
Functional analysis and PDEs.

SOME QUESTIONS FOR SELF-CONTROL

DO YOU REMEMBER DEFINITIONS AND BASIC CONCEPTS?

• The ”alphabet” from the Function Spaces module (metrics, norms, com-
pletness, compactness, etc.)?

• What is a convex set in a normed space and what is a convex function on
it?

• What is a zero measure set in Rn?

• What does it mean that a sequence fn(x) converges to f(x) almost every-
where?

• What is the norm of a linear functional on a normed space?

• What is a dual space? and what spaces are called reflexive?

• What is a weak and weak star convergence in Banach spaces?

• How to define the canonic embedding of a B-space to its second dual?

• What functionals are called coercive?

• What is a uniform ellipticity assumption?

• How to introduce the space D(Ω) of test functions and the convergence in
it?

• What is a distribution and what does it mean that ln → l in D′(Ω)?

• What is a Dirac delta-function?

• What are regular and singular distributions?

• How to define the distributional derivative?

• What is a fundamental solution of a differential operator?

• What does it mean that a distribution solves, say, the Laplace or wave
equation?

• What are the Sobolev spaces?

• What is the trace of a function from Sobolev space on the boundary?

• What does it mean that one Sobolev space is embedded to another one?

• What is the weak formulation of Dirichlet/Newmann BVP for the Laplace
equation?
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DO YOU KNOW MAIN RESULTS and NAMED THEOREMS?

• The Hölder and Minkowski inequalities.

• The Arzela-Ascoli theorem for Lp?

• The relations between the convergence almost everywhere and convergence
in Lp? and the Lebesgue dominated convergence theorem

• The Hahn-Banach theorem and explain why the canonic embedding V to
V ∗∗ is an isometry.

• The Baire theorem and Banach-Steinhaus theorem.

• The relations between the strong, weak and weak-star convergence. When
weak and weak-star convergence are coincide?

• The Banach-Alaoglu theorem and Mazur theorem.

• The Riesz-Fisher theorem. How is that theorem used for verifying the
existence of weak solutions for the Laplace equation?

• The theorem on the existence of a minimizer. How is this theorem related
with PDEs?

• The Sobolev embedding theorem (at least for the Hilbertean case p = 2
and embeddings to the space C of continuous functions).

• The Friedrichs and Poincare inequalities.

COULD YOU GIVE THE EXAMPLES (AND JUSTIFY THEM!)?

• Of linear continuous functionals on C and Lp and to compute their norms.

• Of a reflexive and a non-reflexive B-space.

• Of a sequence which convergent weakly, but not strongly.

• Of a closed set in V which is not weakly closed.

• Of a non-reflexive space V for which V ∗ and V ∗∗ are explicitly known.

• Of a linear continuous functional which is not weakly-star continuous.

• Of a continuous function on f : V → R which is not weakly continuous.

• Of a convex and bounded from below, but not coercive functional which
does not have a minimizer.

• Of a regular and singular distribution.

• Of a discontinuous function f ∈ H1(R3). Is it possible to find such exam-
ple in R1?
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ARE YOU ABLE TO PROVE (THAT)

• The canonic embedding V ⊂ V ∗∗ is an isometry?

• The spaces C[a, b] and l∞ are not reflexive?

• (lp)∗ = lq, 1 < p < ∞?

• Riesz-Fisher theorem?

• The theorem on the existence of a minimizer?

• The theorem on the existence of weak solutions for Dirichlet and Newmann
problem?

• That the weak convergence plus the convergence of the norms imply the
strong convergence?

• That the distribution l ∈ D(R) is a constant if l′ = 0?

• That (sgn(x)′ = 2δ(x) in the sense of distributions.

• The minimizer of F (u) =
∫
Ω
|∇u(x)|2 − g(x)u(x) dx exists on H1

0 (Ω) and
derive the equation for it?

ARE YOU ABLE TO COMPUTE/DERIVE

• The norms of simple (integral) linear functionals on C[a, b] or/and Lp([a, b])?

• The equation for a minimizer for simple functionals on Sobolev spaces?

• The solutions of simple linear ODEs containing δ-functions? (like y′+y =
δ(x) or y′′ − 4y = 3δ(x− 1) = 2, etc.)?

• That a given distribution solves a given PDE (like δ(x−y) (2 dimensional!)
solves the wave equation)?
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