Introduction to Function Spaces (BsC): Coursework
1. Deadline Wednesday Week 8 (November 25th).

Problem 1.
1. (1 point): Prove that d(z,y) := min{l, |x — y|} is a metric on the space R.
2. (1 point): Consider the space R>™ of all sequences z = (x1, 22, -+ ,) (not

necessarily bounded!) and let

d(z,y) = Z 27" min{1, |z, — yn|}
n=1

Prove that d is a metric on R*.

3. (2 points): Prove that ¥ — 20 in R* (with the metric introduced above)
if and only if 2% — 20 as k — oo for every n € N (coordinate-wise convergence).
Is this space complete? Justify your answer.

Problem 2. Let X and Y be two complete metric spaces and f: X — Y be a
continuous function. )
1. (1 point): Prove that, for any set V-.C X, f(V) C f(V).

2. (2 points): Give an example where f(V) # f(V).

Problem 3 (3 points). Let X and Y be two metric spaces and X is compact.
Assume that the function f : X — Y is locally Lipschitz continuous, i.e., that for
every zo € X there exists a ball B, (zo) and a constant L, such that

d(f(2), F()) < Layd(z,y) for all 2,y € B, (z0).

Prove that f is globally Lipschitz continuous, i.e., that there exists L such that

d(f(x), f(y)) < Ld(z,y) for all z,y € X.



SOLUTIONS

Problem 1: 1) Typical mistake here is to use the "natural” inequality
min{A; + B;} < min{A;} + min{B;}

which is however WRONG (and, in a fact, the opposite inequality always holds!).
Indeed, let fi(x) = (z — 1)? and fo(z) = (z + 1)2. Then, mingeg f;(x) = 0, but
minger{f1(z) + f2(x)} = minger{22? + 2} =2 > 0.

So, one should be a bit more accurate in checking the triangle inequality (the
only thing which requires attention here). Namely, let x,y, 2z € R. Then, consider
two cases. Case I: one of numbers |z — y| or |y — z| is greater than one. Then,

min{l, |z — z|} <1 < min{1, |x — y|} + min{1, |y — z|}.
Case II: both of that numbers are less or equal one. Then,
min{l, [z — 2|} < |z — 2| < [z —y| + |y — 2| = min{1, [z — y|} + min{1, [y — z[}.

We see that the triangle inequality holds in both cases and, consequently, it is
indeed a metric.

2) First, d(z,y) is well-defined that the series is convergent for all z,y € R>.
Then, it is obviously non-negative and symmetric. Furthermore, d(z,y) = 0 implies
that min{1, |z,, —y,|} = 0 for all n which gives z,, = y,, and x = y. So, we only need
to check the triangle inequality. To do that, we note that min{1, |z,, —y,|} satisfies
the triangle inequality for all n (by the first part of the problem) and summing
them with coefficients 27", we obtain the triangle inequality for d(z,y).

3) Let 2% — 20 in R*°. Then, d(z*,2°) — 0. But, obviously,

@) 2~ min{1, o, — 2%} < d(a*,2°)
for any n and, therefore, |#% — 20| — 0 as k — oo (for every fixed n). Thus, 2% — 2°
coordinate-wise.

Assume now that 2% — z
N(e) in such way that

U coordinate-wise. Fix arbitrary ¢ > 0 and fix N =

i 27" <¢g/2.

n=N+1

Then,
N
d(@*,2%) <> |ak — )| +¢/2,
n=1

Now, since z¥ — 20 coordiante-wise, we may fix K = K(¢) such that |2 — 20| <

e/(2N) if n < N and k > K. Then,

N
d(2*,2%) <> e/(2N) +e/2=¢/2+¢/2=¢.

n=1
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Thus, ¥ — 2% in R>®. So, we have verified that the coordinate-wise convergence
is equivalent to the metric convergence in R*.

The space R® is complete . Indeed, let ¥ € R>® be a Cauchy sequence. Then,
by inequality (2), z¥ € R is a Cauchy sequence in R for all n. Since R is complete,
% — 29 coordinate-wise and then, as proved before, ¥ — 20 in R°.

Problem 2: a) Let yo € f(V). By definition, there exists o € V such that yy =
f(xo) and there exists a sequence x,, € V such that z,, — z¢. Since f is continuous,

f(zn) — f(zo) = yo. But f(x,,) € f(V) which implies that yo = f(z¢) € f(V).
Thus, f(V) C f(V).

b) Let X =Y =V = R with the standard topology and let f(z) = arctanz.
Then f(V) = f(V) = (-n/2,7/2) and f(V) = [-7/2,7/2].

Problem 3: I will give two alternative proofs: one using the sequential definition
of compactness (which we used on the lectures and which is expected to be used
here) and the second one using the ”covering compactness” which some students
tried to use.

Proof I (sequential). Assume that the assertion is wrong. Then, there exist two
sequences Ty, Yy, € X such that

(1) d(f(xn), f(yn)) > nd(zn, yn)-

Since X is compact, we may extract convergent subsequences z,,, — x¢ and y,, —
Yo. Let us prove that xy = yg. Indeed, since X is compact and f is continuous,
f(X) is also compact. Since the metric d is a continuous function on f(X), it is
bounded. Therefore, there exists M such that d(f(x), f(y)) < M for all z,y € X.
Then, from (1) we see that d(zp,,yn,) < M/np — 0 as k — oo. Thus, indeed,
Zo = Yo-

So, the points z,, and y,, will belong to the ball B, (zo) if k is large enough.
Then, we should have the local Lipschitz continuity

d(f(xnk)7 f(ynk)) S ond(xnk7ynk)

which contradicts (1) with n replaced by ny and this contradiction proves the global
Lipschitz continuity.

Proof II (via coverings). Idea: the open balls B, (zo), o € X cover X. Us-
ing that any covering of a compact set contains a finite subcovering, we may fix
21, ,xn such that X C U,f\;IB,ﬂxi (z;) and fix after that L := max{L,,, -+, L, }
which looks as a desired global Lipschitz constant.

However, there is a difficulty here, namely, a priori  and y may be very close
to each other, but belong to different balls of that covering and then we are unable
to estimate the distance d(f(x), f(y)) using only the local Lipschitz continuity in
that balls.

Standard trick which solves this problem is to consider (instead of covering
X = Ugex By, (7)) another covering X = U,ex B, /2(7) and to extract the finite
subcovering

X = UL, B,, a(xi)
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and take €9 := min{ry, /2}. The difference is that NOW if z € B,  /o(z;) and

d(z,y) < €9, we have (due to the triangle inequality) y € B, (x;) and we may use
the local Lipschitz estimate.
Thus, we have proved that

with L = max L,,. The case when d(z,y) > £o can be easily estimated using that
f(X) is bounded (see previous proof), namely,
M

A (@), F0) _
d(z,y) ~ g

Finally, the global Lipschitz continuity holds with L := max{L, %}



