1 ClassTest Mat2008, March 19 2009

Problem 1. Let the all of the net cashflows of some business project be positive except of the initial
investment.

a) Prove that the function i — PV (i) is strictly decreasing and convez.

[1 point]
b) Give a definition of IIR (Internal Interest Rate) and explain why it is unique.

[1 point]

c) Assume that the PV = £1000 at i = 6% and the IIR of the project is 8%. Prove that the PV of
the project at i = 7% is less than £500.

2 points]
Problem 2. A mortgage of £200000 is given at APR=6% for 20 years. Compute

a) Annual payments in arrears (at the end of every year).

[1 point]
b) Monthly payments in arrears.

[1 point]
¢) Monthly payments in advance (at the beginning of every month).

[1 point]

Problem 3. Let the net cashstream for some business project have the following form:
(to = 0, A() = —2000), (tl = 1, Al = —|—1500), (tQ = 2, Ag = 1000)

Compute the expectation of the future value of the project at t = 2 assuming that

a) The interest rate i is a random variable which is the same for all two years when the project runs
and has the following distribution: P(i = 5%) = P(i = %) = 1/2.
2 points]

b) The interest rates i; and iy for year 1 and year 2 are independent random variables with the same
distribution: P(i = 5%) = P(i = %) = 1/2.
[1 point]






2 Formula sheet

Appraisal methods: For a cashflow stream consisting of payments Ay, at times ¢, (at constant interest

rate 7):
ROI total profit 4540, E’“ 145 4 100% (if A, is the only investment)
total investment 0= 0 ! Y
Annual ROI ROI/number of years
Present value PV =370 A (l-l-z)

Future value for time T FV =37 | A (1 +4)7 % = (144" - PV.

Discount factors: For a constant interest rate i:

(annual) discount factor v= -

1—_"_2..
discount factor over time interval [t1, 2] v(t1,t2) = v ™" = (535)27".
(annual) discount rate d=1-v= {5
force of interest 0 =In(1+1).

For changing rates of interest:
accumulation factor over time interval [ty o] Alty,ty) = gggizg% :E Eﬁ: ?
1
force of interest at time u d(u) = limy_ %
accumulation factor over time interval [t;, o] Alty,t) = exp ft du)
discount factor over time interval [ty, to] v(ty, 1) = A(— = exp(— ft
Forward rate over time interval [t1, t,] Joite = (%) SR
1

Annuities: Level annuities at constant interest rate :

. T
PV in arrears  am = >, vF = =25

PV in advance dp = Zk oV =1 = (14 i)ag =1+ a5,

1-v
FV in arrears sz =Y, (14+14)" % = (H’# = (1 +14)"az.
FV in advance 8z = Y0 Zo(1+ )" % = (14 4)"dm = (1 + i)sm = s5q) — 1.
() \ P
p-thly paid interest rate () <1 + %) =141 i) = p[(1 4 4)1/P — 1]
P
p-thly paid discount rate d (1 - %) —1-d d®) = p[1 — (1 — d)V/7]
p-thly payable level annuities:
PV in arrears a%)) = Z&) Q).
PV in advance dg") = d(“ﬁ,) im| (= Z7am))-
FV in arrears s%) = z(Z_P) 7l
FV in advance :'s'(ﬁzi) = 555 (= Zysm).

Repayment schemes: If a loan of £L is to be repaid by yearly annuities of -~ over n years, then the

|

Outstanding capital after year k is F}, = L"—k‘
Repayment of capital in year k is Fj,_; — F), = LM = Ly ktl

3



Random variables:
[z p(x) dx if X is continuous,

| X k-P(X =k) if X is discrete.
The variance is Var(X) = E((X — p)?) = E(X?) — (E(X))2.

The normal distribution N (0, 1) has distribution p(z) = \/%76_:52/ 2,

The expectation of a random variable X is E(X)

The scaled normal distribution A (p1, 02) has distribution p(z) = ﬁe*“”‘“ﬁ/ (20%)
The Central Limit Theorem: If X,, k£ = 1,...,n, are independent random variables, all with the

same distribution, expectation p and variance o* € (0,00), and if S, = >";_, X}, then

Sp —np
ovn

converges in distribution to AV/(0,1) as n — oco.

Bonds: The bond price formula is given by

F C 1
P=—" 4+ (1-—",
(142 A( (H%)“)

where P is price, F' is face value, A is yield to maturity (YTM), C is annual coupon payment, m number
of coupons per year and n number of remaining coupons.

The current yield is CY = annual coupon payment 100%
bond price '

The duration of a transaction with n cashflows A, at times ¢ is

n te

B Zk:l Apv'rty,

=k
Zk:l Agv'ts

D

Macaulay’s duration formula:

D_l-I—y_ l+y+n(y—y)
my  my[(1+y)" = 1] +my

Price sensitivity formula

dP

- = —Dy P for the modified duration: Dy = D/(1+ A\/m).

The duration of a portfolio of bonds with durations D, and prices P, has duration

port —
P port

. Wwhere Pyt = Z P
k

The portfolio is immunised against an obligation due at time D with present value P if

P = Pport and D= Dport'



