INTRODUCTION TO FUNCTION SPACES (MAT3004)

UNASSESSED COURSEWORK I. DEADLINE: THURSDAY, WEEK 3.

Problem 1
a) Let (X, d) be a metric space and let

7 _ d((L’, y)
d(z,y) = Trdey)

Prove that d is a metric on X. Show that z, — « in (X, d) iff z, — z in (X, d).
b) Let R> be a space of all sequences (no matter bounded or unbounded)
x = (21,22, ) and let

o - i wi =yl
d(az,y).—i:zl2 rErar—

Prove that d is a metric on R*®°. Prove that the convergence in (R*,d) is a
coordinate-wise convergence.

c) Is (R*°,d) a normed space? Justify your answer.

d) Show that the square sumable sequences lo are dense in (R*,d).

Problem 2
a) Let X = C[—1,1] (space of continuous functions f : [-1,1] — R). Is the
following function a norm on X:

1= 17O)] + sup {M}?

ze[—1,1] |z

Justify your answer.

b) Is the same function a norm on the space C'[—1,1] of continuously differen-
tiable functions (f € C1[—1,1] iff £, f' € C[—1,1])? Justify your answer.

c) Are the following two norms

Ifll = sup {2?|f @)}, [fll2:= sup {a*|f(2)]}

me[_Ll] xe[—l,l}
equivalent on C[—1,1]? Justify your answer.

Problem 3

Let (X,d) and (Y,d) be two metric spaces and f : X — Y be a continuous
function and U C X be a set.

a) Prove that f(U) C f(U).

b) Give an example where f(U) # f(U).




Solutions

Problem 1.

a) Positivity and symmetry are evident and we only need to check the triangle
inequality. Let x,y,2 € X be arbitrary. Then, since the function f(z) = 7 is

monotone increasing (f/(x) = 1/(1 + z)? > 0) and d(z, z) < d(z,y) + d(y, 2),

7 d(z, z) d(z,y) + d(y, 2)
d(z,2) = 1+d(z,2) = 1+d(z,y) +d(y,z)
_ d(z,y) d(y, 2)
1 4d(z,y) +d(y,2)  1+d(z,y) +d(y,z) —
d(z, y) d(y, z) ;

T~ 1+d(z,y)  1+dy,2) = d(z,y) + d(% 2):

Thus, the triangle inequality holds and d is a metric. The convergence in d implies
the convergence in d and vice versa since

%d(x, y) < d(z,y) < d(z,y)

if d(z,y) < 1.

b) For all i, d;(x, y) =27" 1J|:C|;f|y| is a metric on R according to a). Thus, the

triangle inequality for d(z,y) = Y250, di(xi, yi) follows from the triangle inequalities
for every d;. Positivity and symmetry are evident as well as the fact that d(z,y) is
well-defined on ROO x R*°. Thus, d(x,y) is a metric.

Let us now ¥ — x in d. Then, d(2*,2) — 0 as k — oo and, in particular, for

every i € N, 2~ Z% — 0. Thus, 2% — 2; as k — oo for every fixed i and
z* —  coordinate-wise.

Vise versa, let ¥ — x coordinate-wise. We need to prove that d(z*,z) — 0 as
k — oo. Fix any € > 0. Then, there exists N = N(e) such that >°7° ., 27" < ¢/2

and, therefore,

d(z", <€/2+Zl+|w x’_£/2—|—2|x

Due to coordinate-wise convergence z* — x, we may fix K = K(g) such that the
second term in the right-hand side is less than £/2 for k > K(¢). Thus, d(z¥,z) < ¢
for k > K(¢) and ¥ — z in d. So, we have checked that convergence in d is a
point-wise convergence.

c) No, it is not normed, since d(Az, A\y) # |\|d(x,y) in general.

d) Actually, even the finite sequences are dense in R*. Indeed, let e; be ith
coordinate vector and z* := Zle xie;. Then,

as k — oo.



Problem 2.

a) No, it is not a norm on X = C[—1, 1] since it is not defined on the whole X.
Indeed, [|\/z|| = oo.

b) It is a norm on C'[—1,1]. Indeed, checking all axioms of the norm is straight-
forward and, in contrast to a), it is well-defined on C*[—1, 1] since, due to the mean
value theorem,

[£(2) = FOI < If ©ll2l < fof max {IFE)} = [1F llsupl2]

e[-1,1]

and |[f]| < |f(O)] + [1f|sup < o0
c) These norms are not equivalent. Indeed, let

L—nfz|, [z] <1/n,

ula) = {

0, |z|>1/n.
Then
Ifalli = sup {22(1 = nlal)} = 1/n? max {1 - y)} = an~2,
lz|<1/m y€[0,1]
where a = %, but the concrete value is not important, we only need that a > 0.
Analogously

ullo = sup {#*(1 — nlel)} = 1/n® max (5*(1 - )} = b~
|$|S1/n ye[ovl]

with b = g—i and again we only need that b > 0. Thus, ||f.|/1 decays as n™2 as
n — 0o, but || f||2 decays as n~* and the norms cannot be equivalent.

Problem 3.

a) Let y € f(U). Then, there exists a sequence x,, € U, such that z,, — x¢ in X
and f(zo) = y. Since f is continuous, f(x,) — f(xo) =y and, since f(z,) € f(U),
y=f(U). .

b) You may take, for example, X =Y = U =R and f(x) := e*. Then, U =U
and f(U) =RnN{z > 0} - is not closed.




