UNASSESSED EXERCISES FOR WEEK 6-7: SOLUTIONS

MAT?2008, Spring 2009

I. Jensen Inequality: Let us first prove that G,, < S,, (was in class lectures). Taking
a logarithm from both sides of the inequality, we have

1 1 1 1
log(—x1 + -+ —xp,) > —logx; + -+ —logx,
n n n n

which is just the Jensen inequality for the concave function z — logx. Since the
graph z — log x does not contain any linear slopes, the equality is possible only if
Tl =+ =Ty

To prove that H,, > G,,, we introduce y,, = w;l. Then

1 1
H’n y " s Yn) =
n(xla'“ 73771)7 (yl Y ) Sn(xl7'” 7xn)

Gn(yla"' 7yn) - G

and the required inequality follows from the proved inequality S, (y1, - ,Yn) >
G"’L(y17 T 7yn)

I1I. Random interest rates: distributions, expectations and variance.
a) The present value of the project is a random variable which has the form

PV = PV (i) = =200 + 150(1 + i) ™1 +150(1 + i) 2

Since the distribution of i is P(i = 5%) = 0.4 and P(i = 6%) = 0.6, the distribution
of PV will be

P(PV = PV (5%)) =04, PPV =PV(6%))=0.6.

Thus, P(PV = 78.91) = 0.4 and P(PV = 75) = 0.6. The expectation is

E[PV] =04PV (5%) + 0.6PV(6%) = 0.4 x 78.91 + 0.6 x 75 = 76.56
and the variance

Var[PV] = 0.4(78.91 — 76.56)* + 0.6(75 — 76.56)* = 3.669.

b) Now we have two interest rates i¢; and is for year 1 and year 2 which are
independent random variables with the same distribution. The present value of the
project now reads:

PV = PV (iy,i3) = —200 + 150(1 +41) "1 + 150(1 441) "1 (1 +1dz) !

The joint distribution of 7; and is is (here we essentially use that they are indepen-
dent):

P(iy = 5%, iz = 5%) = 0.16, P(iy = 5%, iz = 6%) =

1



2

and, therefore, the desired distribution of PV is
P(PV = PV (5%,5%)) = 0.16, P(PV = PV (5%,6%)) =
=P(PV = PV(6%,5%)) = 0.24, P(PV = PV (6%,6%)) = 0.36
or after the calculations (two of 4 values are already computed in part a)):
P(PV =78.91) = 0.16, P(PV =77.63) =
=P(PV =176.28) = 0.24, P(PV = 75) = 0.36.
Now we may compute the expectation
E[PV] =0.16 x 78.91 + 0.24 x 77.63 + 0.24 x 76.28 + 0.36 x 75 = 76.56
and variance
Var[PV] = 0.16(78.91 — 76.56)% + 0.24(77.63 — 76.56)*+
+0.24(76.28 — 76.56)2 4 0.36(76.56 — 75)% = 2.053.

As you see, the expectation for the cases a) and b) occurred almost the same (up
to rounding), but it is not always like this (!!).
I1I. Compounding with independent increments:
a) In this case, the log A(t) is normally distributed as N (ut,o%t), i.e.,
E[log A(t)] = ut, Var[log A(t)] = ot

Then, A(t) is log-normally distributed. Using the result of Exercise 68 (see the
ClassNotes), we find the expectation of A(t)

E[A(1)] = e"F37°t = [en 3]t = (E[A(1)))' = (1 + s)".

b) Let (Ax,tx)j_, be the net cashstream of the project. Then, the future value is
a random variable which can be computed by

FV =) Ap- AT —ty)
k=0
where T > t;, for all k. Using the part b), we see that

E[FV] = iAkE[A(T —ty)] = iAku +5) T = FV(s)

c¢) The analogous formula (E[PV] = PV (s)) is not true since we have the equality
E[A®)] = (14 s)"

only for non-negative ¢t and for computing the PV, we need to use the discounting
factors

PV =) AcD(t), D(tx)=I[A(ty)]"
i=0
and, by Jensen inequality

E[D(?)] = E[



