LINEAR OPERATORS AND SPECTRAL THEORY (MATMO039)

UNASSESSED COURSEWORK [. DEADLINE: THURSDAY, WEEK 3.

Problem 1. Let X = M (n x n) be the space of n x n- matrices over R and let
(A,B) :=Tr(AB*), A,BeX.

a) Prove that (A, B) is the inner product on X.
b) Express the associated norm ||A||r (the so-called Frobenius norm) in terms
of the entries a;; of the matrix A and in terms of the eigenvalues of AA*.

Ax.Ax
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be the usual norm of the matrix A. Prove that

c) Let ||A|| := sup,cpn

JAl < 1AllF < VnllA]l, AeX
and verify that this inequality is sharp.
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a) Compute the norm ||A|| (see the previous problem for its definition) and the
spectral radius r(A). Check that ||A| > r(A) if a # 0.

b) Compute the matrix A™ and its norm.

c) Check that r(A) = lim,_,« [|A™|*/".

Problem 2. Let A := , where a € R is a number.

Problem 3. Let X = [3(Z,C) be the space of two sided square integrable

sequences a = {a;}7>_ ., ar € C, with the norm

oo

lall* = laxl®

F(a)(z) := \/%_ﬂ Z arpe'™™

is an isometry. You may use without proving that the system {eikm}z"zfoo is com-
plete in L?(—m, 7).

b) Let T : X — X be the right shift operator: (Ta); = ax_1. Prove that the
operator FTF~! which corresponds to this operator in L?(—m, ) is a multiplication
operator by the function e®®.

c) Using the result of b) find the spectrum o(7") of T" in X.

d)* Using again the result of b) prove that the operator log(T") : X — X exists
as a bounded operator and can be taken in the form of an infinite matrix

S (1)
(log(T")a)k := j;ootkjaja by = 5 =0
e) Show that there exists a group of isometries T'(s) : X — X, s € R (”shift
operators on s indexes”) such that T'(n) = T™ for any n € Z.
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Solutions
Problem 1.
a) Indeed, the linearity is obvious, the symmetry follows from the fact that

Tr(C*) = Tr(C):
(A,B) =Tr(AB*) = Tr((AB*)*) = Tr(BA*) = (B, A),

and positivity follows from, e.g., the fact that Tr(AA*) = >"" | A\; where \; are the
eigenvalues of the matrix AA*.
b) || A% = >0 Mi(AA*) =37 (direct calculation).

1,7=1 1]
c) Both mequahtles become obvious if we use that

A2 = 447 = max {A(A4")}

and that |A||% = >0, Ni(AA*).

Problem 2.
a) Due to the formula ||A]|? = [|[AA*| = max;—1 ... » \i(AA*), we only need to
compute the eigenvalues of AA*. Direct calculations show that

1 1
M=-a’+1+= \/a4+4a2 Ay = —a +1— —+va*+ 4a2.

2 2

Obviously A1 > g, so

1 1
[A[ = VA = \/§a2+1+§\/a4+4a2

and this number is greater than one if a # 0. The spectrum o(A) = {1}, so the
spectral radius 7(A) = 1.

b) The matrix A™ = (

1 na

0 1 ) (can be proved by induction) and, therefore,

1 1
= —n“a*+1+n-vna*+ 4a-.
A" 222 1 21/24 4a2

c) Since ||A™|| has a polynomial growth rate as n — 0o, lim,, o ||A™||"/™ = 1.

Problem 3.
a) The vectors {\/szﬂeikx}zozfoo form a complete orthonormal system in H =

L?(—m,7) which corresponds to the clasical Fourier series, so the isometry follows
from the Parseval equality, see lectures.

b) Let f € L?*(—m, ) and a := (f, ex), where e = T e?*@ k € Z. Then
(FTF1f)(z) = Z (Ta)rer = Z ap_1e*
k=—0o0
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c) Since o(FTF~') = o(T), we may compute the spectrum of this opearator in
H = L?*(—m, 7). We claim that the spectrum is the unit circle S in C. Indeed, for

any A ¢ S!, the operator
1

eir — )\

(T-N"f= !

is well defined and bounded as a multiplication on a bounded function. Visa versa,
for any A € S!, the multiplication ﬁ is not a bounded function, so this operator
is ill posed in H (e.g., (T — \)"'1 ¢ H). Thus, A € o(T) and o(T) = S™.

d) Again, it is easier to compute log(7T) in the space H where the operator is
diagonalized. Then, as log(T) we may just take the multiplication operator by

log(e'®) = ix. Indeed, if we define the operator exponent in a usual way:
=1
exp(A) := Z EAR’
i=0

then, obviously, exp(log(T")) = T'. So, we only need to return back to the space X.
To this end, it is enough to compute the matrix elements

ot 1 —Dt
tr; = (izek, e;) = %/ ize®*=9) dy = o wsin((k — j)z) dv = ( k;zj

—T —T

if k£ j and 0 if £ = 7.
e) The desired group T'(s) can be again easily found in H, namely, that are the
multiplication operators on e¢**? and then returned back to X using the isometry.



