
Unassessed exercises for Week 4-5

MAT2008, Spring 2009

I. Linear recurrent equations:
1) Indeed,

Sn+1 = 1 + q + · · ·+ qn+1 = 1 + q(1 + q + · · ·+ qn) = 1 + qSn

A partial solution of this equation can be found as a constant sequence An ≡ A
(non-resonant case q 6= 1). Inserting this into the equation, we found that A = 1

1−q .
Thus, the general solution is a sum of a partial solution and a general solution of a
homogeneous equation (=geometric sequences with ratio q):

Sn = Cqn +
1

1− q

Using the initial condition S0 = 1, we find the constant c: C = 1 − 1
1−q = − q

1−q .
Thus,

Sn = − q

1− q
qn +

1
1− q

=
1− qn+1

1− q

which gives the usual formula for g.p.

2) Now we have the equation of the form

Sn+1 = Sn + (n + 1)2, S0 = 0

which is resonant (q = 1 and the right-hand side is a quadratic polynom ). So,
exactly as for the case of differential equations, the solution can be found as a
polynom of degree 2 + 1 = 3. Thus,

Sn = An3 + Bn2 + Cn + D

where the constants A, B, C and D are to be computed. Inserting this into the
difference equation, we see that

A(n + 1)3 + B(n + 1)2 + C(n + 1) + D =

= An3 + (3A + B)n2 + (3A + 2B + C)n + A + B + C + D =

= An3 + Bn2 + Cn + D + n2 + 2n + 1 = An3 + (B + 1)n2 + (C + 2)n + D + 1

which holds if

3A + B = B + 1, 3A + 2B + C = C + 2, A + B + C + D = D + 1.

Solving this linear equations, we see that A = 1/3, B = 1/2, C = 1/6. Moreover,
from the condition S0 = 0, we conclude that D = 0. Therefore,

n∑

k=1

k2 = Sn = 1/3n3 + 1/2n2 + 1/6n =
n(2n2 + 3n + 1)

6
=

n(n + 1)(2n + 1)
6

.
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3) Let the sequence an satisfy

an+2 = an+1 + an, a0 = 0, a1 = 1

According to the general theory, we first need to find two linear independent solu-
tions of that equation and we seek for that solutions in the form of a g.p. an = λn.
Inserting this into the equation, we arrive at the characteristic equation

λ2 = λ + 1, λ1 =
1 +

√
5

2
, λ2 =

1−√5
2

.

Thus, the roots are different and the general solution is a sum of two geometric
progressions

an = C1λ
n
1 + C2λ

n
2

where the constants Ci should be determined from the initial conditions. Namely

n = 0 : 0 = C1 + C2; n = 1 : 1 = C1λ1 + C2λ2

which gives C1 = 1
λ1−λ2

= 1√
5

and C2 = − 1√
5

and the final formula is

an =
1√
5

((
1 +

√
5

2

)n

−
(

1−√5
2

)n)

(which coincides with the classical formula for Fibonacci numbers).

II. Annuities.
1)a) Let A be the year payments in arrears. Then, using the present value

method, we have

0 = L−
n∑

k=1

A(1 + i)−k = L−A

n∑

k=1

(1 + i)−k =

= L−A
(1 + i)−1 − (1 + i)−n−1

1− (1 + i)−1
= L−A

1− (1 + i)−n

i
.

Thus, using that L = 100000, n = 15 and i = 0.08,

A = L
i

1− (1 + i)−n
= 100000

0.08
1− 1.0815

= 11682.95449.

b) In order to find the amount to be payed monthly in arrears, we use the fact that
the present A (yearly) payment in arrears should be equals to the sum of future
values (at t = 1) of 12 monthly payments Am:

A =
11∑

k=0

Am(1 + i)k/12 = Am
1− (1 + i)12/12

1− (1 + i)1/12
= Am

i

(1 + i)1/12 − 1
.

Thus,

Am = A
(1 + i)1/12 − 1

i
= 11682.95449

1.081/12 − 1
0.08

= 939.606012.
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c) In order to find the monthly payments in advance, we need to discount the value
of monthly payments in arrears on 1 month:

Aadv
m = Am(1 + i)−1/12 = 939.606012× 1.08−1/12 = 933.5992066.

d) Analogously, in order to find the value for payments in the middle of the month,
we need to discount Am on 1/2 month= 1/24 year:

A1/2
m = Am(1 + i)−1/24 = 939.606012× 1.08−1/24 = 936.5977938.

2) We first need to find the outstanding loan after 8 years: it equals to the present
value at t = 8 of the outstanding 7 year payments:

L8 = A

7∑

k=1

(1 + i)−k = A
1− (1 + i)−7

i
= 11682.95449

1− 1.08−7

0.08
= 60825.78446.

Now we just need to use the formulas with new interest rate i = 0.09, L = L7 and
n = 7:

Anew = L
i

1− (1 + i)−n
= 12085.50655

for the year payments and

Anew
m = Anew (1 + i)1/12 − 1

i
= 12085.50655

1.091/12 − 1
0.09

= 967.8239

for the monthly payments in arrears.

3) We first need to compute the amount of money accumulated after the 35 year
(as a future value of all payments made during this period, i = 0.07):

Ltotal = 2000
34∑

k=20

(1 + i)k + 3000
19∑

k=0

(1 + i)k =

= 2000
(1 + i)35 − (1 + i)20

i
+ 3000

(1 + i)15 − 1
i

= 269869.8381.

After taking the first 80000 pounds check the rest will be

L = Ltotal − 80000 = 189869.8381.

Since this sum should be repayed in arrears during 15 years, the year payments will
be

A = L
i

1− (1 + i)−n
= 189869.8381

0.07
1− 0.07−15

= 20846.68762

and the desired monthly payments in arrears are

Am = A
i

(1 + i)1/12 − 1
= 20846.68762

1.071/12 − 1
0.07

= 1683.86.


