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0 Preface

These are the classnotes for both MS310 (BSc) and MS320 (MSc) for 2005-2006. The
difference between these module is the amount of material and the lesser emphasis on
proofs. Parts of the notes that will not be examined in MS310 are denoted

¢ with this sign and the wider margin.
For these notes, material has been drawn from the books:
e [. Stakgold, Green’s functions and boundary value problems, Wiley, 1979

o E. Kreyszig, ,Introductory Functional Analysis with Applications, Wiley 1978.

e N. Young, An introduction to Hilbert space, Cambridge University Press, 2001.

1 Inner Products and Norms
Vector spaces: are spaces F in which you can add:
Ve,ye FE, v+yekl,
and multiply with a scalar:
Ve FEand A € K, we have \x € E.

Here K can be any field, but usually we take K = R (real vector space) or K = C (complex
vector space). These operations satisfy a set of axioms for which we refer to a course in
linear algebra. The dimension dim £ = N if we can find a basis {ey,...,ex} C E such
that each vector x € F can be written uniquely as a linear combination:

T = Mep+ -+ Ayen,

for some Aq,..., Ay € K. The dimension dim(E) = oo if no finite basis exists. Still it
would be very nice to have an infinite basis; the properties of these bases are more involved
and we come back to it later.

Inner product spaces: are spaces equipped with an inner product, i.e. a function
(,):E— E — C such that

—_

Az,y) = W for all z,y € E. The bar denotes complex conjugate.
2. (Az,y) = XMz,y) for all z,y € E and X € C.
3. (t+y,z) = (x,2) + (y,2) for all z,y,2 € E.

-

4. (x,x) > 0 whenever x € E, x # 0.



If E is a real vector space, then the inner product becomes more simple, as we can forget
about the complex conjugate. Note that item 2 combined with 4 give that (z,z) = 0 if
and only if z = 0.

Examples: ¢ E = K" with standard inner product (z,y) = > " | z;7;.

(Remark: Some texts use (z,y) = S~ | T;y; as standard inner product here. This involves
a slight change in item 2 of the definition of inner product, but as long as it is clear to
everyone which inner product is used, it causes no problems.)

o £ =K"and (z,y)4 = (Az,y) for the standard inner product of above, and A a positive
definite matrix.

o E C(la,b]) = {f : [a,b] — K | f is continuous} and standard inner product

= [} f(t)g(t)dt

° E M pxn(K), the space of m X n matrices with entries in K, with standard inner
product (A, B) = trace(B*A), where B* = (A?) is the complex conjugate of the transpose
matrix.

Normed spaces: are vector spaces equipped with a norm || || : £ — R, satisfying
the following axioms:

1. ||z|]| >0 for all x € E, x # 0.
2. ||\x|| = |A| ||z]| for all x € E and \ € K.
3. |l +yll < |zl + ||y|| for all x,y € E. This is the triangle inequality.

Note that item 1 and 2 together give ||z|| = 0 if and only if z = 0.
Any inner product space is also a normed space, if we define the norm as

2]l = v/, ).

Checking the first two axioms of the definition of a norm is straightforward. Checking
the triangle inequality relies on the Cauchy-Schwarz inequality:

[(z, )| < ll]l Nlyll for all z,y € E.
Proof. If y = 0, the inequality is obvious, so assume y # 0. Calculate

0<(z—Ay,z—\y) = =] = My, z) — Mz, y) + A]|y[]>.

Now substitute A\ = <|z ’ﬁ’Q), then we get

)P
0= lell® = =

Multiply by ||y||* and rearrange to |(z,y)|*> < ||=[/?||y||* and finally take the square root.
0




To derive the triangle inequality from this, we compute

lz+yl* = (@+y,z+y) =z + (z,y) + (y.z) + |y|?

= |z|* + 2Re(z,y) + lylI”

< Htz + 2|{(z,y)| + HyH2 (Use the Cauchy-Schwarz inequality)
< ll?+ 202yl + llyl* = (]l + vl

Finally take the square root on either side.

Examples: Some examples for standard norms come straight from inner products:
e E =K" with standard (= Euclidean) norm ||z|| = /> ., |zi|?.

o E=C([a,b]) and norm || f[| = \/ [ £(t)[2dL.

o E = M,y,(K), with norm ||A|| = \/Zm” |a; ;|2

i=1,j=1

There are however norms that are not related to inner products, such as:

e C([a,b]) with sup-norm || f||c = sup{|f(¢)| | t € [a,b]}.

Theorem 1 On a normed space (E, || ||), an inner product compatible to the norm ezists
if and only if the parallelogram law:

Iz +ylI* + llz = wl* = 2 (Il=II* + llyl*)

holds. In this case, the inner product can be defined by the polarisation identity
1 : . : .
(w.y) = 7 (le+yll* = llz —yI” +ille + iy [* —ille = iy[*) .

Metric spaces: are spaces (not necessarily vector spaces) equipped with a distance
function, called metric d : E x E — R, satisfying

1. d(z,y) >0 for all z,y € FE, and d(z,y) = 0 if and only if z = y.
2. d(z,y) =d(y,z) for all x,y € E.
3. d(z,y) < d(x,z)+ d(z,y); the triangle inequality.

Any normed space is also a metric space, namely if we put d(z,y) = ||z — y||. In fact, we
get a metric that is translation invariant:

dix+ z,y+z) =d(z,y) for all x,y,z € E.

Since each normed space is also a metric space, notion such as continuity, open and closed

sets and convergent sequences can be defined. We say that x,, converges to x in norm || ||
if
|z, — || — 0 as n — oc.

3



Convergence of sequences therefore depends on the choice of norm.
Example: Let £ = C([0,1]) and

fulz) = { ne ifze0,1],

1 ifze (1)

The pointwise limit of this sequence of functions is

1 ifze(0,1],
f(f”)_{o if z = 0.

You can easily calculate that indeed f,, — f in the norm ||g||» = fol lg(t)|?dt. However,
in the sup-norm ||g||.c = sup{|g(t)| | t € [0, 1]}, the sequence f,, does not converge.

This example is related to the following statement:

Theorem 2 If (f,) is a sequence of continuous functions from a metric space E to K,
converging in sup-norm (also called: converging uniformly ) to f, then also f is continuous.

Proof. Let us prove continuity in the point z € E. Choose ¢ > 0 arbitrary. Since
[fn = flloo = 0, we can find N so that for all y € E, |fn(y) — f(y)| < 5. Since fy is

continuous, we can also find 0 > 0 such that if d(z,y) < J, then |fx(y) — fn(z)] < 5.

Combining this, we obtain for d(z,y) < ¢:

[f@) = f)l < [f(@) = fv(@)] +[fv(@) = fn()] + [ (y) = f)]
< %—i—%%—%ze.

Remark: This proof also holds when f, are functions from one metric space to another.
OJ
One way of comparing norms is the following:

Definition 3 Two norms || || and || ||o on a vector space E are said to be equivalent, if
there exist m, M > 0 such that

m||xlo < ||z|| < Mz||o for all z € E.

Equivalent norms induce the same topology, i.e. the same open and closed sets, and if
two norms are equivalent, then a sequence converges in the one norm if and only if it
converges in the other norm. A special case, where all norms are equivalent, are the
finite-dimensional spaces.

Theorem 4 Let E be a finite-dimensional vector space. Then any two norms on E are
equivalent.



< Proof. The structure of the proof is as follows: we will construct a special norm p
and show that any norm || || is equivalent to it. As a consequence, any two norms
are both equivalent to p and hence to each other.

Since dim(F) < oo, say dim(E) = n, there is a basis {e1,...,e,} of E, and any
vector x € E can be uniquely written as © = A\je; + --- + A\,e, for A,... A\, € K.
Define

>IN
i=1

Check (yourself) that p is a norm. Now let || || be any norm. Then,

|z < | Z Aiei]] < Z IA:| leqll (by the Cauchy-Schwarz inequality)
i=1 i=1

IN

DN lledll? < Mp(a),
i=1 i=1

where M = 2?21 [leql]?.

Now for the other inequality, we state (without proof) that

f : (le"nun) = ||ZM1€Z”
i=1

is a continuous map from K" to R. Moreover, the unit sphere

S =L, ) |

is a compact subset of K”. Therefore f assumes its infimum on S: there is a
(fu1,- .., fin) € S such that

mo= it (| S el | (i) € 5 = |3 e
=1 i=1

Obviously m > 0, and if m = 0, then ) " | fi,e; = 0. Because {eq,...,e,} is a
basis (and therefore linearly independent), this would mean that i, = --- = fi, = 0,



contradicting that (f1, ..., ft,) € S. Therefore m > 0. Now to conclude, we have

n
lzll = 1) deed
i=1

Ai
= ZM 2- HZ = (Call p; = =)
Z] 1| J‘ 2j:1|>\j|2

= DI el (because (i, pa) €5)
=1 =1

n

= [P m = mp(a).

j=1
U
Some notation, that is commonly used, and that we will use in these notes.
o (™ ={x=(2,)02, | xp €K, sup, |x,| < 0o} comes with its natural norm: |||/, =
sup,, |z, |. This norm is not compatible with any inner product.
eForp>1: ° = {2 = (2,)2, | 2n €K, >, |74|? < 00} comes with its natural

norm: ||z|l, = />, [znlP. Only for p = 2 is this space compatible with an inner
product: (z,y) = > 2,Un.

e Analogous to (> we have L>([a,b]) = {f : [a,b] = K | sup,c(, 4 |f(t)| < oo} with
sup-norm: || fllec = supyeoy [f(#)]. This norm is not compatible with any inner
product.

o [P([a,b]) ={f :]a,b] = K| fab |f(t)|Pdt < oo} with p-norm: |f||p f |f( |pdt
This space compatible with an inner product only for p = 2: (f,g) = fa f(t)

In fact, there are some subtleties with LP-spaces that have to do with measure theory.
For example, think of the functions f : [0,1] — R, f(z) =0 for all z and g : [0,1] — R,
g(z) =0 for z # % and g(3) = 1. Both f and g belong to L?, and | f|l, = [lgll, = 0,
but f is the O-function and ¢ is not! This violates condition 1. in the definition of the
norm. For this reason, || ||, is called a pseudo-norm. In practice we tend to say that f
and ¢ is the same whenever f and g are different only on a set of Lebesgue measure 0,
or equivalently: [|f(t) — g(t)| dt = 0. Any of the p-norms, p € [1,00], can be defined,
without problem, on

e C([a,b]) ={f:[a,b] = K| f is continuous}

The proof that ¢ is indeed a normed space is easy, except for the verification of the
triangle inequality. For this, we need some inequalities that are interesting on their own
right.



Definition 5 For each p > 1, the conjugate exponent g > 1 is defined by
1 1
+
p q

and for p =1, we say that ¢ = oo s the conjugate exponent.

Obvious consequences are: p+q =pq, (p—1)(¢g—1) =1, zﬁ = ¢ — 1. Furthermore,
p = q if and only if p = ¢ = 2.

Theorem 6 Ifp > 1 and q > 1 are conjugate exponents, then for each x € P andy € (4:

00 % % 00 %
Z |lziys| < (Z |$i|p) : (Z |?Ji|q>
i—1 i=1 i—1

This formula is called the Holder inequality.
If p = q = 2, the Holder inequality simplifies to the Cauchy-Schwarz inequality.

¢ Proof. We start with an auxiliary inequality. From the fact that u = t*~! and
t = w9~ ! are each other inverse function, we get

a b aP he
a-bg/tp_ldt+/uq Ydu = — + —. (1)
0 0 p q

for all a,b > 0 (Make a picture). Let x € % and y € ¢? be arbitrary. Scale

~ o ~ y
Tj=——"—— and §; = :

o0 - t oo L
(D hms e [P)? (k=1 [yw] )
Then Y |Z;|» =1 and > |7;|? = 1. By (1), we get

Z|i‘zyz| <Z(‘xz |yz‘Q) %+1:1

q

For the unscaled z; and y;, this gives:

3wl - (i mp); - (fj w)

00 - 0 :
Sl < (z mva) | (z |yi|q)
7 =1 i=1

Theorem 7 For eachp>1 and x,y € (P:

o0 v o0 g o0 v
(Z |z; + y¢|p> < <Z |$i|p> + (Z |yi|p>
i=1 i=1 i=1

This formula is called the Minkovski inequality.
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The Minkovski inequality is precisely the triangle inequality for the space /P. Analogous
Holder and Minkovski equalities hold for LP.

& Proof. The inequality is clear for p = 1, so assume p > 1. Write z; = x; +y;. Then
|2i|P = |zi + yi| 2P~ < (|z] + |yi|)| 2P~ Taking the sum over all i we get

Szl <Yl D =l

Apply the Holder inequality to the first term at the right hand side.

>l | < <Z ) (Z <>) - (Z x) (Z |)

Do the same to the second term and combine:

s () (o)} ()

Now divide out the rightmost factor:

(sir) < () ()

and remember that 1 — é = %' O

2 Banach and Hilbert Spaces

The big advantage of R over Q is that it is completeness: sequences that seem to converge
actually have limits. More precisely:

Definition 8 A sequence (z,,) in a normed space (E, || ||) is Cauchy if
Ve >0 3dN Vm,n > N ||z, —z,|| <e.

In other words, ||z, — | — 0 as m,n — co. The space E is complete if every Cauchy
sequence converges to a limit.

Apart from R, also R™ and C™ are complete for all finite n. For infinite dimensional normed
spaces, completeness is more subtle.

Theorem 9 The space ({2, || ||2) is complete.



Proof. Let (z") be a Cauchy sequence in ¢2. We write the index n as a superscript,
because these 2" are sequences in themselves, and we want to denote the coordinates of
2" by z, k=1,2,3,.... The proof consists of three steps:

1) find a candidate limit a.

2) show that a € 2, and

3) show that indeed 2" — a in || ||2.

To prove 1), observe that since ™ is Cauchy, also each of the coordinate sequences x}
(for fixed k) is a Cauchy sequence in K. But K is complete, so z} converges to some ay, as
n — oo. Let a = (ax)72, be the candidate limit.

2) Given ¢ > 0, there exists N such that for all m,n > N, and all K > 1,

K 0
D lm =P < Dl - < 2
k=1 k=1
First let m — oo to obtain Zszl |2 — ay|* < &2, and then let K — oo to obtain
o0
D lak—af <& (2)
k=1

This means that 2" — a € ¢2. But then also a = 2% — (2F — a) € 2.
3) From (2) we obtain that for all n > N

o
2" — a2 = Z |z —ap* < e.
k=1

So indeed lim, 2" = a in || ||2. O

Definition 10 A Hilbert space is a complete inner product space. A Banach space is a
complete normed space.

Examples: ¢ (¢, ||2) and (L?,]| ||2) are Hilbert spaces.

e Forp#2 (/| |, and (L?,|| ||,) are Banach spaces but not Hilbert spaces.

e (C(la,b]),]l |l2) is not a Hilbert space, since limits of continuous functions could be
discontinuous, see the example earlier in the notes. However, L*([a,b]) is the smallest
Hilbert space containing C'([a, b]). It is called the completion of C(]a, b]).

e (C([a,b]), ]l |loo) is a Banach space.

3 Orthonormal Bases in Hilbert Space and Fourier
series

Fourier analysis was named after Joseph Fourier (1768-1830) who published a work on
heat transport in which he described the technique of Fourier series . In fact, Euler had

I Before writing this work, Fourier had already made a career as scientific adviser of Napoleon, and
followed him on his campaign to Egypt.



the idea, and more elegant proofs, before Fourier, but the main subject of debate was that
Fourier claimed that “any” function can be expressed as sum of sin and cos-functions.
Fourier’s contemporaries found this hard to swallow, not so surprisingly if you see, for
example, an expression like:

2
(=)' Zsinnt  forall t € (—m, 7).
n

I
WE

n=1

Over the years, Fourier analysis was put in the framework of linear algebra of infinite
dimensional function spaces, but rigorous proofs of the questions unearthed by Fourier
keep mathematicians busy until today. Let us just give an example of the usefulness of
Fourier series.

A string of length L is attached on either end, pulled (or plucked) and then released.
How does it move and what sound does it produce? Let f(x,t) denote the displacement
of the string from the rest-position for position x € [0, L] and time ¢ > 0. The physics
tell us that f should satisfy:

02% = % c is the speed of sound in the string,

f(0,t) = f(L,t) =0 this boundary condition expresses, that the string is
attached on either end.

f(z,0) = go(x) the initial condition. gq is the shape of the plucked
string at ¢t = 0.

Among the solutions of this partial differential equations are
. T e
f(z,t) = asin Tne cos fnt for any @ € R and n > 1.

This solution vibrates with frequency n”¢. The lowest pitch (the fundamental) that the
string can produce is when n = 1. The overtones or harmonics have frequencies 2, 3, . ..
times as high, so they are 1,2, ... octaves above the fundamental. These solutions tell you
lot about what sounds the string can produce, but they don’t, in general, satisfy the initial
condition f(x,t) = go(x). To make this happen, we need to take linear combinations

go(z) = Z ay, sin %naf;

n>1

and the trick is to find the numbers a,,. Fourier analysis is concerned with finding these
a,. Yet having found the a,, we can tell how the string sounds, as they give the amount
of the fundamental and each overtone present in the movement of the string.

Now let us start with the mathematical side of the subject.

Example in R®. Let z = (1 2 3)" and V be the plane spanned by f; = (1 1 0)! and
fo=(—111)". What is the point y € V closest to z?

Answer: y = Pz, the orthogonal projection of x onto V' of course, but how to compute it
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easily?
Write y = A f1 + Ao f2, use the inner product and fact that z —y L f; and z — y L fs:

0=(x—y, fi) = (z, fi) — (M f1, [1) — Nafo, f1) = (x, f1) — Mlfos fr),
where the last inequality follows because f; and fs happen to be perpendicular. Therefore:

{z, 1) (. f) _4

= 3 and similarly Ay = = _.

(fi, i) 2 (fo, f2) 3

The calculation would have been even more simple if (f, fi) = (f2, fo) = 1.

A=

Definition 11 A system of vectors {e;} is called orthogonal if (e;,e;) =0 for all i # j.
If in addition, (e;,e;) =1 for all i, then the system is called orthonormal.

Note: For orthogonal systems, Pythagoras theorem holds: || D1 ;> = >°0, [le:l|

Example (continued). We can make {fi, fo} orthonormal by scaling:

J1 1 ! fa 1

-1
ey : — | 1 and ey :=

Tl vl 121V

Next we can extend {eq, e} to a orthonormal basis by either the Gram-Schmidt orthog-
onalisation process, or, in R?, by the exterior product:

1
1
ez =€1 X g = —= —1

Ve o

Using the inner product, it is then easy to express x as linear combination of {ej, s, e3}:

5 4 5

3
T = T,€;)e; = —=€1 + —=e€9 + —=€3.
;( ) NG 1 7 2 G 3
We would like to apply this technique to arbitrary (infinite dimensional) Hilbert spaces.

Definition 12 If {e;}"; or {e;}32, is a orthonormal system in a Hilbert space H, then
the numbers (x,e;) are called the Fourier coefficients of z.

Theorem 13 If {e;}, is a orthonormal system in H, and x € H, then the point y in
the span of {e;}_, which is closest to n is

n

y=> (v,ee,

=1

and the distance d = ||lx — y|| satisfies d* = ||z||* — >°0_; [(z, e;)]*.
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Proof. Write ¢; = (z,¢;). We expand norms:

0 S ||1‘_Z)\€z||2 JI—ZAGU _iAi6i>
=1
=1 =1 i=1
2l + Y v =l =) el
i=1 =1

This expression is minimal if A\; = ¢;, so the closest y to z is indeed y = Y | (, e;)e; and
the distance satisfies d* = ||z — y||* = ||=||* = 21, |aif*. O
Example: The classical Fourier series are based on sin and cos functions: Let H =

L?([—m,m]) and the system {e, }nez be defined by

1 . .
7 sin nt ifn>1,
L if n =0,
\F cosnt ifn < —1. (Note that cos(—nt) = cos(nt).)

en(t) =

S

Check your integration skills on showing that {e, }nez is orthonormal. Let f(¢) = ¢. Then
the Fourier coefficients of f are

. (—1)" 2T > 1,
(fen) = / ten(D)dt =4 0 fn—0

o 0 if n < -—1.

For n < 0, this answer is easy to guess, because you integrate an odd function over an
interval symmetric with respect to 0. The case n > 1 is based on an integration by parts:

! / "t sinntdt ! [t ! t]" / . tdt
—— Smn = — - ——COoSNn — ——COS N
VT s e n o). o

2/7

= — cosnm + 0
n

M(_l)nﬂ_

n

Therefore the best approximation of f(¢) = ¢ by a combination of sin and cos functions is
> ns1 (1)1 2sinnt. Note that -, -, (—1)"*! 2 sinnt is a 2r-periodic function, so equal-
ity to f(t) = t can only hold for at most ¢ € [r, 7). In fact, t = > o1 (=)™ 2 sinnt only
for t € (—m, ), as we shall see later. -

As a corollary to Theorem 13, we find for any = belonging to the span of {e;}! ; that
r=y=y . (z e)e;. We can extend these result to infinite orthonormal systems:

Theorem 14 For any (infinite) orthonormal system {e;}2, the Bessel inequality holds:
Z [z, e)? < [l
i=1

12



Proof. Start with a finite subsystem {e;}? ; and rewrite to computation of the previous
proof to [[z[|? — >0, [{z, e:)|* > |ly||* > 0. Then let n — oco. O

Example: In the space £ with standard inner product, the system {f;}52, with
fi=10,0,...,0,1,0,...) with 1 on place ¢ + 1,

is orthonormal. If z € (2, then the y in the span of {f;}22, closest to x is

oo

Z.%fz I3 O%Q,Ig,I4,JZ5,...),

=1

so we obviously miss the first coordinate. Note also, that the error vector z — y is
perpendicular to each f;. We say that x — y belongs to the orthogonal complement of

{fi}-

Definition 15 Let {e;} be a collection of vectors in a Hilbert space H. The subspace X
of H consisting of those vectors orthogonal to each e; is called the orthogonal complement
of {e;}. The notation is X = {e;}* or X = H © {e;}. (Note that X is closed!) The
system {e;} is called complete if the only vector x orthogonal to all e; is the zero vector:
x =0. A complete orthonormal system is called an orthonormal basis of H.

Examples: o (? has standard orthonormal basis {e;}52,, where e; = (1,0,0,...), e
(0,1,0,0,...) etc.

e P([—1,1]) = {all polynomials p : [0,1] — K} has standard basis {ez} 0, Where e;(t) =
t*. This basis is not orthonormal with respect to (f,g) f f()g(t)dt, but it can be
made orthogonal by means of the Gram-Schmidt orthogonahsatlon process. Then we get
0(t) =1, ¢(t) =t, ¢o(t) = (32 — 1), g3(t) = 2(5t* — 3t) ... The general formula is:

L2y,

2nn ! dtn

Qn<t> =

These polynomials are called the Legendre polynomials. To make the system orthonormal,

we need to scale: ,(t) = /25 q,(1).
e For C([—1,1]) the same basis {G,(t)} works. Note that neither P(|—1, 1]) nor C(]0, 1])
are Hilbert spaces: they are not closed.

Theorem 16 Let {e,} be an orthonormal systems in a Hilbert space H. The following
statements are equivalent.

1. {e;} is complete.
2. clin{e;} = H, where clin stands for the closure of the linear span,

3 |Jx]]? =30 @, €)%, that is: the Bessel inequality is an equality.
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Proof. (1) = (3): . — > ,(x,e;)e; L ey, for all k, so by assumption, x — > (x, e;)e; = 0.
By Pythagoras theorem:

o o o
2l = 1) _{weed® =D e, e Plleill” = D 1w, e
i=1 i=1 1=1

(3) = (2): Take z € (clin{e; })*, so (z,e;) = 0 for each i. But ||z|* = >, [(z,€;)|* = 0, so
x = 0. Therefore (clin{e;})* = {0} and clin{e;} = H.

(2) = (1): Take x € H such that x | e; for all i. Let E = {x}*. Then E contains
every e;, and hence every vector in the span of {e;}. Also E is the kernel of the map
g : H — K defined by g(y) = (x,y). This map is continuous, so E = g~!({0}) is closed.
In particular, E contains clin{e;} = H. Thus z = 0 and {e;} is complete. O
Example: As we will see later on, the orthonormal system of sin and cos functions in

the earlier example is indeed complete. Therefore item 3 gives

> E =Y e =l = [ i = S

n>1 nez

2

Rearranging gives: » 0, -5 = T

Definition 17 A linear mapping U : H — K, where H and K are Hilbert spaces, is a
unitary operator if it preserves the inner product:

<U'T7 Uy>K - <‘ruy>H fO’I” all z,y € H.
If there exists such a unitary operator, then H and K are called isomorphic.

Remarks: From this definition, it follows that U is invertible. Using the polarisation
formula, it is also easy to deduct that U is unitary if and only if ||Uz|x = ||z| g for all
r e H.

Definition 18 A Hilbert space is called separable, if there exists a countable orthonormal
basts.

Theorem 19 Any separable Hilbert space is isomorphic to K™ for some n > 1 or to (2.

Proof. We do the proof only for the infinite dimensional case. Let {e;}3°, be an or-
thonormal basis, so for each x € H,

T = Z<$7€i>€i = ifiei for & = (v, ¢;).
i=1

=1

Define Uz = & = (&,&2,...). Obviously, U is linear. Since {e;} is complete, the Bessel
inequality turns into an equality (see item 3 of Theorem 16). Therefore

oo
1015 = > [ en)* = llz]]* < oo,
=1
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This shows that U preserves the norm, and at the same time that £ = Uz € £2. Since the
inner product can be expressed in term of the norm (using the polarisation identity), U
preserves the inner product as well. Check yourself that U is one-to-one and onto. U

Definition 20 Let M be a closed subspace of Hilbert space H. The orthogonal comple-
ment of M is Mt ={x € H |x L m for allm e M}.

It is easy to see that M* is also a closed subspace. The space M+ consists of vectors
who are closer to 0 than to any other y € M.

Lemma 21 z € M* if and only if ||x — y|| > ||z| for ally € M.

Proof. (=) By Pythagoras theorem, ||z||* < ||z]|*> + ||y||> = ||z — y]|* for all y € M.
(<) Take y € M arbitrary, thus Ay € M for all A € K. Now

l2]* < llo = Myll* = (o = Ay & = Ay) = [l = 2ReX(z, y) + [A[ly]l?,

and hence 2ReA(z,y) < |A]2||yl[2. Choose A = t44% for some ¢ > 0. Divide by 2¢, then

[{z,y)|
we get
t
[(z.9)] < Sllyll* = 0 as t — 0.
Therefore (x,y) = 0. Because y € M was arbitrary, v € M*. [

Theorem 22 Given a closed subspace M C H and x € M, there exist y € M and
2 € Mt such that x = y + z. Moreover, y and z are unique.

Because of this unique decomposition of vectors x € H, we say that H is the orthogonal
direct sum of M and M*: H =M & M+,

Proof. Let y € M be closest to z, so ||z —y|| < ||z —m]|| for all m € M. The tricky part
of this proof is to show that such closest y exists, and we reserve it for the end. Write
z =2 —1y. Then

Izl = llz =yl < llz = (y +m)|| = ||z —m]

for all m € M (and hence y +m € M). By the previous lemma, z € M*.
Now for the existence (and uniqueness) of y, let

d =inf{|lx —m]| | me M} > 0.

Take {y;} a sequence in M such that

1
o= il < 6+ = 3

15



We will show that {y;} is Cauchy. Apply the parallelogram law to get

Iz —y)—(@—y)IIP+(x—w)+ @ —y)IIP = 2/l —ul?+2)z -yl
2 2

< 4824+ S+ =

i

Therefore

I =35l = @ =) = (@ =l <46+ T 42— BB <242 (g
>42

which tends to 0 as i, 7 — oo. Hence {y;} is indeed Cauchy, and converging to some y in
the Hilbert space H. Because M is closed, actually y € M. Therefore ||z — y|| > ¢, but
letting ¢ — oo in (3), we also get ||z —y||* < §2. Therefore [|[x—y|| = 6 = inf{||z—m]| | m €
M} > 0. Now for uniqueness, suppose that y = lim; y; and § = lim; g;, where {g,} is
another sequence satisfying (3), were two points closest to x, then the calculation of (4)
shows that ||y; — g;]]* < % -+ % Now take the limit 7, j — oo to see that y = 7. O

4 C(Classical Fourier Series

In the previous chapter of these notes, we used sin and cos functions as an orthonormal
systems in the Hilbert space L?([—m,x]). This led to the Fourier series

F(x) = % + Z(an cosnx + by, sinnx)

n>1

of the function f € L*([—m,7]). The coefficients are computed as (check yourself, because
we are not using an orthonormal system here)

™

ap == [T f(t)dt, andforn>1
an = = [T f(t) cosntdt,

by == [7_f(t)sinntdt.

This formula works in the real and complex space L?([—,7]). Due to the relations

eza + e—ZO{ . eza _ e—’LOé
cosa¢ = ——, sina= ——,
2 21

we might as well, and it is much easier to, work with the orthonormal system?

1
{€n}nez defined as e,(z) = e

V2r

2Since i = v/—1 is needed, we will no longer use  as an index in this chapter.

inz
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Check that this is indeed an orthonormal system. The formula for the Fourier series
simplifies to L
F(z)= cre’™ with ¢, = —/ t)e k.
(2) ; z b= ) f(#)
In this chapter we want to show that {e,},cz is a complete system in L?([—m, ), and
then the completeness of the system {1, cos z, sin z, cos 2z, sin 2z, ... } follows too.
In the following theorem we will use a condition for a real functions f:

. . - +
flat) =l f(y), f(at) = lim,, L0000
all exist (5)

fla™) = limy s f(y), f(7) = lim, -, 205000

This is true for differentiable functions of course, but in (5) we are allowing discontinuous
functions, as long as the left and right limits of f and left and right derivatives at the
discontinuities exist.

Theorem 23 (Dirichlet) Let f be a 2m-periodic function such that [*_|f(t)|dt < oo
and (5) holds for x. Then the Fourier series

F(z) = f: cre’™®  converges to f@") ;— f(x_),

k=—o0

that is, the average value of f(x™) and f(x7).

In particular, if f is a 27-periodic C'-function®, then F(z) = f(x).

¢ Proof. Write F,,(z) = ,_ cre ", Since all functions involved are 27-periodic,
we can translate them to shift z to 0. Therefore it suffices to prove the result for
z = 0. Geometric sums ) a™ can be simplified by multiplying and dividing by 1 —a.
This is what we do for the following sum:

n

1 I A e I -
2m =~ B 27r1—eiz(€ Te + e e™)
1 1 —inz —i(n—1)z —i(n—1)z —i(n—2)z
— %1_61'2([6 —e ]+ e —e 4t
et [einz _ ei(n—i-l)z])
1 1 —inz i(n P
B %l—eiz(e — e!mrhs)
1z2/2
= i —€ /' (ei(n-‘r%)z _ e‘i(’”%)z)
2m 1 — e¥?
1 2i ilntg)z _ g—i(ntg)z

1 sin(n + 1)z
= ——( i ) =: Dp(2).
27 sin 5z

30" stands for the functions that are n times continuously differentiable

17



The quantity D, is called the n-th Dirichlet kernel.* This kernel is an even function
(because it is the quotient of two odd functions sin(n + 3)z and sin 5z). When inte-
grating over (—m, 7), only the term with & = 0 in the sum (left-hand side of the above
displayed formula) gives a contribution. In other words: [ L3> e % dz =
o [ _1dz = 1. Therefore

/_1 Dutydt =1 and /OW Dn(t)dt = /_i D, (t)dt = =

Moreover, D, is 2m-periodic. We have
= i = i i/7r ft)eMdt
k=—n = 2m d
/ Z f —1ktdt / D

We split the integral into integrations over (—m,0) and (0,7). The integral over

(0,7) is
/0 D0ty = 10 / Da(t)(f () — F(07))dr. (6)

and split the integrand

D170 - 7)) = LI i

1 f(t) - f* t t t
_ _f() f10) (cos—smnt—i—sm—COS”t)
o t sint/2 2

1
—)t
5)

f (t)—tf (0 Therefore the

By assumption, lim exists, and so does limy

t
sint/2"
integral

D, ( F(0H)]dt = / sin ntdt + / cos ntdt,
e o o

where p and ¢ are functions in L2. We can extend p and ¢ to an even respectively

odd L? function on (—7,7) and hence p(t) sinnt and q(t) cosnt both become even.
Then the integral can we written as

| o= [ a0 ar

The trick is now to recognise these integrals as Fourier coefficients p, = (p, \/%7 sin nx)
and ¢, = (g, — 5 Cos nx). By the Bessel inequality,

> ipal? < llpl3 < 0o and > Jgal* < [lg]l3 < 0.

n>1 n>1

4This use of the word “kernel”. is entirely different from a kernel of a (linear) transformation.
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Therefore lim,, o, p, = 0 and lim,, _,, ¢, = 0. Hence, by (6)
4 1
/ D()f(#) =+ 5£(0) as n— oo,
0

The same argument for the integral over (—m,0) gives fir D,(t)f(t) — 5f(07).
Taking the sums of both integrals again, we get

/ Di( dt+/0 Do) f(1)dt — f(0+)-2Ff(0)7

—T

as asserted. U
Example: If f(z) = x on R, then we can make it into a 27-periodic function by
cutting at —7 and 7. So let g(x) = f(x) for € [—m,7) and continue periodically:

g(x + 2km) = g(zx) for k € Z. The previous theorem says that the Fourier series G con-
verges to g for all x except the discontinuity points. At x = 7w + 2km, the Fourier series

G(x) = 5(limy 7r g(y) + limy 7 g(y)) = 0.
If f is sufficiently smooth, the convergence of the Fourier series is uniform (i.e. in || ||)-

Theorem 24 Let f be a continuously differentiable (i.e. f € C') 2m-periodic function.
Then its Fourier series F' converges uniformly to f.

To explain notation: C*([a, b]) is the space of all functions f : [a,b] — K that are k times
continuously differentiable: they are k times differentiable and the k-th derivative is still
continuous. In this terminology, C°([a,b]) = C([a, b]).

Proof. Because f’ is continuous on the compact interval [—m, 7], it is bounded, and there-
fore || f'll2 = \/ J7_|f'(t)Pdt < co. Let ¢, = 5= [ f(t)e ™ dt and dj, = 5= ["_ f'(t)e~*dt
be the Fourier coefficients of f resp. f’. Integration by parts gives (for k # 0)

= iﬂ /_Tr f'(t)e ™dt = % ([f(t)ez‘kt]ﬂﬂ 1 /_7r ikf(t)eiktdt> — ke,

By the Cauchy-Schwarz inequality and Bessel’s inequality

Zrckr—\cor+z"“‘<ro\+ o [l < el + 7 < .
k#0 k;éO k£0

Let € > 0 be given. Because }_, |cx| < oo, there exists ko such that >, _, |cx| <e. Then

also
|F(x) = Fio ()] = | Y ene™ = Y cre™ [ < > Jel[e®] <,

kez |k|<ko |k[>ko
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for all values of . Hence the convergence is uniform. O

We have seen now conditions under which Fourier sequences converge. If f is C!, then
F(z) = f(z), so this is an example where the Fourier series converges to a continuous
function. If f is not continuous, neither will be the Fourier series. But there are also
examples, where f is continuous (but not C'), where the Fourier series is discontinuous.
For many years, one of the main open questions in the field has been to show that Fourier
series cannot be too wildly discontinuous: the set of discontinuities or a Fourier series has
Lebesgue measure 0. This is Lusin’s conjecture, and it has been solved in 1966 by the
Swedish mathematician Lennart Carleson.

Theorem 25 The system {\/%emx}nez is complete in L*([—m, 7).

Proof. Recall from the definition of Theorem 16, that to prove completeness, it suffices
to show that clin{e™"*} = L?([—m,n]), in the || |2 norm. In other words, for every
f € L*(|-m,7]), and € > 0, there is a linear combination F' of functions e~*** such that
IF =1l <.

Choose € > 0. We use a result from measure theory that says that the closure (in
L3([—m, m]) with norm || ||2) of the space C'([—m,7]) is L?([—7,7]): given f, there exists
f € C([=m, 7)) such that |[f = fll < &

Secondly, every function f € C([—m,n]) can be approximated (in norm || ||) by a
function f € C([—m, 7)), i.e. there is f € C([—m, 7)) such that ||f — fle < =

In Theorem 24, we saw that every C' function can be approximated (in norm || || ), by

linear combinations of {e~™}, hence there is a finite Fourier sum F such that ||F — f||s <

£
10°
To compare the two norms that we are using, check that

mm_¢/ Pﬁ<¢/swm 2t = v/Zr| B

Putting this together, we get

1E = [ll2

SHF—ﬂhﬁW—ﬂbejﬂb )
< \/_IIF f||oo+¢_||f Flloo +11F = £l2

V2 +\/ +1—O<€

Hence, clin{e™"*} = L%([—7,7]) as asserted. O

IN

Theorem 26 (Parseval) Let f,g € L*([—m,w]) have Fourier series ., cxe™™® respec-

tively Y, dre’™™. Then

=
In particular, 5= [*_|f(t)[*dt = Zkez x|
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Proof. L*([—m,n]) is a separable Hilbert space with its countable orthogonal basis
{e7}, cz. Therefore, as we have seen before, U f = (&,)nez with &, = (f,e™™) is an iso-
morphism between L*([—m, 7)) and €3 = {(Zn)nez | D ,ey [n]? < 00}, Write ¢ = (¢p)nez
and d = (d,)nez. Then we obtain

%/:f(t)@ dt = %<fvg> = %(Uf,Um = %<\/%C,\/%d> :chd_n,

nez

as required. O

Remark: Note that the factor % comes from the fact {€"*},c; is not orthonormal.

In the orthonormalcase, Parseval’s equality reads: (f,g) =, crdi.

Theorem 27 (Weierstrass or Stone-Weierstrass) The set of polynomials P([a,b]) is
dense in C([a,b]) in || ||co- In other words, given a compact interval [a,b] and a continuous
function f : |a,b] — K, there is a sequence of polynomials p,, : [a,b] — K that converges
uniformly to f.

It is important that [a,b] is indeed compact, otherwise the theorem is false. There is a
well-known constructive proof of this theorem by Bernstein. “Constructive” here means
that the proof uses explicit (now called Bernstein) polynomials

Bu(x, f) = i (’)ﬁ(l _ x)i_"f(%) for € [0, 1].

- n
=0

and shows that ||f — B,|lcc — 0 with explicit bounds. We will use a proof based on
Theorem 24.

Proof. The proof, in telegram style, reads: C'([a,b]) lies dense in C*([a,b]) in the || ||o
norm. Fourier series converge uniformly to C! functions. Taylor polynomials converge
uniformly on compact intervals to exponential functions comprising the Fourier series.
Hence polynomials converge uniformly to continuous functions.

Now the details: start by scaling f(z) = f(=22 + ¥9), which is a continuous
function [-%,2]. Find g € C*([—%,%]) whose graph lies between f — 1 and f + &

Extend g to a C!' 2m-periodic function. Find, by Theorem 24, a finite Fourier series
G ="' e ™ whose graph lies between g — L and g+ L. Bach function cze=** used
in this Fourier series can be approximated uniformly on [—7, 7] by its Taylor polynomials
Ton(z) = cx(1 + (—tkz) + 3(—ikz)® + - -+ + 5 (—ikz)™). Find a linear combination p,, of
such Taylor polynomials whose graph lies between G — % and G + % This shows that on
[—5, %), the graph of p, lies between f— % and f + %, so, scaling back to polynomials
Pn (@, 0] = K || f = Palleo < % Since this can be done for all n > 1, uniform converges

pn — f follows. O
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5 Functionals and Dual Spaces

Definition 28 Given a vector space E over field K, a linear functional is a linear map
f: E — C. (Most of the time, we just say functional, implicitly assuming that the
functional is indeed linear.)

Examples: o If £ = L'([0,1]), then Fg = fol g(t)dt is a functional.

e If £ = C"'([0,1]) with norm || ||e, then Fg = ¢’(0) is a functional.

o If £ =/(' and y some bounded sequence. Then F,(z) = >°7, y,x, is a functional.
e If £ is some Hilbert space, and x € E, then F(y) = (y,x) is a functional.

We tend to think of linear maps as continuous maps, but in infinite dimensional spaces
this is not always the case! In the second example above, let g,(z) = \/Lﬁ(l — x)". Then
gn is a Cauchy sequence in (C*([0,1]), || |leo) with limit g(z) = 0, but still Fg, = g.,(0) =
Vv/n — oo.

Continuity of functions is related to the notion of boundedness of functionals, see item
3. of the below theorem.

Theorem 29 Let F' be a linear functional on a normed space (E, || ||), then the following
three statements are equivalent:

1. F 1s continuous,
2. F 1is continuous at 0;

3. sup{|F(y)| | llyll <1} < oo, that is: F is bounded.

Proof. 1. = 2. This is obvious.

2. = 3. Assume that F' is continuous at 0, then there exists > 0 such that for any z € Y
with ||z — 0[] < 8, |F(2)| < 1. But F is linear, so for any y with [jy[| <1, ||y[| < §, and
|F(y)| = |3|F($y))| < 2 < co. Therefore F is bounded.

3. = 1. Let z € E arbitrary. Take ¢ > 0 and § = e(sup,<; |[F(2)])~". If y € E is such
that ||y — x| < ¢, then

y—x
[F(y) = F(a)] < ly — 2| [F( )| <6 sup [F(z)| =e.
ly — =] E=!
Since x was arbitrary, F' is continuous everywhere. U

Definition 30 The space of all bounded (and hence continuous) linear functionals F :
E — K s called the dual space of a E, and it is denoted as E*. The quantity

1]} = sup{[F'(w)] | lyll <1}

s the norm of the dual space.
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Note that by linearity -

|F (@) = [FG=l 2l < [[F]] Iz (7)

]

forall x € E.

Theorem 31 If (E,| ||g) is a Banach space, then the dual space (E*,|| ||) is also a
Banach space.

Proof. Let us first check that || F|| = sup{|F(y)| | ||y|]| < 1} is indeed a norm:

| F'|| is finite, because E* only contains bounded functionals.

[AF|| = Sup)y|<1 AE(y)| = [Al SUp|y|<1 [E(y)| = [Alll£]

[1F" + G| = supy <1 [F(y) + G(y)| < supyy<1 [F(y)] +supyy <1 [G)| = [|F]| + |G|
|E|| > 0 is obvious.

Finally, to show the completeness of E*, consider a Cauchy sequence (F,,) in || ||. Then
| F. — Finl| = 0 as m,n — oo. In particular,

y y
[En(y) = Fn(y)l = llylle [Fn(—) = Fn(o—)l < HlyllellEy = Fall = 0
1yl = 1yl

pointwise, and since the field K is complete, F,(y) converges. Call the limit F'(y). This
defining a new functional F'. (Check that it is linear.) Since |F(y)| < |F.(y) — F(y)| +
|F.(y)] < 1+ ||F,| for all ||y]| < 1 and n sufficiently large, F' is indeed bounded. This
shows that F' € E*. 0J

This theorem creates new Banach spaces from old ones, and we might go on, creating £**,
the dual of the dual space, etc. If we think of isomorphic spaces (defined in the previous
chapter for Hilbert spaces, but equally applicable to Banach spaces), it turns out that few
of these Banach spaces are actually new.

Theorem 32 [fp > 1 and ¢ > 1 are conjugate exponents, then
(P) ~ 01 and (09)* ~ (P,
(Here ~ denotes: is isomorphic to.) Furthermore
(0N ~ >, but cf~ ("
for co ={z = (x1,29,,...) | z, € K and lim,,_,o z, = 0} equipped with the norm || | c-

From this theorem we see that if p > 1, then (/)™ = ¢P. Spaces E with the property
that £** are called reflezive. So ¢! is an example of a non-reflexive Banach space. Note
also that ¢? is isomorphic to its own dual space. It is no coincidence here that among all
space (P, only ¢? is a Hilbert space.
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¢ Proof. We will only do the proof that (¢!)* is isomorphic to £*°. The proof for the
other isomorphisms is similar, but much more technical.

Assume that {e,}22, is the standard basis of ¢'. Let us define a dual basis {€},}72 1,

by setting
“(e) = 1 ifn=%Fk
KTV 0 iftn £k
Then, if x = (x1,22,...) € I}, we get € (x) = e (D o, xrex) = . Next define
T: 0> — (0Y, Ty = Zynez.
n=1
The image Ty is a functional, and (Ty)(z) = ), ynZn. The map T should be a

linear isometry between ¢> and (¢!)*, and for this we need to check:

— T is linear. This is easy; check it yourself.

— T preserves norms. For Ty we need the functional norm || ||, which requires
estimates over {z € /! | ||z[j; < 1}:

o0
sw [(TH@] < sw |3 votal
ol <1 leli<1 4=
o0
< suply,| - sup x
nZl| n ||gcl<1nZ::1| ol
< |ylloo sup |[[z]ly

Jall1 <1
< yllee-

This shows that || Ty|| < [|y|lcc. On the other hand,

sup [(Ty)()] = sup |(Ty)(en)] 2 sup [y = |[yloc.

llzll1<1

Therefore also [Tyl > [|y[loo, s0 [TY[] = [[y]|oo-

— T is onto. In other words, for every bounded linear functional g € (¢*)*, there
is a y € £* such that Ty = g. Since g is bounded, sup,, |g(e,)| < co. Define
vy = (Y1,Y2,93,-..) by yp, = g(e,). Then y € £>°. Moreover

9(@) = 90> wnen) =Y anglen) = Yty = (Ty)(x)

for all z. Therefore g = TY.
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The main result about dual Hilbert spaces is called the Riesz-Fréchet Theorem. If we
look back at the examples of functionals on a Hilbert space (H,( , )), we could define
functional F'(y) = (y,z) for each fixed x € H. This functional is bounded, because by
the Cauchy-Schwarz inequality,

[E )| = [y )] < lyll N[zl so [F]] < [l]].

By substituting the unit vector y = x/||x|| be find that ||F|| > ||z||, so in fact, ||F|| = ||=]|.
The Riesz-Fréchet Theorem states that all continuous linear functionals on a Hilbert space
are of this type.

Theorem 33 (Riesz-Fréchet) If F' is a continuous linear functional on a Hilbert space
(H,(, )), then there exists a unique x € H such that F(y) = (y,x) for all y. Moreover
L]} = ]

Proof. The equality|| F|| = ||x|| was proven above. If there are two vectors « and 2’ € H
such that F(y) = (y,x) = (y,2’) for all y, then (y,z — 2’) =0 for all y. Take y =z — 2/,
then we find (z — 2/, — 2/) = 0, so z — 2/ = 0 and indeed the z is unique. Therefore it
suffices to show that such vector z exists.

If F(y) = 0 for all y, then x = 0 solves the problem. So assume that the kernel
M =ker(F) = {y € H| F(y) = 0} is a proper subspace of H. Since F' is continuous
M = F~1({0}) is closed, and hence H = M & M~*. Take £ € M, such that F(£) = 1.
By scaling &, this can always be arranged. Then we can write

y=y—Fy¢ + Fy).
N—— N——
eM eMLt

Check that the first term indeed belongs to M by applying F' to it! Now take the inner
product

(y,6) = (y— F(y)&. &) + (Fy)&,€) = (F(y)€, &) = Fy)|I€II°.
But then, if we take z = £/|€]J?,

(y,€) = F(y).

1
1) = e

[l

We said earlier that ¢? was isomorphic to its own dual space was not surprising because
(% is a Hilbert space. This holds, namely, for all Hilbert spaces (although we will only
prove it for real Hilbert spaces).

Theorem 34 Let H be a real Hilbert space, then H* is isomorphic to H.

& Proof. For each F' € H* let UF := 1 be the corresponding vector in H satisfy-
ing the Riesz-Fréchet Theorem: F(x) = (x,n) for all x € H. We will show that
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U: H* — H is unitary.

o fUF =nand UG = (, then (F+G)(y) = F(y)+G(y) = (y,m)+ (. ¢) = (., n+Q)
for all y, so U(F+G) = UF + UG.

o If UF =nand A € R, then (AF)(y) = AF(y) = X(y,n) = (y, An) for all y (note
that we used here that H is a real Hilbert space), so U(AF) = AUF.

e For each n € H, the functional F' defined as F(y) = (y, n) is bounded and satisfies
UF =7, so U is surjective.

We know already from the Riesz-Fréchet Theorem that U preserves the norm, hence
it is unitary. We can define the inner product of H* explicitly by means of the iso-
morphism and the polarisation formula. U

6 Linear Operators

Functionals were maps from a linear space into R or C. Now we shift gear, and look at
linear maps from one linear space E to another linear space F':

T:E—F with T(Ax + py) = Nz + pTy.

These are called linear operators. (Note that £ and F should be linear spaces over the
same field K.) If £ and F are normed spaces, then we can again speak of bounded operators
if there exists M > 0 such that

|Tz||r < M||z||p forall x € E,

and the operator norm is
1T = sup || Tz|p.

lzllz<1

Theorem 35 Let T : E — F be a linear operator between normed spaces (E, || ||g), and
(F,|| ||F), then the following three statements are equivalent:

1. T 1is continuous;
2. T is continuous at 0;
3. T 1s bounded.

Proof. The proof is the same as for Theorem 29 0

Definition 36 The kernel of an operator T : E — F is the set {x € E | Tx = 0}
and denoted as ker(T). The range of T is the set TE = {y € F | thereis anx €
E such that Tx = y}. Notation: R(T).
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Note that the kernel is a subspace of E; if T is continuous, then it is even a closed sub-
space. The range is a subspace of F', but it need not be space.

Examples: o If g : [0,1] — K is a bounded function, then T : LP([0,1]) — L*([0,1])
defined by (T'f)(t) = g(t) - f(t) is a linear operator. It is also bounded, because

1Tl = \// l9(t) |pdt<(/ts%pl l9(2) /If @)Pdt = llglloll f1lp-
€l

o If k:[a,b] X [c,d] — K is a continuous function, then the integral operator (T f)(t) =
ff k(s,t)f(s)ds is linear operator from L?([a,b]) to L?([c,d]). It is also bounded, because
(using the Cauchy-Schwarz inequality)

b
/k(m /|kst|d8/!f rds—/wstrdsnfuz,
and therefore

d| b 2 d b
17615 = [ | [ Ksiras| ae< [ [ s opdsat |1

o If F = (C*(R), then the differential operator Df = f’ is linear. In the || ||-norm it
is not a bounded.operator, as can be seen from the example f,(z) = sinnz. Composite

Tt =

differential operator are very common, for example: L = D? —x?D —I defined as Lf(x) =

f'(z) + 22 f'(x) = f(a).
e Partial differential operators, for example the Laplacian: A(f) = >
f:R*" >R o If E=/(> then §: E — FE defined as

n

i1 a 2 for maps

S($1,£L‘2,ZE37...) = (0,1’1,1‘271’3,...)

is a bounded linear operator. It is called the right-shift operator. The left-shift operator
S* shifts the string in the other direction:

S*<£L'1,£B2,IE3, .. ) = <$2,l’3,$4, .. )

e Different branches of mathematics have their own favourite operators. If 7 : X — X
is some transformation of a space X, then you might be interested in the behaviour of
orbits: {z,7(x),7o7(x),...}. Operators in use for this study are the Koopman operator:
K : L*(X) — L*(X) defined by Kf = fo7. Because we used the || ||-norm, K is
bounded. For the space (LP(X), | ||,) this need not be the case anymore.

e The transfer operatoris (Lyf)(x) = >_, ;)= 9(¥)f(y). The boundedness of the trans-
fer operator depends on g and on the space on which L, is defined.

Definition 37 Let L(E,F) denote the space of continuous (and hence bounded) linear
operators from E to F. If E = F then we simply write L(E).
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Theorem 38 If F' is a Banach space, then L(E, F) is also a Banach space.

Proof. This is proven in the same way as Theorem 31 U

Lemma 39 If A€ L(E,F) and B € L(F,G), then the composition BA € L(E,G) and
its norm || BAJ| < |[B]| ||

Proof. It is clear that BA : F — G and linearity is easy to check. Next, if x € F, then
(using formula (7) twice)

I1BAz|lc < [|Bl[[[Az|[r < | Bl Allllz|lz

Take the supremum over all x € E with ||z||g < 1, and derive ||BA|| < ||B]|| [|A]l- O

Note that the strict inequality ||BA|| < ||B]| ||A|| is possible. By induction, it is easy to
see that if A € L(E), then the n-fold iterate A" = A... A satisfies ||A™]| < ||Al|™.

n times

When we want to solve the f in the equation

Af =y,

for some linear operator A and a given g, the easiest would be to have the inverse operation
to A. In the rest of this section, we will discuss when operators are invertible.

Definition 40 Let E and F be normed spaces. An operator A € L(E,F) is called in-
vertible if there exists an operator B € L(F, E) such that

Here Ip (resp. Ip) denotes the identity on E (resp. F). If it exists, B is unique, and
denoted as A™1.

In spaces of finite dimension, invertibility of linear operators A : £ — FE is rather
simple (see a course on linear algebra). You just need to check one of the following
equivalent conditions:

1. A is invertible.

2. A is one-to-one.

3. A is onto.

4. There exists B € L(F) such that AB = I.
5. There exists B € L(F) such that BA = 1.

6. The determinant of some (any) matrix representation of A is different from 0.
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For infinite dimensional spaces, none of these conditions is necessarily equivalent to any
other.
Examples: e The right and left-shift operators are not each other’s inverse, because

SS* =1 but S*S# 1.

e The multiplication operator T : L%([0,1]) — L?([0,1] defined by (T'f)(t) = t*f(¢) is
not onto, because there is (for example) no f such that T'f = 1.

Theorem 41 Let E be a Banach space. If A € L(E) and ||A|| < 1, then I — A is
invertible, and (I — A)~' =3 A" (Note: A” = I by definition.)

Proof. First we need say clearly what > 7 j A" means. It is a limit of a Cauchy sequence
of operators By. Indeed, let B, = Zﬁzo A", so Bpr = A%z + Alx + A%z + -4 AFz. The
sequence (By) is Cauchy in the operator norm || ||, because

n 1A
(B = B)z||z = |l Z Azl|p < Z 1A 2]l < 1 HAH”xHE — 0

n=I[+1 n=I[+1
as | < k — oo. Therefore (By) converges in the Banach space L(F). Let B be the limit.
Multiply with (I — A), then
(I —A)Byr =Iz — Az + Az — A2+ — AFlp =g — A"p 5 o

for each z. In the limit (I — A)B = I, and a similar computation gives B(I — A) =1. O

7 Adjoint and Self-Adjoint Operators

Definition 42 Given two Hilbert spaces (E,(, )g) and (F,{, )r), and a bounded linear
operator A : E — F, we say that an operator® A* : F' — E is the adjoint operator of A if

(Az,y)p = (x, A"y)g for allz € E and y € F.

Examples: e You may have seen the notation A* earlier in a linear algebra course,
because if A is the matrix representing a linear transformation of C*, then A* = Af, and
(Az,y) = (x, A*y) is true for the standard inner product on C".

o If A: L*([0,1]) — L?*([0,1]) is the multiplication operator Ax(t) = f(t)z(t) for some

fixed function f, then A*y(t) = f(t)y(t). Indeed,

(Az,y) = / F(t)x(t) - Dt = / £(t) - Ty ()t = (x, A%).

SUnfortunately, the superscript * is used both for adjoint operator and for dual space. If it is clear
whether A is an operator or a space, no confusion will arise.
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o If A= L%*a,b]) = L?*([c,d]) is the integral operator with kernel k : [a,b] X [c,d] — K,
ie.

Af(t) = / k(s £)f(s)ds,

wra = [ ([ s0res) s a

—[%@mmm@ww

:</m%/mmmwﬁw=mmw

so from this computation, we can read off that A*g(t) = fcd k(t,s)g(t)dt. Note the change
in the order of the arguments of k!
e The adjoint of the right-shift operator on ¢? is the left-shift operator, and vice versa.

then

Theorem 43 For each A € L(E, F) where (E,(, Yg) and (F,{, )r) are Hilbert spaces,
the adjoint operator A* exists and belongs to L(F, E). Moreover, A* = A and |A*|| =
1A

Proof. The Riesz-Fréchet Theorem will be useful to find A*. Given y € F, the map
x— (Az,y)F

is a linear functional on E. It is also bounded because |[(Az,y)| < ||Az|Fr|yllr <

||| ellAll|ly]|F, so the norm of the functional is at most ||A||||y||r. By the Riesz-Fréchet
Theorem, we can find z € F such that

(Az,y)r = (z,2) 5.
Define A* by A*y = z, so obviously A* : F — E. Now we need to check:

e A* is linear. Take 21,29 € F and A\, Ay € K. Then

(x, A"(Mz1 + Xez))e = (Az,(Mz1 + Aezo))p
= M{Az, 21)p + M (Ax, 20)
= Mz, A% 2) g + N (2, A% %) g
= (2, A" 21 + A 2)p.

Since this is true for all z, we have A*(A1z1 + Aozo) = M A* 2 + Ny A* 2.
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e A* is bounded. For this, take any y € F with ||y||r < 1. To show that A* is
bounded, we need not worry about those y for which [|A*y||z = 0, so let us assume
that ||A*y||g > 0. By the Cauchy-Schwarz inequality:

[A*y[Iz = (A"y, Ay)p = (AA%y, y)r < |AA Y| ellylle < [JANTA Yl sllylle
Divide out one factor of ||A*y||g, and we find ||A*y||ez < ||A|||ly]l#, so

[AT] < Al < oo (8)

Now we show that A** = A. Write B = A*. Then

<‘r7B*y>F = <vay>E = <A*xuy>E = <y7A*x>E = <Ay,$>p = <x7Ay>F

for all z € F and y € E. Therefore A*™ = B* = A. Finally, (8) showed that ||A*|| < || A]l,
and applying this to A*, we obtain ||A|| = ||A**|| < ||A*||. Therefore ||A*|| = ||A]l. O

Definition 44 An operator A € L(FE) is called self-adjoint or Hermitian, if A* = A.
(Note that here the domain and range must be the same space.)

Examples: ¢ The multiplication operator Az(t) = f(t)z(t) is self-adjoint if and only if
f(t) is a real function.
o If A= L%*a,b]) = L?([a,b]) is the integral operator with kernel k : [a,b] x [a,b] — K,

then it is self-adjoint if and only if k(s,t) = k(t, s) for all s,t € [a, b].

e If F is the space of real infinitely differentiable 2m-periodic functions with inner product
(f,g) = f:r f(t)g(t)dt, then the differential operator D?f = f” is self-adjoint. This follows
from integration by parts:

(D59 = [ 1ot d
= [, - / " g dt
- WSO+ / " F(t)g"(®) dt = (. D).

(Here we ignored the detail that E is not a Hilbert space: it is not complete.)

8 Compact Operators

¢ Definition 45 Let E and F' be Banach spaces. An operator A € L(E, F) is called
compact is for every bounded sequence (x,)7>, C E, the sequence (Ax,)>, has a
convergent subsequence.

Examples: e An operator A is of finite rank if the rank, i.e. the dimension of the
range R(A) is finite. For example, the orthogonal projection on a finite dimensional
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subspace has finite rank. Every bounded finite rank operator A is compact. Indeed,
if {xy, },, is bounded, and A is bounded, then { Az, },, is a bounded sequence in a finite
dimensional space. We know that such sequences have convergent subsequences
(Heine-Borel). The boundedness of A is important. A counter-example would be:

A0 S0t Ae, = ne.

This operator has rank 1, but is not compact.
o Let A: (' — (' be defined by Ae, = Le,. Then A is bounded, of infinite rank,
but still compact. The reason for this is that A is the limit of finite rank operators

it n <k,

1
.l 1 _ nEn
A 6= 0 Ake"‘{o if n > k.

It is easy to see that the rank of Ay is k. And lim, A, = A in the operator norm,
because for each x € (! with ||x|[; <1 we have

1 1 1
A—A = Zr,| < —— <=
104 = el = 3 ol < 7y S lonl < gl

n>k

80 SUp|, <1 (A — Ap)zll < 55

important theorem about compact operators.

— 0. To conclude this example, we need an

Theorem 46 Let E and F be Banach spaces. The set of compact operators in
L(E,F) is a closed subset with respect to the operator norm.

Proof. Let {A}r C L(E, F) be a sequence of compact operators converging in the
operator norm to A. Let {z,}, be any bounded sequence in E, say ||x,||g < M for
all n > 1. We need to show that {Az,}, contains a converging subsequence. To do
this, we use a kind of diagonal argument.

— A, is compact, so there exists a subsequence, say {x1,}, of {x,},, such that
{A121,,}n is convergent.

— A, is compact, so there exists a subsequence, say {xs,,}, of {Z1,}n, such that
{Asx9,,}, is convergent.

In general:

— Ay is compact, so there exists a subsequence, say {zg,}n 0f {Zx_14}n, such
that {Agzg .} is convergent.

All the above convergent sequences are of course also Cauchy sequences. Now for
the diagonal construction, for each k, take n(k) such that

1
| Akrm — ApZpem||F < P for all m, m' > n(k). (9)
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The vectors yi, = xp k) form a subsequence of {z,},. We show that {Ay}; is
Cauchy sequence in F'. Indeed, for [ > k we have

Ay — Auillr < |Ayk — Axyillr + | Akyr — Acuille + || Acyr — Ayl #
< A= Aell lyelle + ATy — AeTem l|lr + [[ A — All |luil

1
|4 = AIM + 7+ 4 — A M

IN

IN

1
2M||A—Ak||—|—E—>0 as k — 0.

Here we used in the second line that y; = xy ,, for some m’ > n(k) and in the third
line that (9) holds and that {yx}x is a bounded (by M) sequence. Cauchy sequences
are convergent in the Banach space F'. This shows that all convergent sequences
of compact operators have a compact limit operator. Therefore the set of compact
operators is closed. O

Definition 47 Let E and F be Hilbert spaces. An operator A € L(E, F) is called
a Hilbert-Schmidt operator if there exists an orthonormal basis {e,}n>1 of E such
that 3", <, ||Aen||* < oo. (A priori, the finiteness of the sum " -, ||Ae,||* depends
on the choice of orthonormal basis. A nice thing about Hilbert-Schmidt operators is
that the choice does not matter! But we will not prove this.)

Examples: e The Volterra operator V : L*([0,1]) — L?([0,1]), defined as

viw- [ ' f(s)ds,

is Hilbert-Schmidt. Indeed, take the orthonormal basis e, (t) = e">™"  then

1) gt 4 1
| Ae,,||2 :/ / e~ 2Ty | dt :/
o 1Jo 0

Therefore anl | Ae, |3 < anl ﬂ2—1nQ = %.

2

—Qﬂinx]t

2 1
2 1
. dt§/0 (=—)%dt =

[_

2min

Theorem 48 FEvery Hilbert-Schmidt operator is compact.

Proof. The proof of this theorem uses the same idea as the above example, namely,
we will write the Hilbert-Schmidt operator A as limit of finite rank operators. Let
{€n}n>1 be an orthonormal basis of E, so each x € FE can be written as x =
> > | Tnen. By the Cauchy-Schwarz inequality and Pythagoras Theorem, it follows

33



9

that

[es)
[Azllr = 1A znen)lr
n=1
)
< Z’xn’HAen”F
n=1
00 o0
< S w2 S e
n=1 n=1
<

so A is a bounded operator. Define
k
Ayt E— F, Ag(x) = A(Z Tpén),
n=1

then the rank of Ay is at most k, and ||Axx| r < ||Az||F, so Ay is a bounded operator.
Therefore, the operators A, are all compact. Moreover, lim;, A, = A in the operator
norm because (as above)

lAz — Al =AY waen)lle < llollzy| 3 IAeal.

n=k+1 n=k+1

for all z € E. Because )", ||Aey||% < oo, we have Y7 [|Ae,[|7 — 0 as k — oo.
So if we take the supremum over all z € E with ||z||g < 1, we obtain

A=Al < | D [Aen]2 =0 as k — oo.

n=k+1

The statement follows now from Theorem 46. O

Spectral Properties

Apart from the equation Af = g, quite often the equation

Af=Af=g

comes up in applications. Here A\ € C is some number, and depending on the value of A

solutions may or may not exist.
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Definition 49 Let A be a bounded operator on a Banach space E. For \ € C, we call
Ry(A) = (M - A)~!
the resolvent operator of A. The resolvent set of A is the set
p(A) ={X e C | R\(A) exist and is bounded}.
The spectrum of A is the complement of p(A), so

g(A) ={\ e | R\(A) does not exists or is unbounded}.

We call A an eigenvalue if there exists and x # 0 such that Az = Az. Such z is called
an eigenvector. For eigenvalues A\, x € ker(A — A), so Ry does not exist. Eigenvalues,
therefore, belong to the spectrum. If E is a finite dimensional space, then o(A) is precisely
the set of eigenvalues of A, but for infinite dimensional spaces, the spectrum can be bigger.

For example, if

1
A: 0?2 502 Ae, = —e,,
n

then the eigenvalues of A are {* | n > 1}, but also the value A = 0 belongs to the
spectrum, because the inverse of A satisfies A~ 'e,, = ne,, so it is not a bounded operator.

Theorem 50 The spectrum of a bounded operator is a compact set.

Proof. By the Heine-Borel theorem, we need to check that

e o(A) is bounded: Take [A| > [|A]|. Then |[$A| = ﬁHAH <1,s0 B:=(I—-5A)™"

exists and is bounded. But then also
1 1

-1 _ 1 -1 _ 1 -1 _
(A=A =M= $A) = (-4 = 1B

exists and is bounded. Hence o(A) is contained in the disk {A € C | |A] < ||A]|}.

e 0(A) is closed, or in other words: its complement is open. Take A ¢ o(A), so
Ry = (M — A)™! exists and is bounded. Let p be such that |A — u| < [|Rx||™! and
therefore |[(A — ) Ry|| < 1. This means that

I— (=R = I+[(ul - A)— (\ - A)R,
= I+ (ul —A)R\—1
= (uI —A)R)
has a bounded inverse; call it S. But then RS is the inverse of (ul — A) because
(uI — A)R\S = I and also Ry\S(ul — A) = R\S(ul — A)R\R, ' = RyR;' = I. The

norm || RyS|| < [|Ra|| ||S|| < oo as well. This shows that the ||Ry||~*-neighbourhood
of A is disjoint from o(A), hence the complement of o(A) is open.
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Theorem 51 If A is a bounded self-adjoint operator on a Hilbert space E, then the eigen-
values are real, and the eigenvectors of different eigenvalues are perpendicular. Also the
entire spectrum o(A) is real.

Proof. If ) is an eigenvalue of A, belonging to a unit eigenvector v, then
A= Av,v) = Qw,v) = (Av,v) = (v, Av) = (v, W) = X\v,v) = A,

Therefore A is real. If A # p are two different eigenvalues, belonging to eigenvectors v
and w, then

Mo, w) = (A, w) = (Av,w) = (v, Aw) = (v, pw) = fv, w),

and because A # pu = [, the only possibility is (v, w) = 0.
The proof that o(A) is real is a bit more involved. Take A € C\ R, so Im A # 0. To
show that A\] — A has a bounded inverse, we need to check several things:

e )\ — A is one-to-one: We have

fm (A — AJu,u) — %((()\I — Au, ) — (VT = A, )
= SOl = Sl + (Au, ) — o)

= T Aful?,
because (Au,u) = (u, Au) = (Au, u). Therefore, by the Cauchy-Schwarz inequality,
i A Jull? = [Tm (A — A, 6] < [ — Ay, )] < AT — A)ad] [Ju].
If u # 0, then we can divide out a factor ||ul|, so

[Im Al fJul] < [[(AT = A)ul] (10)

Because Im A # 0, we obtain ker(A\l — A) = {0}, or in other words, A\I — A is
one-to-one.

e The inverse R, is bounded: If v belongs to the range R(A — A), then (10) shows
that ||Ryv]| < [Im A|7! [Jv]], so [|Ral] < [Im A7 < co.

e The range R(A] — A) lies dense in E: First let D be the closure of the range
R(M — A). Since E is a Hilbert space, E = D @ D+, and if v € D+, then

0= ((A — A)u,v) = (u, (M — Aw) for all u € E.

But this means that (A\I — A)v = 0, and hence either X is an eigenvalue of A (which
is impossible, because A is not real) or v = 0. Therefore D* = {0} and D = E, so
the range of A\I — A lies dense in F.
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o R(A — A) is closed: Take any y € E. There exists a sequence {y,}, C R(A — A)
that converges to y. Let x,, = R\(y,). Because {y, }, is Cauchy, and R, is bounded,
also {z, }, is Cauchy, and therefore convergent in the Hilbert space E. Call the limit
x. Then by continuity of A\ — A,

(M — A)x = lim (M — Az, = lim y, = y.
n— o0

n—oo

Therefore y € R(A — A). Because y € D was arbitrary, R(A\I — A) = D.
Together, this shows that R(A\] — A) = E. O

We know that the spectrum of an operator A is contained in the disk of radius ||A]|. In
many cases, we can actually find eigenvalues on the boundary of this disk.

¢ Theorem 52 If A is a compact self-adjoint operator on a Hilbert space, then at
least one of the numbers ||Al| and —||Al| is an eigenvalue of A.

Proof. See Kreyszig (Theorems 9.2-2 and 9.2-3) or Young (Theorems 7.18 and
8.10). 0

The main theorem of this chapter is called the Spectral Theorem of compact self-
adjoint operators.

Theorem 53 If A is a compact self-adjoint operator on a Hilbert space H, then
there exists a finite or infinite sequence of eigenvector {v,}, corresponding to real
eigenvalues {\, }n such that

Azr = Z AT, v v, for all x € H.

Moreover, if {\,}, is infinite, then \,, — 0 as n — oc.

This theorem states that A has a basis of eigenvectors. For each A, # 0, the
eigenspace is finite dimensional. Even if dim(H) = oo and there are only finitely
many eigenvalues, then 0 is also an eigenvalue, and the corresponding eigenspace is
an infinite dimensional Hilbert space, so any orthonormal basis of it is automatically
an orthonormal basis of eigenvectors (with eigenvalue 0).

Proof. The theorem is obviously true if Az = 0. From previous results, we already
know that all eigenvalues are real, and that for each ¢ > 0, there are only finitely
many eigenvalues with |\,| > . So let us start finding eigenvectors.

By Theorem 52, there exists at least one eigenvector v with eigenvalue \; = || A|| #
0. Assume that |lv1]| = 1. Clearly A leaves span(v;) invariant, but also {v;}* is

() v 9 u A v 9 u A £ l/U ) u A v 9 4 1“ )

1 1 1
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for all u € {v; }*.

Write A; = A and Hy = {v;}*, then the restriction Ay := A;|H, is again a compact
self-adjoint operator, and ||Az|| < ||A||. Therefore we can repeat the above argu-

ment to find the next unit eigenvector vy, corresponding to the next eigenvalue A,
with |[Ag] < [M\q].

We continue by induction: H, = {vy,vs,...,v, 1} and the restriction A4, =
A,_1|H, is again a compact self-adjoint operator, having unit eigenvector v, with
eigenvalue \,, = +||A,||. Note that v, is perpendicular to all previous eigenvectors,
so {vg }r becomes automatically orthonormal.

The induction stops if ||Ax|| = 0 for some N. But then

N-1 N-1

Az = Z Az, vp) v, + Ayx = Z AT, V) Uy,

n=1 n=1

Otherwise, i.e. if ||A,]] > 0 for all n, the inductions gives an infinite system of
orthonormal eigenvectors. Observe that

k—1

Yp = T — Z(x,vn>vn c Hy.

n=1

Hence x = y;, + Zf’;ll (x,v,)v,, and by Pythagoras Theorem

k—1
15 = el 3 + D 1w, o[>
n=1

This shows that the sequence {yx}x is bounded by ||z|gz. In the limit, we find

00 k—1
| Az — 2; Al va)vallr = lim || Az — Zl Ao (2, V) O | 1
k—1
= kh_)rgo |A(z — Zl<37avn>vn)HH
k—1
< lim A ux—;mvnmuﬂ

= lm [ A Iyl < lim [[Ag[l[lz]lz =0
k—o0 k—o0

This proves the theorem. O
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Notation used for several linear spaces:

R*", C*" K", K=Ror C

Mpxn(K) ={A: Ais an m x n matrix with entries in K}.

P%(la,b]) = {p : [a,b] — K : p polynomial of degree < d}.

P%([a,b]) = {p : [a,b] — K : p polynomial of any degree }.

C([a,b]),K) ={f : [a,b] — K : f is continuous }.

C*(la,b],K) = {f : [a,b] — K : f is k times continuously differentiable }.
P ={x=(2,)02 | 2 €K, >, |2a|P < 00}

0 ={x = (2,)5% | ©n, €K, sup, |z,| < oo}.

LP(la,b]) = {f : [a,0) = K | [} |f(t)[Pdt < oo}

(0, b)) = {7 [a,b] = K | sup{|f(2)] : ¢ € [a,b]} < oo},
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