global Lyapunov function:

1 1
(1.2) U(u, Ou) = §€||5tU||%2 + §||VxU||i2 + (F(u),1) = (9,u),

which satisfies the relation

(1.3) U(EL(T)) — UEL0) = — / |0eu(t)| 2 dt,

for every solution &,(t). Here, F(u) := [ f(s)ds and (-,-) denotes the standard inner
product in L?(Q).

Proof. The proof of existence and uniqueness of solutions can be found, for instance, in
[BV]. The existence of a Lyapunov function & and relation (1.3) are also obtained in
[BV]. So, there remains to verify the uniform estimate (1.1). We will give below a formal
derivation of this estimate only; it can be justified by considering Galerkin approximations
and consists of two steps.

Step 1. Multiplying equation (0.1) by dyu(t) + Bu(t), S > 0 small enough, integrating
over () and arguing in a standard way, we find

T+1
(1.4) /T 10cu(®)|IZ> dt + elloeu(T) || L2 + (Tl <

< Q (elldpu(0) 72 + [[u(0)l17n) e + Q(llgllz2),

where @ and o > 0 are independent of € (see e.g. [BV] for details).

Step 2. Thus, there only remains to estimate ||0;u(t)||z-1. In order to do so, we multiply
equation (0.1) by (—A,)~102u(t), where A, denotes the Laplacian associated with Dirichlet
boundary conditions, and obtain, integrating by parts

(15) I LI0m(0) By 1+ (ult), Do) + (F((1) — g, (D)~ D)) +
+el0Pult) 3 + (21003 + (u(e), Bpu(t)) +

+ (f(u(t)) = g, (=As) "'9pu(t))] < h(1),

where

(1.6)  h(t) = [%IlatU(t)llif—l + (u(t), dpu(t)) + (f (u(t) — g, (—Aq) " 0pu(t) ]+

+|0pu(t) |72 + (F (u(®)deu(t), (—As) " Byuft)).
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It follows from the growth restriction (0.2)4 on f, from (1.2), from the Sobolev embedding
H' C L® and from estimate (1.4) that

T+1
(1.7) /T n(®)] dt < Q(elldru(0)[Z2 + [u(O)IF)e™" + Qllglr2)-

Indeed, the only difficulty to derive (1.7) is to estimate the last term in (1.6). Applying
Holder’s inequality, together with the embedding H' C LS, to this term, we have

(1.8)  [(f(u(®)deult), (—Az) ™ dpu(t))] <
< [IF )z 0u®)llz2 (= A2) ~ u®)llze < C+ [u®)llm)*[|Opu(®)||Z--

Integrating (1.8) over [T',T + 1] and estimating the right-hand side of the inequality that
we obtain by using (1.4), we find the right-hand side of (1.7). The other terms in (1.6) can
be estimated analogously.

Applying now Gronwall’s inequality to (1.5) and using estimate (1.7), we obtain, after
simple transformations

(1.9) Y(T) < OY(0)e™" + Q1 (elldpu(0) 172 + [[u(0) 1 7:) ™" + Qu(llglz2).

where Y (t) := Z{|0yu(t)]|%- +(u(t), Opu(t))+(f (u(t))—g, (—Az) "1 0;u(t)) and where C' > 0
and the monotonic function @)y are independent of ¢ € (0,1). It follows from the growth
restriction (0.2)4 and from the Sobolev embedding theorems that, analogously to (1.8)

(1.10) Crlldput)lz— — Qa(llu®)llm) <Y (1) < Colldpu(t)lzr—1 + Q2(llu(t) ),

for positive constants C'; and a monotonic function Q2 that are independent of e.

Combining estimates (1.4), (1.9) and (1.10), we obtain the necessary estimates for
|0pu(t)||gr-1. The estimates for e||07u(t)||3-: can be easily derived by then integrating
inequality (1.5) over [T, T + 1]. This finishes the proof of Theorem 1.1.

We now derive, based on (1.1), uniform bounds on the solutions in the spaces £!(e) for
more regular initial data.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold and let in addition &,(0) belong
to EL(e). Then, the solution &,(t) of problem (0.1) belongs to E(g), for every t > 0, and
the following analogue of estimate (1.1) is valid:

T+1
(L11) Dl + [ ElORuOIE: + 10u(e) ) dt <
<Q (IO ) e+ QUlglze).

where the monotonic function Q and the constant o > 0 are independent of € > 0.

Proof. Asin Theorem 1.1, we restrict ourselves to the (formal) derivation of estimate (1.11).
7



We introduce the solution G = G(z) of the following problem:
(1.12) AG =g, G|,,=0.
Then, thanks to the elliptic regularity, we have the following estimates:
(1.13) 1Glla> < Cllgllzz, [|Gllas < Cillglla-
We set w(t) := u(t) — G. This function obviously satisfies the equation
(1.14) edfw + 0w — Agw + f(w+ G) =0, w|,_, =uo — G, dw|,_, = uf, wl|,, =0.

We multiply equation (1.14) by —A,(0yw(t) + fw(t)) and integrate over €2 to obtain

%[ell@%w(ﬂll% + 1 Azw ()72 — 28e(Bpw(t), Agw(t))]+

+ (v = Be)10:Vaw®)I72 + Bl Asw(t)Z> — ¥B(9Vow(t), Vaw(t)) =
= B(f(u(®), Agw(t)) + (f (w(t) + G), A dpw(t)).

(1.15) %

We transform the (most complicated) last term of (1.15) (the other terms are easier to
treat) as follows:

(f(w+ GQ), Ayoyw) = 0y (f(w + G), Agw) — (f'(w + G) 0w, Azw),
and we estimate the last term of this equality via Holder’s inequality:
(1.16) |(f"(w + G)oyw, Agw)| < [[f'(w + G)|zs l|Opull | Agw]| 2

We recall that, due to the growth restriction (0.2);, and due to the regularity (1.13), we
have an estimate of the form

1" (w+G)lze < C(1+gllze + [lwlZ:2) -

According to a classical interpolation inequality (see e.g. [Tr]), we obtain

3/2 1/2 1/2 1/2
w212 < Cllwl|| 32wl (0w < Clldwl|}5 10wl 1z

Inserting these estimates into (1.16), we find

(f' (w + G)yw, Agw)| < Q1€u(t)]|ge)) | Antw]| 352 |0l | 57|V oD |17

Applying Young’s inequality and noting that

1/2 3/2
10pul| 357 < 1+ Cul|dpul 347,

8



for every p > 0, we finally obtain the estimate

|(f'(w(t) + G)Opw(t), Agw ()| < 1 (10:Vow(t) |72 + [|Asw(t)|72) +
+ Qull€u®)llee))10pu(t) |22 | Azw(t)]|7--

Fixing p > 0 small enough (but independently of €) and inserting this estimate into the
right-hand side of (1.15), we derive the inequality

(1.17) %[sﬂﬁtvmw(t)ﬂig 1 Asw(t) 32 — 28e(Dpw(t), Ayw(t))—
—2(f(u(t)), Agw(t))] + 1 (10:Vow ()72 + [Agw(®)]IZ2) <

< QUIEuM e 0ru®) Iz | Azw®IZ> + ClLF (u®)1Z:,

(NN

for a sufficiently small 81 > 0 that is independent of e. We set
Y (t) = el Vow(t) |72 + [[Asw(t)||72 — 28e(Qpw(t), Agw(t)) — 2(f (u(t)), Agw(t)).

Then, due to Holder’s inequality, due to the growth restriction (0.2)4 and due to classical
embedding theorems, we have (for a sufficiently small 8 > 0)

(1.18)  Cu (elldew(®)llzp + lw®)l7r) — Qulllu®) ) < Y (2) <
< Co (elldpw®)lIF + [lho(®)IF2) + Qulllu(t)l ),

for appropriate positive constants C; and monotonic function ); that are independent of
€.
Inequality (1.17) now implies that

(1.19) %Y(t) + (81 = QU ®) e I0su(t)IZ2)Y (2) <

< (B + QUIgu®) @) 10eu(t)]|Z2) [28elBpw(t), Agw(t))| + 2| (f (u(t)), Agw(t))]]+
+CIIf (u(®) |7

Applying Hoélder’s inequality to the right-hand side of (1.19), using (1.18) and the obvious
estimate

1 (w72 < QUIELO)ee))e* + Qllgllz2),
we find

(1.20) %Y(t) +BO)Y () < (Q2(16a(0)l[e(e))e™" + Q2(llgllz=)) (1 + [10pu(®)Z) .

where B(t) := 581 — 2Q([|€u(t)[l£(e))|0su(t) |7
9



We note that it easily follows from (1.4) that

/0 101 dt < Qs(lléw(0)llece)):

for a function )3 that is independent of T"> 0 and e, and, consequently

(1.21) | Bz 5AT - Qull60) ),

where 51 > 0 and Q4 are independent of 7" and €. Applying then Gronwall’s inequality to
(1.20) and using (1.21), we find, after simple computations

(1.22) el dnw(D)I3n + [lw(D)llFe < Q (el dru(0)l|7n + [lu(0)[32) e =" + Q(llgllz2),

where () and o > 0 are independent of ¢.

A similar estimate for f; i |0su(t)||: dt can be easily derived by now integrating (1.17)
over [T,T + 1] and by using (1.22). So, there only remains to estimate ||0;u(t)||z> and
€ g“ |02u(t)||22 dt. To this end, we multiply equation (1.14) by 0}w(t) and argue as
in Step 2 of the proof of Theorem 1.1. We also note that this reasoning is simpler than
that performed in the proof of Theorem 1.1 because we already have an estimate of the
L>®-norm of the solution wu(t) (due to (1.22) and due to the embedding H? C C) and,
consequently, we do not need to worry about the growth of f. That is the reason why we
leave the rigorous proof of these estimates to the reader. This finishes the proof of Theorem
1.2.

We now derive uniform bounds on the solutions in £2(e).
Theorem 1.3. Let the assumptions of Theorem 1.1 hold. Let also £,(0) belong to £2(¢)

and the compatibility condition

(1.23) Agtio] o, = 990

be satisfied. Then, the solution &,(t) of equation (0.1) belongs to E%(g), for every t > 0,
and the following estimate is valid:

T+1
(1.24) ||§u(T)||?2(a)+/ (elloFu®)lFn + 0u(®)lz:) dt <

T
< Q ([I€u(0)lle2e)) e + Qlgll 1),

where the monotonic function Q and the constant o > 0 are independent of € > 0.

Proof. As above, we only give a formal derivation of (1.24). We set, as in the proof of
Theorem 1.2, w(t) := u(t) — G, where G is solution of (1.12). Then, due to equation (0.1)
10



and due to the compatibility condition (1.23), the function w satisfies equation (1.14),
together with the following boundary conditions:

(1.25) w(t)] 50 = Agw(t)] 5, = 0.

Here, we have implicitly used the condition f(0) = 0.
Multiplying equation (1.14) by A2(d;w(t) + Sw(t)), integrating by parts using (1.25),
and arguing as in the proof of Theorem 1.2, we obtain

(1.26) %%[e||8tAww(t)||%2 (| Valgw(t)]|2 — 2B(8,Vow(t), Valgw(t))]+

+ (v = Be) |0 Agw ()22 + B Valgw(t)||72 — ¥B(9Vow(t), Volyw(t)) =
= —B(f(u(t)), Azw(t)) + (f (u(t) Agult), Agdyw(t)) + (f" (u(t)|Vou(t)?, s Azw(?)).
We set Y () := e]| 0 Azw(t)||3: + [|[VaAgw(t)||3. — 28e(0,Vw(t), ViAzw(t)). Then, for a
sufficiently small 8 > 0, we easily have
(1.27)  C1 (elldeAsw(t)ll7 + Vo dow(t)l|72) <Y (2) <
< O (el 0 Aqw(t)l|Z: + IValzw(t)||72) .
for positive constants C; that are independent of ¢.

We again estimate the most complicated term in the right-hand side of (1.26) only (the
other terms can be estimated analogously). Using Hélder’s inequality, we find

(1.28) (" (w(®) Agu(t), Axdpw ()] < CIF (w(®) | o< lu(@) | 2 l|Opw (@) 1> <
< CollF () Lo llu)lIzr> + vlI0ew(®) |17

Noting that H? C C, we have

(1.29) L ()T < Qlu(®)]lar2),

for an appropriate monotonic function () depending only on f.
Estimating the H2-norm of u(t) using Theorem 1.2, inserting (1.28) and (1.29) into
(1.26) and using (1.27), we find, after standard calculations

d

TV () +5Y (1) < QUIE(0)llere))e™" + QUllglr2),

for a positive constant 5; and a function () that are independent of €. Applying now
Gronwall’s inequality and using (1.27) again, we finally obtain

T+1
(1.30) /T 185w (t)[| 772 dt + elldew (T) || 7= + llw(T) || 7= <

< Q (ellou(0) 7 + lu(O)lizs) e + QUllgllz2),
11



for appropriate monotonic function () and positive constant a that are independent of €.
We recall that, according to (1.13), we have

lu@)lzs < Nw@)las + llgllar

and (1.30) then implies an analogous (to (1.30)) estimate for wu(t).

Multiplying finally equation (1.14) by A 02w and arguing as in Step 2 of the proof of
Theorem 1.1, we derive the necessary estimates for ||Oyu(t)||z: and f;“ e||OFu(t)||% dt.
This finishes the proof of Theorem 1.3.

Remark 1.1. We note that we have actually proved the analogue of (1.24) for the function
w(t) under the assumption g € L?(€2) and that we need the regularity (0.3) to return from
w to u only. So, in the more general case where g € L%(£2), we only need to replace the
space £2(¢) by £2(¢) + [G, 0], where G is solution of (1.12), and all the results that will be
formulated below remain valid for g € L?(Q).

Let us consider, to conclude this section, the limit parabolic problem
(1.31) yoru = Agu — f(u) + g, U‘BQ =0, u‘tzo = uy,

that is associated with (0.1) for ¢ = 0. It is well known (see e.g. [BV]) that, under the above
assumptions, this equation has a unique solution u(t), for every ug € L?(Q). Moreover, it
is not difficult to verify that all the estimates of Theorems 1.1-1.3 remain valid for e = 0 as
well (obviously, in that case, the quantity d;u(0) should be expressed through «(0) using
equation (1.31)). To be more precise, the following assertion is valid.

Corollary 1.1. Let assumptions (0.2)-(0.3) hold and let in addition (1.23) be satisfied.
Then, the solution u(t) of problem (1.31) satisfies the following estimate:

T+1
(1.32)  [u(T) |l + 100u(T) | 7 +/T 10eu(®) 17> dt < Q(llwollmr2)e ™" + Q(llgll ),

where o > 0 and Q is an appropriate monotonic function. Moreover, if u(0) € H*(Q) N
{u‘aQ = 0}, for i =1,2, then

T+1
lu(T) [z + N0eu(T) - +/T 10cu®)l1Fri-r dt < Q(lluollzr)e™" + Q(llgl|z2)-

Actually, we will need in the sequel stronger estimates for the solutions of (1.31). We
have the

Corollary 1.2. Let the assumptions of Theorem 1.3 hold. Then, the solution u(t) of
problem (1.31) satisfies the following estimates:

T+1
(1.33)  [l0Fu(T)lIz— +/T (loFu®)l|Z- + [1(=As) " OFu(t) 1) dt <

< Q(luollzs)e™" + Q(llgll),
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where a > 0 and @) is a monotonic function.

Proof. Differentiating (1.31) with respect to ¢ and setting 6(t) := Oiu(t), we have the
equation

9‘8920’

1
(1.34) yO 0 = A0 — h(t), 0(0):= 5 (Ayug — f(ug) +9),
where h(t) := f'(u(t))0su(t). According to (1.32) and to the Sobolev embedding H? C C,
we obtain the estimates

100)]1zr < Q(luollz=) + QUllgllm), h®)z2 < QUuollz=)e™" + Q(llgllz),

and the L2-regularity theorem, applied to the heat equation (1.34), then implies the nec-
essary estimates for 92u. In order to derive the proper estimate for the third derivative,
we take the (—A,) ™! of (1.34) and differentiate once more with respect to ¢. Then, setting
W (t) := 9y(—Ay) " 10pu(t), we find the equation

(1L35)  OW = AW — H(t), W(0) =~ (=0(0) — (~A,) ™" (f(u)0(0)).

= |~

with H(t) = (—=Az)7 (f"(u(t))(Qpu(t))? + f'(u(t))0fu(t)). Tt is not difficult to check,
using estimate (1.32) and estimate (1.33) for 92u(t), that

T+1
W (Ol < Qlluollm=) + Qllgllz), /T I (#)]1Z dt < Q(lluollms)e™" + Q(llgller)-

The L2-regularity theorem for the heat equation, applied to equation (1.35), finishes the
proof of the corollary.

§2 ESTIMATES ON THE DIFFERENCE OF SOLUTIONS

In this section, we derive several estimates on the difference of solutions of (0.1) which
will be useful for the construction of exponential attractors.

Theorem 2.1. Let the assumptions of Theorem 1.1 hold and let ui(t) and uy(t) be two
solutions of equation (0.1) with initial data belonging to (). Then, the following estimate
holds:

(2.1) €0, (1) = Euz le) < O™ 16w, (0) = €ua (0) o)

where the constants C' and K depend on ||£y,(0)||g(e), ¢ = 1,2, but are independent of €.
Proof. We set v(t) = u1(t) — u2(t). Then, we have

(2.2) { edfv + 70w — Ay +1(t)o =0,

§0(0) = &u, (0) — &u, (0),

13



where [(t fo (su1(t) + (1 — s)us(t)) ds.
We note that, accordmg to the growth restrictions on f’, the Sobolev embedding theo-
rems and estimate (1.1)

(23)  i®lze < COA+ ua @)l + [Juz(®)ll)* < QUIEw (0)lle(e) + 16us (0)llee))-

Multiplying now equation (2.2) by 0;v, integrating over {2 and using the obvious estimate

(2.4) [(U(B)v(t), 0w (t)] < CIE)|z2 (Ol + 100 (B)]Z2),

we obtain, after standard transformations (see e.g. [BV])

T+1
(2.5) / l0e0 ()L dt + ellw(T) s + 1000 (T) Iz <
T
< CeT (el (0)[72 + lv(0)I7) -

In order to obtain an estimate for ||0zv(t)||z-1, we multiply equation (2.2) by (—=A,) 10%v
and integrate over 2. We then have

(2.6) i[QH&sU( t)||7r-1 + (0(t), 0w (t)) + (L) (H), (=Az) " Dpv(t))]+
+ellofv(t)|F-1r < N0 ()72 + (' (H)o(t), (~Az) " (t))+
+ (1) 0 (1), (—AL) " ros(t)) = h(t).

Estimate (2.5), together with Hélder’s inequality and the growth restrictions on f, gives

T+1
(2.7) / h(®)] dt < QI (0)lle(ey + 1€uz (0)[e()e™ ™ (elldew(0)lZ2 + l0(0) 17 ) -

T

To do so, we only estimate the second term in h(t) (the other terms can be estimated
analogously). It follows from the growth restrictions on f” that

(2.8) 1@ gerz < CA+ llur (Ol + Nz (@)1 (10sur (8|2 + |0ruz(t)]]z2)-

Thus, due to (1.1) and (2.5) and due to Holder’s inequality

(2.9) [(I'(®)v(t), (D) O (t))] <
< WO porzlo@llm 10w @)lze < CN B 7o @l + 10w ®)]|Z2 <
< QUIEus (0)lle(e) + 16us (0)lle(e)) (llOrv (0172 + v (0)[I7r1) %

x e ([|0pur ()]|72 + 10u2(t)1Z2) + 19e0 ()72
14



Integrating (2.9) over [T, T+ 1] and using estimates (1.1) and (2.5), we obtain (2.7) (for this
part of h). Integrating finally (2.6) and using (2.7), we find, after standard calculations,
the necessary estimate for ||0;v(t)||g7—1. This finishes the proof of Theorem 2.1.

We now derive an (asymptotically) smoothing property for the difference of solutions of
(0.1), assuming that their initial values belong to £1(€). To this end, we decompose the
function v(t) := u1(t) — uz(t) into the sum of an exponentially decaying and a smoothing
parts: v(t) = vy (t) + va(t), where the functions vy and vy satisfy the equations

(210) 58152’01 + ’Yat’Ul - val = 0, 5’01 (0) = 5’0(0),
and
(2.11) £02vy + YOy — Agvy = —I(t)v, &,,(0) =0,

respectively, where [(t) is defined above.

Theorem 2.2. Let uq(t) and ux(t) be two solutions of (0.1) with initial values belonging
to EX(e) and let the functions v1(t) and vs(t) be defined as above. Then, the following
estimates hold:

(2.12) 160, W13y < Ce™[1€0(0)[I3 o).

(2.13) €0, (D121 () < Cre™1€0(0) 7 e

where all the constants are independent of € (the constants C and o > 0 depend only on
equation (0.1) and the constants Cy and K depend also on ||y, (0)||g1(c), 1 = 1,2).

Proof. We will only prove estimate (2.13) (estimate (2.12) is straightforward, v; being the
solution of a linear equation).
Multiplying equation (2.11) by —A,dv2(t), we have

(2.14) % (el Vadrva()lI72 + [1Acv2(t)[|72) + Y Vedrv2 (|72 = ()0 (t), Aadpva(t))-

DN =

We recall that H2 C C; therefore, it follows from Theorem 1.2 that
(2.15) 11Oz~ + [IVal(®)llzs < Q (1€, (0)ller(e) + 1€uz (0)ller(e)) -
Thus, the right-hand side of (2.14) can be estimated as follows:

(2.16)  [(L(t)o(t), AzDrva(t))] < [(Val(t)v(t), 0:Vava(t))]

<

+ () Va(1), 8.V 0a(1))] <
fy
2 1Va0mwa ()72 + C'llo (@)

15



where the constant C” depends on [[£,,(0)|s1(c), but is independent of e. Inserting this
estimate into (2.14) and using (2.1), we have

T+1
(2.17) /T 1002 (8) 17 dt + el|Opoa (T) I3 + [lva(T) 17> < Ce™TI€(0) 13-

So, there only remains to estimate ||0;v2(t)||3.. To this end, we multiply (as above) equation
(2.11) by 02v3(t) and integrate over Q. We obtain

218) % (210l — (Beva(t), Deva(8)) + (UD(D), D)) + (1) 3 =

dt
= [Vadrva (W12 + (Dl ()v(t), D (1)) + ([(£)Dpv(t), Dpva(t)) = h(t).

We note that, using the growth restriction (0.2)4, estimate (1.11) and the embedding
H? C C, we have, arguing as in (2.8), the estimate

(2.19) 10 ()| 2372 < Q ([[€ur (0)le2(e) + [1€us (0)ller(e)) »

and, consequently, due to (2.15) and (2.19)
(2.20) [A(t)] < Cr(llv(®)l[7 + 100 (DIL2 + 0ev2 ()| 7)-

Inserting (2.20) into (2.18), integrating the inequality that we obtain over [0, 7] and using
(2.5) and (2.17), we find the necessary estimate for ||0;v2(t)||r2. This finishes the proof of
Theorem 2.2.

Let us now consider the analogues of Theorems 2.1 and 2.2 for the limit parabolic
problem (1.31) (¢ — 0). We recall that, in contrast to the hyperbolic problem (0.1), the
parabolic problem possesses a smoothing property on a finite interval and, consequently,
we do not need to decompose the difference wu;(t) — ua(t) into a sum of two components
(see (2.10) and (2.11)).

Theorem 2.3. Let the assumptions of Theorem 1.1 hold and let ui(t) and us(t) be two
solutions of the limit problem (1.31) such that u;(0) € H'(Q) N {u‘aQ = 0}. Then, the
following estimate holds:

(2.21) lur () = uz(8) | < Ce™Hlur (0) — uz(0)]| -
Moreover, for every t > 0, the following estimate holds:

t+1

(2.22) lus(t) = u2(t)[7 < CTeKtIIM(O) —u2(0)]|7,

where the constants C and K depend on the H'-norm of the initial data for u;.

This theorem is well known (see e.g. [BV]) and we omit its proof here.
16



We are now going to estimate the difference of solutions between the unperturbed (¢ = 0)
and perturbed (e # 0) problems. To this end, we look for a formal asymptotic expansion

of u® near t = 0 with respect to e. According to the standard scheme (see e.g. [LyV]), we

introduce a time scale 7 = g and seek for an asymptotic expansion of the form

(2.23) ut(t) = u(t,7) + eut(t, 7) + 2w (t, 7) + - - -

Moreover, in order to define the function u®(t, 7), the following assumption should be added:
each term u* can be decomposed as follows:

u'(t,7) = u'(t) + u'(7),
(2.24) lim @(r) = 0.
T—+00

Inserting expansion (2.23) into equation (0.1), we have
(2.25) e '02u’ +&° (0Zu' + 20,0,u + O’ + vO,ut — Agu’ — f(u’) — g) +

+e' (0fu” + 2010, ut + O2u® + yOu' +y0ru® — Agul + f(WO)ut) + % () + -
Expanding the initial data in a similar way, we have

0=2¢" (u°(0,0) —ug) + "' (0,0) + e*u*(0,0)
0=¢e""9,u%(0,0) + ° (9;u"(0,0) + 0, u"(0,0) — up) + " (d¢u'(0,0) + -u>(0,0)) + - - - .

+

Taking into account the fact that the u’ are assumed to be independent of €, we can now

write recurrent formulae for the functions u’. Indeed, at order €', there remains from
(2.25)
02u® =0, 0,u’(0,0) =0,

and, consequently, due to (2.24), u®(t,7) = u°(t), u°(7) = 0. Analogously, at order £°,

there remains from (2.25)

O2ut + y0u® + v, ut — Agu’ — f(u®) — g =0, @°(t) = ug, d;u'(0,0) = 8,a°(0) — uj.
Passing to the limit 7 — oo and using (2.24), we find the equation for the function @°(t):
(2.26) 0’ — Ayu’ + f(u’) =g, uw°|,_, = uo,

which coincides with the limit parabolic problem (1.31) associated with (0.1) for € = 0.
Substracting this equation from the equation of order £°, we have

(2.27) O2ul +yo,ut =0, 0,u"(0,0) = 9,u"(0) — uy,.
17



Equation (2.27), together with assumption (2.24), defines in a unique way the function
a'(7), namely

~1 o _le—'y”r R
(2.28) (1) = 5 bus(0),

where ¢,-(0) := uf, — % (Azug — f(ug) + g) (here, we have expressed the value of 9;u°(0)
from equation (2.26)).
A similar analysis of equation (2.25) at order ¢! gives the equation for a!(t):

ot — Ayt + f1(@)at = —02a°, @'(0) = %qﬁus(()).

Arguing analogously, we can determine all the functions u’, i € N, in expansion (2.23) (if
the nonlinearity f and the external force g are smooth). However, it is sufficient, for our
purpose, to use the first two terms in (2.23). Moreover, it will be convenient to include to
the remainder the term €' (¢) as well. So, we will look for a solution u¢(t) of problem (0.1)
in the following form:

(2.29) e (1) = () + sﬂl(g) +eR (L),

where u°(t) is solution of the limit parabolic problem (1.31), the boundary layer term ' (7)
is defined via (2.28) and R(t) := R(t,¢) is a rest that will be estimated in the next theorem
below.

Theorem 2.4. Let the assumptions of Theorem 1.3 hold. Then, the solution u®(t) of
problem (0.1) possesses a decomposition (2.29), where u®(t) is solution of problem (1.31),
the boundary layer @' is defined via (2.28) and the remainder R can be estimated as follows:

(2.30) 1€ () l|lee) < Ce™t, Er(t) == [R(t), OR(¢)],

where the constants C' and K depend on ||€y, (0)||g2(c), but are independent of €.

Proof. Owing to the construction of the asymptotic expansion, the remainder R is solution
of the following wave equation:

(2.31) eOFR + YO, R — AR+ ()R = —1(t)a* (%) + Agzat () — 9fu®,
. R‘t:o - %QS“E (0), 8tR‘t:0 =0, R‘BQ =0,
where [(t) = l,- 40(t) := fo (u® + 0(u® — u®))dh. We note that, due to Theorem 1.3,

£2(0) € £(¢) and

1
1€=(0)llee) = ;H%e O)a < Q1€ (0)e(e))-

18



As usual, multiplying equation (2.22) by 9;R, integrating over {2 and integrating by parts,
we obtain

(2.32) %% <5||at7z(t)||12 +IVaR(E)|22 + 2 (vmal(é),vm(w)) | OR@)|[Z =

1,0 1t
-~ (1) + (.00 ) + (05,05 VR0 ) - (02000 0R(0).
We note that, due to Theorem 1.2 and Corollary 1.1, we have an estimate of the form
(2.33) 1)L < O+ uf (@) laz + lu’(@#)]m2)* < Co (1 + ||€u(0)||?1(5)> :

where (1 is independent of e. Consequently, we have no difficulty to estimate the first term
in the right-hand side of (2.32), namely

t

(10RO + 3 E.0RW0) | < KIVRO: + FI0RO 1 + Ko )

where K depends on [|£,(0)[/¢1(c), but is independent of €. Also, the last term in (2.32)
arises no difficulty since, according to Corollary 1.2, we have an estimate of the integral of
02u°. We estimate the second term in the right-hand side of (2.32) in the following way:

(09,01 V.R0) | < 10 Ol 19ROz < [0 (14 [V:ROIE:)

Inserting these estimates into (2.32), we find

(231 9 <5||at7z(t)||12 + IR — 2 (vxal(t),vm(t)» + a3 <

‘
1,0 1t 1, t
< & (1410 Gl ) IR + 0 (10 Gllan + 17 Ol + 126001

We now note that, in view of the explicit expression (2.28) of the boundary layer term, we
have an estimate of the form

(2:35) I s+ [ 10 i e < QU0 o)

where @ is independent of . Thus, applying Gronwall’s inequality to (2.34) and using
(1.33) and (2.35), we obtain

t+1
(2.36) ellRMZ> + IR 7 +/ 10:R(s)[|72 ds < Cre™,
t
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where the constants Cy and K depend on [|£,(0)||g2(c), but are independent of e. Therefore,
it only remains to estimate ||0;R(t)||zr-1. In order to do so, we multiply as above equation
(2.31) by (—A,)"19?R and integrate by parts. We then have

(237) ) = - (al<§>,af7e<t>) - (l(t)&l(é» <—Am>—1af7e<t>) T

+ (LR, (—Az) ' AR(E)) +
+RMONL = ellOf RO F-1 + ((—A2) T 0/u’(t), % R(E) = H(2),

where
I'(t) == %IlatR(t)HiH + (R(1), 0R(#)) + (LHR(), (~Az) T OR(t)) +
+ (3t2u0(t), (—Aw)_lﬁtR(t)) .

It is not difficult to verify, using Holder’s inequality, estimate (2.33) and estimate (1.33)
for ||02u®(t)|| g1, that

"
(2:38)  LIOR® 51 = CIRMF = C1 <TE) <AORONz+ + CIRE I + C,

where the constants C' and Cy depend on [[£,(0)||2(), but are independent of . So, it only
remains to estimate the function H(¢) in the right-hand side of (2.37). To do so, we note
that, due to the embeddings H' C L% and H? C C, we can easily deduce from estimates
(1.24) and (1.32) the inequality

10 (®)l| e < C (1 + [lu (0]l r= + u® @)l ar2) (1 + 100w ()| + [100u° (8) [ 1) < Cr,

where C depends only on [|£,(0)||¢2(e) (and is independent of €). Consequently, due to
Holder’s inequality, the function H satisfies

(2.39) |H(#)| <C <I|R(t)||§p R BNT + I(=A0) T 0Fu’ (1) |7 +8‘1I|ﬂ1(£)llip> :

where C' is independent of e. We now observe that the explicit expression (2.28) of the
boundary layer %! implies that

[t
(2.40) 3 1/0 1@ (D)l dt < Cliue (O)l[7: < €,

where C" depends on [|£,(0)/¢2(c), but is independent of ¢.
Integrating (2.37) over [0,T] and using estimates (1.33), (2.36) and (2.38)-(2.40), we
derive the necessary estimate for || R(¢)||g-1. This finishes the proof of Theorem 2.4.
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Corollary 2.1. Let the assumptions of Theorem 1.8 hold and let uf(t) and u®(t) be so-
lutions of (0.1) and (1.31) respectively such that u¢(0) = u°(0) = ug. Then, the following
estimate holds:

241)  [fu—ao@lle) < Cree™ + Coe 2 ([l (O)l-1 + /2 - )12 .

where ¢ye(t) = dgus(t) — % (Azus(t) — f(u(t)) + g) and where the constants C;, i = 1,2,
and K depend on ||£4= (0)|[g2(c), but are independent of €.

Indeed, (2.41) is an immediate corollary of Theorem 2.4.
Corollary 2.2. Let the assumptions of Theorem 2.4 hold and let u®(t) and u(t) be solutions
of problems (0.1) and (1.31) respectively, with w(0) € H3 N {u‘aQ = 0} satisfying the
compatibility condition (1.23), but such that u(0) # ug. Then, the following estimate holds:
(2.42)  I§us—u(B)lle(0) <
< Cree™! + Oaluf(0) — u(0)[| i e™* + Cae ™" <||¢uf (O)[r-1 + %[ pu (0)||L2> )

where the constants C;, i = 1,2,3, and K depend on ||&y=(0)||g2(c) and [|u®(0)| gs, but are
independent of €.

Proof. Let u°(t) be solution of the parabolic equation with u°(0) = u®(0) = ug. Then, on
the one hand, we have estimate (2.41) for the difference between u¢(t) and u°(t) and, on
the other hand, estimate (2.21) implies that

(2.43) 1€(t) = Ewo (D)leqoy < Ce™Hlu(0) — u®(0)[|a.

Combining (2.41) and (2.43), we obtain (2.42).

In the sequel, we will also need to control the evolution of the quantity
(2.44) — ¢y () = yeOPus (t).
Corollary 2.3. Let the assumptions of Theorem 2./ hold. Then
(2.45) lur O)llr1 + & |pur (122 < C (€7 llpur ()l +<)

where C' depends on ||€,(0)||g2(e), but is independent of €.
Proof. 1t follows from the asymptotic expansion (2.29) of u¢ that
.t -t 1, t
(246) 2600 (0) = ~200in (1) e (Aain () + AR ~10R(0) ) + o) (4) + R0,
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We note that, without loss of generality, we may assume that ¢ < 1. It then follows from
(2.28), (2.30) and (2.33) that

(2.47) Ylus Ol -1 < e[| (0) |l + Ce,

where the constant C' depends on ||, (0)||g2(c)- We then recall that, due to Theorem 1.3,
we have the estimate

(2.48) [¢us (8| < Ch.

Finally, interpolating between the spaces H~! and H', we derive the necessary estimate
for the second term in the left-hand side of (2.45).

Remark 2.1. We note that, due to (2.44), estimate (2.45) can be rewritten as follows:

C
(2.49) 076 ()| -+ + €% |07u" ()22 < e ** + Co,

where the constants Cj, ¢ = 1,2, depend on [[£,(0)|¢>(c), but are independent of .

§3 PERTURBATIONS OF EXPONENTIAL ATTRACTORS: THE ABSTRACT SETTING

In this section, we formulate and prove an abstract result on the construction of uniform
exponential attractors for a singularly perturbed family of maps which generalizes that
given in [EfMZ3] and will be applied to our problem in Section 4 below (see also [MZ] for
the application to phase-field type equations). In order to do so, we will use the concept
of Kolmogorov e-entropy.

Definition 3.1. Let K be a (pre)compact set in a metric space V. Then, due to the
Hausdorff criterium, for every pu > 0, the set K can be covered by a finite number of u-

balls in V. Let N,(K,V) be the minimal number of such balls. Then, by definition, the
Kolmogorov p-entropy of K is the following number:

H, (K,V) :=InN,(K,V),

(see e.g. [KT] for details). We recall that the fractal dimension of the set K can be
expressed in terms of the p-entropy:

H, (K,V
dimgp (K, V) = lim sup 22K V).
u_)()-l- ].n E

We are now in a position to formulate our abstract scheme.

Let £(e) and £ (e), € € [0, 1], be two families of Banach spaces (which are embedded into
a larger topological space V) such that £(e) CC E1(g), for every € € [0, 1]. We also assume
that these compact embeddings are uniform with respect to € in the following sense:

(3.1) H, (B(0,1,£%(e)), £(€)) < M(p), Yp >0,
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where M(11) is some monotonic function that is independent of ¢ (here and below, B(v, R, V)
denotes the R-ball in V' centered at v).

We further assume that we are given a family of closed sets B. C £(g) (with By bounded
in £(0)) and a family of maps S¢ : B. — B, such that

1. By C &(e), for every € € [0,1], and

(32) ||b0||g(5) < Cl||b0||g(0) + Czé‘, Vbo € By.

2. There exist maps C. and K. (which map Be into £(¢)) such that S. = Cc + K¢ and,
for every bl, b? € B., the following estimates hold:

{ 1C-bL — Cob2||g(e) < KL — B2l g(e)

(3.3)
||/C5b§ - Icsbg“:fl(a) < KHbi - b?:HE(E)’

where K < % and K are independent of ¢.
3. There exist nonlinear 'projectors’ Il : B, — By such that

(3.4) 1588, — S$IMb, || gy < CeLF,

for every b. € B., where the constants C' and L are independent of € (here and below, Sék)
denotes the kth iteration of the map Se).
The main result of this section is the following theorem.

Theorem 3.1. Let assumptions (3.1)—(3.4) hold. Then, there exists a family of exponential
attractors M. C B, for the maps S, such that S:M. C M, and the following conditions
are satisfied:

1. The rate of exponential attraction is uniform with respect to €, i.e.

(3.5) diste (o) (S™ B, M.) < Cze™*,

where the positive constants Cs and v are independent of €.
2. The sets M. are compact in E(e), for e € [0,1], and their fractal dimensions are
uniformly bounded with respect to e:

(3.6) dimp(Me, E(e)) < Ch,

where the positive constant Cy is independent of €.
3. The symmetric distance between M. and M satisfies

(37) diStsym,g(E) (ME, Mo) < C58T.

Moreover, the constants C;, © = 3,4,5, and 0 < 7 < 1 can be calculated explicitly.

Proof. As usual (see [EfMZ3]), we first construct the exponential attractor M. To this end,

we construct a family of sets V; C Séi)Bo, t=1,2,---, by the following inductive procedure.
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We recall that, due to our assumptions, the set By is bounded in £(0). Consequently, there
exists a ball B(bg, R,£(0)) such that by € By and By C B(bo, R,£(0)). We set Vg := {bo}.
We now assume that the set Vj is already constructed such that V; C S(gk)Bo and Vj is
an Ry :== R (H + %)k—net of Sék)Bo (we recall that, due to our assumptions, x < %) We
then construct the next set Vi1 preserving these properties. To this end, we use estimates
(3.3). Let b belong to Vi. We consider a ball B(b, R, £(0)) and its image under the map
So. It follows from (3.3) that

(3.8) KCoB(b, Ry, £(0)) C B(Kob, K Ry, £*(0)).
We now recall that £1(0) cC £(0). Consequently, there exists a covering of the right-hand
side of (3.8) by a finite number of Rj,1=2%-balls in £(0). We fix a covering with a minimal

number of balls and denote by Wy (b) the set of all the centers of this covering. Furthermore,
we note that

(3.9) #Wi(b) = Ny, 1-2x (B(Kob, K Ry, £1(0)), £(0)) <

< Nise (B(0,1,€40)).£(0)) < exp <M(1 4_;“)> = N.

It is essential for us that the number N defined in (3.9) be independent of £ (and of b € Vj;
moreover, thanks to (3.1), this number will be independent of ¢ as well if we replace the
spaces £(0) and £1(0) by £(¢) and E(g)).

We note that the first estimate of (3.3) implies that the system of Ry1=2% + KRy =
Ry, 1+ff"—balls centered at the points of the set Cob + Wy (b) covers the set SoB(b, R, £(0))
and that the number of balls in this system does not exceed N. Therefore, the system of
Ry, %—balls centered at the points of Upey, (Cob+ Wy (b)) covers S((]k+1)BO and the number
of balls in this system is not greater than N#Vj. Increasing the radius of every ball in
this covering by a factor of two, we may assume that the centers of the covering belong
to S((]k+1)B0. We now denote by Vi1 the (new) centers of this covering and we note that
Rk+1 - R]cl_+_—22'C

Thus, we have constructed by induction the family of sets Vi C S((,k)BO, k € N, which
satisfy the following properties:

(3.10) {

2. distg(o) (S(()k)B(]y Vk) S R(’i + %)k

(We recall that, due to our assumptions, k + % < 1.)
We now define a new family of sets Ey, k € N, by the following inductive formula:

El = Vl, Ek+1 = S()Ek U Vk+1.
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Then, evidently
1. E, C S(()k)B(), SoEL C Ek+1,
(3.11) 2. #E, < NFH,
3. diStg(O) (S((]k)Bo, Ek> < R(H + %)k
We finally set
(3.12) M = UrenEr, Mo == [Mgle (o),
where [-]y denotes the closure in V. It is not difficult to verify that the set My is an
exponential attractor for the map Sp on By. Indeed, (3.11); and (3.12) imply that Sp Mg C

M and the exponential attraction (3.5) is an immediate corollary of (3.11)3. Furthermore,
it follows from (3.11)s, together with (3.11)y, that the fractal dimension of M, satisfies

(3.12/) dlmp (Mo,g(O)) < M

(see [EfMZ1] for details).
We then construct the exponential attractors M. for € # 0 using the construction of

the attractor My. To this end, we fix inverse images of the sets Fj under the maps S(gk)
(it is possible do do so due to (3.11)(1)). To be more precise, we assume that the family of
sets Fp, C By is such that

(3.13) 1. SSWE, = By, 2. #E, = #E), < N¥,

We fix an arbitrary e € (0,1] and arbitrary liftings of the sets Ej, C By to Be (with respect
to the projection IL.), i.e. the Ey(e) C B, are such that

(3.14) 1. N.Ey(e) = Ey, 2. #Ei(e) = #E, < N1,

We finally set Ej(e) := S® B, (¢). We claim that

_ 1
(3.15) diste e, (Sék)Bg, o (5)) < 2CeL¥ + C1LR(k + )" + Coe,

where the constants C, Cy, Co and L are defined in (3.2) and (3.4). Indeed, let b € B, be
an arbitrary point. We set by := S(gk)Heb € S(gk)Bo. We recall that Ej is a R(k + %)k—net
of the set S((]k)Bo. Consequently, there exists a point by € F} such that

1
(3.16) ||bo — bk”é‘(e) < Cl||b0 — kag(o) + Cee < ClR(H + 5)k + Cae.
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Let by, by, (¢) and bg(e) be the images of the point by in Ey, Ey(c) and Eg(e) respectively
(i.e. by = Sék)bk, I1.bx(e) = by, and by () = Sék)bk(e)). Then, estimates (3.4) imply that

(317) ||S£k)b - bo“g(g) S C€Lk, ||l~)k(€) - bk“g(g) S C€Lk.
Combining estimates (3.16) and (3.17), we find

15500 — by, (e)lle(ey < 1S — bolle(e) + [1bo — brllee) + l1bx — br(e)[|e(e) <

1
< 2CeL* + C1R(k + 5)’“ + Cae,

which proves (3.15).
Let now k(g) and 1 > 7 > 0 be solutions of

1
3.18 elF = (= +r)F =€,

2
. log, e —lo 1.k .
ie. k(e) = lo&éﬁ, T = %. Then, it follows from (3.4), (3.15) and (3.18)
that

1. diStsym,g(E) (Ek(8),Ek> < (e,

(3.19)

2. distg() (Sg(k)Bg, Ek(g)) < C"R(L + k)k,

for every 1 < k < k(e), where the constants C’ and C" are independent of k and e.

Thus, we may take Ej () := Ey(e), if k < k(). In order to construct the sets Ej/(e)
for k > k(e), we forget the exponential attractor My and the sets Ej(¢) and construct
them by the inductive procedure described above based on (3.3) and starting from Ey.)(e)
rather. Thus, we have a family of sets Ey(e) which satisfy the following conditions:

520) {1. Ei(e) € S¥B., S.Ey(e) C Exsi(e), #Ej(e) < NF+L,
3.20

2. disteo) (sé’“)Be, Ek(e)> < C'R(L + K)*.
Moreover, for k < k(e), we have

(3.21) distsym, g(e) (Er(e), Ey) < C"e™.
We finally define the exponential attractor M. as follows:
(3.22) ML = NpenEgk(e), Me = [M]g(e).

Arguing as in [EfMZ3], we can verify that the family of exponential attractors M. satisfies
all the assertions of the theorem. Indeed, the semi-invariance property is straightforward.
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Furthermore, the uniform exponential attraction property (3.5) is an immediate corollary
of (3.20)2. Estimate (3.6) for the fractal dimension of M. can be derived from (3.20) as
in the case of My (see [EfMZ1]). Moreover, since the quantities N, x and C" in (3.20)
are independent of e, the estimate that we will obtain will be uniform with respect to e
(actually, the dimension of M. for & # 0 has the same upper bound (3.12’) as in the case
e =0).

So, there remains to verify estimate (3.7). We shall actually only prove the estimate

(3.23) diStg(E) (Me, Mp) < C"eT.

The other inequality (giving the symmetric distance) can be proved analogously. Moreover,
it is sufficient to check (3.23) for M. instead of M.. So, let b, belong to MZL. Then, there
exists k € N such that b. € Ey(e). If k < k(e), the result follows immediately from (3.21).

Let us therefore assume that & > k(¢). There exists ?)\E € Sék_[k(s)])Bg C B, such that
Sé[k(a)])bs = b.. We set b := II.b.. Then, on the one hand, (3.4) implies that

(3.24) b — SVl g(ey < CeLM),

and, on the other hand, it follows from (3.11) that
: ([b(eN)G, Ly k(e
(3.25) dlStg(E) (SO bo, M(]) < R(Ii + 5) .

Combining (3.24), (3.25) and (3.2) and using the explicit expression for k(e), we obtain
estimate (3.23) and Theorem 3.1 is proved.

Remark 3.1. It is essential for the next section below to note that M, satisfies
(3.26) M. C S Be.

§4 UNIFORM EXPONENTIAL ATTRACTORS FOR DAMPED HYPERBOLIC EQUATIONS

In this section, we apply the abstract result obtained in Section 3 in order to construct
a uniform family of exponential attractors for the family of equations (0.1).

First of all, according to Theorem 1.1, the hyperbolic problem (0.1) with e # 0 generates
a semigroup S(e) : £(e) — £(e) via the formula

(4.1) Si(e)&u(0) = &,(t), where £, (t) is solution of (0.1).

(Here, the £%(e) denote the spaces defined by (0.5)-(0.7).) Moroever, due to Theorems 1.2
and 1.3, this semigroup is well defined in the phase spaces £1(g) and £2(e)N{(1.23)} as well.
Analogously, according to Corollary 1.1, the limit parabolic problem (1.31) corresponding

to & = 0 generates a semigroup Sy : H' N {u|,, = 0} = H* N {u|,, = 0} via the formula

(4.2) Siug = u(t), where u(t) is solution of (1.31).
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Moreover, this semigroup is well defined in the phase spaces H? N {u 0q = 0} and H?N

{u‘(99 =0} N {(1.23)} as well. We note however that this semigroup and the semigroups
S¢(e) introduced above are defined in different phase spaces. In order to overcome this
difficulty, we introduce an infinite dimensional submanifold N of £/(0) by the following
expression:

(4.3) N = {[u,v] € £1(0), v = % (Apu— f(u) + ) = N(u)},

i =0,1,2, and we define a semigroup S;(0) : N* — N by the following expression:
(44) St(O)[U, ’U] = [StU,N(StU)]

We easily check that N' € CY(H*(Q), H"=2(Q)), i = 1,2,3 (see e.g. [BV]). Moreover, the
following estimates are satisfied, for ¢ = 1,2, 3:

(4.5) IN (@) || mri—2 + IDuN ()l (i mrimzy < Q(lull i),

for an appropriate monotonic function Q. Thus, N is indeed a C'-submanifold of £%(0)
and the semigroups S; and S;(0) are conjugated by the diffeomorphism @ : u +— [u, N (u)].
Therefore, the assertions of Theorem 2.3 remain valid for the semigroup S(0):

Corollary 4.1. Let the assumptions of Theorem 2.3 hold and let &,, and &,, belong to
NP, Then, the following estimates hold:

(46) { 15£(0)u, — St(0)éuslle(0) < CeX|€u, — Euslle(o)s

||St(0)gu1 - St(O)EUQH%l(O) S C¥6Kt||gu1 - 5@”%(0)7 t> 07

where the constants C' and K depend on ||&,,

£(0) I = 17 2.

The main result of this section is the following theorem.
Theorem 4.1. Let assumptions (0.2) and (0.3) hold. Then, for every e € [0,1], the
semigroup Si(e) generated by problem (0.1) possesses an exponential attractor M. which

attracts exponentially the bounded subsets of E2() in the topology of £(¢), i.e. there exists
a function Q and a constant o > 0 that are independent of € such that, for every B C £2(¢e)

(47) diStg(e) (St(S)B,ME) < Q(||B||g2(6))6_at.

(Of course, for e =0, we take B C N? C £2(0).) Moreover, the fractal dimension of M.
in E(g) is uniformly bounded with respect to € and the symmetric distance between M. and

My in E(e) satisfies

(48) diStsym,S(e) (ME7 MO) < Céjv
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where the constants C' > 0 and 0 < 7 < 1 are independent of €.

Proof. We apply Theorem 3.1 to our problem. To this end, we first note that, owing to
Theorem 1.3, the balls

(4.9) Be = {|l&ullz> () < 2Q(llgllr)}

where @) is the same as in (1.24), are uniformly (with respect to ) absorbing sets for the
semigroups S (¢) in £2(¢). Consequently, it is sufficient to verify the exponential attraction
to M. only for these bounded subsets of £2(g). We complete the family B. C £2(g) with
the set

(4.10) By = {[u,v] € N, [lullFa < 2Q(llglla)}-

We also note that, without loss of generality, we may assume that the functions @ in (1.24)
and (1.32) are the same and that, consequently, By is an absorbing set for S;(0) in N2 as
well. Moreover, it follows from estimates (1.24) and (1.32) that there exists Tj independent
of ¢ € [0,1] such that

(411) St(é")Be C B, ift>1T,.

Let us now fix T > T, (independent of €) such that, for every e € (0,1] and for every
€4, (0), &u,(0) € Be, the function vq(t) defined by equation (2.10) satisfies the estimate

(4.12) 160, (T)llee) < Kl (0) = us (0)[le(e),

where £ < 3 (it is possible to do so thanks to (2.12)).

We then set S. := S7(¢) and construct the exponential attractors M? for the discrete
semigroups generated by these maps. To this end, we need to verify the assumptions of
Theorem 3.1.

Assumption (3.1) is obviously satisfied for the family of energy spaces £(¢) and £(¢)
defined by (0.3). Moreover, the L?-norm (and even the H'-norm) of dyu := N(u) is
uniformly bounded on By and, consequently

(4.13) 1BollZ () < IbollZ () + Cre, Vbo € Bo.

Thus, (3.2) is also valid (with e replaced by 2).
Let us now verify (3.3). To this end, we define the operators C. : B, — £(¢), € > 0, as
follows: C.&,(0) := &,,(T'), where vy (t) is solution of the following linear problem:

(4.14) ed7v1 + 7001 — Agu1 = 0, &, (0) = £,(0).

Thus, K. := Sc — C.. For e = 0, we set Cp = 0. Then, estimates (3.3) hold thanks to
Theorem 2.2 and Corollary 4.1 and thanks to our choice of T'.
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Let us finally verify (3.4). To this end, we define the nonlinear projectors by the following
formula:

(4.15) I, =10, Mu,v]:= [u,N(u)].

Estimate (3.4) is then an immediate corollary of (2.41) (the boundary layer term disappears
because we start from time t =T > 0).

Thus, all the assumptions of Theorem 3.1 are satisfied and, consequently, there exists a
family of discrete exponential attractors M which satisfy conditions (3.5)—(3.7). There-
fore, there only remains to construct the continuous exponential attractors.

As usual (see e.g. [EFNT]), we construct the continuous attractors by the following
expressions:

(4.16) M = Ute[O,T]St(g)Mg'

We note that, by construction, M. C Sr(e)B. (see Remark 3.1). Consequently (thanks to
(2.45)), the boundary layer term in (2.42) will be of order . Therefore, (2.42) implies that

(4.17) diStsymyg(o) (Mg, Mp) < C16KT (8 + diStsym,g(a) (Mg, Mg)) + Che,

and, thanks to (3.7), (4.13) and (4.17), we find estimate (4.8) (where, compared with (3.7),
the exponent 7 is replaced by min{1,7}). The exponential attraction (4.7) is an immediate
corollary of (3.5) and of the uniform Lipschitz continuity (2.1) and (4.6). Thus, there only
remains to verify the boundedness of the fractal dimensions. As usual, this property is
an immediate corollary of the uniform (with respect to £) time Lipschitz continuity of the
solutions of (0.1) which is established in Lemma 4.1 below. Moreover, due to (3.26) and
(4.16), this Lipschitz continuity is indeed necessary for the trajectories &, (¢) with &, (0) € B.
for t > T only.

Lemma 4.1. Let the assumptions of Theorem 1.3 hold and let u(t) be solution of (0.1).
Then, for every 0 < T <t,0< s <1, we have

||§u(t + 8) - gu(t)

S

(4.18) 20 < Qe O)]lexo),

where the function Qr depends on T, but is independent of ¢.

Proof. According to estimates (1.24) and (2.49), we have
(4.19)  [|€u(t + 5) = EuB)llee) <

t+s )
< /t (||at2u(t)||H—1 +e2|07u(t)|| > + ||3tu(t)||H1> dt <

1 4
S 8Q(||§u(0)||52(5)) (1 + ge_;T> .

Lemma, 4.1 is proved, hence the proof of Theorem 4.1.
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§5 TRANSITIVITY OF EXPONENTIAL ATTRACTION
AND EXPONENTIAL ATTRACTION IN &(¢)

In this section, we formulate and prove an abstract result on the transitivity of exponen-
tial attraction and then apply this theorem to our problem to deduce that the attractors
M. attract uniformly (with respect to ) not only the bounded subsets of £2(¢g), but also
the bounded subsets of £(e).

Theorem 5.1. Let (M, d) be a metric space and let Sy be a semigroup acting on this space
such that

(5.1) d(Symq, Spms) < Ceth(ml,mz),

for appropriate constants C' and K. We further assume that there exist three subsets
My, My, M3 C M such that

(5.2) { dist pm (S My, M) < Cre™ ™t
. diStM (StMg, Mg) < 026_a2t.

Then

(5.3) dist oq (Sy My, M3) < C'e™ 't

! __ A (63K
where C' = CC; + Cy and of = Ko tas-

Proof. Let my belong to M7 and let us set t = t; + t5, where t; > 0, ¢ = 1, 2, will be fixed
below. Owing to the first estimate of (5.2), there exists mg € My such that

(54) d(Stlml,mz) S 016—01751.
Then, estimate (5.1) implies that
(55) d(Stml, St2m2) S CCleKtQ_altl.

On the other hand, using the second estimate of (5.2), we deduce that there exists ms € M3
such that

(56) d(St2m2,m3) S 026_a2t2.
Combining (5.4)—(5.6) and noting that my € M; and t; € [0,t] is arbitrary, we obtain

(57) diStM (StMl, M3) < inf (CCleKt2_a1t1 + 026_a2t2) .

t1+ta=t

Fixing the values ¢; in an optimal way (i.e. such that Kt; — ajts = asts), we obtain (5.3).

The application of this theorem to our problem is based on the following proposition.
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Proposition 5.1. Let the assumptions of Theorem 4.1 hold. Then, there exist a function
Q@ and constants R > 0 and « > 0 that are independent of € € [0, 1] such that, for every
bounded subset B C £(¢)

(5.8) diste ) (S/) B, &, [€llexe) < RY) < QUUIBlle(e)e™".

Corollary 5.1. Let the assumptions of Theorem 4.1 hold. Then, there exist a function Q
and a positive constant « > 0 such that, for every e € [0,1] and for every bounded subset

B C E(e) (fore =0, obviously, BC N° C £(0))
5.9 disteco (5:(2)B, Mz) < QUIBeqey)e,

where the attractors M. have been defined in Theorem 4.1.

Proof of Proposition 5.1. The case € = 0 is straightforward, due to the smoothing property
for parabolic equations. We will thus consider below the case € # 0 only.

We will prove estimate (5.8) in several steps using the spaces £7(¢), with fractional order
0 < k < 1. The most complicated step is to prove the analogue of (5.9) for the space £%(¢),
with 0 < Kk < %, instead of £2(¢). So, we will concentrate on this point only.

Step 1. We decompose (following [BV]) the nonlinearity f into a sum f = f; + f3 such
that

(5.10) fi() 20, f1(0) = f1(0) =0, [fa(v)|+ |f2(0)] + [ (v)] < C,

where C' is independent of v (such a decomposition exists, thanks to assumptions (0.2)).
We then decompose a solution u(t) of (0.1) into the sum u(t) = v(t) + w(t), where v(t) is
solution of

0,

(5.11) { e02v + y0w — Ayv + f1(v)

Ev‘tzo = éu‘tzo, ’U‘aﬂ = 0.

Consequently, w satisfies the equation

(5.12) { edfw + y0uw — Agw + [f1(v +w) — f1(v)] = g = fa(u),

€W‘t=0 =0, w‘aﬂ = 0.

Arguing as in the proof of Theorem 1.1, we can prove that the function v(t) satisfies the
estimate

T+1
(5.13) /T e ()72 dt + 160 (D12 (o) < @ (16u(0)lle(e) =7,

where () and o > 0 are independent of ¢.
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We now estimate the solution w of (5.12). To this end, we multiply this equation by
(—AL)"0(t), 0(t) = Opw(t) + aw(t), where « is a fixed small strictly positive number
and 0 < K < i, integrate over Q and integrate by parts. We obtain, after standard

‘l;ransfomrnations§ ,
(5.14) 3 SN0+ [0(0) Bz + (@ulu(e), (~A0) (e}
+ (v = ae) |07 2 + allw(@®)[[T 4.0 — vy — ae)(w(t), (~Ag)"0(t) =
= (g — fo(u(?)), 0e(—Az)"0(t)) — a (P (H)w(t), (—Az) " w(t)) +

+ (0@, (H)w(t), (=Az)"w(t)) + (Bo (1) Fpw(t), (=As) w(?)),

where &, := fol fi(v+ sw)ds. We only estimate the last two terms in the right-hand side
of (5.14) (the other terms are easier to estimate). Thanks to Holder’s inequality and the
Sobolev embedding theorems, we have, for xk < %

(5.15) | (0:®y(H)w(t), (—Az) w(t)) | < C|0sPy (1) 2r2]|w(t)
< pljw(t)

for an arbitrary p > 0. We note that, owing to the dissipative integrals for v and v (see
(1.3) and (5.13)) and analogously to (2.8), we have the estimate

w2llw(t)]| 1462 <
22+ Culloe®y ()75 1w ()T 4 25

5:16) [ 108,030t <
0

< Q€ (0)le(e)) /Ooo(llatU(t)lliz + 10w )Z2) dt < Q' (6 (0)lle(e)) < o0

We now estimate the last term in the right-hand side of (5.14), splitting it into two terms
again:

(5.17) (o (t)Opw(t), (—As)"w(t)) =
= ((2o(t) = f1(v(0))Opw(t), (=Az)"w(t)) + (fi(v(t)Opw(t), (—Ag)"w(t)) .

The second term in the right-hand side of (5.17) can be estimated using Holder’s inequality
and appropriate embedding theorems:

(5.18) [ (f1(v()0rw(t), (=Ag) w(t)) | < CllfLlo@)Le 0w (E) w2l w1452 <
< ulldpw®)17 2 + Cull FLw ) I7s w0 (@)1 4, 2-
(Here, we have also implicitly used the assumption x < %) We note that, thanks to (5.10),

we have |f](v)| < Clv|(1 + |v|) and, consequently, due to (5.13), we have the analogue of a
"dissipative’ integral:

K,2

(5.19) /OOO £ (@)I7e dt < Q(II€u(0)le(e)) < oo
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So, there only remains to estimate the first term in the right-hand side of (5.17). To this
end, we note that, according to (0.2), we have

(5.20) |0 (2) = f1(0(£))] < Clw@)|(1 + [u(®)] + o (D)),

and, consequently, thanks to Holder’s inequality and the Sobolev embedding theorems, it
follows that
(5.21) [ ((Po(t) — f1(v(t)Orw(t), (—As) w(t)) | <

< O u®)|lan + o)) |0sw (@) |2 [[w ) [ F14s <

< pllw@I7rex + Culldew @)L llw (|71 s-

Inserting estimates (5.15)—(5.21) into (5.14) and arguing as in the proof of Theorem 1.2,
we obtain the estimate

t+1
(5.22) elldew(®)llz 2+ lw®)T 4 +/t 10cw(s)II% 2 ds <

< QUIE()lle)e™ + QUllgll ),

where () and o > 0 are independent of ¢.
Multiplying equation (5.12) by (—A,)*~102w, arguing as in the proof of Theorem 1.1
(Step 2) and using (5.22), we finally find

(5.23) lw(®)llex(ey < QUIE(D)le(ey)e™" + Qlgllar)-

(The derivation of (5.23) is standard and simpler than that of (5.22) because we can use
the additional regularity of the solution w(t) obtained above (in (5.22)). So, we leave the
details to the reader.)

Estimates (5.13) and (5.23) imply that

(5.24) diste () (Si(e) B, {u, llullew(e) < R}) < QIB|lg(e))e™,
for every bounded subset B C &£(¢) and for R = 2Q(||g||g:). Thus, the first step is
completed.

Step 2. Starting now from &,(0) € £%(¢), with « close to 3, and arguing as in the first

step (but the proof is simpler since the solutions are more regular), we have the estimate
(5.25) diste(ey (St(e) B, {u, uller@) < R'}) < QIBllgxe))e™,

for every bounded subset B C £ (¢).
Step 3. Starting from &,(0) € £!(¢), we find similarly

(526) diStS(s) (St(g)Ba {U, ||u||52(5) < RH}) < Q(HB“gl(e))e_at?

for every bounded subset B C £1(¢).
Finally, using (5.24)—(5.26) and the transitivity of exponential attraction (Theorem 5.1),
we obtain (5.8). This finishes the proof of Proposition 5.1.
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