
Unassessed exercises for Week 2-3: Solutions.

MAT2008, Spring 2009

I. Simplest appraisal methods:
a) The total profit is ”Profit”=

∑
Ak = −2187+810+900+1000 = 523 pounds.

ROI =
Total profit
Total invest

=
523
2187

= 0.24 = 24%.

Annual ROI= 24%/3 years=8% per year.
b) For computing the payback time, we need to plot the points (k,

∑k
l=0 Al),

k = 0, 1, 2, 3, find the first point with positive y, plot the line through this and
previous points and find the coordinate of its intersection with the x-line. In our
case:

P0(0,−2187), P1(1,−1377), P2(2,−477), P3(3, 523).

The equation of a line passing through points P2 and P3 is

Y + 477 =
523 + 477

3− 2
(x− 2) = 1000(X − 2), Y = 1000X − 2477

and the Time of Return ∼ 2.477 years.

II. Computing PV and IIR:
a)

PV (i) =
n∑

k=0

Ak(1 + i)−tk = A0 + A1(1 + i)−1 + A2(1 + i)−2 + A3(1 + i)−3 =

= 1000(1 + i)−3 + 900(1 + i)−2 + 810(1 + i)−1 − 2187

or, in terms of discounting factor v,

PV (v) = 1000v3 + 900v2 + 810v − 2187.

Then, PV (0.07) ∼ 172.41 pounds.
b) Sorry, no graphs here. Please use MatLab or any other graphic package.
c) We need to solve the equation

(1) f(v) := 1000v3 + 900v2 + 810v − 2187 = 0.

Let us use the Newton’s iteration method. Then

vk+1 = vk − f(vk)
f ′(vk)

= vk − 1000v3 + 900v2 + 810v − 2187
3000v2 + 1800v + 810

.

We also need to fix the starting approximation v0. According to a), the value of
PV (i = 0.07) is relatively small, so, let us fix v0 = (1 + 0.07)−1 = 0.934. Then,

v1 = 0.9008566, v2 = 0.90000054.
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Thus, v ∼ 0.9 and IIR ∼ 1/9 ∼ 11%.
d) Looking at the value of v2 you may guess that v = 0.9 is an exact root. Then,

computing PV (v = 0.9) = 0 you may confirm this hypothesis. Another way to see
that is solving analytically the cubic equation

1000v3 + 900v2 + 810v2 − 2187 = 0.

To do so, we note that the coefficients a2 = 900, a1 = 810 and a0 = −2187 are
divisible on 9, 92 and 93 respectively. Thus, the natural change of variables: v = 9x
gives

1000x3 + 100x2 + 10x− 3 = 0, (10x)3 + (10x)2 + (10x)− 3 = 0

and we see that, indeed, 10x = 1 is a root which gives v = 0.9.

III. Spots and forward rates:

1) a) Let A(s, t) be the compounding factor for the period [s, t]. Then, it can be
expressed through the force of interest through the expression

(2) A(s, t) = e
∫ t

s
δ(x) dx

On the other hand,
A(0, t) = (1 + st)t

Thus, ∫ t

0

δ(x) dx = t ln(1 + st), δ(t) = ln(1 + st) +
t d

dtst

1 + st

This formula gives the following ”naive” answer for our case

(3) δ(t) =





ln(1 + s1), t ∈ [0, 1],
ln(1 + s2), t ∈ [1, 2],
ln(1 + s3), t ∈ [2, 3].

However, this answer is not correct! Indeed, in our case the function (1 + st)t is
not differentiable and even not continuous at points t = 1 and t = 2! So, formally,
the force of interest δ(t) is not defined at these points and formula (2) is no more
valid!

Recall, the we have verified formula (2) only for the case of differentiable com-
pounding factors A(t, s) which is not the case in our example. Thus, the correct an-
swer is: the force of interest δ(t) is undefined for this compounding! You may
check that, the naive formula (3) gives the wrong answer, say for A(0, 2) = (1+s2)2.

b) Let us compute the optimal forward rate f2,3 for our situation:

fopt
23 =

(1 + s3)3

(1 + s2)2
− 1 =

1.043

1.032
− 1 = 0.06.

Thus, the current spot rate f23 = 0.03 is less than optimal.
c) The arbitrageur should borrow some money (say, L pounds) for 2 years and

put them into a savings account for 3 years. Simultaneously, he should make an
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agreement with the bank to borrow also the sum L(1 + s2)2 need to be returned
after 2 years using the current forward rate. Then, after 3 years, he will have

−L(1 + f23)(1 + s2)2 + L(1 + s3)3 = L
(
(1 + s3)3 − (1 + f23)(1 + s2)2

)
> 0.

The general rule for the choice of the strategy: if ft1,t2 < fopt
t1,t2 (as in our case), the

money should be borrowed using the forward rate (it is better to borrow money if
the interest rate is less than optimal); in the opposite case ft1,t2 > fopt

t1,t2 , we should
use a savings account with this forward rate (it is better to put the money on a
savings account if the interest rate is larger than optimal)!

2) If all forward rates are optimal, we may interpret them as compounding with
variable interest rate. Then

A(t1, t2) = (1+ft1,t2)
t2−t1 , A(t2, t3) = (1+ft2,t3)

t3−t2 , A(t1, t3) = (1+ft1,t3)
t3−t1

and A(t1, t3) = A(t1, t2)A(t2, t3). Thus,

(1 + ft1,t3)
t3−t1 = (1 + ft1,t2)

t2−t1(1 + ft2,t3)
t3−t2

which gives the desired formula.


