
Advanced Analysis 2022. MOCK-exam. Deadline: Wednesday June 9th. 

Question 1

(a) Using the criterion for a smooth function f : Rn ! R to be convex check whether or

not the following functions f : R2 ! R are convex:

(i) f (x; y) = (x4 + y 4)2; [3 marks]

(ii) f (x; y) = (x4 � y 4 + x2y 2)2. [4 marks]

(b) Let f : [a; b]! R be convex. Prove that

f

(
a + b

2

)
� 1

b � a

∫ b

a

f (x) dx � f (a) + f (b)

2
:

[8 marks]

Hint: Integrate f
(
a+b
2

) � 1
2
f
(
a + t(b�a)

2

)
+ 1

2
f
(
b � t(b�a)

2

)
over t 2 [0; 1] in order to

get the left inequality.

(c) Prove that for all x1; � � � ; xn 2 R+ such that x1 + � � �+ xn = n, the following inequality

holds:

n

√
�n
k=1

(
xk +

√
1 + x2k

)
� 1 +

p
2:

[6 marks]

Hint: Think about the function f (x) = ln
(
x +

p
1 + x2

)
.

(d) Let a; b; c > 0 be such that 1
a
+ 1

b
+ 1

c
= 1. Prove that

a
p
b b
p
c c
p
a � 3:

[4 marks]

Hint: Use the concavity of ln x and AM-GM inequality.
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Question 2

(a) Let f (x) :=
√
1 + jx j, x 2 R. Find the weak derivative of f . [3 marks]

(b) Let f"(x) :=
(
ln 1
jx j2
) 1�"

2

, x 2 B1=2(0) � R
2 and " 2 (0; 1). Find the weak gradient of

f" and prove that f" 2 W 1;2(B1=2(0)). [6 marks]

(c) Using the fact that the function f 2 Lp(R2) if its Fourier transform f̂ 2 Lq(R2), where

q 2 [1; 2] and 1
p
+ 1

q
= 1 and the inequality

kf kLp � kf̂ kLq ; f̂ (�) :=

∫
R2

e�2�ix:�f (x) dx

(Young-Hausdor�'s generalization of Plancherel's equality, the proof is not asked here),

prove that for any f 2 W 1:2(R2),

kf kLp(R2) � C
p
pkf kW 1;2(R2);

where the constant C is independent of p !1. Hint: Use that, due to the Plancherel

equality, kf k2W 1;2 = k(1 + j�j2)1=2)f̂ k2L2. Warning: A bit technical. Compute the Hölder

exponents carefully! [6 marks]

(d) Using the previous result, prove that, for any f 2 W 1;2(B1=2(0)) where B1=2(0) � R2 is

the 1=2-ball of R2, we have

kf kLp(B1=2(0)) � C1

p
pkf kW 1;2(B1=2(0));

[3 marks]

Hint: Use the extension operator from W 1;2(B1=2(0)) to W 1;2(R2).

(e) Using the previous estimate, prove that there exists � > 0 such that, for every f 2
W 1;2(B1=2(0)) satisfying kf kW 1;2(B1=2(0)) � 1,∫

B1=2(0)

e�jf (x)j
2

dx � C <1

(Moser-Trudinger inequality). Hint: Expand the exponent by Taylor. [3 marks]

(f) Prove that for every �; � > 0, there exists a function f 2 W 1;2(B1=2(0)) satisfying

kf kW 1;2(B1=2(0)) � 1 such that ∫
B1=2(0)

e�jf (x)j
2(1+�)

dx =1:

[4 marks]

Hint: Think about functions f"(x) introduced above. Also use the inequality

�X1+
 � X � C
;� if X;�; 
 > 0.
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Question 3

(a) Prove that the linear functional l(') :=
∫
R3 '(x)e

�jx j3 dx is continuous on the space

L2(R3) and compute explicitly its norm. [4 marks]

(b) Let us consider the following linear functional on L1(0; 1):

l(') :=

1∑
n=1

(1� 1

n
)2
∫ 1

n

1
n+1

'(x) dx:

(i) Prove that the functional l is continuous and �nd its norm. [4 marks]

(ii) Prove that the norm klk[L1(0;1)]� is not attained. [4 marks]

(iii) Prove that L1(0; 1) is not re�exive. [2 marks]

(c) Let Dn(x) := 1 + cos(x) + � � �+ cos(nx). Find the weak limit of Dn(x)p
n

in L2(��; �).
[4 marks]

Hint: Use the trigonometric series and the criterion for weak convergence.

(d) Let fn ! f strongly in L4(Rn) and gn + g weakly in L4(Rn). Prove that the product

sequence fngn converges weakly to f g in L2(Rn). [7 marks]
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Question 4

(a) De�ne what it means for a velocity �eld v = (v1(t; x); v2(t; x); v3(t; x)), x 2 
 � R
3,

t 2 [0; T ] and a pressure p = p(t; x) to be a classical solution of the 3D Euler system:

@tvi +

3∑
j=1

vi@xjvi + @xip = 0;

3∑
j=1

@xjvj = 0; vi
∣∣
@


= 0; vi
∣∣
t=0

= v 0i ; i = 1; 2; 3:

[4 marks]

(b) Let us consider the following problem in 
 = R
n:

u � �u = h(x); (1)

(i) Let h 2 L2(
). De�ne what it means for the function u to be a weak energy

solution of this problem. [4 marks]

(ii) Prove the existence and uniqueness of a weak solution for this problem using the

Riesz representation theorem. [5 marks]

(iii) Find the explicit formula for the Fourier transform û(�) of the solution u.

[2 marks]

(iv) Using this explicit formula and the formulas for the equivalent norms in W s;2(Rn)

through the Fourier transform and Plancherel equality, prove that the solution

u 2 W s+2;2(Rn) if h 2 W s;2(
) and s � 0. [6 marks]

(v) Using the proper Sobolev's embedding theorem, prove that u is a classical solution

of (1) if h 2 W s;2(Rn) and s > n
2
. [4 marks]
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