Solutions to Exam MS220, Theory of Finance
Spring Semester 2007

Question 1

(a)

(b)

Let A be the annual instalment, then it satisfies S'%l x*A = £110,000, for Zém = (141) %

Therefore A = £110, 000 * m * %ﬂ @ 6% = £2,821.04.
sm) and 8y are the future values at the end of year n of instalments of 1 paid n consecutive
years in arrears and in advance respectively.

The difference in payment schedules implied by S| and Sz is that 57| has a single
payment extra at time n. The difference in FV is therefore 1, whence Spy1) = Sm + L

CP2em
-~ 5.66% is the discount rate, and d'? = 12(1 — (1 —

T+i
d)1/1?) ~ 5.813% the monthly payable discount rate. Therefore M = £2,821.04x 7 * a2

d
£241.42.

The monthly instalment of M gives 12« M in a year. This must satisfy £110,000 = §

(12 .
542 — d(%sm. Here d =

for
7|

The new time unit is one quarter, at quarterly interest rate 6%/4 = 1.5%. There are
n = 20«4 = 80 quarters altogether, and payments of £M are made 3rdly in advance.
Therefore

(1+4)% -

d 1
£110,000 = (3M) % 52 @ 1.5% = 3M % —— (1 +1i) @ 1.5%.

80| 43

For d = t& ~ 0.014778325 and d'® = 3(1—(1—d)'/?) ~ 0.014851728, this gives M ~ 237,73.

The remainder of Jim’s pension fund after the lump sum has been subtracted is £110,000 —
£30,000 = £80,000. Deferred (i.e. compounded) over 4 years, this gives £80,000 x 1.06* =
£100,998.16. The annual cheque C' (paid in arrears) satisfies £100,998.16 = C’aﬁ‘, SO

C =100,998.16 * # @ 6% ~ £10,399.05.

Students who interpreted the question as if the annuities in arrears start in the third year,
with the first payment at the end of year 3 (is beginning of year 4) should get £80,000%1.06* =
£95,281.28 and C' = £95, 281.28/(13‘ =9,810.42.

After 5 annual payments, the outstanding capital is

A7575)

£100,998.16. * Q 6% = £76,537.91.

Cbﬁl

(If compounded over 3 years only, then the Inal answer becomes £72,205.58.)
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Question 2:

(a)

The cashflows and their PVs are in the following table:

year  net cashflow in £ PVin £
0 —23,500.00 —23,500.00
1 8,000.00 7,547.17
2 8,000.00 7,119.97
3 10, 000.00 8,396.19
total 2,500.00 —436.67

The PV < 0, so if the farmer can get 6% on a savings account, it would be better to put the
investment in the account.

After three years, the farmer still has invested £7,500 in the project, and the final profit is
£2,500, so after % of the final year, the farmer breaks even: payback time is 2 years and 9
months.

The investment is £23,500, amortised over 3 years at an interest rate of 6% gives an annu-
alised costs of
£23, 5000/@5‘ 6% =~ £23,5000/2.6730 = £8,791.58.

The average cash inflow is £26,000/3 ~ £8,666.67, which is less. So the project is not viable
from this point of view.

The Equation of Value is PV (v) = —23,500+8,000v +8,000024- 10, 000v® = 0. In the sketch
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Figure 1: Equation of Value.

PV (v =1) = £2,500, the profit, and PV (v =0) = £ — 23,500, the initial investment.

(i) If the farmer can’t sell the equipment, the cash inflow is less, so the IRR is less.

(ii) Changes of the external interest have no effect on the intrinsic interest implied by the
project, so the IRR doesn’t change.

Instead of discrete annual cash inflows of £8,000, there will now be a continuous stream of
payments of p = £8,000 per year. The discrete investment and cashflow of £2,000 at the
end of the project remain in place. The Equation of Value becomes

3
PV = —23,5000 + 2,000 % v + / 8,000v'dt = 0.
0

Integrate the previous to get
1
PV = 23,5000 + 2,000 % v* + 8,000 % ——[v® ~ 1.
Inserting v = (1 +4)~! = 1.0657 "1 ~ 0.93835 gives .£0.76 which is reasonably close to

0. Changing i by +0.01% changes the answer by about £ + 3, so this is really a good
approximation of the IRR.
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Question 3:

(a)

The accumulation factor is

30
A(0,30) = exp / (0.08 — 0.001¢)dt = 1% ~ 7.028687581
0

so the pay-out is £12,000 * e19 = 84, 344.25. seen similar
4

The accumulation factor over year 20 is g

20
A(19,20) = eXp/ (0.08 — 0.001¢)dt = %999 ~ 1.06237.
19

So the corresponding interest rate is 6.237%. unseen
4

The expected value of iy is E(ir) = 7%. Because all the irs are independent, the expected s

payout is

£12,000 # E(J [(1 + i) = £12,000 % (1 + E(ix))™ = £12,000 % 1.07%° = £91,347.06.
E

seen
3

The distribution p of iy is 25 for é; € [0.05,0.09] and 0 otherwise. Therefore &

0.09 0.00
E(ln(i +ig)) = / 25In(1 +4)di = 25 [(1 +49)In(1+¢)—(1+ i)]0'05 ~ 0.0676.
0.05 '

seen
4

By the Central Limit Theorem, the logarithm of the pay-out has a distribution close to a =

normal, with parameters In 12,000 + 30 * ;¢ = 11.42066 and 30 * o2 = 0.003495. seen
4

The 7% savings account gives a pay-out of £12,000 * 1.073° ~ £91,347.06. Let X be the s

logarithm of the pay-out of the pension fund. Therefore Y = MT_” ~ N(0,1) and

InX — In 91, 347.06 —
P(X >91,347.06) = P(InX >1n91,347.06) = P(m—# . 2 &)
o o
11.422411 — 11.42066
= P > ) = P(Y > 0.02979)
v/0.003495
= 1— P(Y <0.02979).

A rough interpolation in table show that this probability is approximately 49%. method seen
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Question 4:

(a)

We need to make C subject of the Bond Price Formula:

F
c=— 2 (p- )
ey 043

For A=0.09, m =4, n=15%4 =60, P = £92 and F' = £100, we get C' = £8.02. This is
approximately 8% of the face value.

Using the Bond Price Formula for P = £92, A = 0.08, n = 40, m = 4 and annual coupon
payment of C = £100 x 8% = £8 to solve for F gives

Ao C 1
F7(1+E) Pf—(]_f

: )n)} ~ £82.34

(e

Although yield equals coupon rate, the selling price is not the same as the purchase price in
this case, because the coupon payments are made on the basis of the real face value of £100,
not on the basis of the selling price.

The current yield is annual coupon payment/price is CY = £8/£92 x 100% ~ 8.7%. The
early sale of the bond doesn’t affect CY as it doesn’t depend on the selling price.

Macaulay’s duration formula applies to y = A\/4 = 2.25%, ¢ = 8%/4 = 2%, m = 4 and
n = 15%4 = 60. Then we get

1+y+nlc—y)
me[(1+y)" — 1] +my

_1+y_
=

D

~ 8.58 years.

Duration is a weighted average of payment times, where the weights are the PVs of the
payments. An increase in the yield gives less weight to the PVs of later payments, so duration
will decrease.

XaDa+XpDp

The duration of a portfolio is given by the weighted average D = e

D, =8.58 and Dp = 15 are the durations of A and B.

The duration of the portfolio is a weighted average of the durations of the separate bonds.
Since the weights are non-negative, this average will lie between the durations of A and B.

, where

The PV of the obligation is (using a quarter year as time unit) C' := £80, OOO*(1+¥)74*10 ~
£32,851.66. We need to solve:

Xa+Xp=C=£32,851.66
X4 %8584+ Xpx15=Cx10= £328,516.60.

This gives X4 = 12555 C ~ £25,585.40 and X = 10=5-33C ~ £7,266.26. For this you

need to buy X 4/£92 ~ 278 shares of A and Xp/£80 ~ 91 shares of B.
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