
Advanced Analysis 2022. MOCK-exam. Deadline: Wednesday June 9th. 

Question 1

(a) Using the criterion for a smooth function f : Rn ! R to be convex check whether or

not the following functions f : R2 ! R are convex:

(i) f (x; y) = (x4 + y 4)2; [3 marks]

(ii) f (x; y) = (x4 � y 4 + x2y 2)2. [4 marks]

(b) Let f : [a; b]! R be convex. Prove that

f

(
a + b

2

)
� 1

b � a

∫ b

a

f (x) dx � f (a) + f (b)

2
:

[8 marks]

Hint: Integrate f
(
a+b
2

) � 1
2
f
(
a + t(b�a)

2

)
+ 1

2
f
(
b � t(b�a)

2

)
over t 2 [0; 1] in order to

get the left inequality.

(c) Prove that for all x1; � � � ; xn 2 R+ such that x1 + � � �+ xn = n, the following inequality

holds:

n

√
�n
k=1

(
xk +

√
1 + x2k

)
� 1 +

p
2:

[6 marks]

Hint: Think about the function f (x) = ln
(
x +

p
1 + x2

)
.

(d) Let a; b; c > 0 be such that 1
a
+ 1

b
+ 1

c
= 1. Prove that

a
p
b b
p
c c
p
a � 3:

[4 marks]

Hint: Use the concavity of ln x and AM-GM inequality.
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Question 2

(a) Let f (x) :=
√
1 + jx j, x 2 R. Find the weak derivative of f . [3 marks]

(b) Let f"(x) :=
(
ln 1
jx j2
) 1�"

2

, x 2 B1=2(0) � R
2 and " 2 (0; 1). Find the weak gradient of

f" and prove that f" 2 W 1;2(B1=2(0)). [6 marks]

(c) Using the fact that the function f 2 Lp(R2) if its Fourier transform f̂ 2 Lq(R2), where

q 2 [1; 2] and 1
p
+ 1

q
= 1 and the inequality

kf kLp � kf̂ kLq ; f̂ (�) :=

∫
R2

e�2�ix:�f (x) dx

(Young-Hausdor�'s generalization of Plancherel's equality, the proof is not asked here),

prove that for any f 2 W 1:2(R2),

kf kLp(R2) � C
p
pkf kW 1;2(R2);

where the constant C is independent of p !1. Hint: Use that, due to the Plancherel

equality, kf k2W 1;2 = k(1 + j�j2)1=2)f̂ k2L2. Warning: A bit technical. Compute the Hölder

exponents carefully! [6 marks]

(d) Using the previous result, prove that, for any f 2 W 1;2(B1=2(0)) where B1=2(0) � R2 is

the 1=2-ball of R2, we have

kf kLp(B1=2(0)) � C1

p
pkf kW 1;2(B1=2(0));

[3 marks]

Hint: Use the extension operator from W 1;2(B1=2(0)) to W 1;2(R2).

(e) Using the previous estimate, prove that there exists � > 0 such that, for every f 2
W 1;2(B1=2(0)) satisfying kf kW 1;2(B1=2(0)) � 1,∫

B1=2(0)

e�jf (x)j
2

dx � C <1

(Moser-Trudinger inequality). Hint: Expand the exponent by Taylor. [3 marks]

(f) Prove that for every �; � > 0, there exists a function f 2 W 1;2(B1=2(0)) satisfying

kf kW 1;2(B1=2(0)) � 1 such that ∫
B1=2(0)

e�jf (x)j
2(1+�)

dx =1:

[4 marks]

Hint: Think about functions f"(x) introduced above. Also use the inequality

�X1+
 � X � C
;� if X;�; 
 > 0.
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Question 3

(a) Prove that the linear functional l(') :=
∫
R3 '(x)e

�jx j3 dx is continuous on the space

L2(R3) and compute explicitly its norm. [4 marks]

(b) Let us consider the following linear functional on L1(0; 1):

l(') :=

1∑
n=1

(1� 1

n
)2
∫ 1

n

1
n+1

'(x) dx:

(i) Prove that the functional l is continuous and �nd its norm. [4 marks]

(ii) Prove that the norm klk[L1(0;1)]� is not attained. [4 marks]

(iii) Prove that L1(0; 1) is not re�exive. [2 marks]

(c) Let Dn(x) := 1 + cos(x) + � � �+ cos(nx). Find the weak limit of Dn(x)p
n

in L2(��; �).
[4 marks]

Hint: Use the trigonometric series and the criterion for weak convergence.

(d) Let fn ! f strongly in L4(Rn) and gn + g weakly in L4(Rn). Prove that the product

sequence fngn converges weakly to f g in L2(Rn). [7 marks]
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Question 4

(a) De�ne what it means for a velocity �eld v = (v1(t; x); v2(t; x); v3(t; x)), x 2 
 � R
3,

t 2 [0; T ] and a pressure p = p(t; x) to be a classical solution of the 3D Euler system:

@tvi +

3∑
j=1

vi@xjvi + @xip = 0;

3∑
j=1

@xjvj = 0; vi
∣∣
@


= 0; vi
∣∣
t=0

= v 0i ; i = 1; 2; 3:

[4 marks]

(b) Let us consider the following problem in 
 = R
n:

u � �u = h(x); (1)

(i) Let h 2 L2(
). De�ne what it means for the function u to be a weak energy

solution of this problem. [4 marks]

(ii) Prove the existence and uniqueness of a weak solution for this problem using the

Riesz representation theorem. [5 marks]

(iii) Find the explicit formula for the Fourier transform û(�) of the solution u.

[2 marks]

(iv) Using this explicit formula and the formulas for the equivalent norms in W s;2(Rn)

through the Fourier transform and Plancherel equality, prove that the solution

u 2 W s+2;2(Rn) if h 2 W s;2(
) and s � 0. [6 marks]

(v) Using the proper Sobolev's embedding theorem, prove that u is a classical solution

of (1) if h 2 W s;2(Rn) and s > n
2
. [4 marks]
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Solutions

Q1a)
According to the criterion, we need to find the Hessian matrix for the map f . 

An elementary calculation gives

Hi =

(
32x6 + 24(x4 + y4)x2 32y3x3

32y3x3 32y6 + 24(x4 + y4)y2

)
and

Hii =

(
2(4x3 + 2xy2)2 + 2(x4 + x2y2 − y4)(12x2 + 2y2) 2(2x2y − 4y3)(4x3 + 2xy2) + 8(x4 + x2y2 − y4)xy

2(2x2y − 4y3)(4x3 + 2xy2) + 8(x4 + x2y2 − y4)xy 2(2x2y − 4y3)2 + 2(x4 + x2y2 − y4)(2x2 − 12y2)

)
Of course, you may use Maple or any other routine for symbolic calculation of
derivatives to get this. Let us check that the first function is convex. To this end
we need to check that Hi(x, y) is non-negative for all (x, y). It will be so if and
only if 1) the trace is non-negative (sum of eigenvalues) and 2) the determinant is
non-negative (product of eigenvalues), see Linear Algebra. The first condition is
obviously satisfied and for the second need some more calculations:

detHi = 64x2y2

(
4x4 + 3(x4 + y4) 4y3x

4yx3 4y4 + 3(x4 + y4)

)
= 64×7(4x8+7x4y4+4y8)

and we see that the determinant also non-negative, so the first function is indeed
convex.

Let us check that the second function is not convex. To this end, we need to
find only one pair (x, y) where the Hessian matrix is not non-negative. Let us try
x = y = 1. In this case detHii(1, 1) = −1456 < 0, so the function is not convex.
Remark. There are infinitely many alternative ways to get the result. For instance,
the convexity of the first function follows from the fact that the l4-norm on R2 is
convex and the function f(z) = z8 is convex and monotone increasing, see lectures.
The non-convexity of the second one also follows almost without calculations from
the fact that the level sets of a convex function must be convex, in particular, the
set {f(x, y) ≤ 0} = {f(x, y) = 0} must be convex which is not the case here (it
consists of two intersecting lines). Plotting graphs (especially contourplot to see
the levelsets) is also useful to guess the answer. Convexity in low dimensions is a
very transparent property, use the routines to visualize it, but do not forget that
pictures by themselves prove nothing!

Q1b) This is the famous Hadamard inequality. To prove the left inequality, it
is sufficient to integrate the inequality given in the hint over t ∈ [0, 1] and do the
proper change of variables in the obtained integrals:

f

(
a+ b

2

)
≤ 1

2

∫ 1

0

(f

(
a+ t

b− a
2

)
dt+

1

2

∫ 1

0

f

(
b− t b− a

2

)
dt =

=
1

b− a

∫ b

(a+b)/2

f(x) dx+
1

b− a

∫ (a+b)/2

a

f(x) dx =
1

b− a

∫ b

a

f(x) dx.

The right inequality follows analogously, but you need to integrate over t the stan-
dard Jensen inequality

f(a+ t(b− a)) ≤ (1− t)f(a) + tf(b), t ∈ [0, 1].
1
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Remark. Both of these inequalities have simple and transparent interpretations
in terms of areas under the graph y = f(x). Try to find them!

Q1c) The function f(x) = ln(x+
√

1 + x2) is concave since f ′′(x) = −x
(1+x2)3/2

<

0. Thus, taking the logarithm and applying the Jensen inequality, we get

n∑
k=1

1

n
f(xn) ≤ f

(
1

n

n∑
k=1

xn

)
= f(1) = ln(1 +

√
2).

Remark. Typical Exam problem! Please, do not forget that there are other convex
functions except of ln and that taking the logarithm is not always the correct way
to use Jensen inequality. Also sorry for the wrong sign in the Mock-Exam script.

Q1d) Let us rewrite the inequality in the equivalent form

(
1

b

) 1
a
(

1

c

) 1
b
(

1

a

) 1
c

≤ 1

3
.

Taking the logarithm and using the Jensen inequality and the assumption 1
a + 1

b +
1
c = 1, we get

1

a
ln

(
1

b

)
+

1

b
ln

(
1

c

)
+

1

c
ln

(
1

a

)
≤ ln

(
1

ab
+

1

bc
+

1

ac

)
.

Thus, we only need to prove that XY +Y Z+XZ ≤ 1
3 for all non-negative numbers

X,Y, Z satisfying X + Y + Z = 1. This can be done by Lagrange multipliers, but
also there is a more elegant way using AM-GM inequality:

1 = (X + Y + Z)2 = X2 + Y 2 + Z2 + 2(XY + Y Z +XZ) =
1

2
(X2 + Y 2)+

+
1

2
(Y 2 + Z2) +

1

2
(X2 + Z2) + 2(XY +XZ + Y Z) ≥

≥ XY +XZ + Y Z + 2(XY +XZ + Y Z) = 3(XY +XZ + Y Z).

Remark. This problem possesses as a trap a nice WRONG solution which also
follows all hints, namely, applying logarithm and Jensen inequality directly, we get

1

a
ln b+

1

b
ln c+

1

c
ln a ≤ ln

(
b

a
+
c

b
+
a

c

)
with the opposite sign. If you ignore or miss this wrong sign and continue applying
AM-GM inequality, you get

b

a
+
c

b
+
a

c
≥ 3

3

√
abc

abc
= 3

as required. Be careful with the signs in convexity/concavity inequalities!
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Q2a) The function f is continuously differentiable everywhere except of x = 0
and its classical derivative

f ′cl(x) =
sgn(x)

2
√

1 + |x|
, x 6= 0.

Clearly, f ′cl ∈ L1
loc(R), so we only need to check the integration by parts formula.

Namely, for any ϕ ∈ C∞0 (R),∫
R
f(x)ϕ′(x) dx =

∫ 0

−∞
f(x)ϕ′(x) dx+

∫ ∞
0

f(x)ϕ′(x) dx = −
∫ 0

−∞
f ′cl(x)ϕ(x) dx

−
∫ ∞

0

f ′cl(x)ϕ(x) dx+ ϕ(0)(f(x+ 0)− f(x− 0)) = −
∫
R
f ′cl(x)ϕ(x) dx

and f ′cl is indeed a weak derivative. We have used here that f is piece-wise C1 and
therefore the classical integration by parts works at (−∞, 0] and [0,∞).

Remark. This is a particular case of a general result in 1D that if f is piece
wise C1 and continuous then weak derivative exists and coincides with the classical
one. This is not true without continuity since a Dirac-delta will appear under
differentiation at every jump point. The existence of left/right limits of f ′(x) at
every point is also important.

NB!: The fact that f ′ ∈ L1
loc(R) is enough for the weak derivative to exist. In

contrast to Sobolev spaces, it is not necessary here that f ′ ∈ L1(R) and in the
considered case f /∈W 1,1(R) since∫

R
|f ′(x)| dx =

1

2

∫
R

dx√
1 + |x|

=∞.

Q2b) The function fε(x) is smooth everywhere in B̄1/2(0) except of x = 0 and
its classical gradient is

|∇fε(x)| = 1− ε

|x|
(

ln 1
|x|2

) 1+ε
2

.

This is a routine calculation. Can be trivialized using the formula |∇f |2 = (∂rf)2 +
1
r2 (∂φf)2 for the gradient in polar coordinates, see Vector Calculus or Wiki. To

check that f ∈ W 1,2, we need to verify that f, |∇f | ∈ L2 and that the integration
by parts holds. Let us verify the first fact. According to the criterion, we need to
check that the improper integral

I :=

∫
B1/2(0)

|f(x)|2 + |∇f(x)|2 dx

is finite. Since x = 0 is the only singularity, we write in polar coordinates

I = lim
δ→0

∫
B1/2(0)\Bδ(0)

|f(x)|2 + |∇f(x)|2 dx = 2π lim
δ→0

∫ 1/2

δ

r

(
ln

1

r2

)1−ε

dr+

+ 2π(1− ε)2 lim
δ→0

∫ 1/2

δ

dr

r
(
ln 1

r2

)1+ε .
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The first integral is clearly finite (since there is no singularity as r → 0 in it), so
f ∈ L2. To check the second integral, we use that the antiderivative of the integrand(

ln
(

1
r2

))−ε
2ε

does not have a singularity at r = 0, so the second integral is also finite and
f ∈ W 1,2. Let us check the integration by parts. To this end, we take any ϕ ∈
C∞0 (B1/2(0)) and write the formula for integration by parts in the domain Ωδ :=
B1/2(0) \Bδ(0):∫

Ωδ

fε(x)∂xϕ(x) dx = −
∫

Ωδ

∂xfε(x)ϕ(x) dx+

∫
Sδ(0)

fε(x)ϕ(x)nx dS

and the analogous formula for ∂y. Since we already know that fε and f are from
L2 ⊂ L1 and ϕ is smooth, the Lebesgue dominating convergence theorem gives the
convergence of integrals over Ωδ to the corresponding integrals over Ω0 = B1/2(0).
So, we only need to check that the circle integral over Sδ tends to zero. Since

fε(x) = ln
(

1
δ2

)(1−ε)/2
on this circle, the integral is of order Cδ ln

(
1
δ2

)(1−ε)/2 → 0

as δ → 0. Thus, the integration by parts formula is verified and fε ∈W 1,2.
Remark. The proof is a bit lengthy due to the complicated choice of the initial

function fε(x) (this choice is related with Q2f) and is made in order to catch
the sharp borderline in Moser-Trudinger inequality). However, the way how it is
proved is completely standard and is discussed in lectures, so something similar
(with simpler functions) can easily appear at exam! It is also a good idea to refresh
your knowledge of integrals in polar/spherical coordinates and the Green formula,
see Vector Calculus and lectures, or at least check that you know where to find
them quickly during the main Exam.

Q2c) By Young-Hausdorff inequality, for p ≥ 2, we have

‖f‖Lp ≤ ‖f̂‖Lq .

We write f̂(ξ) = 1
(1+|ξ|2)1/2

(
(1 + |ξ|2)1/2f̂(ξ)

)
and use the inequality

‖uv‖Ls ≤ ‖u‖Lr‖v‖Lk ,
1

s
=

1

r
+

1

k

(which is a straightforward corollary of Hölder inequality (check!). This gives

‖f‖Lp ≤ ‖(1 + |ξ|2)−1/2‖Lr‖(1 + |ξ|2)1/2f̂‖L2 = ‖ 1

(1 + |ξ|2)r/2
‖1/rL1 ‖f‖W 1,2 ,

where 1− 1
p = 1

q = 1
2 + 1

r and we have used the Plancherel equality. Thus, we only

need to compute the following integral (using the polar coordinates and the fact
that 1

r = 1
2 −

1
p which gives us r > 2 and the finiteness of the integral):∫

R

dξ

(1 + |ξ|2)r/2
= 2π

∫ ∞
0

RdR

(1 +R2)r/2
= π

∫ ∞
0

dz

(1 + z)r/2
=

2π

r − 2
.
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Since r − 2 = 2p
p−2 − 2 = 4

p−2 , we finally arrive at

‖f‖Lp ≤
(
π(p− 2)

2

) 1
2−

1
p

‖f‖W 1,2 ≤
(
π(p− 2)

2

) 1
2

‖f‖W 1,2 ≤
√
π

2

√
p‖f‖W 1,2 .

Remark. This is an alternative way to verify Sobolev embeddings. Actually,
Sobolev by himself used similar method in his first proof. Requires modification of
Young-Hausdorff inequality in order to handle the limit exponent in the Sobolev
embedding, so it is not optimal nowadays. In any case, a nice exercise on using
Hölder inequalities! But it is the central part in the proof of Moser-Trudinger
inequality.

Q2d) Let T : W 1,2(B1/2(0)) → W 1,2(R2) be the extension operator and let L

be its norm. Then, since Tu
∣∣
B1/2(0)

= u, using the previous estimate, we get

‖u‖Lp(B1/2(0)) = ‖Tu‖Lp(B1/2(0)) ≤ ‖Tu‖Lp(R2) ≤
≤ C√p‖Tu‖W 1,2(R2) ≤ LC

√
p‖u‖W 1,2(B1/2(0)).

Remark. Very standard exercise on the extension operator. Clarifies how to
reduce embedding in domains to the analogous problem in the whole space. Good
opportunity to check that you understand the details of this scheme.

Q2e) Using that ez =
∑∞
n=0

zn

n! and estimate from Q2d), we get∫
B1/2(0)

eα|f(x)|2 dx = |B1/2(0)|+
∞∑
n=1

αn

n!
‖f‖2nL2n(B1/2(0)) ≤ |B1/2(0)|+

+
∞∑
n=1

C2nα
n

n!
(2n)n‖f‖2nW 1,2(B1/2(0)) ≤ K

∞∑
n=0

(2C2α)nnn

n!
:= g(2C2α).

It only remains to looks at the function g(z) =
∑∞
n=0 z

n nn

n! . The radius of conver-

gence of this series is R = e−1 (see Real Analysis I). Thus, if we take α > 0 such
that 2C2α < 1

e , we get the desired result.
Remark. Famous named inequality which explains how close to L∞ a function

from W 1,2 actually is. Has a lot of applications in various areas of the Analy-
sis of PDEs. The way how is it proved is a good illustration of how different
ideas/methods of Analysis can work together and a good learning exercise.

Q2f) Following the hint, we take f(x) = Cεfε(x), where Cε > 0 is a normalizing
constant, such that ‖f(x)‖W 1,2(B1/2(0)) = 1. Let α, β > 0 be fixed. Then

eα|f(x)|2(1+β) = e
αC2(1+β)

ε

(
ln
(

1
|x|2

))(1−ε)(1+β)

.

Finally, fix ε = ε(β) > 0 in such a way that (1− ε)(1 + β) = 1 + γ > 1 and use the
inequality in the hint, we arrive at

eα|f(x)|2(1+β) = e
κ
(

ln
(

1
|x|2

))1+γ

≥ eln
(

1
|x|2

)
−Cγ,κ =

e−Cγ,κ

|x|2

and it only remains to note that
∫
B1/2(0)

dx
|x|2 =∞.

Remark. Demonstrates sharpness of Moser-Trudinger inequality.
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Q3a) The functional has the form of l(ϕ) =
∫
R l(x)ϕ(x) dx with l(x) = e−|x|

3

.
According to the Riesz representation theorem, see lectures, the norm of this func-
tional coincides with the L2-norm of the function l (and the functional is bounded
if and only if this norm is finite). Thus, we only need to compute this norm using
the spherical coordinates:

‖l‖2L2 =

∫
R3

e−2|x|3 dx = 4π

∫ ∞
0

R2e−2R3

dR =
2π

3

and the norm of l equals to
√

2π
3 .

Remark. Very standard exercise on Riesz representation theorem, likely to
appear at exam as well. Do not forget that the relation [Lp]∗ = Lq with 1

p + 1
q = 1

and p 6=∞ gives not only the description of a dual space, but also the way how to
compute the norm of a functional.

Q3b) Let us introduce the function

l(x) := (1− 1

n
)2, if x ∈ (

1

n+ 1
,

1

n
].

Then l ∈ L∞(0, 1) and, due to the additivity of the integral

l(ϕ) =

∫ 1

0

l(x)ϕ(x) dx.

Since ‖l‖L∞(0,1) = 1, the desired norm of the functional l also equals to 1.

Let us assume that the norm is attained at some non-zero function ϕ ∈ L1(0, 1).
This means that

l(ϕ) =
∞∑
n=1

(1− 1

n
)2

∫ 1
n

1
n+1

ϕ(x) dx = ‖ϕ‖L1 =
∞∑
n=1

∫ 1
n

1
n+1

|ϕ(x)| dx

or

∞∑
n=1

(1− 1

n
)2

∫ 1
n

1
n+1

(ϕ(x)− |ϕ(x)|) dx =

∞∑
n=1

(
1− (1− 1

n
)2

)∫ 1
n

1
n+1

|ϕ(x)| dx.

The expression in the left-hand side is non-positive and the one in the right-hand
side is non-negative, so the equality is possible if and only if both of them equal
to zero. This, however, gives |ϕ(x)| = 0 almost everywhere and ‖ϕ‖L1 = 0 which
contradicts the choice of ϕ.

The space L1(0, 1) is not reflexive since at every reflexive space the norm of any
continuous linear functional is attained, but we have constructed an example where
it is not the case.

Remark. Also a typical exam problem, so it worth to understand the proof in
details. The proof that the norm is not attained may look a bit specific, but actually,
it is a particular case of a general statement that the norm of a linear continuous
functional l on L1 is almost never attained. Namely, the rigorous statement is that
the norm of a linear functional generated by a function l ∈ L∞ is attained if and
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only if sup |l(x)| is attained on a set of positive measure. The proof is similar to
the given one, you may try to restore the details for this general case.

Q3c) According to the criterion, see lecture, we need to check that 1) the se-
quence vn := Dn/

√
n is bounded in L2(−π, π) and 2) there exists v∞ ∈ L2(−π, π)

such that (vn, ϕ)→ (v∞, ϕ) for all ϕ from a dense set in L2(−π, π). Since cos(nx)
are orthogonal in L2(−π, π),

‖Dn‖2L2 =
n∑
k=0

‖ cos(kx)‖2L2 = 2π +
n∑
k=1

π = π(n+ 2)

and therefore ‖vn‖L2 =
√
π(1 + 2

n ) is indeed bounded. Let us check the second

property.
Here there are at least two alternative ways to do this. First, you may note that

Dn(x) is the Dirichlet kernel (up to the multiplier 1
2π , so by the Dirichlet theorem

we know that
(Dn, ϕ)→ 2πϕ(0)

for every ϕ ∈ C1(−π, π) and therefore (vn, ϕ) → 0. Since C1 is dense in L2, this
shows that vn ⇁ 0 in L2(−π, π).

Alternatively, if you do not see the Dirichlet kernel, you may argue as follows:
since {1, cos(nx), sin(nx)} is an orthogonal base in L2(−π, π), its finite linear com-
binations are dense in L2(−π, π), so it is enough to verify the convergence on the
elements of this base only. Moreover, (Dn, sin(kx)) = 0 for all k, so we need to
check that (vn, cos(kx))→ 0 for every fixed k. But (Dn, cos(kx)) = 0 if k > n and
π if k < n (if k = 0 it equals to 2π). Therefore

|(vn, cos(kx))| ≤ 2π√
n
→ 0.

Remark. Good exercise to check whether or not you understand weak convergence.
You may state also the analogous question about the sequence wn,p := Dn/n

p.
Then the convergence will hold if p ≥ 1/2 only (think why!). A bit more difficult
is the analogous question if you replace L2(−π, π) by Lr(−π, π), 1 ≤ r ≤ ∞. The
answer will depend on r! You may try to think about it as well.

Q3d) To prove the weak convergence in L2, we need to check that for every
ϕ ∈ L2(Rn) ∫

Rn
fn(x)gn(x)ϕ(x) dx→

∫
Rn
f(x)g(x)ϕ(x) dx

We write fg − fngn = f(g − gn) + gn(f − fn). Then

|
∫
Rn

(fg − fngn)ϕdx| ≤ |
∫
Rn

(g(x)− gn(x))(f(x)ϕ(x)) dx|+

+

∫
Rn
|gn(x)||fn(x)− f(x)||ϕ(x)| dx.

Let us look at the first integral at the right-hand side. Since f ∈ L4 and ϕ ∈ L2,
by the Hölder inequality, the product fϕ ∈ L4/3 ( 3

4 = 1
4 + 1

2 ). Thus, the function

fϕ generates a linear continuous functional on L4 and, since gn ⇁ g in L4, the first
integral tends to zero as n→∞.
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Let us now look at the second integral. Here we use the fact that the sequence
gn is bounded in L4 due to the weak convergence and the Hölder inequality with
exponents 1

4 + 1
4 + 1

2 = 1 to get∫
Rn
|gn(x)||fn(x)− f(x)||ϕ(x)| dx ≤ ‖gn‖L4‖fn − f‖L4‖ϕ‖L2 ≤ C‖fn − f‖L4 → 0

since we have strong convergence fn → f in L4.
Remark. As you know, fn ⇁ f and gn ⇁ g does not imply that fngn ⇁ fg

and this is one of the main problems in non-linear PDEs (how to pass to the weak
limit in non-linear terms?). This exercise shows the way how this problem may be
solved at least in some cases. Very common method and a potentially nice problem
for the exam!
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Q4a) The functions vi must belong to C1((0, T ) × Ω) and the pressure p and
∇p must belong to C((0, T ) × Ω) and the equation is understood as a point-wise
equality in every interior point (t, x) ∈ (0, T )× Ω. Moreover, to satisfy initial and
boundary conditions for functions vi, we need to require that vi ∈ C([0, T ]× Ω̄).

Remark. Although the classical solutions are somehow out of data now and are
very rarely used in serious research works, they are traditionally widespread in the
literature (especially in textbooks and exam papers!). The key things here are:

1) The equations by themselves are defined in the interior of the domain only,
not on the boundary. For instance, in our problem, we do not require the derivatives
of vi and p to exist and be continuous at boundary points.

2) All terms in the equations must be continuous in these interior points and the
equations are understood point-wisely.

3) All terms involved into the boundary/initial conditions must be continuous
up to the boundary (in the closure of the domain) and they are also understood
point-wisely.

There are also some conventions like if you have ∆xu involved into the equation
you require that u ∈ C2 in x (it looks a bit stronger than to require that all ∂2

xiu are
continuous), also in evolutionary equations you are normally interested in values
at the endpoint t = T , so we should be able to define these values. If you meet
with such a problem, please, take care mainly about 1)2)3), breaking them will be
considered as a mistake and these extra conventions are not essential and will not
be examined.

Q4b)
(i) u ∈ W 1,2(Rn) is a weak energy solution of problem (1) if for every test

function ϕ ∈ C∞0 (Rn), we have the identity

[u, ϕ] :=

∫
Rn
u(x)ϕ(x) +∇u(x).∇ϕ(x) dx =

∫
Rn
h(x)ϕ(x).

(ii) Let us consider the Hilbert space H = W 1,2(Rn) with the standard inner
product in it defined exactly by the form [u, v]. Since H ⊂ L2(Ω) (by definition
here) and

l(ϕ) =

∫
Rn
h(x)ϕ(x) dx

is a linear continuous functional on L2(Rn) (h ∈ L2), it is also a linear continuous
functional on H. Thus, the problem of finding a weak solution can be reformulated
in the form: find u ∈ H such that

l(ϕ) = [u, ϕ], ∀ϕ ∈ H.

Then the existence and uniqueness of u follows from Riesz representation theorem.
(iii) We know that the Fourier transform realizes an isometry between H and

the weighted L2 with the weight (1 + 4π2|ξ|2) as well as between L2 and L2 (by
Plancherel theorem). Thus, the formula (h, ϕ) = [u, ϕ] is equivalent to∫

Rn
ĥ(ξ)ϕ̂(ξ) dξ =

∫
Rn

(1 + 4π2|ξ|2)û(ξ)ϕ̂(ξ) dξ

for all ϕ̂ ∈ L2. This shows that we must have the identity

(1 + 4π2|ξ|2)û(ξ) = ĥ(ξ)
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almost everywhere (this can be formally obtained just doing the Fourier transform
in u−∆u = h, but the reasons given above prove that this holds for weak solutions
as well). Thus, the desired formula is

û(ξ) =
ĥ(ξ)

1 + 4π2|ξ|2
.

(iv) We know that the equivalent norm in W s,2(Rn) is given in terms of Fourier
transforms via

‖u‖2W s,2 = ‖(1 + 4π2|ξ|2)s/2û‖2L2

Therefore, using the obtained formula for the solution, we get

‖u‖2W s+2,2 = ‖(1 + 4π2|ξ|2)
s
2 +1û‖2L2 = ‖(1 + 4π2|ξ|2)s/2ĥ‖2L2 = ‖h‖2W s,2 .

Of course, this solution is very straightforward. I gave 6 marks just because we
have not done anything similar on lectures.

(v) We need the version of Sobolev embedding theorem related with embedding
into Ck with k−2 since for classical solutions we need to guarantee that u ∈ C2(Rn).
We have W s+2,2 ⊂ C2 if s+2

n −
1
2 >

2
n which gives the condition s > n

2 .
Remark. This problem demonstrates the modern way how the classical solu-

tions can be a posteriori obtained using weak solutions, regularity theorems and
Sobolev embeddings. Also shows how the regularity of a solution can be im-
proved and somehow bridges this theory with what you have studied earlier on
Linear PDEs.

Remark. A strange multiplier 4π2 in the weight appears because of the extra
term 2π in the exponent in the definition of F-transform. In turn, this extra multi-
plies is introduced in order to remove multiplier (2π)−n in the Plancherel identity.
Be careful, both form of the F-transform are equally widespread in the literature.




