
MATM022. Seminar 1

Problem 1 (balls in metric spaces) Let (X, d) be a metric space and let
Bε2(x2) ⊂ Bε1(x1), where

Bε(x) := {y ∈ X, d(y, x) < ε}

a) Prove that if Bε2(x2) is a proper subset of Bε1(x1) then necessarily ε2 < 2ε1.
b) Give an example with ε2 > 2ε1 in the case when the balls coincide.
c) Give an example of the proper embedding with ε2 > ε1 (a bigger ball can be the
proper subset of a smaller one!)
d) Let X be a normed space. Prove that ε2 ≤ ε1 and

‖x1 − x2‖ ≤ ε1 − ε2.

Problem 2 (nested balls and completness)
a) Give an example of a complete metric space (X, d) and a nested sequence of
closed balls B̄εn(xn) such that ∩∞n=1B̄εn(xn) = ∅. Of course, εn should not tend
to zero in this example, otherwise it is impossible due to the Cauchy theorem.

Hint: Take X = N and find a complete metric d(n,m) on X in such a way that

B̄εn(n) = {m ∈ N, m ≥ n}

for the proper choice of εn.
b) Find where exactly the proof of the Cauchy theorem fails in this example.
c) Prove that in a Banach space X any sequence B̄εn(xn) of closed nested balls has
a non-empty intersection (the assumption εn → 0 is not necessary).
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Brief solutions

Problem 1
a) Let x ∈ Bε1(x1) \Bε2(x2). Then, by triangle inequality

ε2 < d(x2, x) < d(x1, x2) + d(x1, x) < 2ε1.

(b) Let X be a totally disconnected space (d(x, y) ≡ 1 for x 6= y). Then Bε(x) =
{x} for all ε < 1.
(c) Let X = (−1, 1) with the standard norm. Then B4/3(1/2) ⊂ B1(0) and the
embedding is proper.
(d) Consider a line xt := tx1 + (1− t)x2. By Intermediate Value Theorem there is
an intersection of this line with a sphere Sε1(x1) with t < 0, say, t = t0. Then

ε1 = d(xt0 , x1) = d(xt0 , x2) + d(x1, x2) ≥ ε2 + ‖x1 − x2‖

(here we used that d(x2, xt) ≥ ε2 due to the embedding).

Problem 2.
a) The desired metric is e.g., d(m,n) = 1 + 1

m+n for m 6= n and εn = 1 + 1
2n .

b) The centers of balls xn = n is not a Cauchy sequence in (N, d).
c) From Problem 1 d), we infer that the sequence εn of the radii is monotone
decreasing and therefore is convergent and the inequality from Problem 1 d) then
gives that the sequence of centers xn is Cauchy. The rest coincides with the proof
of the Cauchy theorem.



MATM022. Problems for Seminar 2.

Problem 1 (Convexity and elementary geometry): Let a, b, c > 0.
a) Prove that

a

b+ c
+

b

a+ c
+

c

b+ a
≥ 3

2
.

Hint: Write a
b+c = a+b+c

b+c −1 (and similarly with other terms) and use the inequality
between arithmetic and harmonic means.

b) Assume, in addition that a, b, c are sides of a triangle (i.e., that they satisfy
the triangle inequality). Prove that

a

b+ c
+

b

a+ c
+

c

b+ a
≤ 2.

c) Deduce from here the following inequality for the angles of a triangle:

3

2
≤ sinα

sinβ + sin γ
+

sinβ

sinα+ sin γ
+

sin γ

sinα+ sinβ
≤ 2.

Problem 2 (Convexity and smoothness):
a) Let f : [a, b]→ R be convex and let a ≤ s < t < u ≤ b. Prove that

f(t)− f(s)

t− s
≤ f(u)− f(s)

u− s
≤ f(u)− f(t)

u− t
.

b) Deduce from here that f is Lipschitz continuous and has one-sided (both right
and left) derivatives at any interior point of the interval. Prove also that f ′left(x)
and f ′right(x) are monotone.

c) Give an example of a convex function f : R → R which is not differentiable
at any x ∈ Q.

Problem 3 (Ladyzhenskaya inequality): ∀u ∈ C∞0 (R2) we have

(1) ‖u‖2L4 ≤ C‖u‖L2‖∇u‖L2 .

This is the key inequality in the theory of 2D Navier-Stokes equations.
a) Prove (1) using the Sobolev inequality ‖v‖L2 ≤ C‖∇v‖L1 , v ∈ C∞0 (R2).
b) Prove (1) in an alternative way using Sobolev’s inequality

(2) ‖u‖2L4 ≤ C(‖u‖2L2 + ‖∇u‖2L2)

and scaling arguments.
Hint: Using the scaling uα(x) := u(x/α), derive from (2) that

‖u‖2L4 ≤ C(α−1‖u‖2L2 + α‖∇u‖2L2) ∀α > 0,

then optimise with respect to α.
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Hints for solutions

Problem 1.
a) Using the hint, we rewrite the inequality in the form

(a+ b+ c)

(
1

a+ b
+

1

a+ c
+

1

b+ c

)
≥ 9

2

or
(a+ b) + (b+ c) + (a+ c)

3
≥ 3

1
a+b + 1

a+c + 1
b+c

which is exactly the inequality between arithmetic and harmonic means.
b) If a, b, c are sides of a triangle, min{a+ b, b+ c, a+ c} ≥ a+b+c

2 by the triangle
inequality and, therefore,

a

b+ c
+

b

a+ c
+

c

a+ b
≤ 2a

a+ b+ c
+

2b

a+ b+ c
+

2c

a+ b+ c
= 2.

This inequality is strict if the triangle is not degenerate.
c) Use the sin-law.

Problem 2.
a) Let us prove the first inequality (the second is analogous and is equivalent to

the same inequality). It is equivalent to

f(t) ≤ t− s
u− s

f(u) +
u− t
u− s

f(s).

Since 1 = t−s
u−s + u−t

u−s and t = t−s
u−su+ u−t

u−ss, this is nothing more than the convexity
inequality.

b) First, f is bounded on [a, b]. Indeed, it is bounded from above by |f(a)|+|f(b)|
due to the convexity inequality. To get boundedness from below, we fix c = a+b

2 .
Then, for b > x > c the point (x, f(x)) must be above the line passing through
points (a, f(a)) and (c, f(c)). Analogously, for a < x < c, the point (x, f(x)) must
be above the line passing through (c, f(c)) and (b, f(b)) (plot the graph! or see the
picture at the last page). This proves boundedness from below.

Second, Lipschitz continuity. Let u, s ∈ [a+ ε, b− ε] for some small ε > 0. Using
the inequality in the statement of the problem, we get

f(u)− f(s)

u− s
≤ f(u)− f(t)

u− t
≤ f(b)− f(t)

b− t
≤ f(b)− f(b− ε)

ε
≤ 2C

ε
,

where C is the sup-norm of f on [a, b] ( the used inequality actually means that

the function (x, y) → f(x)−f(y)
x−y is increasing with respect to both arguments such

that x > y). Analogously,

f(u)− f(s)

u− s
≥ f(a+ ε)− f(a)

ε
≥ −2C

ε
.

This proves the Lipschitz continuity inside of the interval (see also the picture at
the last page). Note that the global Lipschitz continuity on the whole interval may

fail, for instance, look at the function f(x) = −
√

1− x2 on [−1, 1].
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Third, the right/left derivatives. Indeed, since the quotient f(x)−f(y)
x−y is uniformly

bounded in x, y ∈ [a + ε, b − ε] and is monotone increasing with respect to every
argument, the right/left derivatives exist by the monotone convergence theorem.
Look at f(x) = |x| to see that they do not necessarily coincide.

c) Let us first construct f which is not differentiable at any rational point of the
interval [0, 1]. Since Q is countable, these points form a sequence {xn}∞n=1. The
desired function is given by the convergent series

f(x) :=
∞∑
n=1

2−n|x− xn|.

After that, we consider new function F (x) :=
∑∞
n=−∞ 2−|n|f(x − n) which is not

differentiable at any x ∈ Q.

Problem 3.
a) We use Sobolev’s inequality with v = u2 together with Cauchy-Schwarz in-

equality:

‖u‖2L4 ≤ 2C

∫
R2

|u∇u| dx ≤ 2C‖u‖L2‖∇u‖L2 .

b) Indeed,

‖uα‖L2 = α‖u‖L2 , ‖uα‖L4 = α1/2‖u‖L4 , ‖∇uα‖L2 = ‖∇u‖L2 .

Therefore, our Sobolev’s inequality gives

α−1‖uα‖2L4 ≤ C(α−2‖uα‖2L2 + ‖∇uα‖2L2).

Replacing uα by u, we get the desired inequality

‖u‖2L4 ≤ C(α−1‖u‖2L2 + α‖∇u‖2L2)

which depends on an arbitrary parameter α > 0. The minimum of the right-hand

side with respect to α is attained at α =
‖u‖L2

‖∇u‖L2
and gives the Ladyzhenskaya

inequality.



MATM022. Problems for Seminar 3.

Problem 1 (Interpolation inequalities). Let u ∈ W 1,2(Ω), where Ω is a
smooth bounded domain of Rn, and let u have zero mean. Prove that

‖u
∣∣
∂Ω
‖2L2(∂Ω) ≤ C‖u‖L2(Ω)‖∇u‖L2(Ω)

for some C which is independent of u.
Hint: You may use the trace theorem for W 1,1(Ω) and the Poincare inequality.

Problem 2 (Integrable singularities). Let Ω := (0, 1)2 and f(x, y) := 1
x+yp .

Find all values of p ≥ 0 for which f ∈ L1(Ω).
Hint: Use proper approximations of f by smooth functions.

Problem 3 (Fundamental solutions). Prove that u(x) := 1
4π

e−|x|

|x| is a fun-

damental solution of the Helmholtz operator (1−∆) in R3.
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Hints for solutions

Problem 1. Due to trace theorem for W 1,1, we have

‖v
∣∣
∂Ω
‖L1(∂Ω) ≤ CΩ(‖v‖L1(Ω) + ‖∇v‖L1(Ω)).

Using this formula with v = u2 together with Cauchy-Schwarz inequality, we obtain

‖u
∣∣
∂Ω
‖2L2(∂Ω) ≤ CΩ(‖u‖2L2(Ω) + 2‖u‖L2(Ω)‖∇u‖L2(Ω)).

Finally using the Poincare inequality ‖u‖L2(Ω) ≤ C‖∇u‖L2(Ω) (here we have used
the zero mean assumption), we arrive at the desired inequality. All calculations are
justified approximating u ∈W 1,1 by smooth functions.

Problem 2. Let fε(x, y) := 1
x+yp+ε (many other approximations can be used,

but this is good since one of two integrals from it can be computed explicitly). Then
fε is monotone increasing in ε as ε→ 0 and is convergent to f almost everywhere
(everywhere except of (0, 0)). Thus, f will be in L1 if and only if the integrals from
fε are bounded as ε→ 0. By the Fubini theorem,∫

Ω

dxdy

x+ yp + ε
=

∫ 1

0

(∫ 1

0

dx

x+ yp + ε

)
dy =

∫ 1

0

ln(1+ε+yp) dy−
∫ 1

0

ln(yp+ε) dy.

The first integral has no singularity at all as ε→ 0 and by this reason is bounded,
so we only need to estimate the second one. To this end, we use that ap + bp ≥
Cp(a+ b)p for all a, b > 0 and, therefore,

−
∫ 1

0

ln(yp + ε) dy ≤ lnCp − p
∫ 1

0

ln(y + ε1/p) dy =

= lnCp − p(y + ε1/p)(ln(y + ε1/p)− 1)
∣∣y=1

y=0
≤ C <∞

since ε1/p ln ε1/p → 0 as ε→ 0. This shows that f ∈ L1(Ω) for all p ≥ 0.

Problem 3. As elementary calculations show (1−∆)u(x) = 0 for all x 6= 0 (you
may use that the radial part of the Laplacian is spherical coordinates is ∂2

R + 2
R∂R

to simplify the calculations). The rest of the proof repeats almost word by word
what we have done in lectures for the Laplacian. Namely, due to the Green formula,
for any ϕ ∈ C∞0 (R3), we have∫

R3\Bε(0)

u(ϕ−∆ϕ) dx = −
∫
R3\Bε(0)

(u−∆u)ϕdx−
∫
Sε(0)

(u∂nϕ− ∂nuϕ) dS =

= − e
−ε

4πε

∫
Sε(0)

∂nϕdS +
e−ε

4πε

∫
Sε(0)

ϕdS +
e−ε

4πε2

∫
Sε(0)

ϕdS,

where we have used that ∂n = −∂R. The integral in the left-hand side tends to∫
R3 u(ϕ−∆ϕ) dx as ε→ 0 since 1/|x| is integrable and ϕ is smooth. The first two

integrals in the right-hand side tend to zero since ϕ is smooth and the third integral
tends to ϕ(0). Thus ∫

R3

u(x)(ϕ(x)−∆ϕ(x)) dx = ϕ(0)

and u(x) is a fundamental solution of (1−∆).



MATM022: problems for Seminar 4.

Problem 1 (the role of convexity in Hahn-Banach theorem). Let

X := Lp(0, 1) be the vector space of functions satisfying
∫ 1

0
|f(x)|p dx < ∞ with

0 < p < 1 endowed with the metric

(1) d(f, g) :=

∫ 1

0

|f(x)− g(x)|p dx

(this space can be considered as a completion of C[0, 1] with respect to this metric
or alternatively, using Lebesgue integration exactly as in case 1 ≤ p <∞).

a) Check that (1) is indeed a metric. Hint: prove that (a+ b)p ≤ ap + bp for all
a, b ≥ 0.

b) Prove that the function ‖f‖Lp :=
(∫ 1

0
|f(x)|p dx

)1/p
satisfies

(2) ‖f + g‖Lp ≤ Cp(‖f‖Lp + ‖g‖Lp)

for some Cp > 1.

c)∗ Let V ⊂ Lp be a convex set in Lp such that intV 6= ∅. Prove that V = Lp.
Hint: Assume that 0 ∈ int(V ) and f ∈ Lp. Split the interval [0, 1] on n pieces:

0 = t0 < t1 < · · · < tn = 1 in such a way that∫ tk+1

tk

|f(x)|p dx =
1

n

∫ 1

0

|f(x)|p dx.

Introduce the functions fk(x) := nχ[tk,tk+1](x)f(x) and present f as a convex com-
bination of them. Finally, taking n big enough check that every fk belongs to Bε(0).
χ[a,b](x) here is a characteristic function of the segment [a, b].

d) Deduce from c) that any linear continuous functional l : Lp → R must be
equal to zero identically: [Lp(0, 1)]∗ = {0}. Hint: Take l ∈ [Lp(0, 1)]∗ and consider
the set l−1((−∞, 0)).
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Hints for solutions.

a) Let φ(x) = (x+ 1)p − xp. Then φ′(x) ≤ 0 for all x > 0 and φ(0) = 1. Thus,

(1 + x)p ≤ 1 + xp, x ≥ 0.

Taking x := a/b, we get the inequality in the hint. Then, for f, g ∈ Lp,

d(f + g, 0) =

∫ 1

0

|f(x) + g(x)|p dx ≤
∫ 1

0

(|f(x)|+ |g(x)|)p dx ≤

≤
∫ 1

0

|f(x)|p dx+

∫ 1

0

|g(x)|p dx = d(f, 0) + d(g, 0)

and due to the translation invariance of d the triangle inequality is proved. The
rest is obvious.

b) We already know that

‖f + g‖Lp = d(f + g, 0)1/p ≤ (d(f, 0) + d(g, 0))1/p = (‖f‖pLp + ‖g‖pLp)1/p,

so we only need the inequality (a+ b)1/p ≤ 21/p−1(a1/p + b1/p) which is true since
the function x→ x1/p is convex:(

a+ b

2

)1/p

≤ 1

2

(
a1/p + b1/p

)
.

Thus, (2) holds with Cp = 21/p−1 > 1.
c) Let f ∈ Lp and f 6= 0. Then the splitting of the interval [0, 1] stated in the hint

exists since the function x→
∫ x

0
|f(y)|p dy is continuous (f ∈ Lp iff |f |p ∈ L1). This

is an immediate corollary of the Cauchy intermediate value theorem. Obviously,

f(x) =
n∑

k=1

1

n
fk(x).

Then,

d(fk, 0) = np
∫ tk+1

tk

|f(x)|p dx = np−1‖f‖pLp
,

so since p < 1 this distance tends to zero as n→∞. Thus, for sufficiently large n,

fk ∈ Bε(0) ⊂ V

and since V is convex, f ∈ V as well.
d) Let l ∈ [Lp(0, 1)]∗ be a functional. Then, since a linear functional is always

convex, we conclude that the set V := l−1((−∞, 0) is open (by continuity) and
convex (check!). Thus either V = Lp which is impossible since l(0) = 0 /∈ V or
V = ∅. Then, l(f) ≥ 0 for all f which is possible if and only if l = 0 (since
l(−f) = −l(f)).



MATM022. Seminar 5: problems.

Problem 1 (separability and Hahn-Banach theorem)
a) Prove that a Banach space V is separable if its dual V ∗ is separable.
Hint: Take a dense set {ln}∞n=1 in the sphere S1(0) of V ∗, consider the vectors

{xn}∞n=1 in B̄1(0) of V such that lnxn >
1
2 and introduce the space

X := span(x1, x2, · · · )

(here the span means the linear space of all finite linear combinations of xn). Prove
that

(i) is separable;
(ii) l

∣∣
X

= 0 iff l = 0. Using Hahn-Banach theorem deduce finally that X = V .

b) Based on a) give one more proof that the space l1 is not reflexive.

Problem 2 (compactness and sequential compactness)
a) Prove that the unit ball in the space [l∞]∗ is not weakly star sequentially

compact.
Hint: Consider the sequence {en}∞n=1 of coordinate functionals in [l∞]∗ defined

by en(x) = xn, x ∈ l∞.
b) Does this contradict the Banach-Alaoglu theorem?
c) Prove that the unit ball B̄1(0) in [l∞]∗ endowed with weak star topology is

not metrizable.
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Solutions

Problem 1.
a) Since ‖ln‖ = 1 the sequence xn described in the hint exists by the definition

of the norm in a dual space.
(i) The set X0 of all finite linear combinations α1x1+· · ·+αNxN , N ∈ N, αk ∈ Q

is countable (as a countable union ∪n∈NQn of countable sets) and dense (by the
definition of closure).

(ii) Let l ∈ V ∗ be a non-zero functional. Without loss of generality we may
assume that ‖l‖ = 1. Then, since {ln} is dense, there is n such that ‖l− ln‖ < 1/2
and, therefore,

lxn = lxn − (l − ln)xn >
1

2
− ‖l − ln‖‖xn‖ > 0,

so l cannot vanish on X. On the other hand, if X 6= V , by the Hahn-Banach
theorem the non-zero functional vanishing at X must exist. This proves that X = V
and V is separable.

b) If l1 were reflexive, then we would have [l∞]∗ = l1 and, since l1 is separable,
we would conclude that l∞ is separable which is not the case.

Problem 2
a) Indeed, let {enk

}∞k=1 be a weakly star convergent subsequence. Then, by
definition, the number sequence enk

x = xnk
must be convergent for all x ∈ l∞.

This is clearly not the case, for instance, the sequence

x(n) =

{
0, n 6= nk for all k

(−1)k, n = nk for some k

belongs to l∞ and enk
x = (−1)k is divergent.

b) No contradiction since the Banach-Alaoglu theorem is about compactness,
not sequential compactness. The ball B̄1(0) in [l∞]∗ is weak star compact in a
complete agreement with the theorem.

c) If it were metrizable, compactness and sequential compactness would be the
same and we have proved before that they are different.


