
ClassTest MAT2008 (Spring 2009)

Problem I. Let (Ak, tk)n
k=0 be the net cashflows for the project. Then, we know

that Ak > 0 for all k > 0.

a) The formula for the present value is

PV (i) =
n∑

i=0

Ak(1 + i)−tk = A0 +
n∑

k=1

Ak(1 + i)−tk

In order to prove that i → PV is strictly decreasing and convex, we need to verify
that PV ′(i) < 0 and PV ′′(i) > 0:

PV ′(i) = −
n∑

k=1

tkAk(1 + i)−tk−1 < 0, PV ′′(i) =
n∑

k=1

tk(tk + 1)Ak(1 + i)−tk−2 > 0

(since all Ak, k ≥ 1 are positive).

b) The IIR (Internal Interst Rate)= IRR (Internal Rate of Return) is a solution
(root) of the equation

PV (i) = 0.

This solution is unique because the function i → PV (i) is strictly decreasing (and
its graph may intersect the i-axis only in one point)

c) We have PV (6%) = 1000 and PV (8%) = 0 (since IIR=8%). Moreover, since
i → PV (i) is convex

PV (7%) = PV (
6% + 8%

2
) <

1
2
PV (6%) +

1
2
PV (8%) =

1
2
1000 = 500.

Problem II.

a) Using the equation of value method, we have

0 = L−A

n∑

k=1

(1 + i)−k = L−A
1− (1 + i)−n

i
, A = L

i

1− (1 + i)−n

in our case L = 200000, i = 0.06, n = 20 and

A = 200000
0.06

1− 1.06−20
= 17436.91.

b) The year payment A in arrears is a future value at t = 1 of all 12 monthly
payments Am in arrears during the year:

A =
11∑

k=0

Am(1 + i)k/12 = Am
i

(1 + i)1/12 − 1
, Am = A

(1 + i)1/12 − 1
i

1



2

Thus, Am = 17436.91 1.061/12−1
0.06 = 1414.58.

c) The amount of money Aadv
m to pay in advance (at the beginning of the month)

equals to Am discounted on one month:

Aadv
m = Am(1 + i)−1/12 = 1414.58× 1.06−1/12 = 1407.73

(the answers on numerical problems may vary slightly in dependence on how do
you round the intermediate results and this is not treated as a mistake (!)).

Problem III.

a) Since the interest i is the same for two years, the random variable FV = FV (i)
is

FV (i) = A0(1 + i)2 + A1(1 + i) + A2 = 1000 + 1500(1 + i)− 2000(1 + i)2.

Since P(i = 5%) = P(i = 7%) = 1/2, the distribution of FV (i) has the following
form

P(FV = FV (5%) = P(FV = 7%) = 1/2

and its expectation is

E[FV ] =
1
2
FV (5%) + 1/2FV (7%) = 0.5× 370 + 0.5× 315.2 = 342.6.

b) Now the interest rates i1 and i2 are independent random variables. Therefore,

FV = FV (i1, i2) = A0(1 + i1)(1 + i2) + A1(1 + i2) + A0

and

E[FV ] = A0E[(1 + i1)(1 + i2)] + A1E[(1 + i2)] + A0 = A0(1 + s2) + A1(1 + s) + A2

(where s = E[i1] = E[i2] = 6%). Here we have used that for independent variables

E[(1 + i1)(1 + i2)] = E[1 + i1]E[1 + i2] = (1 + s)2

Thus,

E[FV ] = FV (6%) = 1000 + 1500× 1.06− 2000× 1.062 = 342.8


