
MATM039. Linear Operators and Spectral
Theory. ClassTest2 (15% from your final mark)

December 12th 2013.

Question 1 (1 point). Define what operators in a Hilbert space H are called
Fredholm.

Question 2 (1 point). Define the essential spectrum of an operator T ∈ L(H).

Question 3 (2 points). Let the operators T, S ∈ L(H) be Fredholm. Can the
operator T + S be not Fredholm? Justify your answer.

Question 4. Let H := L2(0, 1) and (Tf)(x) := xf(x) +
∫ x

0
f(y) dy.

a) (2 points) Find the essential spectrum σess(T ) in H. Hint: you may use
that the essential spectrum of the multiplication operator on x is [0, 1] (without
proving that).

b) (3 points) Prove that the point spectrum σp(T ) = ∅. Hint: write down and
solve the differential equation for y(x) :=

∫ x

0
e(y) dy where e(y) is an eigenvector

(eigenfunction) of T .

Question 5 (3 points). Let T be compact, positive and self-adjoint operator
in H. State the min-max principle. Hint: do not forget to state both max-min and
min-max formulations.

Question 6 (3 points). Let H = L2(a, b) and (Tif)(x) :=
∫ b

a
ki(x, y)f(y) dy

be two integral operators in H with smooth kernels ki, i = 1, 2. Prove that the
composition T2T1 is also an integral operator:

(T2T1f)(x) =

∫ b

a

k(x, y)f(y) dy

and find the formula for its kernel k.
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Solutions

Question 1. An operator F ∈ L(H) is Fredholm if both Range(F ) and
Range(F ∗) are closed and both ker(F ) and ker(F ∗) are finite-dimensional.

Question 2. Let A ∈ L(H). Then λ ∈ σess(A) iff A− λ Id is not Fredholm.

Question 3. Let H be infinite dimensional. Then both operators T = Id and
S = − Id (since invertible), but their sum T + S = 0 is not (since it has infinite
dimensional kernel).

Question 4. a) Since the integration operator is compact, it does not change
the essential spectrum. So the essential spectrum of T coincides with the essential
spectrum of the multiplication operator on x and its essential spectrum is assumed
to be known. Thus, σess(T ) = [0, 1].

b) Let λ ∈ σp(T ). Then, there is a non-zero eigenfunction e(x) ∈ L2(0, 1) such
that xe(x) +

∫ x

0
e(y) dy = λe(x). Let z(x) :=

∫ y

0
e(y) dy. Then, e(x) = z′(x),

z(0) = 0 and

xz′(x) + z(x) = λz′(x) => (x− λ)z′(x) + z(x) = 0 =>

=> ((x− λ)z(x))′ = 0 => (x− λ)z(x) = 0 => z(x) = 0

and e(x) = 0. Thus, σp(T ) = ∅.

Question 5. Let T be compact, positive and self-adjoint and let λ1 ≥ λ2 ≥ · · ·
be its eigenvalues enumerated in the non-increasing order. Then

λn = max
all Vk

(
min

x∈Vk,∥x∥=1
(Tx, x)

)
and

λn = min
all Vk−1

(
max

x∈V ⊥
k−1, ∥x∥=1

(Tx, x)

)
where Vn means the n-dimensional plane in H and V ⊥

n is an orthogonal complement
to Vn.

Question 6. By the Fubini theorem

(T2T1f)(x) =

∫ b

a

k2(x, s)(T1f)(s) ds =

∫ b

a

k2(x, s)

∫ b

a

k1(s, y)f(y) dy ds =

=

∫ b

a

(∫ b

a

k2(x, s)k1(s, y) ds

)
f(y) dy =

∫ b

a

k(x, y)f(y) dy,

where k(x, y) =
∫ b

a
k2(x, s)k1(s, y) ds.


