
Linear Operators and Spectral Theory (MATM039)

Unassessed Coursework II. Deadline: Thursday, Week 9.

Problem 1. Let H be Hilbert and A ∈ L(H).

a) Let λ ̸= 0 and λ ∈ σp(A
∗A). Prove that λ ∈ σp(AA

∗).

Hint: Look at v := Ae where e is the corresponding eigenvector of A∗A and do
not forget to prove that v ̸= 0.

b) Prove that σ(A∗A)\{0} = σ(AA∗)\{0}.
Hint: Extend the arguments of a) to the approximate point spectrum and use

the Weyl criterion.

c) Let H = Rn. Prove that σ(A∗A) = σ(AA∗).

d) Give an example of A ∈ L(H) in the infinite-dimensional case such that
σ(AA∗) ̸= σ(A∗A).

Problem 2(Quantum mechanics requires unbounded operators).

Let A,B ∈ L(H) be such that AB −BA = Id.

a) Prove by induction that, for any n ∈ N, ABn −BnA = nBn−1. Deduce from
here that Bn ̸= 0 for any n.

b) Prove that the above A,B do not exist.

Hint: Denote bn := ∥Bn∥ > 0 and derive that nbn ≤ 2∥A∥∥B∥bn for any n.

c)∗ Give an example of two unbounded operators A and B on H = L2(R) such
that AB −BA = Id.

Problem 3. Let k(x, y) ∈ C([0, 1]2), H = L2(0, 1) and let

(Kf)(x) :=

∫ x

0

k(x, y)f(y) dy

be the corresponding Volterra operator.

a) Let (If)(x) :=
∫ x

0
f(y) dy be the integration operator. Prove by induction

that
|(Knf)(x)| ≤ ∥k∥nsup(In|f |)(x), n = 1, 2, · · ·

b) Deduce from the previous estimate that ∥Kn∥op ≤ ∥k∥nsup∥In∥op.

c) Prove that ∥In∥op ≤ 1
(n−1)! .

Hint: Use that (Inf)(x) = 1
(n−1)!

∫ x

0
(x− y)n−1f(y) dy.

d) Verify that σ(K) = {0}.
Hint: Use the Gelfand spectral radius formula.
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Solutions
Problem 1.
a) Indeed, if v = Ae, where A∗Ae = λe, then (A∗Ae, e) = ∥v∥2 = λ∥e∥2 ̸= 0.

On the other hand,
AA∗v = AA∗Ae = λAe = λv,

and λ ∈ σp(AA∗). This proves that σp(AA∗)\{0} = σp(A
∗A)\{0}. The arguments

do not work for λ = 0 since in that case v = 0.
b) From Weyl criterion, we know that σ(A∗A) = σapp(A

∗A) (A∗A is self-
adjoint). Let λ ∈ σapp(A

∗A) and λ ̸= 0. Then, there exists a sequence en such that
∥en∥ = 1, but

A∗Aen − λen = wn, ∥wn∥ → 0.

Let vn := Aen. Then,

∥vn∥2 = (A∗Aen, en) = λ+ (wn, en) ≥ λ− ∥wn∥.

Therefore, ∥vn∥ ≥ C for sufficiently large n. Let Vn := vn∥vn∥−1. Then, ∥Vn∥ = 1
and

AA∗Vn = ∥vn∥−1AA∗Aen = ∥vn∥−1A(λen + wn) = λVn + ∥vn∥−1Awn.

since ∥vn∥−1wn → 0 as n → ∞, we conclude that λ ∈ σapp(AA∗). Thus, we have
proved that

σ(AA∗)\{0} ⊂ σ(A∗A)\{0}

and applying the same arguments to A∗, we get the opposite embedding.
c) We only need to understand what happens with zero eigenvalue. Remind

that, in finite dimensions λ ∈ σ(AA∗) iff det(AA∗) = 0. But

det(AA∗) = det(A∗A) = [det(A)]2

and 0 ∈ σ(AA∗) iff 0 ∈ σ(A∗A).
d) Let H = l2 and A = Tr be the right-shift operator. Then A∗ = Tl is the

left-shift operator. We see that A∗A = Id, but AA∗e1 = 0.

Problem 2.
a) Indeed, the formula is true for n = 1. Assume that it is true for n = k. Then,

kBk = ABk+1 −BkAB = ABk+1 −Bk(BA+ Id) = ABk+1 −Bk+1A−Bk

and the formula is proved. Assume that Bn = 0 for some n. Then,

nBn−1 = ABn −BnA = 0.

Thus, Bn−1 should be also zero. Continuing, we end up with a nonsense Id = B0 =
0. Therefore, Bn ̸= 0 for all n.

b) Multiplying the proved identity by B, we get nBn = B(ABn−BnA). Taking
the norm from both sides and denoting bn := ∥Bn∥, we have

nbn = n∥Bn∥ = ∥B(ABn −BnA)∥ ≤ ∥B∥∥ABn −BnA∥ ≤
≤ ∥B∥(∥ABn∥+ ∥BnA) ≤ 2∥B∥∥A∥bn.
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Since bn ̸= 0, we end up with n ≤ 2∥A∥∥B∥ for all n which is impossible.
c) Let H = L2(R), (Bf)(x) := xf(x) and (Af)(x) = f ′(x) (say, with D(A) =

D(B) = C∞
0 (R)). Clearly, both operators are unbounded and

((AB −BA)f)(x) = (xf(x))′ − xf ′(x) = f(x).

Thus, AB −BA = Id.

Problem 3.
a) Indeed,

|(Kf)(x)| = |
∫ x

0

k(x, y)f(y) dy| ≤
∫ x

0

∥k∥sup||f(y)| dy = ∥k∥sup(I|f |)(x).

Analogously,

|(Kn+1f)(x)| = |
∫ x

0

k(x, y)(Knf)(y) dy| ≤ ∥k∥sup
∫ x

0

|Knf(y)|, dy ≤

≤ ∥k∥n+1
sup

∫ x

0

(In|f |)(y) dy = ∥k∥n+1
sup (I

n+1|f |)(x).

b) Indeed,

∥Knf∥2 =

∫ 1

0

|(Knf)(x)|2 dx ≤ ∥k∥2nsup
∫ 1

0

|(In|f |)(x)|2 dx = ∥k∥2nsup∥In|f∥2 ≤

≤ ∥k∥2nsup∥In∥2∥ |f | ∥2 = ∥k∥2nsup∥In∥2∥f∥2.

c) First, let us check that

(Inf)(x) =
1

(n− 1)!

∫ x

0

(x− y)n−1f(y) dy.

To this end, we differentiate it in x and see that

d

dx
In(x) =

n− 1

(n− 1)!

∫ x

0

(x− y)n−2f(y) dy = (In−1f)(x)

This, together with the obvious fact that (Inf)(0) = 0 allows us to prove the
formula by induction.

Now, ∥Inf∥L2 ≤ ∥Inf∥sup and

∥Inf∥sup ≤ 1

(n− 1)!

∫ 1

0

max
x∈[0,1]

{|x− y|n−1}|f(y)| dy ≤

≤ 1

(n− 1)!

∫ 1

0

|f(y)| dy ≤ 1

(n− 1)!
∥f∥,

where we have implicitly used the Cauchy-Schwarz inequality in the last estimate.

d) We have proved that ∥Kn∥ ≤ ∥k∥n
sup

(n−1)! . By the Gelfand formula,

r(K) = lim
n→∞

∥Kn∥1/n ≤ lim
n→∞

∥k∥sup
[(n− 1)!]1/n

= 0.

To see that limn→∞(n!)1/n = ∞, one can use, e.g., the Stirling formula n! ∼√
2πn(ne )

n. Thus, the spectrum of K may contain only zero. Since K is compact,
zero must be in the spectrum and σ(K) = {0}.


