UNASSESSED EXERCISES FOR WEEK [: SOLUTIONS

MAT?2008, Spring 2009

I. Let P be the capitalization of the bank at the beginning of year 1. Then, at
the end of year 1 it increased on 10% and is @ = P+0.1P = P(1+0.1). At the end
of year 2 it decreased on 10% (with respect to its value at the beginning of year 2,
i.e.,, Q) and is equal to

R:=Q-01Q=Q(1—-0.1)=P(1+0.1)(1—0.1) = P(1—0.01) = P — 0.01P
Thus, the capitalization of the bank decreased on 1% during the 2 years.

II.
1) By definition, the quantities i) and d®) satisfy
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Solving this equation with respect to d®), we obtain the desired formula.

2) Since § := log(1 + 1), we have 1 +i =¢° and 1 —d = (1 +4)~! = e Then,

i®) = p((1+)"P = 1) = p(e”? — 1), dP) =p(1 - (1—d)'/?) =p(1 —e%/7).

3) Expanding the exponent in Taylor series (e*/? =1 +6/p + O(1/p?), /P =
1—68/p+ O(1/p?), we see that

lim i® = lim d® = 6.
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I11.

1) Since the interest rate does not change during the Year 1 and equals iy, we
have (exactly as for the case of constant interest rate) that §(t) = log(1 + i1) for
t € [0,1). Analogously, since the interest rate does not change during Year 2 and
equals i, we have §(t) = log(1 + i2) for t € [1,2) and, for the third year, we will
have 0(t) = log(1 4 i3). Finally, the force of interest §(¢) is a piece-wise constant
function
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2) The desired discounting factor can be found by D(t) := e~ o9 dr So. we
only need to integrate the given force of interest over ¢:
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Thus, the desired discounting factor

T S T

D(t) =
() 1+7r 1+7r

is a weighted sum of two exponents.



