ADVANCED ANALYSIS: MOCK TEST PROBLEMS.

Problem 1.
a) (3 points). Let a1, -+ ,a, >0, A\1,--- , A\, > 0. Prove that
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b) (3 points). Let z1, - ,z, > —1, Ay, , A\, > 0and Ay + -+ A, < 1.
Prove that
(A+z)M - (T+a)? <14+ Mz + -+ Ay

Hint: You may use the inequality from a) and the Bernoulli inequality.

Problem 2. Let u be a smooth solution of the heat equation
up = Au, u‘ag =0,

where () is a smooth bounded domain of R™, t > 0 and ||u(t)||2 # 0 for all t > 0.
a) (5 points). Prove that the function ¢(t) := In |lu(t)||, is convex.
Hint: Compute and estimate ¢”(t) using the heat equation and integration by
parts (Greens’s formula).
b) (3 points). Derive from the previous result that
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Problem 3 (5 points). Prove the embedding W2(0,1) ¢ C'/2(0,1) where
C* is a space of Holder continuous functions with the norm
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Problem 4. Let Q := (0,00) and W,*(Q) := {u € W'2(Q) : u|I:0 = 0}
endowed with the standard norm of W12, Let us consider the following bound-
ary value problem: find u € W, ?(92) such that u”(z) = e~*, where the second
derivative is understood in a weak sense, i.e.,

/Q o (@) (2) dz = — /Q =% o(z) dz.

a) (3 points). Prove that the above problem does not possess a solution.
b)* (3 points). Find where exactly the proof of solvability based on the Riesz
representation theorem fails here.



SOLUTIONS

Problem 1. a) Taking the logarithm from both parts of the desired inequality
and dividing over A\; + --- + \,,, we get
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which is the Jensen inequality for the concave function z — Inx.
b) Replacing a; := 1 + xj, in the proved inequality, we arrive at
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And applying the Bernoulli inequality (here we use that \; +---+ A, < 1), we get
the desired inequality.

Problem 2. Indeed,
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and analogously

(Vur, Vu) - [IVulfa(u,w) [ AulZe [[ullZ: = [[Vulzs
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Since ||Vu|? = (Vu, Vu) = —(u, Au), the nominator in the right-hand side is non-
negative (due to the Cauchy-Schwarz inequality), we have ¢”(t) > 0 and ¢(t) is
convex.

b) By the convexity inequality,
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t) = T+ —0) < =o(T)+ ——(0
o0 = (37+7510) < o + L0
and taking the exponent, we get the desired inequality.

Problem 3. From the embedding W2 ¢ Wbl ¢ C, we know that

[l sup < Cllullwr20,1),

see lectures, so we only need to estimate the Holder norm. Let x > y. Then, due
to the Newton-Leibnitz formula and Cauchy-Schwarz inequality,
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which gives the desired estimate for the Holder norm.

Problem 4. a) From the definition of a weak solution, we see that

v =e "+ C,

w

where v = u/. From here we conclude that v(xz) = —e~*+C' (see lectures for solving
equations with weak derivatives) and C' = 0 from the condition that v = u’ € L?(Q).
Thus, v'(x) = —e~* and integrating this once more, we arrive at u(z) = e % 4+ C
and again C' = 0 since u € L?(Q). But u(0) = 1 # 0 and therefore u(z) is not a
solution of the boundary value problem considered.

b) The problem is that the Friedrichs inequality
ull 2 < Cf[VullL:

may fail in unbounded domains, in particular, it fails in WO1 2(R4). Indeed, let
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and uy(x) := (e=* — 1)p(x/N). Then, ||u/y||z < C, but ||u,|[z = 00 as N — oo
and the Friedrichs fails. By this reason, if we define

[, u] = Jlu||7

as the norm [u, u]'/2 on the space Wy > (R ), it will be not equivalent to the standard
norm in W, *(Ry). And we cannot conclude that (W2, [u, u]'/?) is complete and
the Riesz theorem is not applicable.

Remark: To repair the proof, we need to take the completion of the above space
(this is the so-called homogeneous Sobolev space W, (R, )). Then, it is straight-
forward to prove that I[(¢) := [, e~ "¢(x) dx remains linear continuous on this space
and that u(z) = e=* — 1 € Wy*(Ry) (the approximating sequence is already con-
structed above). Thus, the Riesz representation theorem is applicable and give the
expected solution u(z) =e % — 1.



