LINEAR OPERATORS AND SPECTRAL THEORY (MATMO039)

UNASSESSED COURSEWORK II. DEADLINE: THURSDAY, WEEK 9.
Problem 1. Let H be Hilbert and A € L(H).
a) Let A # 0 and A € 0,(A*A). Prove that A € 0,(4AA4%).

Hint: Look at v := Ae where e is the corresponding eigenvector of A*A and do
not forget to prove that v # 0.

b) Prove that o(A*A)\{0} = o(AA*)\{0}.

Hint: Extend the arguments of a) to the approximate point spectrum and use
the Weyl criterion.

c) Let H = R™. Prove that o(A*A) = o(AA*).
d) Give an example of A € L£(H) in the infinite-dimensional case such that

o(AA*) £ o(A* A).

Problem 2(Quantum mechanics requires unbounded operators).

Let A, B € L(H) be such that AB — BA = 1d.

a) Prove by induction that, for any n € N, AB™ — B"A = nB"~!. Deduce from
here that B™ # 0 for any n.

b) Prove that the above A, B do not exist.
Hint: Denote b,, := ||B™|| > 0 and derive that nb,, < 2||A||||B|b,, for any n.
c)* Give an example of two unbounded operators A and B on H = L?(R) such

that AB — BA =1d.

Problem 3. Let k(x,y) € C([0,1)?), H = L?(0,1) and let

(K f)(x) = / " ke ) f(y) dy

be the corresponding Volterra operator.

a) Let (If)(z) := fo y) dy be the integration operator. Prove by induction
that

(K" f) ()] < [[B[[S0p (L[ fD (@), n=1,2,---
b) Deduce from the previous estimate that [|[K" |0, < [|k||%,, 11" ]op-

c) Prove that ||I"||,p < m.

Hint: Use that (I" f)(z) = =73 1), Jo (@ =y)" " f(y)dy
d) Verify that o(K) = {0}.
Hint: Use the Gelfand spectral radius formula.



Solutions
Problem 1.
a) Indeed, if v = Ae, where A*Ae = Xe, then (A*Ae,e) = ||v]|? = N|e||? # 0.
On the other hand,
AA* v = AA*Ae = N\Ae = N,

and A € 0,(AA*). This proves that o,(AA*)\{0} = 0,(A*A)\{0}. The arguments
do not work for A = 0 since in that case v = 0.

b) From Weyl criterion, we know that o(A*A) = ogpp(A*A) (A*A is self-
adjoint). Let X\ € ogpp(A*A) and A # 0. Then, there exists a sequence e,, such that
len]] = 1, but

A*Ae, — Aey = Wy,  ||wy] — 0.

Let v,, := Ae,,. Then,
HUnH2 = (A" Aen,en) = A+ (wn,en) 2 X — |lwy]].

Therefore, ||v,|| > C for sufficiently large n. Let V,, := v, ||v,||~t. Then, ||V, | =1
and

AA*V, = |lop || PAA Aey, = |Jonl| P A(Xen + wn) = AV + |lon]|”H Aw,.

since ||v,]|~tw, — 0 as n — oo, we conclude that A\ € o4y,(AA*). Thus, we have
proved that

o(AAN\{0} C o (A" A)\{0}

and applying the same arguments to A*, we get the opposite embedding.
c) We only need to understand what happens with zero eigenvalue. Remind
that, in finite dimensions \ € o(AA*) iff det(AA*) = 0. But

det(AA*) = det(A*A) = [det(A)]?

and 0 € o(AA*) iff 0 € o(A*A).
d) Let H =l and A = T, be the right-shift operator. Then A* = T; is the
left-shift operator. We see that A*A = Id, but AA*e; = 0.

Problem 2.
a) Indeed, the formula is true for n = 1. Assume that it is true for n = k. Then,

kBY = AB*' — B*AB = AB**' — B¥(BA + Id) = AB*™! — B**14 — BF
and the formula is proved. Assume that B™ = 0 for some n. Then,
nB""' = AB"™ — B"A = 0.

Thus, B"~! should be also zero. Continuing, we end up with a nonsense Id = B® =
0. Therefore, B™ # 0 for all n.

b) Multiplying the proved identity by B, we get nB™ = B(AB™ — B™ A). Taking
the norm from both sides and denoting b,, := || B"||, we have

nb, = n||B"|| = [[B(AB" — B"A)|| < ||B[[[|[AB" — B"A| <
< [IBIC(IAB™ || + | B"A) < 2||B[[|Al[bn.-



Since b,, # 0, we end up with n < 2||A||||B]| for all n which is impossible.
c) Let H = L*(R), (Bf)(z) := zf(z) and (Af)(z) = f'(z) (say, with D(A) =
D(B) = C§°(R)). Clearly, both operators are unbounded and

(AB = BAY)(x) = (2f(2)) — af'(2) = [(x).
Thus, AB — BA = Id.

Problem 3.
a) Indeed,

(K f)(2)] = |/0x k(x,y) f(y) dy| < /Om 1Bl supl LF ()| dy = 1Kl sup (11 1) (2)-

Analogously,
(K™ f)(2)] = |/ k(x,y) (K™ f)(y) dy| < Hkl\sup/ K" f(y)],dy <
0 0
<Kl [ D) dy = K35 ) ),
b) Indeed,

| f|2 = / (K ) (@)]? d < |[E]120 / (1) @) da = k|22 1 17 £ <

< Rz I LA = DRI I 112,
c) First, let us check that

n 1 v .
(I"f)(x) = m/o (z—y)" " f(y) dy.
To this end, we differentiate it in  and see that
d n = n—_l ’ _ n—2 - n—1
al @)= (n—l)!/o (x—y)" 2 f(y) dy = (I" ) (2)

This, together with the obvious fact that (I™f)(0) = 0 allows us to prove the
formula by induction.
Now, [[I"f|z2 < ||I”f\|5up and

7"l < 2 / {2~ y/" )| ()| dy <

/|f iy < - )HfH

where we have implicitly used the Cauchy—Schwarz inequality in the last estimate.
d) We have proved that ||K"| < Ik ”Sf)’} By the Gelfand formula,

N
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r(K) = lim [|K"[|Y" <

To see that lim, . (n!)}/" = oo, one can use, e.g., the Stirling formula n! ~

V2mn(%2)". Thus, the spectrum of K may contain only zero. Since K is compact,
zero must be in the spectrum and o(K) = {0}.



