Problem 1: a) Check if the following spaces are metric spaces:

i) X =% := {(n)nen : Tn € R for each n and sup |z,| < co}. d(z,y) = sup{|zn—yn| : n € N}.
i) X =/, d(z,y) = #{n € N: z, # yo} (Hamming distance).

iii) Take X to be London. For. every pair of points z,y € X, let d(z,y) be the distance that a
car needs to drive from z to y. (Taxicab metric, this is not the distance “as the crow flies”).
iv) Let X be a chess board, and for any pair of squares z,y € X, d(z,y) is the number of steps
that a knight needs to go from z to y.

v) As iv, but now with a bishop.

b) The diameter of metric space (X,d) is sup{d(z,y) : z,y € X}. Find the diameters of the
examples given in Notes 1.
¢) Find the diameters of the examples in part a).

Problem 2: Show that for all z,y, z in a metric space (X, d): d(z,y) > |d(z, 2) — d(2,)|.

Problem 3: An (open) ball of radius 7 is B(z;r) = {y € X : d(z,y) < r}. A closed ball
or radius r is B(z;r) = {y € X : d(z,y) < r}. Take X = R2. Draw the open ball B(0;1) (i.e.,
the unit ball) if

a) d is Euclidean metric.

b) d is sum metric.

¢) d is sup metric.

d) d is discrete metric.

Problem 4: a) If d; and dy a metrics, check if the following functions are also metrics:

i) dy + do;

ii) max{d;,ds};

iii) min{di, ds};

iv) 3di + 2da.

V) d]_ E dz.

b) For each of the four axioms in the definition of metric, find an example d that fails it but
satisfies the other three axioms.

Problem 5: Let X = C([0,1]) and f,(t) = t™ be a sequence in X.
a) What is the limit in the sup metric?
b) What is the limit in the L! metric?
c¢) Show that in any metric, a sequence can have at most one limit.

Problem 6: a) Let 2 = (27")pen, ¥ = ((—1)"27")pen and z = (1,0,0,0,...).
a) Compute ||z||1, ||¥|l1, and ||z]|;. Also compute dy(z,¥), di(z,z) and d1(y, 2).
b) Compute ||z|oc and ||2]co-

c¢) Compute ||z||, and ||2|, verify what happens as p — oc.



Problem 7: a) For whichr € Ris ), ;r—:; convergent?

b) For which p does (1)nen belong to 7. And (%)nEN?

c) Let 1 <p < g < 0o. Find a sequence = such that z € £9 but = ¢ (7.
d) Show that /fc Aif < p < ¢ < .

Problem 8: a) Check the triangle inequality for (£°°, || ||leo) and for (€1, ] |l1).
b) The triangle inequality also holds for (¢P, || ||,) and p € [1,00], but for p € (1,00) it is much
harder to check. Can you find a counter-example to show that (£ 3, 1l 1 ) is not a normed space?

Problem 9: a) Show that any Cauchy sequence can have at most one limit.
b) A subsequence of a Cauchy sequence is Cauchy.
¢) Give an example of a non-Cauchy sequence with a Cauchy subsequence.

Problem 10: Let X = C([—1,1]) with norm || ||;. Let (fn)nen be defined by

1 ifzeld,1),
fa(@)=4 nz ifme(—%,}l),
-1 ifzel-1,-1]

a) Show that (f,)nen is Cauchy.
b) Is (X, || ||1) a Banach space?
&) Ts (fa)men convergent in (L1 (—1,1), | [1)?

Problem 11: Let P,([0,1]) be the space of all polynomials p : [0,1] — R of degree < n and
P([0,1]) be the space of all pglynomials p : [0, 1] — R of any degree.

a) Is P,,([0,1]) a linear space. What is its dimension?

b) Question a) but now for P([0, 1]).

c) Use the norm || |, i.e. uniform convergence. Is P([0,1]) a proper normed space with this
norm?

-~

d) Find a sequence (pn)nen that converges to f(z) = e®. \l"
e) Is (P([0,1]), || o) a Banach space?
f) Show that if pp, — g in || ||, then f is a continuous function. ¥ y 1
7 L&

Problem 12: Let f be a contraction of the metric space (X, d). ’ \l‘(
a) Show that f can have at most one fixed point. / “
b) Show that f is continuous. S i

/AN
Problem 13: Let X be the space of all Lipschitz functions f : [0,1] — R. \\f
a) Is X a linear space? / M
b) Is X a subspace of C([0,1])? Give an example of f € C([0,1]) \ X. / Y
c) Is (X, || |loo) & Banach space? #

4 g
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Problem 14: Let (X, d) be a metric space.

a) Show that a Lipschitz function is continuous.

b) Fix p € X and define f: X — R by f(z) = d(p,z). Show that f a Lipschitz function. What
is a smallest Lipschitz constant.

c) Let d on X x X defined by d‘(ml,yl),(wg,yg)) = d(z1,72) + d(y1,y2). Show that d’ is a
metric.

d) Let F': X x X — R be given by F(z,y) & d(z,y). Conclude that F’ is continuous.
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