UNASSESSED EXERCISES FOR WEEK 6-7

MAT?2008, Spring 2009

I. Jensen Inequality: Let z1,--- ,x, be positive numbers and let
Sp 1= B ) (arithmetic mean),
n
Gn = (x1- - 2y)™ (geometric mean),
n
H, .= —— — (harmonic mean).
Prove that
and the equality holds only if x1 =25 = --- = x,,.

I1. Random interest rates: distributions, expectations and variance.
Let the net cashstream for some business project has the following form:

Ag=—200 (att=0), A1 =150 (att=1), Ay =150 (at t=2).

Compute the distribution, expectation and variance of the present value of that
project if

a) The interest rate i is a random variable which is the same for all two years
when the project runs and has two possible values 5% and 6% with probabilities
40% and 60% respectively.

b) The interest rates i; and is for year 1 and year 2 are independent random
variables which have values 5% and 6% with probabilities 40% and 60% respectively.

I1I. Compounding with independent increments:

Let the compounding factors be A(t) = e#te™t ¢t > 0, where u > 0 is determin-
istic constant and W; be a standard Wiener process (see ClassNotes). Let also

E[A(1)] =1 +s.

a) Prove that
E[A(t)] =1 +s)", t>0

Hint: Recall that A(t) is log-normally distributed (with what expectation and vari-
ance?). Use also Exercise 68 (see ClassNotes) in order to compute the expectation
of the log-normal distribution.

b) Prove that, for every business project the expectation of the future value (at
the end of the project) can be computed as follows:

E[FV] = FV(s)

where F'V(s) is a deterministic FV with interest rate s.
c) Is the same true for the present value? Explain your answer.
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