
Assessed CourseWork

MAT2008, Spring 2009: Solutions

Problem I. Small random interest rates:
a) Taylor expansions of the function x → (1 + x)p at x = 0 have the form

(1 + x)p = 1 + px +
p(p− 1

2
x2 + O(x3), p ∈ R

Therefore, using that E[i] = s, E[i2] = V ar[i] + s2 = σ2 + s2, we have

E[(1 + i)T−t] = 1 + (T − t)s +
(T − t)(T − t− 1)

2
(s2 + σ) + O(ε3)

and, analogously,

E[(1 + i)T ] = 1 + Ts +
T (T − 1)

2
(s2 + σ2) + O(ε3),

E[(1 + i)−t] = 1− ts +
t(t + 1)

2
(s2 + σ2) + O(ε3)

which gives

E[(1 + i)T−t]− E[(1 + i)T ] · E[(1 + i)−t] = 1 + Ts +
T (T − 1)

2
(s2 + σ2)−

− (1− ts +
t(t + 1)

2
(s2 + σ2))(1 + Ts +

T (T − 1)
2

(s2 + σ2)) + O(ε3) =

= −tTσ2 +
tT (T − t)

2
s(s2 + σ2) + O(ε3) = −tTσ2 + O(ε3)

where we use that s(σ2 + s2) = E[i]E[i2] = O(ε)O(ε2) = O(ε3).
b) Let (Ak, tk)n

k=0 be the net cashstream for some business project. Then,

E[FV (i)] =
n∑

k=0

AkE[(1+i)T−tk ] =
n∑

k=0

Ak(E[(1+i)T ]E[(1+i)−tk ]−σ2Ttk+O(ε3))

= E[(1 + i)T ]
n∑

k=0

AkE[(1 + i)−tk ]− σ2T

n∑

k=0

tkAk + O(ε3) =

= E[(1 + i)T ]E[PV (i)]− σ2T

n∑

k=0

tkAk + O(ε3).

Problem II. Immunization: [5 points]
Let PA, PB and PC be the investments in Bonds A, B and C respectively. Since

the amount of Bonds A and B should be equal, we have

NA = PA/80 = NB = PB/100, or 5PA = 4PB .
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The portfolio will be immunized if

PA + PB + PC = P = 390000

and

13P = DportPport = DAPA + DBPB + DCPC = 10PA + 15PB + 20PC .

Thus, we need to solve the following linear system




5PA = 4PB ,

PA + PB + PC = P

2PA + 3PB + 4PC = 13
5 P

with respect to PA, PB and PC . Excluding PC from the last two equations, we
have 2PA + PB = (4− 2.6)P = 1.4P . Solving the system

5PA − 4PB = 0, 2PA + PB = 1.4P,

we have PA = 28
65P , PB = 5

4PA = 35
65P , PC = P − PA − PB = 2

65P . Thus

PA = 168000, PB = 210000, PC = 12000

and, therefore,

NA = 168000/80 = 2100 = NB , NC = 120000/120 = 100.

Problem III. More complicated annuities:
We use the equation of value method: the present value of the project has the

form

PV (i) = L−
n∑

k=1

Ak(1 + i)−k = 0

In that case Ak = A(1 + j)k−1 and

n∑

k=1

Ak(1 + i)−k = A

n∑

k=1

(1 + j)k−1(1 + i)−k = A(1 + j)−1
n∑

k=1

(
1 + i

1 + j
)−k =

= A(1 + j)−1
( 1+i
1+j )−1 − ( 1+i

1+j )−n−1

1− ( 1+i
1+j )−1

= A
1− ( 1+i

1+j )−n

i− j

and
A = L

i− j

1− ( 1+i
1+j )−n


