INFORMAL solutions for MAT3004 Exam (2016)

Question 1.

a) (i) A set U is a closure of U if it coincides with the set of all limit
points of U in X. Namely, 2y € U if there exists a sequence z,, € U
such that x,, — ¢ in X. An interior int U consists of all points z¢y € U
such that there exists € > 0 such that B.(x¢) C U.

(ii) Let 2, € U and x,, — 7 in X. We need to prove that z¢ € U.
By the definition of the closure, for any z,, € U, there exists a sequence
of elements belonging to U converging to x,,. In particular, there exists
yn € U such that d(z,,y,) < 1/n. Then, by the triangle inequality,

d(.ﬁEo, yn) S d(ZUn, yn) + d(l’n, .To) < 1/” + d<xna xO)-

Thus, the convergence x, — x implies that y,, — zo. So, o € U and
U is closed.

(iii)) Let zo € UNV. Then, there exists a sequence z, € U NV
such that x,, — x¢. Then, z,, € U and z,, € V and, therefore, z, € U
and xy € V which means that 2o € UNV.

(iv) Let X = R with the usual norm, U := Q (rational numbers)
and V = R\Q.

(v) Yes. Let (X, d) be the totally disconnected metric space. Then,
any set is open and closed simultaneously.

b) (i) Two norms || - [|; and || - |2 are equivalent on V' if there exist
positive constants [, L such that

Ul < llzfle < Lff(fy

for all z € V.

(ii) These two norms are equivalent. Indeed, let us consider a function
¢(z) := =2 This function is continuous at zero since sinz = x —
x3/3! 4+ ---. Therefore, ¢ € C[0,1] and its max and min exist and
strictly positive (since sinx < x for x > 0). Thus, there exist positive
constants [, L such that

| <p(r) <L or lz* < (zr—sinz) < La®
for all x € [0,1]. Multiplying this inequality by |f(x)| and integrating,

we end up with

Ul < A1 < LAl

and the norms are equivalent.



Question 2.

a) (i) The space (X, d) is complete if every Cauchy sequence is con-
vergent. It is totally bounded if for every € > 0, there exists a covering
of X by finitely-many e-balls. It is separable if there exists a countable
and dense set in it.

(i) A metric space (X, d) is compact if every sequence in it contains
a convergent subsequence.

(iii) Let A := sup,cx f(x). Then, by the definition of the supremum,
there exists a sequence x,, € X such that A = lim,_,, f(z,). Since
X is compact, there exists a convergent subsequence z,, — xy in X.
Since f is continuous,

A= lim f(xnk) = f<;€lg§ox”k) = f(xo)

k—oo

and the maximum is achieved at zg.

(iv) Let, say, X = R with the usual metric and f(z) = —e”.

(v) Let us argue by contradiction. Assume that f~! is not continuous
at yo € Y. Then, there exists g > 0 and a sequence z,, = f~!(y,) €
X such that z,, ¢ B.(zo) where o = f~'(yo) and d(yn,y0) < 1/n.
Therefore, y, — yo in Y. Using the compactness of X, we conclude
that there exist a subsequence z,, — T ¢ B:(zo) (X \B:(x¢) is closed).
Thus, Z # xo, but f(Z) = yo = f(x¢) by continuity. This contradicts
the fact that f is one-to-one.

b) The Lebesgue space LP(0,1) is a completion of the space C]0, 1]
with respect to the norm

1l = ( / @ da:) "

c) According to the criterion stated in lectures, we need to check
whether or not

/Ollf(a:)|dx:/olmdx<oo

in the sense of improper Riemann integration. Since the function f
has two singularities at = 0 and = = 1 and is continuous everywhere
outside, we need to take care about every of them separately. Let us
start with x = 1 (where the singularity is stronger):

1 1 1
s /
/1/2 (1- x)\/i 1/2 1

z= 1
= —limlog(1 — z)| _ lim(log — — log 2) = oo
r €

= lim =
e=20 Sy 1—x

dx 1= dx
-z

1—¢ .

e—0 =1/2 e—0
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and, therefore, f ¢ L'(0,1). We need not to look at z = 0 since the
function is already not integrable near z = 1.



Question 3.

a) A function f: X — X on a metric space (X, d) is a contraction
if there exists a number x < 1 such that

d(f(z), f(y)) < rd(z,y)

for all z,y € X.

The Banach Contraction Theorem: If (X, d) is a complete metric
space and f is a contraction on (X, d) then f has a unique fixed point
p (i.e., the equation f(z) = x has a unique solution = = p).

b) Since F(™ is a contraction on a complete metric space (X, d) there
is a unique fixed point p € X of it. Assume that p is not a fixed point
of F, then ¢ = F(p) # p and on the other hand F™(q) = F(F™(p)) =
F(p) = q is also a fixed point of F™ so by the uniqueness part ¢ = p
and p is a fixed point of F. Let now ¢ # p be another fixed point of F,
then ¢ is also a fixed point of F'™ and must coinside with p. Thus, p
is unique.

c¢) (i) According to the mean value theorem,

|F(x) = F(y)| = [F'(&)] - |z =yl

for some point £ € (x,y). Note that in our case F'(§) = o and

(1+£
lime o [F'(€)] = 1. By this reason, taking x = 0, we see that the

inequality
|F(y) — F(0)| < klyl, y€0,1]

cannot be satisfied if k < 1. Thus, F is not a contraction.

(ii) The second iteration F®(x) = F(F(x)) = 1+L = 25 and
14+x

d%F(z)(a:) =G +2)2 < 1. Thus, by the mean value theorem F® is a
contraction with the contraction factor k = 1/4.
1

(iii) The unique fixed point p of this function satisfies p = —— or

p?+p—1=0. Thus, p = ‘[ L (the second root is negative and does
not belong to X.
d) (i) Let fi, fo € C[—1,1]. Then

F(R)@) = P =] [ s(i(s) = fulo)) ds] <

||
< max [f1(s) fg(s>|/0 sds < 1/2]|fi = folloup

s€[0,x]

Therefore, ||F(f1) — F(f2)|lsup < 1/2]|f1 — f2llsup and F is contraction.
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(ii) The unique fixed point y € C(|—1, 1]) should satisfy the equation
y(r) =1 +/ sy(s) ds.
0

From this equation we see that y must be continuously differentiable
and y(0) = 1. Differentiating this equation by x, we find that y'(x) —
zy(z) = 0 and y(z) = e*/2,



Question 4.
a) (i) A bi-linear form (x,y) on a real vector space V is an inner
product iff

1) It is symmetric: (x,y) = (y, x);

2) Positive definite: (xz,z) > 0 and (z,z) =0 iff z = 0.

(ii) Cauchy-Schwarz inequality: |(z,y)| < ||z||||y||, for all z,y € V.

(iii) We need to prove that ||z + y|| < ||z|| + ||y||. Squaring this
inequality, we get

2 l* + Iy 1* + 2(z, y) < 21 + llyll* + 2ll= 1yl

and it reduces to (x,y) < ||z|/||y|| which is Cauchy-Schwarz inequality.

b) (i) Bessel inequality: > 2 f2 < || f||*.

(ii) This inequality is an equality for all x € H if and only if the
orthonormal system {e,} is complete (the equality (f,e,) = 0 for all n
implies that f = 0).

c) (i) Extend the function f(z) = x periodically from x € [—m, 7] to
the whole real line. Then the obtained function f,.,(x) will be piece-
wise continuous and piece-wise smooth. By the Dirichlet theorem, the
Fourier sums converge point-wise to the limit function

(1) flzm(x> = fper(x)a z 7é nm and flim(n’ﬁ) = 07 n € 7.

This convergence is not uniform since the limit function is not contin-
uous.
(ii) By the Parseval equality

- ) 0o 1
2%3/3:/ Pdr=|fP=rY B=dry
™ n=1 n=1

e o] 1 _ x2
and ) 7 =5 =T

c¢) Assume that such f € L?*(—m, ) exists. Then, by Parseval equal-

ity
oo 001
b =4 — =|flI* < oo.
w;n w;n I£]I* < o0

But )7, + = oo and this contradiction proves that such f € L*(—m, )
does not exist.



